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A� Introduction and Paper Review

Growth is a fundamental property of biological systems	 occurring at the

level of populations	 individual animals and plants	 as well as within organ�

isms while the growth of a subject depends on nutritional	 health	 and envi�

ronmental conditions
 Typically the growth pattern for a treatment group

depicts a family of symmetric quantile curves	 called reference charts	 as a

function of some covariates �age or time
 One di�culty in reference charts

problem is that the measurement variables taken over time are generally not

independent


Much research has been devoted to modelling growth function and con�

structing growth charts in parametric or nonparametric way
 For overview

of parametric methodology	 linear or nonlinear growth models	 see Cole

and Green ����� and Laird and Ware �����
 When the measurements

Typeset by AMS�TEX

�



�

can be formulated as parametric regression model	 the reference charts may

be expressed as simple functions of parameters involved in the regression

model so that its estimation may be done through estimations of these pa�

rameters
 For example	 the reference charts of a regression with normal

errors model are linear functions of the mean and standard deviation
 For

growth characteristics that are approximately normal	 proposals are avail�

able for transformations to normal where	 among them	 the most successful

proposal is the LMS by Cole �����
 However	 the Exponential�Normal

distribution method by Wright and Royston ����� has the advantage of

being parametric with explicit expressions for estimating parameters and

quantiles


Verifying the similarity of two growth patterns through comparing the

reference charts is an important topic in application
 Basically the use of

growth charts tries to summarize individual di�erences in the growth pat�

tern and it is commonly known that the comparison of reference charts is

done by studying the determinants of these di�erences
 The most common

method of comparison considers parametric growth model that the deter�

minals of growth pattern can be represented by a few model parameters so

that the job can be done by comparison of these parameters
 However	 the

reference charts comparison considered in literature mainly restrcited on the

comparison of growth regression functions
 For example	 it is seen that most

parametric comparison methods consider only those parameters involved in

regression function such as testing equality of two or several regression pa�

rameter vectors �see	 Hoel �����	 Chi and Weerahandi ����� and Pan and

Cole ����� or comparing relations between regression slope parameters

and �or intercept parameters �see Zucker	 Zerbe and Wu �����
 Instead

of parametric reference charts comparison	 there are nonparametric meth�

ods comparing the unknown regression functions �see	 for examples	 Scheike

and Zhang �����	 Scheike	 Zhang and Juul �����	 Richard	 et al
 �����

and Gri�ths	 Iles et al
 �����
 Hoel ����� showed that such methods are

less e�cient than those to compare values of regression parameters


For any comparison exercise	 there needs to be clarity its precise objec�



�

tives
 For that assessment of growth pattern by charts is the single tool

for de�ning health and nutritional status at both individual and population

�country level	 there needs more general study for public health purpose in

verifying if two or several countries display in the same or similar growth

pattern
 In light of this	 we may ask� Do two populations �countries have

the same reference charts� This is an objective important to be answered

in public health	 espectially	 for studying the developing countries
 How�

ever	 little research has been performed in reference charts comparison tru�

ely investigated in this purpose
 It can be seen that comparisons of mean

regression functions or few regression parameters can not achieve this pub�

lic health problem �see Henry �����
 One exception of a closer study is

that Heckman and Zamar ����� discussed the concepts of similarity and

grouping in growth pattern based on rank correlation coe�cient between re�

gression functions
 However	 besides this is an estimation procedure that it

is di�cult to extend to hypothesis testing of comparison	 regression function

comparison is not enough to interprete the similarity or equality of growth

patterns characterized by the reference charts


B� Research Purpose

We consider the unknown population reference charts as parameters and

study the di�ernces of two sets of unknown reference charts for comparison


This generalizes the comparison problem to a more general growth patterns

comparison
 With this aim	 we develop the analytic relationships between

model parameters of growth models achieving the fact of equality of popula�

tion reference charts
 This relationships provides exact test for comparison

of reference charts and this observation indicates that testing equalities of

regression parameters or regression mean functions often provides only a

crude approximation to reality so that the conclusions for growth pattern

comparison are very questionable
 This approach is heading in a right di�

rection in a general investigation if two growth models are with the same

growth pattern


In this paper	 we develop parameter relations for equality of reference



�

charts constructed for two linear growth models that covers most linear

mixed e�ects models
 We then select several interesting longitudinal linear

models as examples to display these relations
 These results will show that

all existed studies of comparisons of regression parameters even without

assuming known structure of covariance matrix of error variables are in�

appropriate
 Finally	 we propose an exact test for conducting comparison

of reference charts


C� Reserach Methods

We state the idea of transforming the equality of two group of reference

charts into equality of functions of two group of regression parameters


We consider that the response variable has a population type linear re�

gression model

y�t � x�t��y � �y�t� t � ��� � ��

where x�t is vector of independent variables indexd in t and �y�t is error

variable with mean zero
 In practice	 we have a samples of y�t and x�t for

t being t�� ���� tn for inferences
 Suppose that for another group of subjects

there is also a response variable z�t that follows the same linear regression

model with possibly di�erent parameters as

z�t � x�t��z � �z�t ��

where �z�t is also error variable independent of �y�t with mean zero
 Using

the same explanatory variables x�t indicates the balanced design that all

the subjects in two groups are measured on the same set of time points


The general form of the reference charts is a series of smoothed curves	

selected quantiles of the distribution of the response variable	 plotted against

the covariate �age or time
 For � � ��� �	 the conditional quantile of y

given age t is denoted by F��
y ��jt
 The �th reference curve is the plot of

the function F��
y ��jt against t in S	 set of ages	 that can be reprented as

Cy�� � fF��
y ��jt � t � Sg
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where S is the set of age
 The reference curves of � percentages	 � �

