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中文摘要 

感知無線通訊系統需要準確的頻譜感測能

力。在本報告中，我們分析一種名叫轉換域

通訊系統(TDCS)的感知展頻無線通訊技術

對頻譜感測誤差的敏感度。頻率轉換通訊系

統是一個多載波的感知展頻系統。它所使用

複數展頻序列之多載波皆須位於傳送端或

（和）接收端所偵測出的空白頻帶。我們分

析當其中一端或是兩端的頻譜估測有錯誤

（兩端頻譜的估測是獨立的）時造成頻譜不

匹配的影響。我們分析了頻譜匹配誤差造成

的系統錯誤率增高。估測錯誤機率降低或子

載波數目增加都可改善系統效能及強健

度。此外，相較於傳送端，接收端頻譜估測

誤差對於系統效能影響較大。 

 

關鍵詞: 感知無線通訊，頻率轉換通訊系

統，頻譜估測。 

Abstract 
We analyze the effect of spectral mismatches 
on the performance of a cognitive spread 
spectrum (SS) system called the transform 
domain communication system (TDCS), 
which uses a multicarrier based complex 
spreading sequence. As the locations of the 
carriers are estimated spectrum holes, the 
system performance depends heavily on the 
spectrum sensing accuracy.  
This report analyzes the effect of discrete 

spectrum estimation errors on one or both 
sides of such a TDCS link. The discrete 
spectrum estimation is carried out in a 
per-channel detection manner, i.e., both sides 
independently determine which subcarriers 
(channels) within the SS band are available. 
Our analysis indicates that an irreducible error 
floor arises due to spectrum estimation errors. 
As expected, the bit error probability 
performance improves and the error floor is 
reduced when the probability of single 
subcarrier detection error p decreases and/or 
the number of subcarriers increases. We also 
find that the system performance is more 
sensitive to the receiver's than to the 
transmitter's spectrum estimation error. 
Keywords: cognitive radio, TDCS, spectrum sensing 

 
1. Introduction 
Current spectrum management policy follows 
a fixed band (channel) assignment scheme 
which results in inefficient spectrum usage. It 
was observed [2] that on the average only two 
percent of the allocated spectrum is actually in 
use at any given moment and location. 
Cognitive radio (CR) which allows distributed 
dynamic spectrum usage was therefore 
proposed to remedy such a shortcoming in 
spectrum management. Based on the CR 
concept, Chakravarthy et al. [2] proposed a 



 1

dynamic modified direct-sequence spread 
spectrum (DS-SS) system to which they 
referred as adaptive waveform communication 
system (AWCS). Since the spreading 
sequence of AWCS is synthesized in the 
transform domain, the system is also called 
transform domain communication system 
(TDCS). 
 

The basic idea behind TDCS is to 
generate a spreading sequence whose 
spectrum avoids existing users or jammers 
within the SS band. The spectrum conditions 
at transmitter and receiver are independently 
estimated at both sides. If the spectrum seen 
(or measured) by transmitter is different from 
that seen at receiver, the mismatch between 
two spreading sequence spectra will cause 
performance degradation [3]. Spectra 
mismatches arise because of geographic 
separation and/or spectrum estimation errors, 
i.e., either the ``true" spectrum represented at 
two sides are different or the estimated spectra 
are different although the spectrum 
representation are the same. In this report, we 
analyze the effect of spectrum estimation error 
induced spectrum mismatches on the symbol 
error rate (SER) performance in additive white 
Gaussian noise (AWGN) and Rayleigh fading 
channels, respectively. 
 

The rest of this report is organized as 
followed. Section II gives an overview of the 
TDCS technique. The detailed description can 
be found in [1]. Performance analysis of 
BPSK-TDCS in AWGN channels and related 
simulation results are presented in Section III. 
We then extend our investigation to the case 
of arbitrary amplitude/phase modulation in 
AWGN and Rayleigh fading channels. The 
last section provides conclusion and suggest 

some future research works. 
 
