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Abstract

The honeycomb rectangular torus is an attractive alternative to existing networks such as mesh-connected networks in
parallel and distributed applications because of its low network cost and well-structured connectivity. Assume that m and n

are positive even integers with n P 4. It is known that every honeycomb rectangular torus HReTðm; nÞ is a 3-regular bipar-
tite graph. We prove that in any HReTðm; nÞ, there exist three internally-disjoint spanning paths joining x and y whenever
x and y belong to different partite sets. Moreover, for any pair of vertices x and y in the same partite set, there exists a
vertex z in the partite set not containing x and y, such that there exist three internally-disjoint spanning paths of
G� fzg joining x and y. Furthermore, for any three vertices x, y, and z of the same partite set there exist three inter-
nally-disjoint spanning paths of G� fzg joining x and y if and only if n P 6 or m = 2.
� 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Network topology is a crucial factor for an interconnection network since it determines the performance of
the network. One of the most popular network architectures is mesh-connected computers [7]. Each processor
is placed into a square or rectangular grid and connected by a communication link to its neighbors in up to
four directions. Some computer and communication networks have been built based on the mesh-connected
structure. The honeycomb rectangular torus, introduced by Stojmenovic [11], is an alternative to existing net-
works such as mesh-connected networks in parallel and distributed computing because of its low network cost
and well-structured connectivity. Network topology is usually represented by a graph where the vertices rep-
resent processors and the edges represent the links between processors. In this paper, for the graph definitions
and notations we follow Harary [4]. Let G ¼ ðV ;EÞ be a graph if V is a finite set and E is a subset of
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fðu; vÞjðu; vÞ is an unordered pair of V}. We say that V is the vertex set and E is the edge set of G. Two vertices
u and v are adjacent if ðu; vÞ 2 E. A path P of length k from x to y is a finite set of distinct vertices represented
by hv0; v1; v2; . . . ; vki where x ¼ v0, y ¼ vk, and ðvi�1; viÞ is an edge of E for all 1 6 i 6 k. We use P�1 to denote
hvk; vk�1; . . . ; v1; v0i. A path is a hamiltonian path if its vertices are distinct and span V. A graph G is hamiltonian
connected if there exists a hamiltonian path joining any two vertices of G. A hamiltonian cycle of G is a cycle
that traverses every vertex of G exactly once. A graph G is hamiltonian if there exists a hamiltonian cycle in G.
The hamiltonian properties are important aspects of designing an interconnection network. Many related
works have appeared in the literature [3,6,8,12,13].

A k-container Ckðx; yÞ in a graph G is a set of k internally vertex-disjoint paths between x and y. A k*-
container Ck� ðx; yÞ in a graph G is a k-container such that every vertex of G is on some path in Ckðx; yÞ. Let
G be a k-connected graph, it follows from Menger’s theorem [9] that there exists a k-container between any
two different vertices of G. A graph G is k*-connected if there exists a k*-container between any two distinct
vertices in G. Obviously, a graph G is 1*-connected if and only if it is hamiltonian connected. Moreover, a
graph G is 2*-connected if it is hamiltonian. The study of k*-connected graph is motivated by the 3*-con-
nected graphs proposed by Albert et al. [1]. In [1], Albert et al. first studied those cubic 3-connected graphs
such that there exists a 3*-container between any pair of vertices. Such graphs are called globally 3*-con-

nected graphs.
Since every globally 3*-connected graph is cubic, it contains an even number of vertices. Assume that

G ¼ ðV 1 [ V 2;EÞ is a cubic 3-connected bipartite graphs with bipartition V1 and V2 such that
jV 1jP jV 2jP 2. Let x and y be two distinct vertices in V2. Assume that there exists a 3*-container
C3� ðx; yÞ ¼ fP 1; P 2; P 3g in G. Suppose that there are ai vertices of V1 in P i for i ¼ 1; 2; 3. Obviously, there
are ai þ 1 vertices of V2 in P i for i ¼ 1; 2; 3. Hence, there are a1 þ a2 þ a3 vertices of V1 incidence with
P 1 [ P 2 [ P 3 and there are ða1 þ 1Þ þ ða2 þ 1Þ þ ða3 þ 1Þ � 4 ¼ a1 þ a2 þ a3 � 1 vertices of V2 incidence with
P 1 [ P 2 [ P 3. Therefore, any cubic 3-connected bipartite graph is not globally 3*-connected.

For this reason, we say that a cubic bipartite graph G ¼ ðV 1 [ V 2;EÞ is globally bi-3*-connected if there
exists a 3*-container between any pair of vertices of the different partite sets. Obviously, jV 1j ¼ jV 2j in any
globally bi-3*-connected with bipartition V1 and V2. Furthermore, a globally bi-3*-connected graph is hyper

if there exists a C3� ðx; yÞ in G� fzg for any three vertices x,y, and z of the same partite set of G. A globally bi-
3*-connected graph is strong if for any x and y in the same partite set of G, there exists a vertex z of the same
partite set as the one that contains x and y such that G� fzg has a C3� ðx; yÞ. Obviously, any globally bi-3*-
connected is strong if it is hyper. The concept of globally bi-3*-connected, hyper globally bi-3*-connected,
and strong globally bi-3*-connected was proposed by Kao et al. [5]. It is proved that G� feg is hamiltonian
for any e 2 EðGÞ if G is globally bi-3*-connected. Moreover, G� fx; yg is hamiltonian for any x 2 V 1 and
y 2 V 2 if G is hyper globally bi-3*-connected.

Throughout this paper, we assume that m and n are positive even integers with n P 4. For any two positive
integers r and s, we use ½r�s to denote rðmod sÞ. We use the brick drawing, proposed in [11], to define the hon-
eycomb rectangular torus. The honeycomb rectangular torus HReTðm; nÞ is the graph with the vertex set
fði; jÞj0 6 i < m; 0 6 j < ng such that ði; jÞ and ðk; lÞ are adjacent if they satisfy one of the following
conditions:

1. i ¼ k and j ¼ ½l� 1�n;
2. j ¼ l and k ¼ ½iþ 1�m if iþ j is odd; and
3. j ¼ l and k ¼ ½i� 1�m if iþ j is even.

For example, the graph HReT(6,8) is shown in Fig. 1. It is easy to see that HReTðm; nÞ is a bipartite graph
with bipartition V0 and V1 where V 0 ¼ fði; jÞjiþ j is eveng and V 1 ¼ fði; jÞjiþ j is oddg. Moreover,
jV 0j ¼ jV 1j.

There are many studies on the properties of the honeycomb rectangular torus [3,8,11]. Stojmenovic [11]
showed that the network cost of the honeycomb rectangular torus, which is defined as the product of degree
and the diameter, is better than the other families based on mesh-connected computers and tori. Megson et al.
[8] established the hamiltonian property of honeycomb torus. In particular, Cho and Hsu [3] proved that
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Fig. 1. The honeycomb rectangular torus HReT(6,8).
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HReTðm; nÞ � e is hamiltonian for any edge e 2 EðHReTðm; nÞÞ. Furthermore, HReTðm; nÞ � fx; yg is hamil-
tonian for any x 2 V 0 and y 2 V 1 if n P 6.

Based on Menger’s Theorem [9], the 3-connected property of the honeycomb rectangular torus HReTðm; nÞ
can be derived. In this paper, we study the globally bi-3*-connected property of the honeycomb rectangular
torus HReTðm; nÞ. We prove that any honeycomb rectangular torus HReTðm; nÞ is strongly globally bi-3*-con-
nected. Moreover, HReTðm; nÞ is hyper globally bi-3*-connected if and only if n P 6 or m = 2.

2. A basic algorithm

In this section, we present an algorithm. The purpose of this algorithm is to extend a 3*-container
C3� ðx; yÞ ¼ fP 1; P 2; P 3g of HReTðm; nÞ to a 3*-container of HReTðmþ 2; nÞ.

Algorithm 1. For 0 6 i 6 m� 1, let fi : V (HReTðm; nÞÞ ! V (HReTðmþ 2; nÞÞ be a function so assigned
fiðk; lÞ ¼
ðk; lÞ if i P k P 0

ðk þ 2; lÞ otherwise:

�

For 0 6 i 6 m� 1 and 0 6 j; k 6 n� 1, let Qiðj; ½jþ k�nÞ denote the path hði; ½j�nÞ; ði; ½jþ 1�nÞ;
ði; ½jþ 2�nÞ; . . . ; ði; ½jþ k�nÞi in HReTðm; nÞ. Suppose that C3ðx; yÞ is a 3-container of HReTðm; nÞ containing
at least one edge joining vertices of column i to vertices of column ½iþ 1�m; i.e., ðði; jÞ; ð½iþ 1�m; jÞÞ in
EðC3ðx; yÞÞ for some 0 6 j 6 n� 1. Let 0 6 k0 < k1 < � � � < kt 6 n� 1 be the indices such that ðði; kjÞ;
ðiþ 1; kjÞÞ 2 EðC3ðx; yÞÞ. We construct C03;iðx; yÞ as follows:

Let C3;iðx; yÞ be the image of C3ðx; yÞ � fðði; kjÞ; ðiþ 1; kjÞÞj0 6 kj 6 n� 1g under fi. We set j0 ¼ ½j�ðtþ1Þ and
define Aj as
hði; ½kj�nÞ; ð½iþ 1�mþ2; ½kj�nÞ;Q½iþ1�mþ2
ð½kj�n; ½kj0 � 1�nÞ; ð½iþ 1�mþ2; ½kj0 � 1�nÞ;

ð½iþ 2�mþ2; ½kj0 � 1�nÞ;Q�1
½iþ2�mþ2

ð½kj�n; ½kj0 � 1�nÞ; ð½iþ 2�mþ2; ½kj�nÞ; ð½iþ 3�mþ2; ½kj�nÞi:
Obviously, Aj is a path joining ði; ½kj�nÞ and ðiþ 3; ½kj�nÞ for 0 6 j < t. It is easy to see that edges of C3;iðx; yÞ
together with edges of Aj, with 0 6 j 6 t form a 3-container C03;iðx; yÞ of HReTðmþ 2; nÞ. For example, a 3*-
container C3� ðð0; 0Þ; ð2; 2ÞÞ of HReTð4; 12Þ � fð1; 7Þg is shown in Fig. 2a. The corresponding C03;1ðð0; 0Þ; ð2; 2ÞÞ
is shown in Fig. 2b. We have the following lemma.

