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In Markov chain Monte Carlo (MCMC, for short) theory, a particular Markov
chain is run for a very long time, say T, until its distribution is close enough to the
stationarity. In practice, one is interested in the time T to stop the simulation and choose
a random sample, and T is closely related to the mixing time. The most widely used in
measuring the convergence rate of the MCMC method includes the total variation,
separation, entropy, and the LP-norm. In recent years, for models of statistical
mechanics and of theoretical computer science and many others, there has been a
flourishing of new mathematical ideas to rigorously control the time T.

We consider families of Ehrenfest chains and provide a simple criterion on the
LP-cutoff and the LP -precutoff with specified initial states for 1<p<oc. For the family
with an L? -cutoff, a cutoff time is described and a possible window is given. For the
family without an L” -precutoff, the exact order of the L -mixing time is determined.
The result is consistent with the well-known conjecture on cutoffs of Markov chains
proposed by Peres in 2004, which says that a cutoff exists if and only if the

multiplication of the spectral gap and the mixing time tends to infinity.

Keywords: Markov chains, Ehrenfest chains.
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The research on the mixing of Markov chains during 2010-2011 has fruitful results and they
are collected in [4]. In this article, we consider families of Ehrenfest chains and provide a simple
criterion on the LP-cutoff and the LP-precutoff with specified initial states for 1 < p < co. For
the family with an LP-cutoff, a cutoff time is described and a possible window is given. For
the family without an LP-precutoff, the exact order of the LP-mixing time is determined. The
result is consistent with the well-known conjecture on cutoffs of Markov chains proposed by
Peres in 2004, which says that a cutoff exists if and only if the multiplication of the spectral
gap and the mixing time tends to infinity.

Consider a time-homogeneous Markov chain on a finite set {2 with one-step transition matrix
K. Let K'(z,-) denote the probability distribution of the chain at time ¢ started at x. It is
well-known that if K is ergodic (irreducible and aperiodic), then

Jim Kz, y) =7(y) Va,y€Q,

where 7 is the stationary distribution of K on Q. Denote by k. the relative density of K'(z,-)
with respect to , that is, k! (y) = K'(z,y)/n(y). For 1 < p < 0o, define the LP-distance by

1/p

Dp(x,t) = |k = Ulpoim = | D KL (y) — 1/P7(y)
yeN

For p = oo, the L*-distance is set to be Do (z,t) = max, |kL(y) — 1|. In the case p = 1, this
is exactly twice of the total variation distance between K'(z,-) and 7, which is defined by

Dry(x,t) = | K'(x, ) = wllry = max{ K" (z, A) = m(A)}.

In the case p = 2, it is the so-called chi-square distance. For any € > 0 and 1 < p < 0o, define
the LP-mixing time by
Tp(x,€) =min{t > 0: Dy(x,t) < €}.
Consider a family of finite ergodic Markov chains (€2, K,,, m,) with specified initial states
Zpn. For 1 < p < oo, the family is said to present an LP-cutoff with cutoff time ¢, if

0 ifa>0
li D, ns (1 ln) = )
232, Dnp(an, (LF a)t) {oo i —1<a<0

where D,, ;, denotes the LP-distance for the nth Markov chain. In total variation, separation
and L'-distance, the cutoff is the same expect the replacement of the limit co with 1 in the
first two and 2 in the last. The concept of cutoffs was introduced by Aldous and Diaconis
in [1, 2, 3] to capture the fact that many ergodic Markov chains converge abruptly to their
stationary distributions. We refer the reader to [5, 6, 7, 8, 9] for details and further discussions
on variant examples.

In [4], we treat the Ehrenfest chains, a classical example introduced by Paul Ehrenfest to
remark the second law of thermodynamics. In detail, let Q,, = {0,1,...,n} and K, be the
Markov kernel of the Ehrenfest chain on €2,, given by

1+ 1

(0.1) Ko(ii+1)=1->, Kp(i+1,i)= YO<i<n-— 1.
n
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Clearly, the unbiased binomial distribution, 7, (i) = (?)2_”, is the stationary distribution of
K,, and the pair (K, m,) is reversible, i.e. m,(7) Ky (i,7) = mn(j)Kn(j,?) for all 4,5 € Q. By
lifting the chain to a random walk on the hypercube, one may use the group representation
of (Z2)™ to identify the eigenvalues and eigenvectors of K,,. The following is our main result
achieved in [4, Theorems 3.1-4.1].

Theorem 0.1. Let K, be defined in (0.1) and set K], = (I +nKy)/(n+1), my(i) = (7)27".
Forp € [1,00), the following are equivalent.
(1) The family {(, K], m,) :n = 1,2,...} with starting states (xy,)22, has an LP-cutoff.
(2) The family {(,, K], 7,) : n = 1,2,..} with starting states (x,)2, has an LP-
precutoff.
(3) |n —2xy,|//n — 00 as n — oo.
Moreover, if (3) holds, then, as n — oo,

|n — 2z,

Vn
where O(n) denotes a function of order less than or equal to n. For p =1, the above identity
remains true with € € (0,2).

Top(xp,€) = glog +0(n), Ye>0,pe(1,00),

For the total variation, [6, Theorem 6.5] provides a sufficient condition on cutoffs, while [4,
Theorem 3.1] proves that such a condition is necessary. For the LP-cutoff with 1 < p < o0,
Theorem [6, Theorem 6.5] gives the L? case, while [4, Theorem 4.1] gives the LP case. It is
worthwhile to remark that if there is a cutoff, then the main term of the mixing time is the
same for all 1 < p < oo. If the sequence in Theorem 0.1(3) is bounded, then there is no
precutoff and the order of mixing time is of order n, the size of €2,,. We would like to point out
that in Appendix A of [4], we derive the limiting distribution of the hitting probability for the
simple random walk on Z. This is not only of interests by itself but also plays an important
role in proving the total variation cutoff.
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