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The study of chaotic system has found wide applications in physics, chemistry, biology,
physiology, and various engineerings. Nonlinear Mathieu system is a paradigmatic important
chaotic system. In this project (first year), the study is extended to two kinds of double Mathieu
system by suitable coupling. For these paradigmatic and important systems, the study will be
extended and deepened.

Chaos synchronizations are applied in various regions, such as secure communication, neural
networks, self-organization, physical systems, ecological systems and engineering systems, etc.
In this project (first year), a new type of chaos synchronization with theoretical and practical
importance are studied, i.e. pure error stability synchronization, to improve the present defective
method in which the maximum values of state variables appeared in error dynamics must be
preliminarily calculated by simulations. The main parts of our study are:

1. The study of chaos of two kinds of double Mathieu system. By phase portraits, bifurcation
diagrams, power spectra, Lyapunov exponents, fractal dimensions, the various chaotic
behaviors of these systems are studied.

2. By pure error stability theory and elaborate Lyapunov functions, the pure error generalized
synchronization method is given, proved and illustrated by two kinds of double Mathieu
systems.
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Fig. 1 Phase portraits and Poincaré maps for autonomous double Mathieu system: (a) period 1 for

b=1.1, (b) period 4 for b=1.243, (c) period 8 for b =1.246, (d) chaotic for b=1.24.
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Fig. 2 Bifurcation diagram for autonomous double Mathieu system.
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Fig. 3 Lyapunov exponents for autonomous double Mathieu system.
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Fig. 4 Phase portraits and Poincaré maps for nonautonomous double Mathieu system: (a) period 1
for b=0.9, (b) period 2 for b =0.93, (c) period 4 for b =0.934, (d) chaotic for b=1.
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Fig 5. Bifurcation diagram for nonautonomous double Mathieu system.
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Fig. 6 Lyapunov exponents for nonautonomous double Mathieu system.
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Fig. 8 Time histories of errors.
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Fig. 9 Phase portraits of x, to vy, (i=1,---,4) when generalized synchronization is obtained.
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Fig. 10 Time histories of errors.
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Abstract

In this paper, a new symplectic synchronization of chaotic systems is studied. Traditional generalized synchroniza-
tions are special cases of the symplectic synchronization. A sufficient condition is given for the asymptotical stability of
the null solution of an error dynamics. The symplectic synchronization may be applied to the design of secure commu-
nication. Finally, numerical results are studied for a Quantum-CNN oscillators synchronized with a Rossler system in
three different cases.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

Many approaches have been presented for the synchronization of chaotic systems [2-6]. There are a chaotic master
system and either an identical or a different slave system. Our goal is the synchronization of the chaotic master and the
chaotic slave by coupling or by other methods.

Among many kinds of synchronizations [7], generalized synchronization is investigated [8—12]. There exists a func-
tional relationship between the states of the master and that of the slave. In this paper, a new synchronization

y=Hxy,0)+F() ()

is studied, where x, y are the state vectors of the “master”” and of the ‘“‘slave”, respectively, F(¢) is a given function of
time in different form, such as a regular or a chaotic function. When H(x,y, ) = x, Eq. (1) reduces to the generalized
synchronization given in [1]. Therefore this paper is an extension of [1].

In Eq. (1), the final desired state y of the “slave” system not only depends upon the “master’ system state x but also
depends upon the “slave” system state y itself. Therefore the “slave’ system is not a traditional pure slave obeying the
“master” system completely but plays a role to determine the final desired state of the ““slave” system. In other words, it
plays an “interwined” role, so we call this kind of synchronization “symplectic synchronization™', and call the “master”
system partner A, the “slave” system partner B.

* Corresponding author. Tel.: +886 3 5712121; fax: +886 3 5720634.
E-mail address: zmg@cc.nctu.edu.tw (Z.-M. Ge).
' The term “symplectic” comes from the Greek for “interwined”. H. Weyl first introduced the term in 1939 in his book “The
Classical Groups” (p. 165 in both the first edition, 1939, and second edition, 1946, Princeton University Press).

0960-0779/$ - see front matter © 2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.chaos.2007.10.055
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When H(x,y,t) = H(x,t), Eq. (1) becomes
y=H(xt)+F(t) (2)

which reduces to generalized synchronization. Therefore generalized synchronization is a special case of the symplectic
synchronization. There exists great potential of the application of the symplectic synchronization. For instance, when
the symplectically synchronized chaotic signal is used as a signal carrier, the secure communication is more difficult to
be deciphered.

As numerical examples, recently developed Quantum Cellular Neural Network (Quantum-CNN) chaotic oscillator
is used to synchronize with different systems, respectively. Quantum-CNN oscillator equations are derived from a
Schrédinger equation taking into account quantum dots cellular automata structures to which in the last decade a wide
interest has been devoted, with particular attention towards quantum computing [13].