Lemma 1. Suppose that C3ðx; yÞ is a 3-container of HReTðm; nÞ containing at least one edge joining vertices of

column i to vertices of column ½iþ 1�m. Then C03;iðx; yÞ forms a 3-container of HReTðmþ 2; nÞ containing at least

one edge joining the vertices of column l to the vertices of column ½lþ 1�m for any l 2 fi; ½iþ 1�m; ½iþ 2�mg.
Moreover, C03�;iðx; yÞ is a 3*-container of HReTðmþ 2; nÞ if C3� ðx; yÞ is a 3*-container of HReTðm; nÞ.
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Fig. 2. Illustrations for Algorithm 1.
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Furthermore, C03�;iðx; yÞ is a 3*-container of HReTðmþ 2; nÞ � ffiðzÞg if C3� ðx; yÞ is a 3*-container of

HReTðm; nÞ � fzg.

Lemma 2. Suppose that C3ðx; yÞ is a 3-container of HReTð2; nÞ containing at least one edge in

fðð0; jÞ; ð1; jÞÞjj is oddg and at least one edge in fðð0; jÞ; ð1; jÞÞjj is eveng. Then C03;iðx; yÞ with i 2 f0; 1g forms

a 3-container of HReTð4; nÞ containing at least one edge joining the vertices of column l to the vertices of column
l + 1 for any l 2 f0; 1; 2; 3g. Moreover, C03�;iðx; yÞ is a 3*-container of HReTðmþ 2; nÞ if C3� ðx; yÞ is a 3*-con-

tainer of HReTðm; nÞ. Furthermore, C03�;iðx; yÞ is a 3*-container of HReTðmþ 2; nÞ � ffiðzÞg if C3� ðx; yÞ is a

3*-container of HReTðm; nÞ � fzg.

With Lemmas 1 and 2, we say a 3-container C3ðx; yÞ of HReTð2; nÞ is regular if C3ðx; yÞ contains at least one
edge in fðð0; jÞ; ð1; jÞÞjj is odd} and at least one edge in fðð0; jÞ; ð1; jÞÞjj is even}. Assume that m P 4. We say a
3-container C3ðx; yÞ of HReTðm; nÞ is regular if C3ðx; yÞ contains at least one edge joining vertices in column i

to vertices in column ½iþ 1�m for 0 6 i 6 m� 1. We have the following lemma.

Lemma 3. Suppose that C3� ðx; yÞ is a regular 3*-container for HReTðm; nÞ. Then C03�;iðx; yÞ is a regular 3*-

container for HReTðmþ 2; nÞ for every 0 6 i < m. Moreover, suppose that C3� ðx; yÞ is a regular 3*-container

for HReTðm; nÞ � fzg. Then C03�;iðx; yÞ is a regular 3*-container for HReTðmþ 2; nÞ � ffiðzÞg for every

0 6 i < m.
3. The globally bi-3*-connected properties of HReT(2,n)

For h ¼ f0; 1g and 0 6 j; k 6 n� 1, let Rhðj; ½jþ k�nÞ denote the path hðh; ½j�nÞ; ðh; ½jþ 1�nÞ; ð½hþ 1�m;
½jþ 1�nÞ; ð½hþ 1�m; ½jþ 2�nÞ; ðh; ½jþ 2�nÞ; . . . ; ð½hþ 1�m; ½jþ k � 1�nÞ; ðh; ½jþ k � 1�nÞ; ðh; ½jþ k�nÞi in HReTð2; nÞ.

Lemma 4. Let x and y be any two vertices of HReTð2; nÞ ¼ ðV 0 [ V 1;EÞ with x 2 V 0 and y 2 V 1. Then there

exists a regular 3*-container C3� ðx; yÞ of HReTð2; nÞ. Hence HReTð2; nÞ is globally bi-3*-connected.

Proof. Without loss of generality, we may assume that x ¼ ð0; 0Þ and y ¼ ði; jÞ. In order to prove this lemma,
we will construct a regular 3*-container C3� ðx; yÞ ¼ fP 1; P 2; P 3g in HReTð2; nÞ. We have the following cases:

Case 1: i = 0 and j is odd. The corresponding paths are:
P 1 ¼ hð0; 0Þ;Q0ð0; jÞ; ð0; jÞi;
P 2 ¼ hð0; jÞ;R0ðj; 0Þ; ð0; 0Þi;
P 3 ¼ hð0; 0Þ; ð1; 0Þ;Q1ð0; jÞ; ð1; jÞ; ð0; jÞi:
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Case 2: i = 1 and j is even.
Case 2.1: j = 0. The corresponding paths are:
P 1 ¼ hð0; 0Þ;Q0ð0; n� 2Þ; ð0; n� 2Þ; ð1; n� 2Þ;Q�1
1 ð0; n� 2Þ; ð1; 0Þi;

P 2 ¼ hð0; 0Þ; ð1; 0Þi;

P 3 ¼ hð0; 0Þ; ð0; n� 1Þ; ð1; n� 1Þ; ð1; 0Þi:
Case 2.2: j > 0. The corresponding paths are:
P 1 ¼ hð0; 0Þ;Q0ð0; jÞ; ð0; jÞ; ð1; jÞi;

P 2 ¼ hð1; jÞ; ð1; jþ 1Þ; ð0; jþ 1Þ;R0ðjþ 1; 0Þ; ð0; 0Þi;

P 3 ¼ hð0; 0Þ; ð1; 0Þ;Q1ð0; jÞ; ð1; jÞi:
Hence HReTð2; nÞ is globally bi-3*-connected. See Fig. 3 for illustrations. h

Lemma 5. Let x; y, and z be any three different vertices of HReTð2; nÞ ¼ ðV 0 [ V 1;EÞ in V0. Then there exists a

regular 3*-container C3� ðx; yÞ of HReTð2; nÞ � fzg. Hence HReTð2; nÞ is hyper globally bi-3*-connected.

Proof. Without loss of generality, we may assume that x ¼ ð0; 0Þ, y ¼ ði; jÞ, and z ¼ ðk; lÞ. In order to prove
this lemma, we will construct a regular 3*-container C3� ðx; yÞ ¼ fP 1; P 2; P 3g in HReTð2; nÞ � fzg. We have the
following cases:

Case 1: i = 0. Then j is even.
Case 1.1: k = 0. Then l is even. By the symmetric property of HReTð2; nÞ, we may assume that l < j. The

corresponding paths are:
P 1 ¼ hð0; jÞ;Q0ðj; 0Þ; ð0; 0Þi;

P 2 ¼ hð0; 0Þ;R0ð0; l� 1Þ; ð0; l� 1Þ; ð1; l� 1Þ; ð1; lÞ; ð1; lþ 1Þ; ð0; lþ 1Þ;R0ðlþ 1; jÞ; ð0; jÞi;

P 3 ¼ hð0; jÞ; ð1; jÞ;Q1ðj; 0Þ; ð1; 0Þ; ð0; 0Þi:
Case 1.2: k = 1. Then l is odd. By the symmetric property of HReTð2; nÞ, we may assume that l < j. The
corresponding paths are:
xx

y

y

y

Case 1 Case 2.1 Case 2.2

x

Fig. 3. Illustrations for Lemma 4.
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Fig. 4. Illustrations for Lemma 5.
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P 1 ¼ hð0; jÞ;Q0ðj; 0Þ; ð0; 0Þi;

P 2 ¼ hð0; 0Þ;R0ð0; lÞ; ð0; lÞ;R0ðl; jÞ; ð0; jÞi;

P 3 ¼ hð0; jÞ; ð1; jÞ;Q1ðj; 0Þ; ð1; 0Þ; ð0; 0Þi:
Case 2: i = 1. Then j is odd. k = 0. Then l is even. By the symmetric property of HReTð2; nÞ, we may
assume that l < j. The corresponding paths are:
P 1¼hð1;jÞ;ð0;jÞ;Q0ðj;0Þ;ð0;0Þi;

P 2¼hð0;0Þ;R0ð0;l�1Þ;ð0;l�1Þ;ð1;l�1Þ;ð1;lÞ;ð1;lþ1Þ;ð0;lþ1Þ;R0ðlþ1;j�1Þ;ð0;j�1Þ;ð1;j�1Þ;ð1;jÞi;

P 3¼hð1;jÞ;Q1ðj;0Þ;ð1;0Þ;ð0;0Þi:
Hence HReTð2; nÞ is hyper globally bi-3*-connected. See Fig. 4 for illustrations. h
4. The globally bi-3*-connected properties of HReT(4,n)