II. An introduction to TDCS 

The basic idea behind TDCS is to 
produce a so-called time-domain fundamental 
modulation waveform (FMW) or a complex 
spreading sequence which avoids existing 
users or jammers by dynamically selecting the 
subcarriers used over a given bandwidth. A 
block diagram of the TDCS transmitter is 
illustrated in Fig. 1. The transmitter partitions 
the signal band into N equal-spaced subbands 
(tones) and performs spectrum estimation to 
determine which subbands are being used. 
The spectrum estimator output is an 
N-dimensional binary vector 

))(),...,(),(( 110 −= Nxxx wAwAwAxA  with 

=)( ix wA 1 or 0 depending on whether the i-th 
subband is available (1) or not (0). The 
subscript x will be Tx or Rc to denote if the 
vector is associated with the transmitter (Tx) 
or the receiver (Rc). The binary vector TxA  
is multiplied element-wise by a user-specific 
random vector ijwe  and scaled by constant 
factor before being inverse discrete Fourier 
transformed to produce the time-domain FMW. 
The multiplication of the random vector is to 
make the FMW noise-like and to provide the 
multiple access capability. The FMW is used 
to spread (or as a carrier of) the binary phase 
shift keying (BPSK) or cyclic code shift 
keying (CCSK) modulated data sequence. 
 

Although TDCS seems to be similar to 
an OFDM or a muticarrier OFDM system, 
there are several distinctions between the them. 
For example, in an OFDM system the number 
of subcarriers (subbands) is fixed while the 
number of subbands used in TDCS is 
dependent on the need or the environment. A 
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detailed comparison can be found in [1]. 
When the only channel impairment is AWGN, 
a BPSK-modulated TDCS system with perfect 
spectrum estimation and matches on both 
sides of the link yields bit error probability 

eP  given by  
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III. Performance Analysis of BPSK-TDCS 
in AWGN 
 

As defined in Section II, TxA , RcA are 
the binary-valued random variables that 
represent the transmitter's and the receiver's 
spectrum estimators outputs. )(wtxA =1 
means the transmitter believes w  is available 
while 0)( =wtxA  implies otherwise. Similar 
interpretation is attached to RcA . 
 

Depending on the geographic distribution 
of wireless network users, the true spectra 
seen from both sides can be identical or 
different and spectrum mismatches might still 
arise even if the spectral estimations at both 
sides are error-free. We refer to such spectra 
mismatches as network geography induced 
spectra mismatches.  

 
Mismatches are most likely to occur 

when the distance between two sides of the 
link is large. To simplify our analysis we 
define the true spectrum as such that no 
existing user is interfered by the transmitted 
signal and the received waveform is not 
interfered by any existing user if error-free 
spectrum estimates are available on both sides 

of the link. The true spectrum represented by 
the binary-valued N-dimensional vector 

))(),...,(),(( 110 −= NwAwAwAA , where N is the 

size of inverse discrete fourier transform 
(IDFT), is thus related to the error-free 

spectrum estimates 0
TxA  and 0

RcA  via 

00
RcTx AAA ∧= , where∧denotes component- 

wise logical “and” operation. 
 

Example: Network geography induced 
spectra mismatch 

Suppose the spectral estimations at both 
sides of a 4-channel (N = 4) link are error-free 
and ATx = (0,1,1,0) and ARc = (0,1,1,0). The 
mismatch arises from the fact that the 
transmitter-centered geographic locations and 
distances of the existing spectrum users are 
different from the receiver-centered ones. 
There is a primary user using the first channel 
whose location is very close to the transmitter 
but is far away from the receiver. On the other 
hand, someone near the receiver is using 
channel two but it is far away from the 
transmitter. For this case, the true spectrum is 
given by A = (0,0,1,0). 
 

We shall assume that 0)( =iwA  with 
probability 1 - Psa and 1)( =iwA  with 
probability Psa. Define two complementary 
sets of subbands (channels) 

{ }10,0)(|0 −≤≤== NiwAw ii  G   
{ }10,1)(|1 −≤≤== NiwAw ii  G .  

0G  contains all subbands that are currently in 
use and 1G  is the set of available (unused) 
subbands. Let 11 | N=G|  be the cardinality of 

1G , then 10 | NN −=G| . 
 