This paper is organized as follows. In Section 2, by the Lyapunov asymptotical stability theorem, a symplectic syn-
chronization scheme is given. In Section 3, various feedback controllers are designed for the symplectic synchronization
of the Quantum-CNN oscillator and a Réssler system. Numerical simulations are also given in Section 3. Finally, some
concluding remarks are given in Section 4.

2. Symplectic synchronization scheme

There are two different nonlinear chaotic systems. The partner A controls the partner B partially. The partner A is
given by

x=f(x) 3)
where x =[x, x2,. .. ,x,,]T € R" is a state vector and f'is a vector function.
The partner B is given by
y=2gW) (4a)

where y =[y1,¥2,.--» y,l]T € R" is a state vector, and g is a vector function different from f.
After a controller u(¢) is added, partner B becomes

y=2g) +u®) (4b)

where (1) = [u1(1),us(?), . . ., u,(t)]" € R" is the control vector.
Our goal is to design the controller u(z) so that the state vector y of the partner B asymptotically approaches
H(x,y,1) + F(1), a given function H(x,y,?) plus a given vector function F(r) = [Fy(f), Fa(?), . .., F,(1)]" which is a regular

or a chaotic function of time. Define error vector e(f) = [e1,ea, . . ., e,]":
e=H(x,y,t) —y+F() (5)
lime =0 (6)
t—00

is demanded.

From Eq. (5), it is obtained that
,_oH, on o

Tt Ty
By Egs. (3), (4a) and (4b), (7) becomes

6= Sl W)+ G + 5 —20) — () + F() ®

A positive definite Lyapnuov function V{(e) is chosen:

1
V(e) ==e'e 9)
2
Its derivative along any solution of Eq. (8) is

0H 0H OoH

o) = { G+ 5 e0) + 5

g0+ E() - u<z>}. (10)

In Eq. (10), u(?) is designed so that /' = e"C,,e where C,,, is a diagonal negative definite matrix. / is a negative def-
inite function of e. By Lyapunov theorem of asymptotical stability

Please cite this article in press as: Ge Z-M, Yang C-H, Symplectic synchronization of different chaotic systems,
Chaos, Solitons & Fractals (2007), doi:10.1016/j.chaos.2007.10.055
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lime=0

1—00

The symplectic synchronization is obtained [14-16].

3. Numerical results for the symplectic chaos synchronization of Quantum-CNN oscillator and Rossler System

Case I: A cubic symplectic synchronization

For a two-cell Quantum-CNN, following differential equations are obtained [13]

%1 = —2a;\/1 — X2 sinx,

X = —o1(x) — x3) + 24 \/% COS X
— X
. (11)
%3 = —2a3y/1 — x}sinxy
. X3
X4 = *(Dz(Xg *X[) + 2027 COS X4
1 —x%

where x;, x3 are polarizations, x,, x4 are quantum phase displacements, a; and a, are proportional to the inter-dot
energy inside each cell and w; and w, are the parameters that weigh the effects on the cell of the difference of polari-
zation of the neighboring cells, like the cloning templates in traditional CNNs. When a; = 19.4, a, = 13.1, w; =9.529
and w, = 7.94, the system is chaotic.

A chaotic Réssler system is described by

n==n-»

V2 =y — oy, +

)./2 BT S T (12)
B=nys+ B

Va=7y3+ 0y,

where o = 0.5, #=0.52, y=0.5, ¢ = 0.05.
For symplectic synchronization of these two systems, u,, u,, u3 and u4 are added to the four equations of Eq. (12),
respectively:
n=-m-yntu
=y —wyty
=yt Btus
Va=9ysHoystug

(13)

The initial values of the states of the Quantum-CNN system and of the Rdssler system are taken as x;(0) = 0.8,
x2(0) = —0.77, x3(0) = —0.72, x4(0) = 0.57, p1(0) = 0.3, y5(0) = —0.4, y3(0) = —0.7 and y4(0) = 0.15.

We take F(f) =x3(t), Fa(t) =x3(t), F3(t) =x3(¢), and F4(t) = x3(¢). They are chaotic functions of time.
H(x,y,t) = —x2y; (i = 1,2,3,4) are given. By Eq. (6) we have
4, i=1

i—1, i#1 (14)

tlime,- = lim(—x%y; — y, +xj3.) =0, i=1,2,34 j= {
—00 1—00

From Eq. (7) we have

4, i=1

i1, i#1 (15)

éi:_Bixiyi_x?yi_j/i“’?’xjszw i= 1727374 j:{
Eq. (8) can be expressed as
er=2yx (2‘11 V1 - sinxz) + )X+, s —w