In this section, we need the following path patterns. For 0 6 i 6 m� 1 and 0 6 j; k 6 n� 1, we set
SL
i ðjÞ ¼ hð½i�m; ½j�nÞ; ð½i� 1�m; ½j�nÞ; ð½i� 1�m; ½jþ 1�nÞ; ð½i� 2�m; ½jþ 1�nÞ; ð½i� 2�m; ½jþ 2�nÞ; ð½i� 3�m; ½jþ 2�nÞ;

ð½i� 3�m; ½jþ 3�nÞ; ð½i� 4�m; ½jþ 3�nÞ; ð½i� 4�m; ½jþ 2�nÞi;

SR
i ðjÞ ¼ hð½i�m; ½j�nÞ; ð½iþ 1�m; ½j�nÞ; ð½iþ 1�m; ½jþ 1�nÞ; ð½iþ 2�m; ½jþ 1�nÞ; ð½iþ 2�m; ½jþ 2�nÞ;

ð½iþ 3�m; ½jþ 2�nÞ; ð½iþ 3�m; ½jþ 3�nÞ; ð½iþ 4�m; ½jþ 3�nÞ; ð½iþ 4�m; ½jþ 2�nÞi;

SL
i ðj; kÞ ¼ hð½i�m; ½j�nÞ; SL

½i�m
ðjÞ; ð½i� 4�m; ½jþ 2�nÞ; SL

½i�4�m
ð½jþ 2�nÞ; ð½i� 8�m; ½jþ 4�nÞ; . . . ;

ð½i� 2ðk � j� 2Þ�m; ½k � 2�nÞ; SL
½i�2ðk�j�2Þ�m

ð½k � 2�nÞ; ð½i� 2ðk � jÞ�m; ½k�nÞi;
and
SR
i ðj; kÞ ¼ hð½i�m; ½j�nÞ; SR

½i�m
ðjÞ; ð½iþ 4�m; ½jþ 2�nÞ; SR

½iþ4�m
ð½jþ 2�nÞ; ð½iþ 8�m; ½jþ 4�nÞ; . . . ;

ð½iþ 2ðk � j� 2Þ�m; ½k � 2�nÞ; SR
½iþ2ðk�j�2Þ�m

ð½k � 2�nÞ; ð½iþ 2ðk � jÞ�m; ½k�nÞi:
See Fig. 5 for illustrations.
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Lemma 6. Let x and y be any two vertices of HReTð4; nÞ ¼ ðV 0 [ V 1;EÞ with x 2 V 0 and y 2 V 1. Then there

exists a regular 3*-container C3� ðx; yÞ of HReTð4; nÞ. Hence HReTð4; nÞ is globally bi-3*-connected.

Proof. Without loss of generality, we may assume that x ¼ ð0; 0Þ and y ¼ ði; jÞ. In order to prove this lemma,
we will construct a regular 3*-container C3� ðx; yÞ ¼ fP 1; P 2; P 3g in HReTð4; nÞ. By the symmetric property of
HReTð4; nÞ, we may assume that i 2 f0; 1; 2g. Hence we have the following cases:

Case 1: Suppose that i 2 f0; 1g. By Lemma 4, there exists a regular 3*-container C3� ðð0; 0Þ; ði; jÞÞ of
HReTð2; nÞ. By Lemma 3, C03�;1ðð0; 0Þ; ði; jÞÞ forms a 3*-container of HReT(4, n).

Case 2: i = 2. Then j is odd.
Case 2.1: Suppose that j = 1. The corresponding paths are:
P 1 ¼ hð0; 0Þ; ð0; n� 1Þ; ð1; n� 1Þ;Q�1
1 ð0; n� 1Þ; ð1; 0Þ; ð2; 0Þ; ð2; 1Þi;

P 2 ¼ hð0; 0Þ;Q0ð0; n� 2Þ; ð0; n� 2Þ; ð3; n� 2Þ;Q�1
3 ð1; n� 2Þ; ð3; 1Þ; ð2; 1Þi;

P 3 ¼ hð0; 0Þ; ð3; 0Þ; ð3; n� 1Þ; ð2; n� 1Þ;Q�1
2 ð1; n� 1Þ; ð2; 1Þi:
Case 2.2: Suppose that j 6¼ 1. The corresponding paths are:
P 1 ¼ hð0; 0Þ;Q0ð0; j� 1Þ; ð0; j� 1Þ; ð3; j� 1Þ; ð3; jÞ; ð2; jÞi;
P 2 ¼ hð0; 0Þ; ð3; 0Þ;Q3ð0; j� 2Þ; ð3; j� 2Þ; ð2; j� 2Þ;Q�1

2 ð0; j� 2Þ; ð2; 0Þ; ð1; 0Þ;Q1ð0; j� 1Þ;
ð1; j� 1Þ; ð2; j� 1Þ; ð2; jÞi;

P 3 ¼ hð0; 0Þ; ð0; n� 1Þ; S�1
L ðjþ 3; n� 1Þ; ð0; jþ 3Þ; ð0; jþ 2Þ; ð1; jþ 2Þ; ð1; jþ 1Þ; ð1; jÞ; ð0; jÞ; ð0; jþ 1Þ;

ð3; jþ 1Þ; ð3; jþ 2Þ; ð2; jþ 2Þ; ð2; jþ 1Þ; ð2; jÞi:
Hence HReTð4; nÞ is globally bi-3*-connected. See Fig. 6 for illustrations. h
Lemma 7. Let x; y, and z be any three different vertices of HReTð4; 6Þ ¼ ðV 0 [ V 1;EÞ in V0. Then there exists a

regular 3*-container C3� ðx; yÞ of HReTð4; 6Þ � fzg. Hence HReT(4,6) is hyper globally bi-3*-connected.

Proof. Without loss of generality, we may assume that x ¼ ð0; 0Þ, y ¼ ði; jÞ, and z ¼ ðk; lÞ. The corresponding
regular 3*-container C3� ðx; yÞ ¼ fP 1; P 2; P 3g in HReTð4; 6Þ � fzg are listed below.

Hence HReT(4,6) is hyper globally bi-3*-connected. h



y z C3� ðx; yÞ
(0,2) (2,2) hð0; 0Þ; ð0; 1Þ; ð0; 2Þi

hð0; 0Þ; ð0; 5Þ; ð1; 5Þ; ð1; 0Þ;Q1ð0; 4Þ; ð1; 4Þ; ð2; 4Þ; ð2; 3Þ; ð3; 3Þ; ð3; 2Þ; ð0; 2Þi
hð0; 0Þ; ð3; 0Þ; ð3; 1Þ; ð2; 1Þ; ð2; 0Þ; ð2; 5Þ; ð3; 5Þ; ð3; 4Þ; ð0; 4Þ; ð0; 3Þ; ð0; 2Þi

(0,2) (2,4) hð0; 0Þ; ð0; 1Þ; ð0; 2Þi
hð0; 2Þ; ð0; 3Þ; ð0; 4Þ; ð3; 4Þ; ð3; 5Þ; ð2; 5Þ; ð2; 0Þ; ð1; 0Þ;Q1ð0; 5Þ; ð1; 5Þ; ð0; 5Þ; ð0; 0Þi
hð0; 0Þ; ð3; 0Þ; ð3; 1Þ; ð2; 1Þ; ð2; 2Þ; ð2; 3Þ; ð3; 3Þ; ð3; 2Þ; ð0; 2Þi

(0,4) (0,2) hð0; 0Þ; ð0; 5Þ; ð0; 4Þi
hð0; 0Þ; ð3; 0Þ;Q3ð0; 3Þ; ð3; 3Þ; ð2; 3Þ; ð2; 4Þ; ð2; 5Þ; ð3; 5Þ; ð3; 4Þ; ð0; 4Þi
hð0; 0Þ; ð0; 1Þ; ð1; 1Þ; ð1; 2Þ; ð2; 2Þ; ð2; 1Þ; ð2; 0Þ; ð1; 0Þ; ð1; 5Þ; ð1; 4Þ; ð1; 3Þ; ð0; 3Þ; ð0; 4Þi

(0,4) (1,1) hð0; 0Þ; ð0; 5Þ; ð0; 4Þi
hð0; 0Þ; ð0; 1Þ; ð0; 2Þ; ð3; 2Þ; ð3; 3Þ; ð2; 3Þ; ð2; 2Þ; ð1; 2Þ; ð1; 3Þ; ð0; 3Þ; ð0; 4Þi
hð0; 0Þ; ð3; 0Þ; ð3; 1Þ; ð2; 1Þ; ð2; 0Þ; ð1; 0Þ; ð1; 5Þ; ð1; 4Þ; ð2; 4Þ; ð2; 5Þ; ð3; 5Þ; ð3; 4Þ; ð0; 4Þi

(1,3) (0,2) hð0; 0Þ; ð0; 5Þ; ð0; 4Þ; ð0; 3Þ; ð1; 3Þi
hð0; 0Þ; ð0; 1Þ; ð1; 1Þ; ð1; 2Þ; ð1; 3Þi
hð0; 0Þ; ð3; 0Þ;Q3ð0; 5Þ; ð3; 5Þ; ð2; 5Þ;Q�1

2 ð0; 5Þ; ð2; 0Þ; ð1; 0Þ; ð1; 5Þ; ð1; 4Þ; ð1; 3Þi

(1,5) (0,2) hð0; 0Þ; ð0; 5Þ; ð1; 5Þi
hð0; 0Þ; ð0; 1Þ; ð1; 1Þ; ð1; 2Þ; ð1; 3Þ; ð0; 3Þ; ð0; 4Þ; ð3; 4Þ; ð3; 5Þ; ð2; 5Þ; ð2; 4Þ; ð1; 4Þ; ð1; 5Þi
hð0; 0Þ; ð3; 0Þ;Q3ð0; 3Þ; ð3; 3Þ; ð2; 3Þ;Q�1