Obviously, eight possible scenarios may 
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occur, as listed in Table 1. For Cases 1, and 3, 
interference from existing users is present. In 
Cases 1 and 5, (additional) noise within the 
subband w  will be received. The received 
signal energy is reduced in Cases 2 and 6. If 
the spectrum estimation is performed in a 
per-channel manner and each channel is 
independently used, then it is reasonable to 
assume that the following four probabilities, 

)1)(|1)(Pr(0 === wAwAP Txt  
)0)(|0)(Pr(1 === wAwAP Txt  
)1)(|1)(Pr(0 === wAwAP Rcr  
)0)(|0)(Pr(0 === wAwAP Rct  

and their complementary probabilities are 
independent of iw . These assumptions imply 

that Ais binomial distributed with parameter 
Psa and furthermore, TxA  and RcA  are 

obtained by modifying A based on 0tP , 0rP , 

1tP , and 1rP , respectively. 
 

To begin with, we consider the case Psa = 
0.5. It can be proved that in a AWGN channel 
with one-sided power spectral density of N0 
W/Hz, the bit error rate (BER) expression is 
given by (2) shown in the last page of this 
report where we assume that each 
(independent) incorrectly estimated subband 
cause additional interference that is 
represented by a zero-mean Gaussian random 
variable with identical variance NI/2. 
Furthermore, the error floor is given by 

 

A. Perfect spectral estimation at the 
transmitter side 

If 110 == tt PP , i.e., the transmitter's 
spectral estimation is perfect, then the bit error 
rate becomes 

When ∞→bE , every terms on the right hand 
side of the above equation except for the term 
corresponding to i = 0 approach zero and the 
corresponding error floor becomes 

This implies that the error floor depends on 
0rP  and N only. 

 
Note that if the case 1N =0, i.e., the 

transmitter knows that no subband is available 
but the receiver does not, can somehow be 
avoided, e.g., the transmitter sends a special 
tone to the receiver whenever it detects the 
``no vacancy" condition, then the error floor 
becomes 

B. Perfect spectral estimation at the 
receiver side 

When 110 == rr PP  the BER is given by 

The error floor expression can be obtained by 
substituting 0rP  by 0tP  in (5). Similarly, 
when 1N =0, the receiver should notify the 
transmitter to stop sending signal. If this is 
feasible the error floor is obtained by 
replacing 0rP  with 0tP  in (6). 
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C. Spectral estimation match at both sides 
In case the transmitter and receiver can 
somehow exchange their spectral estimates 
then 

where 

 
D. Discussion 

The BER performance difference 
between Case A ( 1N  could be zero) and Case 
B ( 01 ≠N ) if one side of the link has perfect 
spectrum hole information is (0.5)N+1, which 
is small when N is large. That is, both cases 
yield similar bit error rate if N is large. 
 

To investigate the sensitivities of spectral 
estimation error at both sides, we compare (4) 
and (7) and assume that 000 rt PPP ==  and 

000 rt PPP == . 

where 

This result has been expected due to the 
existence of interference and it can be proved 
that ef = 0 when there is no interference. 
Hence, the spectral estimation at receive side 

is more important than that at transmit side 
 
E. Simulation results  

In this section, we show that the 
simulation of the performance of TDCS 
agrees with (2) for different cases. The size of 
IDFT N is set equal to 8. 

 
Example 2: The effect of 0tP . 
The effect of 0tP  is illustrated in Fig. 2. The 
parameters are set as followed: 1tP =0.5, 

0rP =0.7, 1rP =0.4 and 
I

b

N
E

=0 dB. It is 

obvious that the simulation result is almost 
identical to what has been predicted by 
analysis. 
 
Example 3: The effect of 0rP  and 1rP . 
Fig. 3 plots the simulated performance with 
varying 0rP  and 1rP . Again, our analytic 
result is validated by computer simulation. 
The other parameter values used are: 0tP =0.9, 

1tP =0.5 and
I

b

N
E

=0 dB. Notice that the values 

of 0rP  and 1rP  imply 
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i.e., it is determined by receiver without 
considering the environment. It is a good 
strategy to always assign 1)( =wA  without 
estimating the spectrum at the receive side. 
 
