RS

P AR R £ B NAT 2 e03F S A AIEF A A RAmRIEF A EBER
PRENEHRR  c B RKE R M TRARA —EATHG R BAHERS
(extractor) » #¢ — s TEAR GG G RE MR F IR B E ey RE M T o RT3 — 18 33 RE AR TR
4y statistical min-entropy & k Rl & TR EF # HAMEEL R oL B2 - LK+
FP o HHEEBBROEREMEZNN N BAF S ELNER -

KA1 B & FE B 45 34 58 R (independent-symbol sources)#y %% o — 18

(0, D, K)-& % » £ —@ED]" ([D]={1,2,...N}) E&ynt X=(X,,-.X,) » £ ¥F

X, X, Atk st ey > B X & min—entropy & k o [LLT06 |42 & — 18 4t # st G 4R

BEIRE > HTE AL — BB EAEREAKAF (randon walk) o $Ari 43048 shlE # HK
P E— A EERE L — AR ERE » B AMEIRLEE (circulant matrix) o &AM
FA Choay ERER MY L ER S o4 > TS —EEFHER -

sesh > AtEl AN AR RS TR —EEFORBRECOIXD > ¥ X 2 —18

{01} ey o @ f {00} {01} B R AR H o BEREWMA X RIRBYA X PTEA

B AR RN B2 BB S AR 27 e R T U # f (O Bl RN EEIEE
(f(X)|X)# A computational min-entropy k- 18 A HE IR E—RBAHEA
computational min-entropy &9 R ¥ EEE —EREMK T o 3 F RIERATH —E 2%
A computational min-entropy 27 —fE##A statistical min-entropy e9EEH#R
EERHBMEMT - PiE—F > KRAVTEHTH RE RHEA computational min-entropy
BB P B M T - BV B R A e R o4 statistical setting P 4H¥ % AR
HER B B FF K24 ) computational setting o Az Jbid AR B &) TAE S AR & —
B2 8 323 Loy R AR AR AEAT — 18 5 A £ #F F #4 3R (adversarial noise)&y# A F
ZH RS o SHEILRIAE BRI RE —EEERE L -

BlsgsE) . B3k kIR BIR4ERE  RIEREM TR 22X 5 > computational min-entropy °
ZEBMERH



Abstract

Randomness has become a useful resource in computer science. However, random
sources we have access to are usually imperfect. We say that a weak source has
statistical min-entropy k if every string occurs with probability at most 2.
From such weak sources, we would like to use a deterministic function, called
an extractor, to extract some almost perfect randomness. During the past decade,
the research about extractors for various kinds of sources has received much
attention, and obtains many important results.

We first consider independent-symbol sources. A distribution X=(Xi, ..., Xa)
over the set [D]" ([D]={1,2,...,D}) is a (n, D, k)-source if the n symbols Xi, ..., X
are independent, and the min-entropy of X is k. Lee et. al. [LLT06] proposed
an extractor for independent-symbol sources, which can be seen as a random walk
on a graph. We observe that the corresponding matrix of each step in this random
walk 1s a circulant matrix. We simplify the analysis of the extractors using
the properties of circulant matrices, and obtain a better bound.

We also study the task of deterministically extracting randomness from
sources containing computational entropy. The sources we consider have the form
of a conditional distribution (f(X)|X), for some function f and some distribution
X, and we say that such a source has computational min-entropy k if any circuit
of size 2" can only predict f(x) correctly with probability at most 2™ given input
x sampled from X. We first show that it is impossible to have a seedless extractor
to extract from one single source of this kind. Then we show that it becomes
possible if we are allowed a seed which is weakly random (instead of perfectly
random) but contains some statistical min-entropy, or even a seed which is not
random at all but contains some computational min-entropy. This can be seen as
a step toward extending the study of mul ti-source extractors from the traditional,
statistical setting to a computational setting. We reduce the task of
constructing such extractors to a problem in learning theory: learning linear
functions under arbitrary distribution with adversarial noise. For this problem,
we provide a learning algorithm, which may have interest of its own.