2 ð0; 3Þ; ð2; 0Þ; ð1; 0Þ; ð1; 5Þi

(1,1) (2,0) hð0; 0Þ; ð0; 1Þ; ð1; 1Þi
hð0; 0Þ; ð3; 0Þ; ð3; 1Þ; ð2; 1Þ; ð2; 2Þ; ð1; 2Þ; ð1; 1Þi
hð0; 0Þ; ð0; 5Þ; ð0; 4Þ; ð3; 4Þ; ð3; 5Þ; ð2; 5Þ; ð2; 4Þ; ð2; 3Þ; ð3; 3Þ; ð3; 2Þ; ð0; 2Þ; ð0; 3Þ; ð1; 3Þ; ð1; 4Þ; ð1; 5Þ; ð1; 0Þ; ð1; 1Þi

(1,1) (2,2) hð1; 1Þ;Q1ð1; 4Þ; ð1; 4Þ; ð2; 4Þ; ð2; 3Þ; ð3; 3Þ; ð3; 2Þ; ð0; 2Þ; ð0; 3Þ; ð0; 4Þ; ð3; 4Þ; ð3; 5Þ; ð2; 5Þ; ð2; 0Þ; ð2; 1Þ; ð3; 1Þ; ð3; 0Þ; ð0; 0Þi
hð0; 0Þ; ð0; 1Þ; ð1; 1Þi
hð0; 0Þ; ð0; 5Þ; ð1; 5Þ; ð1; 0Þ; ð1; 1Þi

(1,1) (2,4) hð1; 1Þ; ð1; 0Þ; ð2; 0Þ; ð2; 5Þ; ð3; 5Þ; ð3; 4Þ; ð0; 4Þ; ð0; 3Þ; ð0; 2Þ; ð3; 2Þ; ð3; 3Þ; ð2; 3Þ; ð2; 2Þ; ð2; 1Þ; ð3; 1Þ; ð3; 0Þ; ð0; 0Þi
hð0; 0Þ; ð0; 1Þ; ð1; 1Þi
hð0; 0Þ; ð0; 5Þ; ð1; 5Þ;Q�1

1 ð1; 5Þ; ð1; 1Þi

Case 2.1
xx

y

y

Case 2.2

Fig. 6. Illustrations for Lemma 6.
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y z C3� ðx; yÞ

(1,3) (2,0) hð0; 0Þ; ð0; 1Þ; ð1; 1Þ; ð1; 0Þ; ð1; 5Þ; ð1; 4Þ; ð1; 3Þi
hð0; 0Þ; ð3; 0Þ; ð3; 1Þ; ð2; 1Þ; ð2; 2Þ; ð1; 2Þ; ð1; 3Þi
hð0; 0Þ; ð0; 5Þ; ð0; 4Þ; ð3; 4Þ; ð3; 5Þ; ð2; 5Þ; ð2; 4Þ; ð2; 3Þ; ð3; 3Þ; ð3; 2Þ; ð0; 2Þ; ð0; 3Þ; ð1; 3Þi

(1,3) (2,2) hð0; 0Þ; ð0; 5Þ; ð1; 5Þ; ð1; 4Þ; ð1; 3Þi
hð0; 0Þ; ð3; 0Þ; ð3; 5Þ; ð2; 5Þ; ð2; 4Þ; ð2; 3Þ; ð3; 3Þ; ð3; 4Þ; ð0; 4Þ; ð0; 3Þ; ð1; 3Þi
hð0; 0Þ; ð0; 1Þ; ð0; 2Þ; ð3; 2Þ; ð3; 1Þ; ð2; 1Þ; ð2; 0Þ; ð1; 0Þ;Q1ð0; 3Þ; ð1; 3Þi

(1,3) (2,4) hð0; 0Þ; ð0; 5Þ; ð1; 5Þ; ð1; 4Þ; ð1; 3Þi
hð0; 0Þ; ð3; 0Þ; ð3; 5Þ; ð2; 5Þ; ð2; 0Þ; ð1; 0Þ;Q1ð0; 3Þ; ð1; 3Þi
hð0; 0Þ; ð0; 1Þ; ð0; 2Þ; ð3; 2Þ; ð3; 1Þ; ð2; 1Þ; ð2; 2Þ; ð2; 3Þ; ð3; 3Þ; ð3; 4Þ; ð0; 4Þ; ð0; 3Þ; ð1; 3Þi

(2,0) (0,2) hð0; 0Þ; ð3; 0Þ;Q3ð0; 3Þ; ð3; 3Þ; ð2; 3Þ; ð2; 4Þ; ð1; 4Þ; ð1; 3Þ; ð0; 3Þ; ð0; 4Þ; ð3; 4Þ; ð3; 5Þ; ð2; 5Þ; ð2; 0Þi
hð0; 0Þ; ð0; 5Þ; ð1; 5Þ; ð1; 0Þ; ð2; 0Þi
hð0; 0Þ; ð0; 1Þ; ð1; 1Þ; ð1; 2Þ; ð2; 2Þ; ð2; 1Þ; ð2; 0Þi

(2,2) (0,2) hð0; 0Þ; ð0; 1Þ; ð1; 1Þ; ð1; 0Þ; ð2; 0Þ; ð2; 1Þ; ð2; 2Þi
hð0; 0Þ; ð3; 0Þ;Q3ð0; 3Þ; ð3; 3Þ; ð2; 3Þ; ð2; 2Þi
hð0; 0Þ; ð0; 5Þ; ð1; 5Þ; ð1; 4Þ; ð2; 4Þ; ð2; 5Þ; ð3; 5Þ; ð3; 4Þ; ð0; 4Þ; ð0; 3Þ; ð1; 3Þ; ð1; 2Þ; ð2; 2Þi

(2,2) (0,4) hð0; 0Þ; ð0; 5Þ; ð1; 5Þ; ð1; 0Þ; ð2; 0Þ; ð2; 5Þ; ð3; 5Þ;Q�1
3 ð2; 5Þ; ð3; 2Þ; ð0; 2Þ; ð0; 3Þ; ð1; 3Þ; ð1; 4Þ; ð2; 4Þ; ð2; 3Þ; ð2; 2Þi

hð0; 0Þ; ð0; 1Þ; ð1; 1Þ; ð1; 2Þ; ð2; 2Þi
hð0; 0Þ; ð3; 0Þ; ð3; 1Þ; ð2; 1Þ; ð2; 2Þi

(2,2) (1,1) hð0; 0Þ; ð0; 5Þ; ð1; 5Þ; ð1; 0Þ; ð2; 0Þ; ð2; 1Þ; ð2; 2Þi
hð0; 0Þ; ð3; 0Þ;Q3ð0; 3Þ; ð3; 3Þ; ð2; 3Þ; ð2; 2Þi
hð0; 0Þ;Q0ð0; 4Þ; ð0; 4Þ; ð3; 4Þ; ð3; 5Þ; ð2; 5Þ; ð2; 4Þ; ð1; 4Þ; ð1; 3Þ; ð1; 2Þ; ð2; 2Þi
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Lemma 8. Assume that n P 8. Let x; y, and z be any three different vertices of HReTð4; nÞ ¼ ðV 0 [ V 1;EÞ in V0.

Then there exists a regular 3*-container C3� ðx; yÞ of HReTð4; nÞ � fzg. Hence HReTð4; nÞ is hyper globally bi-3*-

connected.

Proof. Without loss of generality, we may assume that x ¼ ð0; 0Þ, y ¼ ði; jÞ, and z ¼ ðk; lÞ. In order to prove
this lemma, we will construct a regular 3*-container C3� ðx; yÞ ¼ fP 1; P 2; P 3g in HReTð4; nÞ � fzg. By the sym-
metric property of HReTð4; nÞ, we may assume that i 2 f0; 1; 2g. We have the following cases:

Case 1: Suppose that i 2 f0; 1g and z 2 f0; 1g. By Lemma 5, there exists a regular 3*-container
C3� ðð0; 0Þ; ði; jÞÞ of HReTð2; nÞ � fðk; lÞg. By Lemma 3, C03�;1ðð0; 0Þ; ði; jÞÞ forms a 3*-container of
HReTð4; nÞ � fðk; lÞg.

Case 2: i = 0 and k = 2. Then j and l are even. By the symmetric property, we have the following
subcases.