Example 4: The effect of 1tP   
The effect of 1tP  is plotted in Fig. 4. We can 
see that they are almost identical. The 
parameter values used are: 

100 rrt PPP == =0.9 and 
I

b

N
E

=0 dB. An 

interesting observation is that the BER curves 
have different cross-over points for 
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different 1tP . This is due to the fact that only 

1NNj −=  has nonzero value in (2) if 1tP =0. 
Since 1NNj −= , 02 =l . This implies it is 
possible that the interference is smaller than 

that in other cases at high 
0N

Eb . To illustrate 

this argument, consider Fig. 5. where it is 

assumed that 100 == rt PP , and 
I

b

N
E

=0 dB. 

When 1rP =0.7, the interference is more 
serious and centered at higher 1l  than that in 

1rP =0.9. For 1tP =0, it is possible to reduce 
interference at cost of bE , which can be 
expected by noticing 

 
where 

 
V. Amplitude/Phase modulations in AWGN 
and Rayleigh channels 
With the same notation in Section III, the SER 
in AWGN for coherent demodulation is given 
by (12) shown in the last page, where eP  is 
summarized in Table II. 

 
The error floor becomes 

where C  is a parameter depending on 

modulation type. The exact value of C  is 
tabulated in Table III. 

 

For the flat Rayleigh fading channel, the 
average probability of symbol error is 

, 

where )(xPs  is the probability of symbol 
error in AWGN with SNR = x , 

 

and sr  is the average SNR per symbol. From 
[4], the average probability of symbol error is 
almost the same as (12) except for eP . The 
modified eP  is given in Table IV shown in 

the last page, where ⎟
⎠
⎞

⎜
⎝
⎛=
M

gPSK
π2sin . Notice 

that coherence here means the receiver has 
perfect channel state information (CSI), e.g., 
the amplitude attenuation, phase influence, 
and delay time are known at receiver. 
 

Extending our analysis to other fading 
channels is straightforward. For example, if 
the channel is a Nakagami-m channel, the 
symbol error rates for M-PAM signal can be 
obtained by substituting )(xPs  with 

 

for m is integer and μ = (3x/[m(M2-1)+3x])1/2. 
On the other hand, if m is not an integer, then 
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where Γ( ⋅) is gamma function and 2F1(a,b;c;d) 
is the Gauss hypergeometric function. 
 
VI. Conclusion 

CR has attracted much interest because 
of its potential to greatly enhance the 
spectrum utilization efficiency. TDCS is a 
novel new candidate SS technique that 
invokes the CR concept. In this report, we 
consider the effect of spectra mismatches due 
to spectral estimation error. BER expressions 
for BPSK signals in various operating 
conditions are given. We also derive analytical 
SER expressions for other modulations like 
MPSK, QAM signals and flat Rayleigh fading 
channels. Our analysis can easily be extended 
to other flat-fading channels by deriving the 
corresponding )(xPs . It is shown that the 
spectral estimation error results in error floor. 
As expected, the BER/SER performance is 
improved and the error floor is reduced when 
the per-tone (single-subcarrier) detection error 
decrease. Increasing the number of subcarriers 
(processing gain) in the SS band also has 
similar effect. Based on this, it suggests that 
the best access police is to choice all subbands 
in terms of BER/SER if the subbands are 
estimated as idle state. We also find that the 
BER/SER performance is more sensitive to 
the spectral estimation error at the receiver 
than that at the transmitter. 
 

There are quite a few issues that remain 
to be solved. Firstly, we use a simple 
Bernoulli distribution to model the estimation 
error, which is appropriate if the spectral 
estimation is carried out in a tone-by-tone 
manner. A more realistic model depends on 

the spectral estimation method used. It would 
be interesting to see how the system behaves 
under different spectral mismatch models. 
Secondly, a soft decorrelation process might 
be useful to reduce the impact of spectral 
mismatches and enhance system performance. 
Furthermore, cooperative spectrum sensing 
and prediction should be considered in the 
future to reduce the mismatch probability. 
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