Keywords: 1ndependent-symbol sources ° circulant matrix ° two-source extractor °
computational min-entropy ° learning linear functions
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[. #E% (Extractors)

[ #% M (Randomness) ©#% 3% F £ & 42 (computer science) 8y ZAAB I A IEF A A &Y °
BRG] FRA S AFEHE L ZPIFEAEEREREERMLE  AB L ENBRTHRE =B
MM EEM - esh > AFLHNT > A EME FE % (probabilistic algorithm) b 49 € 40 89 1%
ik P E Bk (deterministic algorithm) £ B3 fa] A & 72 ] 64 48 2 £ (time and space complexity)
bRy A% E[MRI5, Gol98] - Mg sbg %% B AR F 245 A A3 00” B E a9 kE#4 7L (truly random
bits)” e F¥EH > LETHHR FPERFLEBEENREMKT > Bk B RAERMRERbER — 8
kg & B (deterministic function)## — &b v B4k 64 55 [ 4% /R (weak random sources) ¥ 2 H
HEEMEET Hb BHEBRAERENEIRAE—EFEHAOBRERRAGETS - wiE
3% — 18 53 K5 4% R 49 statistical min-entropy & k Rl & FHEF & HRMMEL R @4B:H2 >
BB IIRAZTHROFRR LS KEREET -

1988 8% » Chor & A& 8A AR 74 — 187 € ey & E (deterministic function) ] LA4¢ B —1&
statistical min-entropy <n #y33EEA% IR P F A —EEE# T [CG88] - & > AR FMRB £ E
— B SRR SS > B b — 1B R (AE B0n 55 R 69 R ) o B E R AR 7T > BAZEER H RE A T o $2 A
TP BB T AR T (seed) » MisfEE RS AT E IS (seeded extractor) 48311 £
+H R BN ERRERMBRANRERERRDETF > MK EEFERR P EREFTE
A ERAA T AE T EERE > 4o [ ILL8Y ~ Zuc9T ~ RSWO0 ~ RVWO00 ~ TSZSO01 ~ TSUZ01 ] % - s 14 4
BT R EeREFERS[LRIW03] -

AMAERAEFERISE ZMNDAFERATF LA LATHEHE T £—LBEA T > &
T LA AR R b P AR (Lo ko f2 ARG A% BPP PIAR F 21 P A T fe b9+ ) > mAA Rt A & 0 R X = &7 2] &
MR TG EEERTR? BEFRREZEMENELE RN TR THBINERS B
H B % (deterministic extractors or seedless extractors) °

G HEARRIEAR LR E 0 RIFET T UK —EREAR T EEREMA T o —E(n, k)-

Bl & & bfr neg &R (A (n,k)-bit fixing source) %&—1@#&£{0,1}" 4 X =(X,,---,X,) » &

b n-k B4 A B ey 0 mEArey k484 R & 3 % 64 (uni form) B 4% b5 32 89 (independent) ©
Kamp % A[KZ03 ]3¢ 4% — B B & ¥ sbfr sty KRR 2 ER H — sb kG M 7L e 7% > @ Gabizon & AR
FE 2004 F32 H 2GR G F R AR 2 B & T R A AR R AT 2 e AR [GRS04 ] -

A BT TH BB E E S EFEER T e RAETF M A ERERIELIHE S A (uniform
distribution) &) Eg4% 7T o &+ W18 33 R AR R > B 30 PIE A 7o T b B RE A& R 49 statistical
min-entropy &y M %] [CG88 ~ D003 ~ DEOR04 ~ LLTT05 - Raz05] » % 4 ° Bourgain & & 2 & & 1@
statistical min-entropy 344 ]\7 n/2 #4955 k4% IR Bp T 2 B Q(n) B RE 4% 7C 69 2 BR 35 [Bou05 ] -
B — 7 @ RS RE R R AV B B4 A A7) statistical min-entropy & KE 4 R + 3£ B
& #% 7T [BIW04 ~ BKS+05 ~ Raz05] »

FE L BRE LM T RIBUAR S BRI RIRT AT FI R E A MRS - EHRHFER
TR 8 S AR  M BL S b IR AR sb AR AR S8 o B R e U RIR T A AR A 683 BB Sy
BHEE» R A E—EEERE LB THRLT o M 5 AR R RIRR T E & L4548 ) 8 2R
o TRBEIRT A S B TE SR AHEOEMT - RSB F BN E T oy RIR > A
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% %% 89 & & (independent-symbol source) & & (n, D, k)-& &> £ A& —@4L[D]" ([D]={L,2,...,N})
ey X =(X,,X,) » EP X, X, Rk rey > B X & min-entropy & ko HRIIREFE