Case 2.1: Suppose that j = 4 and l = 2. The corresponding paths are:
P 1 ¼ hð0; 0Þ;Q0ð0; 4Þ; ð0; 4Þi;

P 2 ¼ hð0; 0Þ; ð0; n� 1Þ; ð0; n� 2Þ; ð3; n� 2Þ;Q�1
3 ð4; n� 2Þ; ð3; 4Þ; ð0; 4Þi;

P 3 ¼ hð0; 4Þ;Q0ð4; n� 3Þ; ð0; n� 3Þ; ð1; n� 3Þ;Q�1
1 ð0; n� 3Þ; ð1; 0Þ; ð1; n� 1Þ; ð1; n� 2Þ; ð2; n� 2Þ;

Q�1
2 ð3; n� 2Þ; ð2; 3Þ; ð3; 3Þ; ð3; 2Þ; ð3; 1Þ; ð2; 1Þ; ð2; 0Þ; ð2; n� 1Þ; ð3; n� 1Þ; ð3; 0Þ; ð0; 0Þi:
Case 2.2: Suppose that n� 4 > j P 2 and l ¼ jþ 2. The corresponding paths are:
P 1 ¼ hð0; 0Þ;Q0ð0; jÞ; ð0; jÞi;

P 2 ¼ hð0; 0Þ; ð3; 0Þ;Q3ð0; jÞ; ð3; jÞ; ð0; jÞi;
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P 3 ¼ hð0; jÞ;Q0ðj; jþ 4Þ; ð0; jþ 4Þ; ð3; jþ 4Þ; ð3; jþ 5Þ; ð2; jþ 5Þ; ð2; jþ 4Þ; ð2; jþ 3Þ;

ð3; jþ 3Þ; ð3; jþ 2Þ; ð3; jþ 1Þ; ð2; jþ 1Þ;Q�1
2 ð0; jþ 1Þ; ð2; 0Þ; ð1; 0Þ;Q1ð0; jþ 5Þ;

ð1; jþ 5Þ; ð0; jþ 5Þ; ð0; jþ 6Þ; ð3; jþ 6Þ; ð3; jþ 7Þ; ð2; jþ 7Þ; ð2; jþ 6Þ;

SL
2ðjþ 6; n� 2Þ; ð2; n� 2Þ; ð1; n� 2Þ; ð1; n� 1Þ; ð0; n� 1Þ; ð0; 0Þi:
Case 2.3: Suppose that n� 6 > j P 2 and n� 4 > l > jþ 2. The corresponding paths are:
P 1 ¼ hð0; 0Þ;Q0ð0; jÞ; ð0; jÞi;
P 2 ¼ hð0; 0Þ; ð3; 0Þ;Q3ð0; jÞ; ð3; jÞ; ð0; jÞi;

P 3 ¼ hð1; jÞ; ð1; jþ 1Þ; ð1; jþ 2Þ; ð3; jþ 2Þ; ð3; jþ 1Þ; ð2; jþ 1Þ;Q�1
2 ð0; jþ 1Þ; ð2; 0Þ;

ð1; 0Þ;Q1ð0; jþ 2Þ; ð1; jþ 2Þ; ð2; jþ 2Þ; ð2; jþ 3Þ; ð3; jþ 3Þ; ð3; jþ 4Þ; ð0; jþ 4Þ;

ð0; jþ 3Þ; SR
0 ðjþ 3; l� 3Þ; ð0; l� 3Þ; ð1; l� 3Þ; ð1; l� 2Þ; ð2; l� 2Þ; ð2; l� 1Þ;

ð3; l� 1Þ; ð3; lÞ; ð3; lþ 1Þ; ð2; lþ 1Þ; ð2; lþ 2Þ; ð2; lþ 3Þ; ð3; lþ 3Þ; ð3; lþ 2Þ;

ð0; lþ 2Þ;Q�1
0 ðl� 1; lþ 2Þ; ð0; l� 1Þ; ð1; l� 1Þ;Q1ðl� 1; lþ 3Þ; ð1; lþ 3Þ;

ð0; lþ 3Þ; ð0; lþ 4Þ; ð3; lþ 4Þ; SL
2ðlþ 4; n� 2Þ; ð2; n� 2Þ; ð1; n� 2Þ; ð1; n� 1Þ;

ð0; n� 1Þ; ð0; 0Þi:
Case 2.4: Suppose that n > 8 and j ¼ l P 2. The corresponding paths are:
P 1 ¼ hð0; 0Þ;Q0ð0; jÞ; ð0; jÞi;

P 2 ¼ hð0; 0Þ; ð3; 0Þ;Q3ð0; j� 1Þ; ð3; j� 1Þ; ð2; j� 1Þ;Q�1
2 ð0; j� 1Þ; ð2; 0Þ; ð1; 0Þ;

Q1ð0; jþ 1Þ; ð1; jþ 1Þ; ð0; jþ 1Þ; ð0; jÞi;
P 3 ¼ hð0; jÞ; ð3; jÞ; ð3; jþ 1Þ; ð2; jþ 1Þ; ð2; jþ 2Þ; ð1; jþ 2Þ; ð1; jþ 3Þ; ð1; jþ 4Þ; ð2; jþ 4Þ;
ð2; jþ 3Þ; ð3; jþ 3Þ; ð3; jþ 2Þ; ð0; jþ 2Þ; ð0; jþ 3Þ; ð0; jþ 4Þ; ð3; jþ 4Þ; ð3; jþ 5Þ;

ð2; jþ 5Þ; ð2; jþ 6Þ; ð1; jþ 6Þ; ð1; jþ 5Þ; SL
1ðjþ 5; n� 5Þ; ð1; n� 5Þ; ð0; n� 5Þ;

ð0; n� 4Þ; ð3; n� 4Þ; ð3; n� 3Þ; ð2; n� 3Þ; ð2; n� 2Þ; ð2; n� 1Þ; ð3; n� 1Þ; ð3; n� 2Þ;
ð0; n� 2Þ; ð0; n� 3Þ; ð1; n� 3Þ; ð1; n� 2Þ; ð1; n� 1Þ; ð0; n� 1Þ; ð0; 0Þi:
Case 2.5: Suppose that n = 8, j = 2, and l = 2. The corresponding paths are:
P 1 ¼ hð0; 0Þ; ð0; 1Þ; ð0; 2Þi;

P 2 ¼ hð0; 2Þ; ð0; 3Þ; ð0; 4Þ; ð3; 4Þ;Q3ð4; 7Þ; ð3; 7Þ; ð2; 7Þ; ð2; 0Þ; ð2; 1Þ; ð3; 1Þ; ð3; 0Þ; ð0; 0Þi;

P 3 ¼ hð0; 2Þ; ð3; 2Þ; ð3; 3Þ; ð2; 3Þ;Q2ð3; 6Þ; ð2; 6Þ; ð1; 6Þ; ð1; 7Þ; ð1; 0Þ;Q1ð0; 5Þ;

ð1; 5Þ; ð0; 5Þ; ð0; 6Þ; ð0; 7Þ; ð0; 0Þi:
Case 2.6: Suppose that n = 8, j = 4, and l = 4. The corresponding paths are:
P 1 ¼ hð0; 0Þ;Q0ð0; 4Þ; ð0; 4Þi;

P 2 ¼ hð0; 0Þ; ð0; 7Þ; ð1; 7Þ; ð1; 0Þ;Q1ð0; 6Þ; ð1; 6Þ; ð2; 6Þ; ð2; 5Þ; ð3; 5Þ; ð3; 4Þ; ð0; 4Þi;

P 3 ¼ hð0; 0Þ; ð3; 0Þ;Q3ð0; 3Þ; ð3; 3Þ; ð2; 3Þ;Q�1
2 ð0; 3Þ; ð2; 0Þ; ð2; 7Þ; ð3; 7Þ; ð3; 6Þ; ð0; 6Þ;

ð0; 5Þ; ð0; 4Þi:
Case 3: i = 1 and k = 2. Then j is odd and l is even. By the symmetric property, we have the following
subcases.
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Case 3.1: Suppose that n� 5 > j P 1 and n� 4 > l > jþ 2. The corresponding paths are:
P 1 ¼ hð0; 0Þ;Q0ð0; jÞ; ð0; jÞ; ð1; jÞi;

P 2 ¼ hð0; 0Þ; ð3; 0Þ;Q3ð0; jÞ; ð3; jÞ; ð2; jÞ;Q�1
2 ð0; jÞ; ð2; 0Þ; ð1; 0Þ;Q1ð0; jÞ; ð1; jÞi;

P 3 ¼ hð1; jÞ; ð1; jþ 1Þ; ð2; jþ 1Þ; ð2; jþ 2Þ; ð3; jþ 2Þ; ð3; jþ 1Þ; SL
3ðjþ 1; l� 2Þ; ð3; l� 2Þ;

ð0; l� 2Þ; ð0; l� 1Þ; ð1; l� 1Þ; ð1; lÞ; ð1; lþ 1Þ; ð1; lþ 2Þ; ð2; lþ 2Þ; ð2; lþ 1Þ; ð3; lþ 1Þ;

ð3; lÞ; ð0; lÞ; ð0; lþ 1Þ; ð0; lþ 2Þ; ð3; lþ 2Þ; ð3; lþ 3Þ; ð2; lþ 3Þ; ð2; lþ 4Þ; ð1; lþ 4Þ;

ð1; lþ 3Þ; SL
1ðlþ 3; n� 5Þ; ð1; n� 5Þ; ð0; n� 5Þ; ð0; n� 4Þ; ð3; n� 4Þ; ð3; n� 3Þ;

ð2; n� 3Þ; ð2; n� 2Þ; ð2; n� 1Þ; ð3; n� 1Þ; ð3; n� 2Þ; ð0; n� 2Þ; ð0; n� 3Þ; ð1; n� 3Þ;

ð1; n� 2Þ; ð1; n� 1Þ; ð0; n� 1Þ; ð0; 0Þi:
Case 3.2: Suppose that n� 5 > j P 1 and l ¼ jþ 1. The corresponding paths are:
P 1 ¼ hð0; 0Þ;Q0ð0; jÞ; ð0; jÞ; ð1; jÞi;

P 2 ¼ hð0; 0Þ; ð3; 0Þ;Q3ð0; jÞ; ð3; jÞ; ð2; jÞ;Q�1
2 ð0; jÞ; ð2; 0Þ; ð1; 0Þ;Q1ð0; jÞ; ð1; jÞi;

