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We prove that, for a function fin 7~ of the unit disc with|| 7| <1,

the existence of an operator 7 on a complex Hilbert space A with its
numerical radius at most one and with ||{7)x||=2 for some unit vector x in
H is equivalent to that /'be an inner function with f(0) = 0. This confirms
a conjecture of Drury [S.W. Drury, Symbolic calculus of operators with
unit numerical radius, Linear Algebra Appl. 428 (2008) 2061-2069].
Moreover, we also show that any operator 7 satisfying the above
conditions has a direct summand similar to the compression of the shift
S(p), where ¢(z) = zf (z) for |z| < 1. This generalizes the result of Williams
and Crimmins [J.P. Williams, T. Crimmins, On the numerical radius of a
linear operator, Amer. Math. Monthly 74 (1967) 832-833] for f(z) =z
and of Crabb [M.J. Crabb, The powers of an operator of numerical radius



one, Michigan Math. J. 18 (1971) 253-256] for f(z)=z"(n>2).
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For a bounded linear operator A on a complex Hilbert space H, its numerical range and numerical
radius are

W(A) = {{Ax,x) : x e H, ||X| = 1}
and
w(A) = sup{|z| : z € W(A)},

respectively, where (-,-) and | - || denote the inner product and its associated norm in H. It is known
that W(A) is a bounded convex subset of the plane. When H is finite dimensional, it is even compact.
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Its closure W(A) contains the spectrum o (A) of A. For other properties of the numerical range and
numerical radius, the reader may consult [11, Chapter 22] or [10].

An operator A is a numerical contraction (resp., contraction) if w(A) < 1 (resp., |A]| < 1).In 1967, Sz.-
Nagy and Foias [16] proved that every numerical contraction is similar to a contraction. Some years
later, Okubo and Ando [13] gave another proof basing it on a factorization of the numerical contraction
by Ando [1], which has the advantage of a sharp control on the invertible operator implementing the
similarity. As a consequence, an estimate on the norm of a function of a numerical contraction can
easily be obtained.

Theorem 1. (a) An operator A is a numerical contraction if and only if A = 2d — B*B)'/2B for some con-
traction B.

(b) IfAis a numerical contraction, then A = XCX~1 for some invertible operator X with || X||, IX~1|| < V2
and some contraction C. .

(0) If A is a numerical contraction and f : D — C is a function analyticon D = {z € C : |z| < 1} and
continuous on D, then |f (A)|| < 2|If loo, Where |f |0 = sSup{lf (2)| : z € D}.

For our later use, we briefly sketch a proof of Theorem 1(b) based on (a), which is slightly different
from the one in [13, Theorem 2]. Let A be factored as in (a). If

oo |v2i-n iro<e<ip, )
EO=11v2e  if12<e<,

then both g and 1/g are continuous functions on [0, 1] with [|glec = |1/&llc = +/2, Where || - || denotes
the supremum of a function over [0, 1]. It is easily seen that X = g(B*B) is invertible, |IX]|, |X~1| < V2
and

< 20gB*B)~11 - B*B)V2| - |(B*B)/2g(B*B)||
1 1

L — —=1
V2 V2

More recently, Drury [7] in studying the norm and numerical radius of f (A) proposed a conjecture on
the sharpness of the inequality in Theorem 1(c). The purpose of this paper is to confirm this conjecture
with a more detailed information on the structure of A.

In the following, we will consider a more general functional calculus than the one in Theorem
1(c) for numerical contractions. Indeed, if A is a numerical contraction on H, then the Berger dilation
theorem [3] says that there is a unitary operator U on a space K containing H such that A" = 2PyU"|H
for all n > 1, where Py denotes the (orthogonal) projection from K onto H. Such a unitary 2-dilation
U of A can be taken to be minimal in the sense that K = \/{U"H : n = 0,+1,42,...}. In this case, U is
uniquely determined up to isomorphism, and, moreover, if A is completely nonunitary, that is, if A has
no unitary direct summand, then U is absolutely continuous (cf. [8, Theorem 1] and [14, Proposition
2]). (We thank G. Cassier and L. Kérchy for providing us the relevant references on this subject.) Hence
if A =U @®AonL®H is a numerical contraction, where U’ is absolutely continuous unitary and A is
completely nonunitary, then f(A") = f(U") & (2Pyf(U)|H) — f(0)I) for f in H*® is well-defined, where
U is the minimal unitary 2-dilation of A. Note that Theorem 1(c) is obviously true for A a numerical
contraction with no singular unitary part and f in H*®.