B —E(n, H-BEEepmaeyRBRETHRA—E(, 2, K-RIR - #8FHR > B & X e Rk
PR RV E R e AR R R — B4R o mE BN n RB A D b RIREP TR E S AR
MR 64 R R o Kamp % A[KRVZ06 ] & Lee % A[LLT06 3542 b #¢ — BB SLAF 3R R R T BB & F A7 A
REAk M6y B S -

[I. Computational min-entropy

EBEHIRRT » RS AE EAEL ST L5 A MR BP statistical min-entropy & %
D eEEMIR ° F£ARTE P > RIVEIREAE > FREALAE G LR BAIEATH AN > 1247
o3t BAR SR A PR IRAI 0 R R M 2 A AR M a9 BEAROR © 4R 8353 0 RAIDEAAR S0y 43t
BB MM AT HRE c N EEARRE ST EARAR BRI REA T 0 B b B AT L B A
BB ut RAIHAEIS 2L - MR ERANEET > KM ERERS MY ALK EORBPRR
FlAEARENBREELR Y BRFALAEINEE T RERMR R LB AL ERRER
MREGBRF R T EOEARB T - EAFEENR > SEH B A TRAESA L RIEMEIEREK TIERER
8 ERARMARARBEAEFTREMMY - FF L £FEB/HE T LHEAFMAA one-way functions #
# pseudo-random generators B4R+ » &R — S5 a4 £ /74 (Yao82, GL89, HILL99] -

IR EMEAR? TFL > CRA —EIEFIFN"EME TR 6 € & [Yao82] » {2 fii—
AR TR A RA LM G T R AR Z I EARR PR R EEG T RN A F L -BATA — &
AMAEYER  EEAMOALEBETUARHZE T R MAR—2%2 & [BSW03, HLRO7] -

[I1. 2% parity k¥ eyiE & x(Algorithms for learning parity functions)
3+ B 2 3 123 (computational learning theory) ¥ » 28 parity &t & — 8 & & AayH

¥ed
oL x=(x,,x)e{0,1} » Bl — 48 parity R#Z —EHZMET c{1,2,--,n} 89 Z ¥ f(x)= g—;xi °

{2068 B A (learningmode D ¥ » KA —BERL B2 f:{0,1} -{0,1} - »&x—1E£{0,1}"
Loyt W s AT SABRAR w B 43318k #k A (training example)(w,q(w)) » £+ q A ¥ 1@
F B o do RARAVF B Q9 AAT R ELERY B g(w)=f(w),Yw B > RIBATT 208 W AE % REARE

F1 A P JE 4% 049 9| Sk ARAE 5 8708 %74 (Gaussian el imination) B T 4 &M A 2L B ey k¥ f - 2
R E BAVFIEAF AR AT REA SN E M S AF R — T EAE R TSR 28 8 f 8

AR—AEEA BRI T o —REHTRENT O R NEA: B4 A (random noise)

¥ F 33 (adversarial noise) o fEREARFINAGBA P > S4B — AR A AT L 09 3 B &
%Ak FEF g (w) - MAH FHARMBER FAZE w KRB H WARKE > RSA D
tepl e wAEAF qOwzf(w) - R FA > AR MEN R L H FRMBANEE L0 - B4 HF5
MR IR T & KA R 7T 40898 A (agnostic model )[KSS94] » sk A F 4 A KRMART A
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FPARTREBGRL -

SHET A RS A 7 28 — B4 n B4 3ed parity & BB 7<1/2-Q(1) 0y RIAR - B ATR4F
44 %% Blun, Kalai, £o Wassernan[BKWO3]# 2003 242t 49 — 18 % 2 2”0 fmag ok 2w p s s 2