P 3 ¼ hð1; jÞ;Q1ðj; jþ 3Þ; ð1; jþ 3Þ; ð2; jþ 3Þ; ð2; jþ 2Þ; ð3; jþ 2Þ; ð3; jþ 1Þ; ð0; jþ 1Þ;

ð0; jþ 2Þ; ð0; jþ 3Þ; ð3; jþ 3Þ; ð3; jþ 4Þ; ð2; jþ 4Þ; ð2; jþ 5Þ; ð1; jþ 5Þ; ð1; jþ 4Þ;

SL
1ðjþ 4; n� 5Þ; ð1; n� 5Þ; ð0; n� 5Þ; ð0; n� 4Þ; ð3; n� 4Þ; ð3; n� 3Þ; ð2; n� 3Þ;

ð2; n� 2Þ; ð2; n� 1Þ; ð3; n� 1Þ; ð3; n� 2Þ; ð0; n� 2Þ; ð0; n� 3Þ; ð1; n� 3Þ; ð1; n� 2Þ;

ð1; n� 1Þ; ð0; n� 1Þ; ð0; 0Þi:
Case 3.3: Suppose that n� 5 > j P 1 and l ¼ n� 4. The corresponding paths are:
P 1 ¼ hð0; 0Þ;Q0ð0; jÞ; ð0; jÞ; ð1; jÞi;

P 2 ¼ hð0; 0Þ; ð0; n� 1Þ; ð1; n� 1Þ; ð1; 0Þ;Q1ð0; jÞ; ð1; jÞi;

P 3 ¼ hð1; jÞ; ð1; jþ 1Þ; ð2; jþ 1Þ; ð2; jþ 2Þ; ð3; jþ 2Þ; ð3; jþ 1Þ; SL
3ðjþ 1; n� 6Þ; ð0; n� 6Þ;

ð0; n� 5Þ; ð1; n� 5Þ;Q1ðn� 5; n� 2Þ; ð1; n� 2Þ; ð2; n� 2Þ; ð2; n� 3Þ; ð3; n� 3Þ;

ð3; n� 4Þ; ð0; n� 4Þ; ð0; n� 3Þ; ð0; n� 2Þ; ð3; n� 2Þ; ð3; n� 1Þ; ð2; n� 1Þ; ð2; 0Þ;

ð2; 1Þ; ð3; 1Þ; ð3; 0Þ; ð0; 0Þi:
Case 3.4: Suppose that j ¼ n� 5 and l ¼ n� 4. The corresponding paths are:
P 1 ¼ hð0; 0Þ;Q0ð0; n� 5Þ; ð0; n� 5Þ; ð1; n� 5Þi;

P 2 ¼ hð0; 0Þ; ð0; n� 1Þ; ð1; n� 1Þ; ð1; 0Þ;Q1ð0; n� 5Þ; ð1; n� 5Þi;

P 3 ¼ hð1; n� 5Þ;Q1ðn� 5; n� 2Þ; ð1; n� 2Þ; ð2; n� 2Þ; ð2; n� 3Þ; ð3; n� 3Þ; ð3; n� 4Þ;

ð0; n� 4Þ; ð0; n� 3Þ; ð0; n� 2Þ; ð3; n� 2Þ; ð3; n� 1Þ; ð2; n� 1Þ; ð2; 0Þ;Q2ð0; n� 5Þ;

ð2; n� 5Þ; ð3; n� 5Þ;Q�1
3 ð0; n� 5Þ; ð3; 0Þ; ð0; 0Þi:
Case 3.5: Suppose that n� 5 > j P 1 and l ¼ n� 2. The corresponding paths are:
P 1 ¼ hð0; 0Þ;Q0ð0; jÞ; ð0; jÞ; ð1; jÞi;

P 2 ¼ hð0; 0Þ; ð3; 0Þ; ð3; n� 1Þ; ð2; n� 1Þ; ð2; 0Þ; ð1; 0Þ;Q1ð0; jÞ; ð1; jÞi;
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P 3 ¼ hð1; jÞ; ð1; jþ 1Þ; ð1; jþ 2Þ; ð0; jþ 2Þ; ð0; jþ 1Þ; ð3; jþ 1Þ;Q�1
3 ð1; jþ 1Þ; ð3; 1Þ; ð2; 1Þ;

Q2ð1; jþ 2Þ; ð2; jþ 2Þ; ð3; jþ 2Þ; ð3; jþ 3Þ; ð0; jþ 3Þ; ð0; jþ 4Þ; ð1; jþ 4Þ; ð1; jþ 3Þ;

SR
1 ðjþ 3; n� 6Þ; ð1; n� 6Þ; ð2; n� 6Þ; ð2; n� 5Þ; ð3; n� 5Þ; ð3; n� 4Þ; ð0; n� 4Þ;

ð0; n� 3Þ; ð0; n� 2Þ; ð3; n� 2Þ; ð3; n� 3Þ; ð2; n� 3Þ; ð2; n� 4Þ; ð1; n� 4Þ;

Q1ðn� 4; n� 1Þ; ð1; n� 1Þ; ð0; n� 1Þ; ð0; 0Þi:
Case 4: i = 2 and k = 0. Then j and l are even. By the symmetric property, we have the following subcases.
Case 4.1: Suppose that j = 0 are l > 0. The corresponding paths are:
P 1 ¼ hð0; 0Þ; ð0; n� 1Þ; ð1; n� 1Þ; ð1; 0Þ; ð2; 0Þi;

P 2 ¼ hð0; 0Þ; ð0; 1Þ; ð1; 1Þ; ð1; 2Þ; ð2; 2Þ; ð2; 1Þ; ð2; 0Þi;

P 3 ¼ hð0; 0Þ; ð3; 0Þ; ð3; 1Þ; ð3; 2Þ; ð0; 2Þ; ð0; 3Þ; ð1; 3Þ; ð1; 4Þ; ð2; 4Þ; ð2; 3Þ;

SR
2 ð3; j� 1Þ; ð2; j� 1Þ; ð3; j� 1Þ; ð3; jÞ; ð3; jþ 1Þ; ð2; jþ 1Þ; ð2; jþ 2Þ; ð1; jþ 2Þ;

ð1; jþ 1Þ; SL
1ðjþ 1; n� 3Þ; ð1; n� 3Þ; ð0; n� 3Þ; ð0; n� 2Þ; ð3; n� 2Þ; ð3; n� 1Þ;

ð2; n� 1Þ; ð2; 0Þi:
Case 4.2: Suppose that l > j > 0. The corresponding paths are:
P 1 ¼ hð0; 0Þ; ð0; 1Þ; ð1; 1Þ;Q1ð1; jÞ; ð1; jÞ; ð2; jÞi;

P 2 ¼ hð0; 0Þ; ð3; 0Þ; ð3; 1Þ; ð2; 1Þ;Q2ð1; jÞ; ð2; jÞi;

P 3 ¼ hð2; jÞ; ð2; jþ 1Þ; ð2; jþ 2Þ; ð1; jþ 2Þ; ð1; jþ 1Þ; ð0; jþ 1Þ;Q�1
0 ð2; jþ 1Þ;

ð0; 2Þ; ð3; 2Þ;Q3ð2; jþ 2Þ; ð3; jþ 2Þ; ð0; jþ 2Þ; ð0; jþ 3Þ; ð1; jþ 3Þ; ð1; jþ 4Þ;

ð2; jþ 4Þ; ð2; jþ 3Þ; SR
2 ðjþ 3; l� 1Þ; ð2; l� 1Þ; ð3; l� 1Þ; ð3; lÞ; ð3; lþ 1Þ;

ð2; lþ 1Þ; ð2; lþ 2Þ; ð1; lþ 2Þ; ð1; lþ 1Þ; SL
1ðlþ 1; n� 1Þ; ð1; n� 1Þ; ð0; n� 1Þ; ð0; 0Þi:
Case 4.3: Suppose that j ¼ l > 0. The corresponding paths are:
P 1 ¼ hð0; 0Þ;Q0ð0; j� 1Þ; ð0; j� 1Þ; ð1; j� 1Þ;Q�1
1 ð0; j� 1Þ; ð1; 0Þ; ð2; 0Þ;Q2ð0; jÞ; ð2; jÞi;

P 2 ¼ hð0; 0Þ; ð3; 0Þ;Q3ð0; jþ 1Þ; ð3; jþ 1Þ; ð2; jþ 1Þ; ð2; jÞi;

P 3 ¼ hð2; jÞ; SL
2ðj; n� 1Þ; ð2; n� 2Þ; ð1; n� 2Þ; ð1; n� 1Þ; ð0; n� 1Þ; ð0; 0Þi:
Case 5: i = 2 and k = 1. Then j is even and l is odd. By the symmetric property, we have the following
subcases.