+ 3x§ (wz (3 —x1) + 2a,

X3
— = COSX4
VAR

Please cite this article in press as: Ge Z-M, Yang C-H, Symplectic synchronization of different chaotic systems,
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e = =2y,x; <—w1 (x1 —x3) + 24y % COSXZ) - — o +y4)x§
/T— 2

— v oy, =y —up+ 3% (—Zal \J1—=x2 sinx2>
€3 = 2y3x3 (2‘12 y1-x3 sinx4) — s+ By =y — B

+ 3x§ (—wl (x1 —x3) + 24

X1
————cosx;
V1 —x3 )
. X3 2
ey = —2yx4 <—(,02(X3 —x1) + 2a2ﬁ cosx4> — (yys3 + ayg)xy — 13
1 —x2

— oy, —ug + 3x§ (—2a2\/ 1 —x3 sinx4)

where e; = —xiy; —y; +x3, &2 = —X3py; — y, +x], &3 = —xiy3 — y3 +x; and eq = —xjy, — vy + X3
Choose a positive definite Lyapunov function:

1
Ve, ez, es,eq) =§(e%+e§+e§+ei) (17)

Its time derivative along any solution of Eq. (16) is
V=e {Zy,xl (Zan/l —x? sinx2) + 0y +33)X 3, + 1,
p) X3
+3x7 (wz(x3 —x1) + 2a, \/ﬁ COSX4> - ul}
— X2

X
+ ez{—2y2xz (—wl(xl —x3) + 2a ﬁ cosx2> — (v — o, +y4)x§
1

—y oy, — 32 <—2a1 A1 —x3 sinxz) - uz}
+e {2y3X3 (2412\/ 1-x Sirm) — s+ B — vy — B

+3x3 (—(ul (x1 — x3) + 2a;

(18)

T cos
——=cosx, | —u
T—x 2 3
x
+ e4{2y4x4 (C&)z(X} —x1) + 2a, \/% COSX4> — (v + avy)xE —
-2

—oy, + 3x§ (—2021/ 1 —x2 sinx4) — u4}

Choose
ur = 2yx (2‘11\/ 1 —xf sinxz) + (1 + 3351 + 32+ 13

X
+ 3x; (—wz(xs —x1) + 20— Cosx“) BGIRERa

V1—=x3
X1 >
Uy = —2y,%) (wl(xl —x3) + 2a; 7\/— COSX2> = =y )
1 —x}

— ¥ —yq+3x] (—2a1 \/J1—x3 sinxz) — a3 —x3)

Please cite this article in press as: Ge Z-M, Yang C-H, Symplectic synchronization of different chaotic systems,
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us = 2y3x;3 (202 V91— X3 sinx4> — (B =y — P

+ 3)(% (—(l)l (X] - X3) + 26!1

X1 2 3
———=COSX2 | —¥3X3 — V3 + X,
V1-x3 >

X
Uy = —2y,%4 <w2(x3 —x1) +2a, ﬁ COSX4) — (3 + 0ya)x; — s
3

+ 33 (—2(12\/ 1 —x2 sinx4) —o(ypxs + 2y — x3)

Eq. (18) becomes
V=—(+oael+e+ael)<0 (19)
which is negative definite. The Lyapunov asymptotical stability theorem is satisfied. Cubic symplectic synchronization

of the Quantum-CNN system and the Rssler system is achieved. The numerical results are shown in Fig. 1. After Ss,
the motion trajectories enter a chaotic attractor.

Case II: A time delay symplectic synchronization

We take Fi(t) = x1(t — 1), Fo(t) = xo(t — T), F5(¢) = x3(t — T) and Fy(f) = x4(t — T). They are chaotic functions of
time, where time delay 7=1s is a positive constant. H;(x,y,?) = (x> +y,)(e™" +2) (i = 1,2,3,4) are given. By Eq.
(6) we have

lime; = lim((x> +y,) (e +2) =y, +x(t—T)) =0, i=1,234 (20)
t—00

t—00
From Eq. (7) we have

&= 2xx+i) e +2)—e ' +y) —pi+x(t—T), i=12734 (21)
Eq. (8) is expressed as

& = 2x (72111 \/1—=x3 sinxz) (€ 4+2)+ (=y, —y3)(e7 +2) — (xF +y,)e”’

+y2+y3—u1—2a1 I—X%([—T)Sian(t—T)

& = 2x, <—w1(x1 —x3) + 2a cosxz) (e +2)+ (yy —oy, +yg)(e" +2)

X1
V1—x2
—(G+yme =yt —yy—u— o (x(t—T) —x3(t = T))

X](l— T)

1—x3(t—T)

&3 = 2x; (—2a2,/ 1 —x%sin x4) (e +2)+(yy;+P)e" +2)— (x§ + e’

+ 2a, cosx,(t—T)

(22)

— vy — B—us —2a5\/1 —x3(t — T)sinxy(t — T)

. X _ _
by = 2xy (—wz(x3 —x1)+ 2azﬁ cosx4) (e +2)+ (yys+oy,)(e " +2)
— (G Hye =y — oy —us — n(x(t = T) —x(t = 7))

X3(t — T)

1-x3(t—T)
where e) = (xi +3)(€"+2) =y +x(t=T), ex=(3+n)(e"+2) =y +x(—T), e =3 +y)e” +2) -+
x3(t=T), es = (G +yu)(e" +2) =y, +x(t—T).