227 sk RS — e R e SRR AT A W AR e - e RSB b o at

Ml R4 7] #8756 (list decode) Hadamard codes # B o &M B AT Sty &5 RAF R AE/EREW B —
AT oA ) R 1 S M STUBL T 0 38 7 R o S 9 RSB e 7% 0% - B L) A _E 3 [BKWO3]

gk o BT e — 8% 22" Mk B 527w e W A—EY

&

3

3t

(=) #HZ B &)
— ~ 3B R ER (circulant matrices)#1%% 3L 4F 5% AR R 3 B S 64 45 M 91 B 14

[LLTO6] &+ %45 3L 4% 5% A R 0Y 38R B Bp A A1 A & — 8 B 7 LAk r (random
walk) 89k RERMEET - RIOVERALEEI S PE— S AHROER L — BSR4

b P, " D,
O Sh o : . )y 2 1 > pn pl pn—l

Mo 4% AR RER (circulant matrix)[Davi9] - £A—EH XA P=| " " e
P, DP3 - D

WM B p=1 o BN L AEA R C e 6 B0 16 TEAE H e 45 b AR 1AL SHEHIE 3148 5 AR
HIR B o BA LR AR R -
= ~ 33 8 4H¥ computational min-entropy &9KEA% R ey EER %
AR E Y - KAIFEHRA [HLROT] ¥ 6y € & R+ H —EREMARRAITF Lok =E o &AM
FAERA A 6 ARA — A B RO - £ P X R—Ea{01" @yh - @

FA0 1" {01} & F A8 &3 o BREWARRB YA X FTE AT B AN B2 TR

FRE A METAHY { OB BEF - AAMRTEEESFEOI0HA
computational min-entropy k- & { &£ — Bk E ey REeF > B f(X)YEAREE X ATR
o AlESE x 2 fOERAEAEMAESLT LA - Af > REB&RMGTH > R

B AR H ey RI(E(XD) | X) B R T LA A R K49 computational min-entropy ° 4%
AT AP FEREEM T - £ RAIR R — B )P RATA LA A —ErE M
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A.

B.

EAF B s X 0 > BbRE MM A R B RN ERE RE-FRIEF M -

KRG REELEATTURE—ERAHEA computational min-entropy &4KE4#& R F 3 B
$EEAA T

BETAR > aRe&idbifTH REHEA statistical min-entropy &Y KE 4 R ey 3£ B 4 K5
#IU o RN E EREHEARRG RS - REH —EHA statistical min-entropy ML & 7
—18 A # 4 computational min-entropy & 18 KE 4% R P F B A4 T o BRE R E— K
AR TR A Ae B ES R ¥EA computational min-entropy &9 K5 4% R P 2 ECH
[ A% T o

)RR ok ik

F P B R 4B R 0l MR R AL ST R LA SR RR 2R B a3 A

B [LLTO6] Py M P E B — S ¥t ey = Bp A — {848 38 4£ & (circulant
matrix) > B tfE4E ey & (eigenvectors) & G A8 H &Y HKAIEP =T A F sb4E M oy 4%
#a (eigenvalues) REBIBRNVERAEA—FRATFEO S HA TR LGS H LT

FoA o BAFE —A[LLTO6] Z4Fe &R - EMAEHIR > RATE AL EMEEHREY > BAT
w2y P=(P, ..., P, U=CI/M, ..., 1/ &34 % 54 > @4 A —18 nin-entropy % k #92%&
BXi A SHEMES ZRATREI G AR B P o £ [LLTO6] F > A1 T U9

k
' k _270
|P-uf; <P -l '(“W]SIIP—UME o,

R o ARG o BT A A
22k

[P-ul} <|P-Uf-e .

2% 4 A computational min-entropy &4KE 4% R 6y B S
BB AR KA R &0k ¥ — B &k E A n > computational min-entropy % n-2
B RE AR R P IR AR T 0 B B AME A R — R AR T

B2 R A9 & [LLTT05 | b &+ 4 18 33 (G 4 R ey 2 B % Exr {01} x{o,1}" = {01}" » & &
m|ne £[LLTT05] & » &A9desefT— @ ve {0,1}" » & & —18 t-dimensional vector (v,,..,v,)
£ t=n/m> M & Ext(x,y)=(x,y) = Zx,. -y.(modm) o HAIA F A B A AT — B R A
computational min-entropy &9 FE# /R (V|X) 2 % —fE#EA statistical min-entropy &)k #