Case 5.1: Suppose that j = 0 and l = 1. The corresponding paths are:
P 1 ¼ hð0; 0Þ; ð0; n� 1Þ; ð1; n� 1Þ; ð1; 0Þ; ð2; 0Þi;

P 2 ¼ hð0; 0Þ; ð0; 1Þ; ð0; 2Þ; ð3; 2Þ; ð3; 1Þ; ð2; 1Þ; ð2; 0Þi;

P 3 ¼ hð0; 0Þ; ð3; 0Þ; ð3; n� 1Þ; ð3; n� 2Þ; ð0; n� 2Þ;Q�1
0 ð3; n� 2Þ; ð0; 3Þ; ð1; 3Þ;

ð1; 2Þ; ð2; 2Þ; ð2; 3Þ; ð3; 3Þ;Q3ð3; n� 3Þ; ð3; n� 3Þ; ð2; n� 3Þ;Q�1
2 ð4; n� 3Þ;

ð2; 4Þ; ð1; 4Þ;Q1ð4; n� 2Þ; ð1; n� 2Þ; ð2; n� 2Þ; ð2; n� 1Þ; ð2; 0Þi:
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Case 5.2: Suppose that j = 0 and n� 1 > l > 1. The corresponding paths are:
P 1 ¼ hð0; 0Þ; ð0; n� 1Þ; ð1; n� 1Þ; ð1; 0Þ; ð2; 0Þi;

P 2 ¼ hð0; 0Þ; ð3; 0Þ; ð3; 1Þ; ð2; 1Þ; ð2; 0Þi;

P 3 ¼ hð0; 0Þ; ð0; 1Þ; ð1; 1Þ; ð1; 2Þ; ð2; 2Þ; ð2; 3Þ; ð3; 3Þ; ð3; 2Þ; SL
3ð2; j� 3Þ; ð3; j� 3Þ; ð0; j� 3Þ;

ð0; j� 2Þ; ð1; j� 2Þ; ð1; j� 1Þ; ð2; j� 1Þ; ð2; jÞ; ð2; jþ 1Þ; ð1; jþ 1Þ; ð1; jþ 2Þ;

ð1; jþ 3Þ; ð2; jþ 3Þ; ð2; jþ 2Þ; ð3; jþ 2Þ;Q�1
3 ðj� 1; jþ 2Þ; ð3; j� 1Þ; ð0; j� 1Þ;

Q0ðj� 1; jþ 3Þ; ð0; jþ 3Þ; ð3; jþ 3Þ; ð3; jþ 4Þ; ð2; jþ 4Þ; ð2; jþ 5Þ; ð1; jþ 5Þ;

ð1; jþ 4Þ; SL
1ðjþ 4; n� 3Þ; ð1; n� 3Þ; ð0; n� 3Þ; ð0; n� 2Þ; ð3; n� 2Þ; ð3; n� 1Þ;

ð2; n� 1Þ; ð2; 0Þi:
Case 5.3: Suppose that n� 1 > l > jþ 2 and j > 0. The corresponding paths are:
P 1 ¼ hð0; 0Þ; ð0; 1Þ; ð1; 1Þ;Q1ð1; jÞ; ð1; jÞ; ð2; jÞi;

P 2 ¼ hð0; 0Þ; ð3; 0Þ; ð3; 1Þ; ð2; 1Þ;Q2ð1; jÞ; ð2; jÞi;

P 3 ¼ hð2; jÞ; ð2; jþ 1Þ; ð3; jþ 1Þ; ð3; jÞ; SL
3ðj; l� 3Þ; ð3; l� 3Þ; ð0; l� 3Þ; ð0; l� 2Þ; ð1; l� 2Þ;

ð1; l� 1Þ; ð2; l� 1Þ; ð2; lÞ; ð2; lþ 1Þ; ð1; lþ 1Þ; ð1; lþ 2Þ; ð1; lþ 3Þ; ð2; lþ 3Þ; ð2; lþ 2Þ;

ð3; lþ 2Þ; ð3; lþ 1Þ; ð3; lÞ; ð3; l� 1Þ; ð0; l� 1Þ;Q0ðl� 1; lþ 3Þ; ð0; lþ 3Þ; ð3; lþ 3Þ;

ð3; lþ 4Þ; ð2; lþ 4Þ; ð2; lþ 5Þ; ð1; lþ 5Þ; ð1; lþ 4Þ; SL
1ðlþ 4; n� 1Þ; ð1; n� 1Þ;

ð0; n� 1Þ; ð0; 0Þi:
Case 5.4: Suppose that n� 2 > j and l ¼ n� 1. The corresponding paths are:
P 1 ¼ hð0; 0Þ;Q0ð0; jþ 1Þ; ð0; jþ 1Þ; ð1; jþ 1Þ; ð1; jþ 2Þ; ð2; jþ 2Þ; ð2; jþ 1Þ; ð2; jÞi;

P 2 ¼ hð0; 0Þ; ð3; 0Þ; ð3; n� 1Þ; ð2; n� 1Þ; ð2; 0Þ; ð1; 0Þ;Q1ð0; jÞ; ð1; jÞ; ð2; jÞi;

P 3 ¼ hð2; jÞ;Q�1
2 ð1; jÞ; ð2; 1Þ; ð3; 1Þ;Q3ð1; jþ 2Þ; ð3; jþ 2Þ; ð0; jþ 2Þ; ð0; jþ 3Þ; ð1; jþ 3Þ;

ð1; jþ 4Þ; ð2; jþ 4Þ; ð2; jþ 3Þ; SR
2 ðjþ 3; n� 3Þ; ð2; n� 3Þ; ð3; n� 3Þ; ð3; n� 2Þ;

ð0; n� 2Þ; ð0; n� 1Þ; ð0; 0Þi:
Case 5.5: Suppose that j ¼ n� 2 and l ¼ n� 1. The corresponding paths are:
P 1 ¼ hð0; 0Þ; ð0; n� 1Þ; ð0; n� 2Þ; ð0; n� 3Þ; ð1; n� 3Þ; ð1; n� 2Þ; ð2; n� 2Þi;

P 2 ¼ hð0; 0Þ;Q0ð0; n� 4Þ; ð3; n� 4Þ;Q3ðn� 4; n� 1Þ; ð2; n� 1Þ; ð2; n� 2Þi;

P 3 ¼ hð0; 0Þ; ð3; 0Þ;Q3ð0; n� 5Þ; ð3; n� 5Þ; ð2; n� 5Þ;Q�1
2 ð0; n� 5Þ; ð2; 0Þ;Q1ð0; n� 4Þ;

ð1; n� 4Þ; ð2; n� 4Þ; ð2; n� 3Þ; ð2; n� 2Þi:
Hence HReTð4; nÞ is hyper globally bi-3*-connected for n P 8. See Fig. 7 for illustrations. h
5. The globally bi-3*-connected properties of HReT(m,n)
Lemma 9. Assume that m and n are positive even integers with m; n P 4. Let x and y be any two vertices of

HReTðm; nÞ ¼ ðV 0 [ V 1;EÞ with x 2 V 0 and y 2 V 1. Then there exists a regular 3*-container C3� ðx; yÞ of
HReTðm; nÞ.
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Fig. 7. Illustrations for Lemma 8.
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Proof. Without loss of generality, we may assume that x ¼ ð0; 0Þ and y ¼ ði; jÞ. In order to prove this lemma,
we will construct a regular 3*-container C3� ðx; yÞ ¼ fP 1; P 2; P 3g in HReTðm; nÞ. We prove the lemma by induc-
tion on m. With Lemma 6, our theorem holds for m = 4. Now, we consider the case that m P 6.
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Suppose that i < m� 2. By induction, there exists a regular 3*-container C3� ðx; yÞ ¼ fP 1; P 2; P 3g in
HReTðm� 2; nÞ. By Lemma 3, C03�;m�3ðð0; 0Þ; ði; jÞÞ forms a 3*-container of HReTðm; nÞ. Suppose that
i P m� 2. By induction, there exists a regular C3� ðx; ði� 2; jÞÞ ¼ fP 1; P 2; P 3g in HReTðm� 2; nÞ. By Lemma
3, C03�;1ðð0; 0Þ; ði; jÞÞ forms a 3*-container of HReTðm; nÞ. h

Lemma 10. Assume that m and n are positive even integers with m P 4 and n P 6. Let x; y, and z be any three

different vertices of HReTðm; nÞ ¼ ðV 0 [ V 1;EÞ in V0. Then there exists a regular 3*-container C3� ðx; yÞ of

HReTðm; nÞ � fzg.

Proof. Without loss of generality, we may assume that x ¼ ð0; 0Þ, y ¼ ði; jÞ, and z ¼ ðk; lÞ. In order to prove
this lemma, we will construct a regular 3*-container C3� ðx; yÞ ¼ fP 1; P 2; P 3g in HReTðm; nÞ � fzg. We prove
the lemma by induction on m. With Lemmas 7 and 8, our theorem holds for m = 4. Now, we consider the case
that m P 6.

Suppose that i < m� 2 and k < m� 2. By induction, there exists a regular 3*-container C3� ðx; yÞ ¼
fP 1; P 2; P 3g in HReTðm� 2; nÞ � fzg. By Lemma 3, C03�;m�3ðð0; 0Þ; ði; jÞÞ forms a 3*-container of
HReTðm; nÞ � fzg. Suppose that i < m� 2 and k P m� 2. By induction, there exists a regular 3*-container
C3� ðx; yÞ ¼ fP 1; P 2; P 3g in HReTðm� 2; nÞ � ðk � 2; lÞ. By Lemma 3, C03�;iðð0; 0Þ; ði; jÞÞ forms a 3*-container of
HReTðm; nÞ � fzg. Suppose that i P m� 2 and k < m� 2. By induction, there exists a regular 3*-container
C3� ðx; ði� 2; jÞÞ ¼ fP 1; P 2; P 3g in HReTðm� 2; nÞ � fzg. By Lemma 3, C03�;kðð0; 0Þ; ði; jÞÞ forms a 3*-container
of HReTðm; nÞ � fzg. Suppose that i P m� 2 and k P m� 2. By induction, there exists a regular 3*-
container C3� ðx; ði� 2; jÞÞ ¼ fP 1; P 2; P 3g in HReTðm� 2; nÞ � ðk � 2; lÞ. By Lemma 3, C03�;1ðð0; 0Þ; ði; jÞÞ forms
a 3*-container of HReTðm; nÞ � fzg. h

Theorem 1. Assume that m and n are positive even integers with n P 4. Then HReTðm; nÞ is strongly globally bi-

3*-connected. Moreover, HReTðm; nÞ is hyper globally bi-3*-connected if and only if n P 6 or m = 2.