For an inner function ¢ (¢ bounded analytic on D with |¢| = 1 almost everywhere on 9D), the
compression of the shift S(¢) is defined on H(¢) = H% © ¢H? by

S@)f = Pu) (@ (2)IH(@$) forf € H@).

Such operators have been studied extensively since the 1960s starting with the work of Sarason [15].
A nice account of their properties together with those of the more general Cy contractions can be
found in [2]. Sz.-Nagy and Foias [17] is the classical treatise on further developments of this subject. In
particular, if ¢ is a Blaschke product with n zeros (counting multiplicity), then H(¢) is n-dimensional.

IX~1AX]|
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Our main result is the following:

Theorem 2. Let f be a function in H® with |f || < 1. Then there exists a numerical contraction T with no
unitary part such that ||f (T)x|| = 2 for some unit vector x if and only if f is inner and f (0) = 0. Moreover,
any operator T satisfying the above conditions has a direct summand similar to S(¢), where ¢(z) = zf (2)
for|z] < 1.

A finite-dimensional version of this confirms Drury’s Conjecture 6 in [7].

Corollary 3. Let f : D — C be analytic on D and continuous on D with |f|. < 1. Then there exists a
numerical contraction T with ||f (T)x| = 2 for some unit vector x if and only if f is a finite Blaschke product
and f(0) = 0. In this case, if f has n zeros (counting multiplicity), then any such T is unitarily equivalent
to an operator of the form A @ A’, where A can be represented by the (n + 1)-by-(n + 1) upper-triangular
matrix [aij]ﬁlﬂ] with a; = aj; satisfying a; = ap.1 = 0and |a;| < 1 for all i, and

V2bj if 1=i<j<nor2<i<j=n+1,
2bjj if i=landj=n+1,

bjj if 2<i<j<n,

0 if i>],

bj = (=17 a4 (1 = A = g2 fori <j.

The matrix form of A here is a consequence of Theorem 8(b) below and the matrix representation
of the finite-dimensional compression of the shift S(¢) (cf. [9, Corollary 1.3]).
A special case of this yields a result of Crabb [5, Theorem 2].

Corollary 4. If T is a numerical contraction and |T"x|| = 2 for some n > 1 and some unit vector x, then T
is unitarily equivalent to an operator of the form A ® A’, where A is the (n + 1)-by-(n + 1) matrix

0 V2
0 1

[0 2] or
0 O 1

0 V2
0_

depending on whethern=1orn > 2.

The case n = 1 was obtained earlier by Williams and Crimmins [18]. It will be invoked in the proof
of Theorem 8(b).
We start by proving the sufficiency part of Theorem 2.

Theorem 5. Let f be an inner function with f(0) = 0 and let ¢(2) = zf () for |z| < 1. Let X =2 ® 1 ®
(1/+/2) on H(¢) = H; ® Hy, ® H3, where H; = ker S(¢), H3 = ker S(¢)* and Hy = H(¢) © (H; & H3), and
let A= XS(¢)X~ 1. Then A is a cyclic irreducible operator with no unitary part such that W(A) = D and
If (A)x|| = 2 for some unit vector x.

The next corollary is a special case (cf. [6, Theorem 3.1]).

Corollary 6. Iff is a Blaschke product with n zeros (counting multiplicity), then there is an (n + 1)-by-(n +
1) matrix A with W(A) = D and ||f )| = 2.
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An operator A on H is cyclic with cyclic vector x if H = \/{A"x : n 2> 0}. It is easily seen that for a cyclic
A the dimension of ker A* is at most one.

An operator is irreducible if it is not unitarily equivalent to the direct sum of two other operators.
To prove the irreducibility of the operator A in Theorem 5, we need the following lemma.

Lemma 7. If A is cyclic with a cyclic vector in ker A*, then A is irreducible.