Choose a positive definite Lyapunov function:

+ 2a, cosxy(t —T)

1
V(€1,6’2,€3,€4) :§(€%+€§+€§+€i) (23)
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Its time derivative along any solution of Eq. (22) is
= e 20 (<201 sinn ) (e 42+ (o - ple +2) - (4 )e”

+y, +y3 — 2a l—xf(t—T)sinxz(t—T)—ul}

+ {Zx (w( — )+ 20— ) (7 +2) + (3 — 2y +33) (e +2) — (2 + y)e”

—Xj

xi(t—T
i tay, =y — o (x (= T) —x3(t = T)) —|—2a111(—2(t)T)00sx2(t— T) —uz}
— X -
(24)
+ 83{2}(3 (—202\/ 1 —X% Sil’lX4> (87[ + 2) + (y1y3 + ,B)(eit + 2) — (X% +y3)€7t
13— B—2ax/1 = xX3(t — T)sinxq(t — T) — u;}
n {zx (—w2<x3 )2 cosx4> (e 42) % (s + ov)(e +2) — (& + e
-
x3(t—T
—pyy — oy — (st —T) —x1(¢ = T)) + 2a2% cosxs(t —T) — uy
1—-x3(t—-T)
Choose
=20 (<2 [T sing, ) (e +2)+ (o =3l +2) = 0 3 40+
—2a)\/1=x}(t = T)sinxa(t = T) + (33 +p) (e +2) —p, +x1(t = T)
uy = 2x3 (-wl (x1 —x3) + 2a % cosx2> (e +2)+ (0 —a + (e +2) = (5 + e
-
x(t—T
— =y — o (xi (= T) = x3(t = T)) + 2a 1(72) cosxy(t — T)
1 —xi(t-T)
+a((3 +yy)(e +2) +x(t — 7))
Uy = 2x3 (725121 /1 —x2 sinx4) (e +2)+ (s + B)e +2) — (x4 y3)e
=3 = B—=2a/1 = x3(t = T)sinxg(t = T) + (55 +33) (e +2) =ys +x:3(1 = 7)
Uy = 2x4 <602(X3 —xp) + 2a2\/% cosx4> (e 4+2)+ (yp; + oy (e +2) — (3% +yy)e™
— X
-T
— s — (st = T) —x1(t = T)) + 2a2# cosxy(t — T)
1-x3t—T)
+o((x + )€ +2) = 2y +x(t = 7))
Eq. (24) becomes
V= —(& +ael +e3+ael) <0 (25)

which is negative definite. The Lyapunov asymptotical stability theorem is satisfied. Time delay symplectic synchroni-
zation of the Quantum-CNN system and the Rossler system is achieved. The numerical results are shown in Fig. 2.
After 5 s, the motion trajectories enter a chaotic attractor.

Case III: A cubic time delay symplectic synchronization

We take Fi(2) =xa(0)x1(t — T), Fo(t) =x1(0)xa(t — T), F3(t) =xo(t)x3(t — T) and Fu(t) = x3(t)xa(t — T), where
T=1sec is a positive constant time delay. They are chaotic functions of time. H,;(x,y,7)=x—
(¥ sinm;t — 1) sinm;t (i = 1,2,3,4) are given. By Eq. (5) we have
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Fig. 2. Time histories of states, state errors,

4,
(o sinmt — 1) sinmit — yy +xm (- T) =0, i=1,234, j:{. 1

i—1, i#1 (26)
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From Eq. (7) we have

éi = (3x,x,2 — (3ylyt2 sin w;t +y,3w, COS w,t) sin w;l — (yl3 sin w;l — 1)w, COS ;! __)./i + x,x,(f — T) +x/x,(t — 71)7