Proof. With Lemmas 4 and 9, HReTðm; nÞ is globally bi-3*-connected if m,n are even integers with n P 4.
By Lemmas 5 and 10, HReTðm; nÞ is hyper globally bi-3*-connected if m,n are even integers with n P 6 or

m = 2.
Now we consider the case HReTðm; 4Þ with m is an even integer and m P 4. We first prove that such

HReTðm; 4Þ is not hyper globally bi-3*-connected.
To prove this fact, let x ¼ ð1; 1Þ, y ¼ ð1; 3Þ and z ¼ ð0; 2Þ. Suppose that there exists a 3*-container

C3� ðx; yÞ ¼ fP 1; P 2; P 3g of HReTðm; 4Þ � fzg. Since degHReT ðm;4Þ�zðvÞ ¼ 2 for v 2 fð0; 1Þ; ð0; 3Þ; ð3; 2Þg,
hð1; 1Þ; ð1; 2Þ; ð1; 3Þi and hð1; 1Þ; ð0; 1Þ; ð0; 0Þ; ð0; 3Þ; ð1; 3Þi are two paths in C3� ðx; yÞ. Without loss of
generality, we assmue that P 1 ¼ hð1; 1Þ; ð1; 2Þ; ð1; 3Þi and P 2 ¼ hð1; 1Þ; ð0; 1Þ; ð0; 0Þ; ð0; 3Þ; ð1; 3Þi. Since
degHReT ðm;4Þ�zðð1; 1ÞÞ ¼ degHReT ðm;4Þ�zðð1; 3ÞÞ ¼ 3, ðð1; 3Þ; ð1; 0ÞÞ and ðð1; 0Þ; ð1; 1ÞÞ are edges in P 3. Thus
P 3 ¼ hð1; 1Þ; ð1; 0Þ; ð1; 3Þi. Obviously, fP 1 [ P 2 [ P 3g does not span HReTðm; 4Þ � fzg. See Fig. 8 for an
illustration. Hence HReTðm; 4Þ is not hyper globally bi-3*-connected.
x

y

z

Fig. 8. Illustration for Theorem 1.
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Although any HReTðm; 4Þ with m is an even integer and m P 4 is not hyper globally bi-3*-connected, we
will prove that such HReTðm; 4Þ is strongly globally bi-3*-connected by induction.

We first prove that HReT(4,4) is strongly bi-3*-connected. Let x and y be any two different vertices in the
same partite set of HReT(4,4). Without loss of generality, we may assume that x and y are vertices in V0 and
x ¼ ð0; 0Þ. We need to find a vertex z in V 0 � fx; yg such that there exists a 3*-container C3� ðx; yÞ ¼ fP 1; P 2; P 3g
of HReT(4,4)�fzg. The corresponding vertex z and 3*-container C3� ðx; yÞ are listed below.
y z C3� ðx; yÞ
(0,2) (1,3) hð0; 0Þ; ð0; 1Þ; ð0; 2Þi

hð0; 0Þ; ð0; 3Þ; ð0; 2Þi
hð0; 0Þ; ð3; 0Þ; ð3; 1Þ; ð2; 1Þ; ð2; 0Þ; ð1; 0Þ; ð1; 1Þ; ð1; 2Þ; ð2; 2Þ; ð2; 3Þ; ð3; 3Þ; ð3; 2Þ; ð0; 2Þi

(1,1) (1,3) hð0; 0Þ; ð0; 1Þ; ð1; 1Þi
hð0; 0Þ; ð3; 0Þ; ð3; 1Þ; ð2; 1Þ; ð2; 0Þ; ð1; 0Þ; ð1; 1Þ; i
hð0; 0Þ; ð0; 3Þ; ð0; 2Þ; ð3; 2Þ; ð3; 3Þ; ð2; 3Þ; ð2; 2Þ; ð1; 2Þ; ð1; 1Þi

(1,3) (0,2) hð0; 0Þ; ð0; 3Þ; ð1; 3Þi
hð0; 0Þ; ð0; 1Þ; ð1; 1Þ; ð1; 2Þ; ð1; 3Þi
hð0; 0Þ; ð3; 0Þ;Q3ð0; 3Þ; ð3; 3Þ; ð2; 3Þ;Q�1

2 ð0; 3Þ; ð2; 0Þ; ð1; 0Þ; ð1; 3Þi

(2,0) (0,2) hð0; 0Þ; ð0; 3Þ; ð1; 3Þ; ð1; 0Þ; ð2; 0Þi
hð0; 0Þ; ð3; 0Þ; ð3; 3Þ; ð3; 2Þ; ð3; 1Þ; ð2; 1Þ; ð2; 0Þi
hð0; 0Þ; ð0; 1Þ; ð1; 1Þ; ð1; 2Þ; ð2; 2Þ; ð2; 3Þ; ð2; 0Þi

(2,2) (0,2) hð0; 0Þ; ð3; 0Þ;Q3ð0; 3Þ; ð3; 3Þ; ð2; 3Þ; ð2; 2Þi
hð0; 0Þ; ð0; 3Þ; ð1; 3Þ; ð1; 0Þ; ð2; 0Þ; ð2; 1Þ; ð2; 2Þi
hð0; 0Þ; ð0; 1Þ; ð1; 1Þ; ð1; 2Þ; ð2; 2Þi

(3,1) (0,2) hð0; 0Þ; ð3; 0Þ; ð3; 1Þi
hð0; 0Þ; ð0; 3Þ; ð1; 3Þ; ð1; 0Þ; ð2; 0Þ; ð2; 1Þ; ð3; 1Þi
hð0; 0Þ; ð0; 1Þ; ð1; 1Þ; ð1; 2Þ; ð2; 2Þ; ð2; 3Þ; ð3; 3Þ; ð3; 2Þ; ð3; 1Þi

(3,3) (0,2) hð0; 0Þ; ð3; 0Þ; ð3; 3Þi
hð0; 0Þ; ð0; 3Þ; ð1; 3Þ; ð1; 0Þ; ð2; 0Þ; ð2; 1Þ; ð3; 1Þ; ð3; 2Þ; ð3; 3Þi
hð0; 0Þ; ð0; 1Þ; ð1; 1Þ; ð1; 2Þ; ð2; 2Þ; ð2; 3Þ; ð3; 3Þi
Obviously, all these 3*-containers of HReT(4,4)�fzg are regular.
Now we consider the case HReTðm; 4Þ with m > 4. Without loss of generality, we may assmue that

x ¼ ð0; 0Þ, y ¼ ði; jÞ, and z ¼ ðk; lÞ. Suppose that i < m� 2 and k < m� 2. By induction, there exists a regular
3*-container C3� ðx; yÞ ¼ fP 1; P 2; P 3g in HReTðm� 2; 4Þ � fzg. By Lemma 3, C03�;m�3ðð0; 0Þ; ði; jÞÞ forms a 3*-
container of HReTðm; 4Þ � fzg. Suppose that i < m� 2 and k P m� 2. By induction, there exists a regular
3*-container C3� ðx; yÞ ¼ fP 1; P 2; P 3g in HReTðm� 2; 4Þ � ðk � 2; lÞ. By Lemma 3, C03�;iðð0; 0Þ; ði; jÞÞ forms a
3*-container of HReTðm; 4Þ � fzg. Suppose that i P m� 2 and k < m� 2. By induction, there exists a regular
C3� ðx; ði� 2; jÞÞ ¼ fP 1; P 2; P 3g in HReTðm� 2; 4Þ � fzg. By Lemma 3, C03�;kðð0; 0Þ; ði; jÞÞ forms a 3*-container
of HReTðm; 4Þ � fzg. Suppose that i P m� 2 and k P m� 2. By induction, there exists a regular 3*-container
C3� ðx; ði� 2; jÞÞ ¼ fP 1; P 2; P 3g in HReTðm� 2; 4Þ � ðk � 2; lÞ. By Lemma 3, C03�;1ðð0; 0Þ; ði; jÞÞ forms a 3*-
container of HReTðm; 4Þ � fzg.

Thus the theorem is proved. h
6. Concluding remarks

The honeycomb networks have been proposed as attractive alternatives to mesh and torus interconnection
networks for computer architectures, interconnection topologies, parallel processes and distributed systems.
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Many investigations related to this family of the networks have been proposed in the literature [2,10–12]. In
particular, the honeycomb rectangular torus HReTðm; nÞ is a well-structured 3-connected cubic network. We
study the globally bi-3*-connected property of the honeycomb rectangular torus HReTðm; nÞ in this paper. We
prove that any HReTðm; nÞ is strongly globally bi-3*-connected. We also prove that HReTðm; nÞ is hyper glob-
ally bi-3*-connected if and only if n P 6 or m = 2. Future work will try to find the globally 3*-connected prop-
erty of other cubic interconnection networks such as honeycomb rhombic torus, which is another type of
honeycomb network that is bipartite 3-connected cubic network introduced by Stojmenovic [11].
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