Proof. Assume thatA = A; @ Ay onH = H; @ Hy. Letx = X1 @ X, wherex; € H;,j = 1,2, be a cyclic vec-
tor of A in ker A*. Then A*x = (A1 @ A2)* (X1 @ X2) = 0 implies that (A1 ®A2)*(x1 ®0) = (A1 ®A)* 0@
X2) = 0. On the other hand, since Hy @ Hy = \/{A]x; @ Alx, : n > 0}, we infer that x; # 0 for j = 1,2.
Thus x; @ 0 and 0 @ x, are linearly independent, and, therefore, dim ker A* = dimker(A; ® Ay)* > 2,
a contradiction. This proves our assertion. []

Proof of Theorem 5. Since ¢(0) = 0, the function g =1 is in H(¢). It is a unit cyclic vector for S(¢)
and generates the one-dimensional subspace H;. On the other hand, from the facts that f is inner
and ¢(2) = zf(z) on D we can easily check that f = Py, f = f(S(¢))g and S(¢)f = 0. Thus f is a unit
vector which generates the one-dimensional H;. That f and g are orthogonal follows from a simple
computation using f(0) = 0. Note also that

fAg =Xf(S@)X"1g = V2Xf(S(¢)g = V2Xf = 2f,

which shows that ||f (A)g|| = 2.Since g € ker S(¢)* is a cyclic vector for S(¢), Xg = g/+/2 € ker A* is cyclic
for A = XS(¢)X~1. The irreducibility of A then follows from Lemma 7. Moreover, since S(¢)" converges
to 0 in the strong operator topology (SOT), the same is true for A". Hence A has no unitary part.

To prove that W(A) c D, let B = S(¢)X~1/+/2. Since rankd — S(¢)*S(¢)) = 1 and S(¢)*S(¢)f = 0, we
have S(¢)*S(¢) =0& 1@ 1 and hence B*B=0&® (1/2)I & 1 on H(¢) = H; ® H, ® H3. Therefore, B is a
contraction and

1 1
2(1 - B*B l/213:2<1 —1I 0) —S(p)X !
( ) ® 5 @ 5 (@)

=XS@)X 1 = A.

Theorem 1(a) then implies that W(A) < D.
To prove the converse, let A be any point in [D. Then the operator I — 1S(¢) is invertible and u =
=25~ 1g —g =32 ,(S(¢)"g in norm. Let v = u — (u,f)f. Note that

(v,g) =Y A"S@)"g.g — w8
n=1

=0-(wf)-0=0

and
<V'f> = <u'f> - <uvf><fv )
=uf)—wf)=0.

Hence v is in H,. Finally, letting y = (u,f)f ® v2v & g in H(¢) = H; & H, & H3, we show that ABy =
(I — B*B)1/2y. Indeed, on the one hand, we have

ABy = A5(¢) (% ® %1 ® 1) (WwhHfev2veyg)

(1
=2 (§<u,f>5(¢)f + S+ S(¢)g>

=S —2S(¢) g - S@)gl + AS(p)g
=3S@)I —1S@)'g.

On the other hand,



2186 H.-L. Gau, PY. Wu / Linear Algebra and its Applications 430 (2009) 2182-2191

(d—B*B)/2y = (1 ® %1 ® 0) (wfif evV2ve g)

=Wfif +v

=1Uu
=(d-3S¢)'g—g
=2S@)d —iS@)g.

Thus XBy = (I — B*B)!/2y holds. Hence
IL2IByII = Ild — B*B)'2y|1 = [y — 1By,
which implies that ||By||2 = |ly|I2/(1 + ||?). Therefore,

(Ay,y) = (20 — B*B)/2By, y)
= 2(By, d — B*B)1/2y) = 2(By, ABy)
21 )
T

=2A|By|? =

This shows that2x/(1 + |x|2)isin W (A) for any A in D. Hence D € W(A) and thus W(A) = D asasserted.
This completes the proof. [

We now proceed to prove the necessity part of Theorem 2.

Theorem 8. Let f be a function in H*® with |||l < 1. If T is a numerical contraction with no singular
unitary part such that ||f (T)x|| = 2 for some unit vector x, then

(a) f is inner with f(0) = 0, and
(b) T is unitarily equivalent to an operator of the form XS(¢)X~1 @ A’, where ¢(z) = zf () for |z| < 1
andX =2 @1 (1/v2) on H(¢) = H; ® Hy ® H3 (Hy = ker S(¢) and Hz = ker S(¢)*).