) 4, i=1
i=1,234, j=9. . (27)
i—1, i#1
Eq. (8) is expressed as
& =3 (—2a1 A1 =22 sinxz) — 3y} (—y, — y3) sin’ @t — yim, sin 2ot
+ t+y,+ +< ( )+ 20y 22 ) (t—T)
w1 COS W b%) Y3 —u — Wy (X3 — X Ay —————=COSXxy4 | X1 (I —
V1—x3
—2aixs0 /1 —x3(t — T)sinxa(t — T)
. X1 .2
&y = 3% | —w;1 (x1 —x3) + 241 ——= c0sx> | — 3V2(y; — oy, + ¥,) sin” wat
2 2( 1( 1 3) 1 m 2) J’2()’1 %) y4) 2
fyng $in 2wyt + @3 COS Wat — ¥ + oy — Yy — s — 2a1xa2(t — T)y/1 — x3 sinx,
t—T
+x1(—o1 (0 (t=T) —x3(t = 7)) + 2a3 M cosxy(t—T)
1—x2(t=T)
(28)
e = 3x§ (—Zazw/ 1 —x2 sinx4) - 3y§(y1y3 +B) sin® @;t +y§w3 sin 2wst
X
+w3coswit —y\y; — f—us + (—w1 (x1 —x3) + 20 ﬁ cosx2>x3(t -T)
—2ayxy0 /1 —x3(t — T)sinxs(t — T)
é4 = 3)Ci —602()(3 — X]) + 202x73 COSXxy4 | — 3_)/3("/)/3 + O'y4) Sil’l2 wyt
V1i-x3
+yiw4 Sin 2wyt 4 @4 COS Wal — Jy3 — 6y — s — 2ax4(t — T)4/ 1 — x5 sinxy
t—T
txs [ (st = T) =i (= 7)) + 20— =D cosna(e—T)
1-x3(—1T)
where
ey =xi — (Wsinmt— D)sinat —y, +x(O)x;(t = T)
e = x% — (yg sinwyt — 1) sinwyt — y, + x1(Ox2(t = T)
es =x3 — (visinwst — 1) sinmst — yy + x2(6)x3(¢ — T)
ey = xi — (yi sinwgt — 1) sinwyt — y, + x3()xs(t = T)
Choose a positive definite Lyapunov function:
1
Viel,er ez eq) ==(e +e5+e+ej) (29)

2

Its time derivative along any solution of Eq. (28) is

V =¢ {3xf (—2a1 \1=x3 sinxz) — 3)/%(—)/2 —) sin® @t — yfwl sin 2wt + @ coswit + y, + ;

+<—w2(x3 —x1) +2a; cosx4)x1(t —T) = 2a1x40/1 = x3(t — T)sinxa(t — T) — ul}

X3
v 1 —x%

+ 6‘2{3)6% (—wl(xl —x3) + 2a \/% cosxz) —3y2(y; — s + 4) sin’ @yt — yim, sin 2wt
—x

Please cite this article in press as: Ge Z-M, Yang C-H, Symplectic synchronization of different chaotic systems,
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+@3CO8Wat — y; + oy — Yy — 2a12(t — T)y /1 — X3 sinxy +xi(—wi (x1(t = T) —x3(¢t — T))
)Cl(l— T)

20—
o2 1)

cosxy(t —T) — uz}
+ e3 {3x§ (—2a2 1 —x3 smx4) - 3y; s+ B) sin® @st +y31,U3 sin 2wt + @3 cos Wt — Y, V3

B+ | —o1(x) —x3) +2a) ——— —2ax54/1 = X3(t — T)sinxs(t — T) — u3
3

\/_ cosx2>x3 (t-T)

+ey {3xi ( Wy (X3 —x1) + 20— \/7 cosx4> — 392(yy; + ay,) sin® @yt + yiwy sin 2wyt

+@4 COS Wyt — Yy — 0y — 2a0x4(t — T)y/1 — xEsinxg +x3(—wp(x3(t = T) —x1(t — T))
X3(t — T)

420, 2D
1—x3(t—=T)

cosxy(t—T)) — u4}
Choose
up = 3% <—2a1\/1 -x sinx2> — 3y3(—p, — ;) sin’ @yt — yim, sin 2a¢
X3
+ @ cosmit+ y, +y; + (—o)z(x3 —x1)+ ZaZﬁ cosx4>x1(t -7)
-
—2a1x44/1 =3 (t — T)sinxy(t — T) +x3 — (¥} sinwt — 1) sinwt — y; +x4()x;1 (¢ — T)
2 X1 2 -2
uy = 3x; (—wl(xl —x3) + 2a, i Cosx2> = 3y5(y, — o, + y,) Sin” wat
-
— Y@, Sin 2wyt + @y cos Wyt — p; — vy — 2a1x2(t — T)y/1 — x}sinx,
X1 (l — T)

1—x3(t—T)
+ a(x3 — (13 sinmat — 1) sinwyt + x, (Oxa(t — 7))

uy = 3x;( 2a34/1 — x3 sinx4> —3y2(y,5 + B) sin” @t

+ y3m; 8in 2m3t + @3 cos st — y,y; — B+ (—wl(xl —x3) + 2a, lx—l cosx2>x3(t -T)
-3

+.X1(—0J1(X1(t—T)—X3([—T))+2(11 COS)CQ(t—T)