����� ����� ����	 symmetrical above and below the median	 are used in North

American and Europe
 It is no loss of generality to consider all percentages

in ��� �
 Without specifying the quantile percentages ��s	 we consider the

reference curves for a population of variable y as

fCy�� � � � ��� �g�

For response variable z�t	 the �th reference chart may be analogously rep�

resented as

Cz�� � fF��
z ��jt � t � Sg

where F��
z ��jt is the �th quantile of z at time t and the reference charts for

the population of variable z is fCz�� � � � ��� �g
 The general hypothesis

for comparison of reference charts then is

H� � Cy�� � Cz��� � � ��� ��

With linear model assumption of ��	 it is seen that the �th reference

charts may be written as F��
y�t�jx�t��� � x�t��y � F��

�y
�� � x�t��y� where

�y� � �y �

�
F��
�y

��
�p��

�
is called the regression quantile �see Koenker and

Bassett �����
 The �����th reference chart then is

Cy�� � fx�t��y� � t � Sg�

The �th regression quantile for model �� is F��
z�t��� � x�t��z � F��

�z
�� �

x�t��z� with �z� � �z�

�
F��
�z

��
�p��

�

 Then the � reference chart for response

variable z is

Cz�� � fx�t��z� � t � Sg�

and then the reference charts for regression model �� is

fCz�� � � � ��� �g�

Hence	 equality of reference charts is identical to Cy�� � Cz�� for � �

��� �
 This establish a rule for veri�cation of equality of two group of

reference charts




�

D� Results and Discussion

The major theorem is stated below


Theorem� �a The hypothesis of equal reference charts may be formulated

as

Href � �y � �z� F
��
�y

�� � F��
�z

��� � � ��� ��

�b If we further assume that F��
�y

�� � �yF
��
� �� and F��

�z
�� � �zF

��
� ��

where �y and �z are two unknown constants not dependent of time t
 Then

the hypothesis reduces to

Href � �y � �z � �y � �z�

Result of �b in Theorem tells us that solving a comparison of reference

charts is valid to be treated as a problem of testing hypothesis for equalities

of some model parameters
 However	 di�erent growth models lead to varying

hypothesis testing problems


The random intercept model

The random intercept model for one individual is of the form

y�tj � ��y � Vy � ��yx��tj � �y�tj� j � �� ���� n

where Vy has normal distributions N��� ��
vy and �y�tj

�s are independent

normal distributions N��� ��
y
 The equality of reference charts indicates

��y � ��yx��t �
q
��
vy � ��

yz� � ��z � ��zx��t �
p
��
vz � ��

zz�

for all x��t and � � ��� �

which indicates that testing equalities of reference charts is equivalent to

test the following hypothesis

Href � �y � �z �
q
��
y � ��

vy �
p
��
z � ��

vz�

The autoregressive model

The sample autoregressive model is model with error variables of the form

y�tj � ��y � ��yx��tj � �y�tj� j � �� ���� n

�y�tj � 	y�y�tj�� � �y�tj



	

where �y�tj�s are iid random variables with normal distribution N��� ��
y


Then the set of reference charts is

Cy�� � f��y � ��yx��t �

s
��
y

�� 	�y
z� � t � Sg�

Hence	 the equality of reference charts indicates

��y � ��yx��t

s
��
y

�� 	�y
z� � ��z � ��zx��t �

s
��
z

�� 	�z
z�

for all x��t and � � ��� �

which requires to test the following hypothesis

Href � �y � �z�

s
��
y

�� 	�y
�

s
��
z

�� 	�z
�

Random slope model

A simple random slope e�ects model is

y�tj � ��y � ���y �Byx��tj � ay�tj� j � �� ���� n

where By is a random variable with mean zero and variance ��
�y and ay�t�s

are iid random variables with mean zero and variance ��
y
 The the set of

reference charts is

Cy�� � f��y � ��yx��t �
q
��
�yx��t

� � ��
yz� � t � Sg�

Then	 the equality of reference charts indicates

��y � ��yx��t �
q
��
�yx��t

� � ��
yz� � ��z � ��zx��t �

q
��
�zx��t

� � ��
zz�

for all x��t an d � � ��� �

which requires to test the following hypothesis

Href � �y � �z� ��y � ��z� �y � �z� �






Tests for hypotheses stated here are developed in this paper and evaluation

of power of these tests are also decribed
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� Self Evaluation

The results established in this paper allows the practioners to truely verify

if a population of people has a growth pattern the same as the growth pattern

of another population of people
 The WHO is deeply concerned the child�s

growths of African or other developing countries
 The methods and methods

in this paper provide correct techniques for this need of investigation
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