For the proof of its part (b), we need the following lemma.

Lemma 9. Let A be a Cy contraction on H with minimal function ¢. Then there is an operator7\ onHDH
of class Cy such that (a) AH C H, (b) A= AlH, and (c) A is unitarily equivalent to 2§:1 ®S(¢), where
d = rank( — A*A)1/? < 0.

Thisappearedin[12,Lemma4](with T there replaced by A*) and is dependent on the Sz.-Nagy-Foias
contraction theory.

Proof of Theorem 8. (a) That f(0) = 0 follows from Drury [7, Theorem 4]. Indeed, since the latter is
also valid for functions f in H* with |||, < 1, we have ||f(T)| < v(|f(0)]), where

v(t) =2 =32 +2t4 4201 - A -2 +tHVH12 foro<t < 1.
Our assumption yields that

2=|fMxI < IFMI < vfO)) <2
or v([f(0)]) = 2. This is equivalent to f(0) = 0.

Let M = \/{T"x : n > 0} and A = T|M. Then w(A) < 1 and ||f (A)x| = ||f(T)x| = 2. By Theorem 1(a),

A = 2(I — B*B)1/2B for some contraction B. Let g be as in (1) and X = g(B*B). Then, as indicated before,
X is positive definite and invertible with | X|, [X~!|| < +/2 and C = X~'AX is a contraction. It is easily

seen that C, being similar to the operator A with no singular unitary part, is itself without singular
unitary part. Thus f(C) is well-defined. The chain of inequalities



H.-L. Gau, PY. Wu / Linear Algebra and its Applications 430 (2009) 2182-2191 2187

2 = [fAxI = IXf(OX x|
L IXIFOXIxI < IXNFO1IX X
S IXIFONXM < V2Iflev2 £ 2,

where ||f (O)| < |Iflle is by the von Neumann inequality, yields equalities throughout. In particular, we
have

IXI = 1X"1 = IFOX1x) = 1IX~ x| = V2

and [If (O)|| = |Iflloc = 1. Note that for a positive semidefinite operator Y and vector u, the equali-
ties ||Yu|l = |Y|||lu]l and Yu = ||Y|u are equivalent. Thus from |X~1x| = v/2 = [IX~!|||x|;, we infer that
X~1x = v/2x or Xx = (1/+/2)x. Similarly, for y = f(C)x, we have

1
= If(Ox]| = —|IfOX x| =1
Iyl = If Ox| ﬁllf( )X x|l

and
1 1
V2 V2

As above, this yields Xy = +~/2y. Thus x and y are eigenvectors associated with the eigenvalues 1/+/2 and
/2 of the positive definite X, respectively. Hence they are orthogonal to each other. Since X = g(B*B)
with g defined in (1), we infer that 1 and 0 are eigenvalues of B*B with corresponding eigenvectors x
and y, respectively. We also have

fAx = XFOX x = V2Xf (O)x = V2Xy = 2y. (2)
From B*By = 0, we obtain By = 0. Thus
Af(A)x = 2Ay = 2(I — B*B)!/?By = 0

IXyIl = IXF(Oxll = —= IXF (OX Xl = —= If A)x]l = V2 = IX]lllyll.

and, consequently,
Af(AAx = AM(Af (A)x) =0

for alln > 0. Since M is generated by A"x, n > 0, this yields Af (A) = 0. Hence Cf (C) = X~ 1Af(A)X =0,
which shows that C is a Cy contraction. Let v be its minimal (inner) function, and let ¢ (z) = zf (z). Then
¥ divides ¢. We necessarily have v (0) = 0 for otherwise v would divide f, which would imply f (C) = 0,
contradicting ||f(C)|| = 1. Hence v (z) = zn(z) for some inner function » and f(z) = £(z)n(z) for some &
in H*® with ||£] = 1. Let £(z) = £(0) + z¢(2) for ¢ in H*®. We have f(z) = £(0)n(z) + ¢(2)¥(z) and thus
f(C) =£(0)5(C). From

1T=1fO1 = 1O < InO) < 1,

we obtain |£(0)| = 1. Therefore, £(z) = £(0) is constant and f = £(0)y is inner.