—2ayx04/1 = x3(t — T)sinxy(t — T) +x3 — (0 sinwst — 1) sinmst — yy +x2(6)x3(1 — T)
Uy = 3x4( (%3 —x1) + 2azlxi3 cosx4> — 32 (yy; — ay,) sin” @yt
-

+ yimy sin 2wyt + @y cos Wyt — yy; — 2axx4(t — T)4/ 1 — X3 sinxy

_m=D cosxy(f — T))
1-x30-T)

+o(x — (y3sinmyt — 1) sinmyt — 2y, + x3(0)x4(t — T))
Eq. (30) becomes
V=—(e+aek+e+ae}) <0 (31)

+ X3 (—(Uz()%(f— T) —xi(t = T)) + 2a

which is negative definite. The Lyapunov asymptotical stability theorem is satisfied. Cubic time delay symplectic syn-
chronization of the Quantum-CNN system and the Rossler system is achieved. The numerical results are shown in
Fig. 3. After 5s, the motion trajectories enter a chaotic attractor.
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4. Conclusions

A new symplectic synchronization of a Quantum-CNN chaotic oscillator and a Rossler system is obtained by the
Lyapunov asymptotical stability theorem. Two different chaotic dynamical systems, the Quantum-CNN system and
the Rdssler system, are in symplectic synchronization for three cases: the cubic symplectic synchronization, the time
delay symplectic synchronization and the cubic time delay symplectic synchronization. Symplectic synchronization
of chaotic systems can be used to increase the security of secret communication.
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Abstract

A new general strategy to achieve chaos synchronization by variable strength linear coupling without another active control
is proposed. They give the criteria of chaos synchronization for two identical chaotic systems and two different chaotic dynamic
systems with variable strength linear coupling. In this method, the time derivative of Lyapunov function in series form is firstly
used. Lorenz system, Duffing systeng$Rler system and HyperéBsler system are presented as simulated examples.
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1. Introduction

In recent years, synchronization in chaotic dynamic system has been a very interesting problem and has bee
widely studied 1-3. Synchronization means that the state variables of a response system approach eventually to tha
of a drive system. There are many control techniques to synchronize chaotic systems, such as linear error feedbac
control, adaptive control, active contr@-17.

In this paper, a new general strategy to achieve chaos synchronization by variable strength linear coupling is
proposed. This method, in which the time derivative of Lyapunov function in series form is firstly used, can give
either local synchronization which is usually good enough or global synchronization which is usually an unnecessary
high demand18-21.

This paper is organized as follows. In Sectidnsynchronization strategy by variable strength linear coupling
without another active control is proposed, in which the Lyapunov function derivative in series form is first used.
In Section3, Lorenz system, Duffing systemBsler system and HyperéRsler system are presented as simulated
examples. In Sectio#, conclusions are given.
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2. Synchronization strategy by variable strength linear coupling and Lyapunov function derivative in series
form

(a) Consider the following unidirectional coupled identical chaotic systems

X = AX +f(X) )
y=Ay +f(y) + Ty —x,
wherex = [X1, X2, ..., %n]T € R", y = [y1, Y2, ..., ¥a]" € R" denote two state vectors, is ann x n constant

coefficient matrixf is a nonlinear vector function, arldis ann x n matrix which gives the variable strength of the
linear coupling termy — x).

In order to study the synchronizationfindy, definee = y — x as the state error. Error equation can be written
as

e= Ay +f(y) + Ty —x) — Ax — f(x). (2)
By Taylor expansion
f(y) —f(x) = f(x +e) — f(x) = f'(x)e+ HOT ofe
= F(x)e+ HOT of e, )

wheref’(x) is the time derivativé(x), andF(x) = f'(x).

Theorem 1. The chaotic systems in E@.) can be locally completely synchronized)|&|? is smaller than a bounded
value andr is chosen such thaX + I' + F = —C, whereC is a positive definite diagonal matrix.

Proof. Choose a positive definite function as

V(e) = %eTe. (4)
Then
V(e =e'e
= e (Ay +f(y) + T'(y — x) — Ax — f(x))
= el (Ae+ Te+f(y) — f(x)

= e'(A+T +F)e+ HOT ofe. (5)
S_ince lell? is smaller than a bounded value afdis chosen such thah + I + F = —C, Eq. (5) becomes
V(e) = —e'Ce+ HOT ofe < 0, since—e'Ce is a definite form, the higher-order terms @have no influence

on the definiteness a&f, provided thaf|e||? is smaller than a bounded value. The proof of this theorem can be found
in [22,23], which is used extensively in the theory of stability of motion. By the Lyapunov asymptotical stability
theorem, the origin of error equati@®) is locally asymptotically stable and the chaotic systems in(Ecare locally
completely synchronized. O