BN o AEAT 0y B BN Sk P (x,w,(v,w}m)u& (X, W,U) - &IFI R R3E% - Bzl —

85T o3t (X WV W) R (X, W,U) « RITT i3 7 6— 43 B (predictor)
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Q A 50 (ny) B xw 24k QF RAHET U (v, w) 84E - 5% — itk
(x,v) > HATF LA R G H T DA X A5 v o M 338 RIAR T AL A by — 2 3% £ 899
gk B G gD R q(n)=Q(x, W) PR B — AR () WA - it AR

T—ETuE B A TROGHERHZZZFEFCGEAARB(Z)C) - REBRPIMELETH
BB ME R B P I MGE — AT R L > BROTUREALB LAY IBERGTRS B
A R HE G P B v MmiEmgik(V|X)A &% computational min-entropy &9f&
JXABTE o B L8y F ik AT T LA BA [LLTTO5 ] b 8y £ B 55 T A — 1B ¥ A computational
min-entropy %k, =n—k+O(k/logk) )M+ R ¥ % —fEH# % statistical min-entropy % k
B R MR P BB AR T o

B HAr1# K b8 R #A computational min-entropy &4 s A% R 35 B b K A% T o R AP
BRho F—ERE#R (WY) #A computational min-entropy k » B W Ar#EA 8 statistical
min-entropy £ %4 k- @A LB R > KRR T AA A Lk ey3EeA & X 3B A [LLTT05] &y
HIEFTH —EHA computational min-entropy %k, =n—k+O(k/logk) &5 4% R 5
—{E#: A computational min-entropy % k #9EEA% /R P £ E A& T -

F| R ARAT A R H — B S R B
# % AE4T—18 statistical min-entropy % k e4REA%R W o %4932 th — 18 F £ K=20Weh)
B9l R4 A, a(w) > FFRIAEFR A 2 20N B R KR E G — a2 %R

Pr,_y law) 2 v(w)] <1-27 W) gy s bt g v ey BB Bk AMEEE B v AR

Vi, ooy ve) > BB — B DNRARA(, q(wW)) » 7T R4 A — B skt 7 £2 X wivit . Aweve=q(w) » A
LA AP 6 PR T SR AL A R A — 1B A 20V m oy e Ry 2w (W gV £ WO
— 18 Kx L ey4Em > M q” & —18 K-dimensional vector » B % & #4 — @344 A (w, q(w)) >
WA —51 8w @aq"H Bkt qlw) - ML B EERxe4RmERAK: Forward phase
(4o Figure 1) #= Backward Phase (4o Figure 2) > £+ d=k/mT> m T &AL B@&ay 5% -



Figure 1: ForwarRD PHASE
1. For ¢ from 1 to T do
(a) Partition the equations of [WH—1|glt=1] into at most 2™¢ groups according to their first
blocks in W (same hlock value in the same group).
(b} Within each group, randomly select an equation which we call pivot.
{e) Within each group, subtract each equation by the pivat.

(d) Remove the pivots and delete the first block from each equation. Let [Wt)|git!] be the
resulting system of equations.

Figure 2: BackwarRD PHASE
1. Set VI —Fln—k/m and set VI = for0< ¢t < T — 1.
2. For ¢t from T — 1 down to 0 do

{(a) For any z € F¥ x VY swhich is §,-good for [W)|g'*)], inelude = into V1 if [V < L and
break otherwise.

3. Output V9,

Bk BATEIET — @ Pr_ [gw) 2 v(w)] < 1-27 W) wy v anm p etk % ik a,

AEVIY s mBMTREHEAN LBRE SR AR EAAE VOB E e ik Rki2 5 RN
$ o

itERRAB T

~ BT AR R A HE L AR RRER B EH LS —EELFHER -
B EAE > RIMBREENK —MBRHA computational min-entropy &9 K& # IR P 2K B
— A REH T -

B AEERALLTTOO AR B HE R EHER RO ERSELL — B4 Y RHERER
computational min-entropy &9F&A% Ry % -

C RS —ETH AT A REEREIBAR T REL

€ 58 A B9 5 3T

® C(.J. Lee, C.J. Lu, S.C. Tsai. Extracting Computational Entropy and Learning Noisy
Linear Functions. COCOON 2009.
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