(b) We first show that C is unitarily equivalent to S(¢), where ¢(z) = zf(z). Note that, from the
proof of (a), ¢ is the minimal function of C. By Lemma 9, C can be extended to (an operator unitarily
equivalentto) Y>> ; dS(¢). Hence f(C) extends to ) 2 1 &f (S(¢)). Letx = Y o ®gn With g, in H(¢) for
all n. We infer from

1= y12 = IfOxI> =Y If S@Ngnli* < Y lIgnl? = IxI1* =1

n=1 n=1

that ||f (S(¢))gxnll = llgn|l for all n. Since f(S(¢)) is a contraction, we have f(S(¢))*f(S(¢))gn = gn. Thus
gn is in ranf(S(¢))*, a one-dimensional space generated by the function g = 1. Hence, foreachn > 1,
gn = apg for some scalar a,. Define the operator V : M — H(¢) by

V(pO)x) = pS#)g
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for any polynomial p. Since p(C)x = >_n 1 ®p(S(¢))gn, we have

) 1/2 00 1/2
IpOx| = (Z |P(5(¢))gn||2> = IpS@)ell (Z |an|2)

n=1 n=1

= lIpS@NgIIxll = IpS@nel.

Note that M being generated by A"x, n > 0, is also generated by C"X~1x = +/2C"x, n > 0. Thus the
set of vectors p(C)x, p polynomial, is dense in M. From above, we obtain that V is an isometry with
VC = S(¢)V. Since ¢ is the minimal function of C, the unitary equivalence of C and S(¢) follows.

Let H; and H3 be the one-dimensional subspaces of M which are generated by y and x, respectively,
andletH, = M & (H; @ H3).On M = Hy & Hy & H3, the operators X and B*B can be decomposed as X =
V2@Xye(1/v2)andB*B=0aD® 1. Let B= [B,;]%Z1 onM=H; ®H, ®Hs;. FromB*B=0®D &1,
\Ii[ve obtain Bj;Byj + B3, By1 + B4, B31 = 0, which implies that By, By and B3y are all zero operators.

ence

A=2d-B*B)!/?B
=2 (d—D)!/2 0 By B
0] [0 B3, Bs

0 2By, 2By3
=10 20-D)'2By; 2(0-D)'/?By |. (3)
0 0 0

We now show that X; = I. This is done by proving DB,, = By;/2 and DB,3 = By3/2. Note that

C=X1AX
12 0 2B1» 2B13 V2
= X! 0 2d-D)V/2By; 2(—D)V/?Bys X4
V2|10 0 0 1/V2
0 \/§B12X] B]3 [0 C12 Cl3
=10 2X;'0-D)'2BpX; ~2X;'U-D)'2By3|=|0 Cpp Cp3.
0 0 0 0 0 0
Since
1 0 0 7
[-C*C=|0 [I-CLCip—C5Co *
0 * 1—1Ci31? — Ci3Co3
has rank one, we have
CTZCQ + C;2C22 =1 (4)
and
ICy312 + Ci3Ca3 = 1. (5)
From (4), we obtain
I1=2X;B},B12X1 + 4X{B5, (I — D)'/2X; "X 11 — D)'/2BX;
= 2X1(B},B12 + 2B5,X;2(I — D)Byp)Xy. (6)

Note that
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0 0 07[0 By B 0
BB=|Bj, B, B,||0 Bn By|= D
Bi, Bi, Bi,||0 By By 1

yields Bj,Biz + B5,B2y + B3, B3, =D. We derive from (6) that (1/2)le2 =D —Bj,By — B3B3 +
2B5,X72(I — D)By, or

_ 1,
B3,B32 + B5y(I — 2X (I = D)Byy = D — 5.X; 2. (7)

Since X1 = g(D), asimple computation involving the expression of g in (1) yields that] — ZX{Z(I -D)>
0.Hence (7) givesD > X{2/2 = g(D)~2,2. Again, from the expression of g in (1), we derive that D > [/2
and thus

X, —gD) = %D-V? (8)

It follows from (7) that B3, (I — 4D(I — D))By, = 0, which is the same as
0 = B%, (I — 4D + 4D%)By; = B5, (I — 2D)?By;.