Corollary 1. If f(x + e) — f(x) is a linear function ofe, De, Eq. (5) becomesV(e) = e'(A + I + D)e. Let
A+T +D = —C, thenV(e) = —e'Ce < 0. By the Lyapunov asymptotical stability theorem, the origin of
error equation(2) is globally asymptotically stable. Hence, the chaotic systems i(EBare globally completely
synchronized. O

(b) Consider the following two unidirectional coupled different chaotic systems

X =AX +f(x)
y = Ay +f(y) +u, (6)
wherex = [x1, X2, ..., Xn]T € R", y = [y1, V2, ..., ¥n]" € R" denote two state vectors, andA are two different

n x n constant coefficient matricefsis a nonlinear vector function, ands the coupling vector of which the elements
are functions ok andy.
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In order to study the synchronizationxfindy, definee = y — x as the state error. Error equation can be written
as

e= Ay +f(y) + u— Ax — f(x). )
By Taylor expansion

f(y) —f(x) = f(x +e) — f(x) =f(x)e+ HOT ofe
= F(x)e+ HOT of e, (8)

Theorem 2. Choosel' = —C — A — F andB = —A, whereC is positive definite diagonal matrix anil = A—A.
The chaotic systems in E¢B) can be locally completely synchronized,|#|? is smaller than a bounded value and
u=Te+ By.

Proof. Choose a positive definite function as

V(e) = %eTe. 9)
Then
V(e =e'e
= €' (Ay +f(y) + U — Ax — f(x))
= el (Ay + Ae + u+f(y) — f(x). (10)

Letu = I'e+ By, Eq.(10) becomes
V(e) = e' (Ay + Ae + T'e+ By + f(y) — f(X))
=e (A+T +Fe+e'(A+B)y+HOTofe (11)

Since||e||? is smaller than a bounded value andB are chosen such that+ T + F = —C andB = —A, Eq.(10)
becomed/ (e) = —e"Ce+HOT of e < 0. By the Lyapunov asymptotical stability theorem, the origin of error equation
(7) is locally asymptotically stable and the chaotic systems in(&cpre locally completely synchronized.O

Corollary 2. If f(x+e) —f(x) is a linear function ofe, De, Eq.(11) becomed/ (e) = e"(A+T +D)e+e' (A + B)y.
LetA+T +D = —CandB = —A, thenV(e) = —e'Ce < 0. By the Lyapunov asymptotical stability theorem,
the origin of error equation(7) is globally asymptotically stable, and the chaotic systems in(Egare globally
completely synchronized. O

3. Numerical results for typical chaotic systems

First example fofTheorem 1is the Rissler system. Consider the following two unidirectional coupled chaotic
Rossler systems:

XM=-Y1—21

y1=X1+ayn

z71=b+4+21(x1 -0 (12)

Xo = —Yo — Zp + I'mm€1 + o€ + 1363

Y2 = X2 +aye + I21€1 + [22€2 + [23€3

22 =b+ 2o(X2 — ©) + I'31€81 + 3060 + I'3363,

where

0O -1 -1

A=|1 a o0]. (13)
0O 0 -—c
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Fig. 1. Chaotic phase portraits for théssler system.

Choose a Lyapunov function in the form of a positive definite function:

1
W%@ﬁ9=?%+%+@

by Taylor Formula

0 0O 0 O 0
fly) —f(x) = 0 =|0 O O|e+| O
7181 + X183 + €163 z17 0 x1 €163
=Fe+---.
Let
-1 1 1
r=-I-A-F=|-1 -1-a 0
-7 0 —-1+c—Xx1

According toTheorem 1 we obtain that

V=—&_-€e—e+HOTofe<0

40

(14)

(15)

(16)

(17)

is negative definite wherje||? is smaller than a bounded value. ThésBler systems in Eq12) are locally
synchronized. For the initial states20, 10, 25), {21, 10.5, 25) and system parameters 0.2, b =0.2,c =5.7,

the chaotic phase portraits and state errors versus time are sh&igsiriand2.
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Fig. 2. Time histories of errors for twod8sler systems.

Second example faCorollary 1is the Hyper-Bssler system. Consider the following two unidirectional coupled
chaotic Hyper-Rssler systems:
X1 = —X2 — X3
Xp = X1 + axo + X4
X3 = b+ X1X3

X4 = CXq4 — dX3 (18)
Y1 =—Yo — Y3+ 1€ + o + I'zes + I'14e4
Yo =VY1+ay> + Ya+ 2181 + 2060 + 12363 + 12464
Y3 =b+ y1y3 + I'31€1 + 3262 + ['33€3 + [34€4
Va = Cys — dys + I'41€1 + 4262 + 14363 + I'as€4,
where
0O -1 -1 0
1 a 0 1
A=lo o o ol (19)
0O 0 —-d c
Choose a Lyapunov function in the form of a positive definite function:
1
V(el,ez,es,e4)=§(e§+e§+%+e§) (20)
0 y3 0O 0 O
0 0O 0 0 O
f(y) —f(x) = = e= De 21
) =X VY3 — X1X3 0 0 xq O (21)
0 0O 0 0 O
Let
-1-y3 1 1 0
-1 —-1-a 0 -1
r=-C-A-D= 0 0 1% 0 . (22)
0 0 d -1-c¢

v function
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Fig. 4. Time histories of errors for two synchronized HypérsBler systems.