We thus obtain (I — 2D)B,, = 0 or DB;, = By, /2 as asserted.
To prove DBy3 = B»3/2, we use (5) to derive that

1= [B32 +2B55(I — D)'2X; (1 — D)!/?By3
= |B13|* + 2B33X; 2 (I — D)Bys.
Since B is a contraction, we have [Bj3|2 + B3,By3 < 1. These two together yield 1 < 1—B3;By3 +
2B5,X;2(I — D)Bys or By (I — 2X;2(I — D))By3 < 0. Since I — 2X;%(I — D) > 0 as was noted before, we
obtain Bj, (I — 2X; (I — D))By3 = 0 and thus
0 = Bj;(I — 4D(I — D))By3 = B35 (I — 2D)*By3

by (8). Therefore, (I — 2D)By3 = 0 or DBy3 = By3/2 as required.
From DBy, = Byy/2 and DBy3 = B,3/2, we have (I — D)Byy = By,/2 and (I — D)By3 = B»3/2 and thus
( — D)Y2By, = Byy/+/2 and (I — D)1/2By3 = By3/+/2. It follows from (3) that

0 23]2 2313
A=|0 2By +2By;| onM=H;®H,®Hs. (9)
0 0 0

On the other hand, since M = \/{A"x : n 2> 0} and H, = M © (\/{x,y}), we have H, = \/{P,A"x : n > 1},
where P, denotes the (orthogonal) projection from M onto H,. A simple computation with (9) shows
that P,A™X = (v/2B2y)"~1(v/2By3)x for all n > 1. Therefore,

D(P,A™) = D (\/5322)"71 (V2Bas ) x

_ % («5322)"71 (V2Bys)x = %PZA”x

ifn>2,and
D(PyAx) = D (ﬁBB) X= % (ﬁBB) X— %PzAX.

These show that D = I/2 and hence X; = D-1/2//2 =1by (8)or X =v2 @1 ® (1/2).
Finally, we prove that M is areducing subspace of T. Since f is inner with f (0) = 0, we have w(f (T)) <
1 (cf. [4, Theorem 4]). This, together with ||f (T)x| = 2, yields that the subspace K = H; @ H3 reduces
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f(T) and f(T)|K has the matrix representation [8 (2)] relative to the orthonormal basis {y, x} of K (cf.

Corollary 4 or [18]). In particular, this gives f(T)*x = 0 and f(T)*y = 2x. Now we repeat these with T
and f replaced by T* and f where]~r is the inner function f(z) =f@), Iz| < 1. Since T(T*) = f(T)*, we
have W(f(T*)) < 1and |[f(T*)y|| = 2. Letting M= \{T*"y : n > 0}, we infer from what were proved
before for T and f that A =T*|M = XCX- for some operator
N{O (i §13} o
C=|0 ( (3| onM=H ©H,®Hs

0 o 0

(Hy = \/{f(f)y} andflg = \/{y}) which is unitarily equivalent to S@) (p2) = zf(z) on D), and X =
V2@®l® (1/v/2)onM = Hy @ H, & H3. We check that A is unitarily equivalent to A*. Indeed, since C* is
unitarily equivalenttoS (¢) and the latter is in turn unitarily equivalent to C, there is a unitary operator U
mapping M onto M such that UC* = CU. In particular, we have U (ker C*) = ker C and U(ker C) = ker C*.
Note that

S Lo T DU
f(C)J/:jf(A)J’ij(T)Y—jf(T)Y—X

by the analogue of (2). Hence ker C* = ker C = \/{x} and alsoker C = ker C = \/{y}. Therefore, Ux = 11X
and Uy = A,y for some scalars A1 and 1, of modulus one. Thus U is of the form

A
U= U
A2

from M = H; @ H, & H3 t01\71 :ﬁ] @Flz GBFI?, and hence
U*AU = U*XCX~'U

2] [V2 T2 e

S (M R |
r 1/v2 V2] [x2
1/\r2 EN A V2

o | P PO

V2] M ») 1/V2

= X"1U*CUX = X~1C*X = A*.

Finally, we check that M is contained in M. This is because, for any n > 0, the equalities

IT*"y | = |AMy| = [UA*"U*y|
= lUA* Gyl = 1Ay || = [(TIM)*"y|

hold, which yields that T*"y belongs to M. Similarly, we can show that M < M. Hence M = M and
T*M = T*M < M = M. Thus M reduces T. This completes the proof. []
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