According toCorollary 1, we obtain

Ve-@-&-&-&<0. (23)

The Hyper-Rssler systems in E@18) are globally synchronized. For the initial states2Q, 0, 0, 15), {20, 10.15,
15) and system parametexs= 0.25, b = 3,c = 0.05,d = 0.5, the chaotic phase portraits and state errors versus
time are shown ifrigs. 3and4.

Third example forTheorem 2is the Duffing system. Consider the following two unidirectional coupled chaotic
Duffing systems:

X1 = X2
. 3 (24)
Xo = —0X2 + aX1 — BX] + acoswt

Please cite this article in press as: Z.-M. Ge, P.-C. Tsen, Chaos synchronization by variable strength linear coupling and Lyapunov function
derivative in series form, Nonlinear Analysis (2007), doi:10.1016/j.na.2007.11.018
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Fig. 5. Chaotic phase portrait for the Duffing system.

yi=Y2+U
Yo = —8y2 + &y1 — By; + acoswt + Uy,

whereu = [ug, uo]" is the coupling term.

0 1
a0 4]
Choose a Lyapunov function in the form of a positive definite function:

1
Ve, &) = §<e% + €.

By Taylor expansion

; fx) — 0 _ 0 0 o 0
¥ =10 = B34+ 8x3| T [-38%2 O + —6BX1€EL + - - -
= Fe+ H.O.T. ofe.

Letu =Te+ By

-1 ~1
r=- _A_F:[—a+3/3xf —1+5}
~ 0 0
BZ_A:[&—O{ —(§+6:|'

According toTheorem 2we obtain that

V=—€ -6 +HOTofe<0

(25)

(26)

(27)

(28)

(29)

(30)

is negative definite whefte||? is smaller than a bounded value. The Duffing systé243 are locally synchronized.
For the initial states2, 2), (5, 5) and system parametess= —0.01,§ = 0.1,8 = w = 1,a = 10,& = 1 and

§ = 0.15, the chaotic phase portrait and state errors versus time are sh&igsimbands.

derivative in series form, Nonlinear Analysis (2007), doi:10.1016/j.na.2007.11.018
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Fig. 6. Time histories of errors for two synchronized Duffing systems.

50

Last example forCorollary 2is the Lorenz system. Consider the following two unidirectional coupled chaotic

Lorenz systems:

X1 =0 (y1— X1)
Yi=yX1—X1Z1— W1

21 =x11 — Bz1

X2 =G (Y2 — X2) + U1

Y2 = PXo — XoZz2 — Y2 + U2
Z2 = XoYo — ,322 + us,

whereu = [ug, Uy, uz]" is the coupling term.

-0 o 0
A=y -1 O
0 0 -8

Choose a Lyapunov function in the form of a positive definite function:

1
V(e e, &) = 5(e%+e§+e§>

0 0 0 0
fly)—fX) = | —Xoz2+ X121 | =|—-22 0 —x1|e=De.
X2Y2 — X1Y1 yo x1 0
Letu =T'e+ By
oc—1 —0 0
r=1-A-D=|-y+2z 0 x
Y2 -x1 B-1
) 6 -6 0
B=-A=|(-1792 O 0
0 0 43

According toCorollary 2 we obtain that

Vo-g-g-& <0

(1)

(32)

(33)

(34)

(39)

(36)

(37)
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Fig. 8. Time histories of errors for two synchronized Lorenz systems.

is negative definite. The Lorenz syste(@4) are global synchronized. For the initial stat@s, 1, 5), (0.6, 2, 5.3)
and system parametess= 10,y = 28,8 = 8/3,6 = 16,y = 4592 andB = 4, the chaotic phase portraits and

state errors versus time are showrkigs. 7and8.

4. Conclusions

In this paper, two theorems for chaos synchronization are proposed by using variable strength linear coupling
without another active control, while the time derivative of the Lyapunov function in series form is firstly used, which
makes the demand for the Lyapunov function derivative as negative sum of the square of state variables, lower. The:
give the criteria of chaos synchronization for two identical chaotic systems and for two different chaotic dynamic
systems. Either local synchronization which is mostly good enough or global synchronization which is mostly an
unnecessary high demand, can be obtained. Lorenz system, Duffing systsierRystem and HyperéBsler system

are used as simulation examples which effectively confirm the scheme.
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