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中文摘要 

關鍵詞：Mathieu 系統，新自治雙 Mathieu 系統，新非自治雙 Mathieu 系統，純誤差穩定性，

廣義渾沌同步，精緻李雅普諾夫函數 
渾沌系統之研究在物理、化學、生物學、生理學、各種工程等方面皆有日益重要之廣

泛應用。非線性 Mathieu 系統是典型的重要渾沌系統。本計畫(第一年)採取適當的耦合方

式將它們推廣為兩種新雙 Mathieu 系統，即新自治雙 Mathieu 系統與新非自治雙 Mathieu 系

統。研究其渾沌性質，從而就典型重要渾沌系統而言，既擴大其研究範圍也深化其研究內

容。渾沌同步之研究在秘密通訊、神經網路、自組織、物理系統、生態系統、工程系統等

方面有長足之應用。本計畫(第一年)提出一種新型的渾沌同步，具有重要理論及實際意義，

即純誤差穩定的廣義同步法。用以改進目前需先由數值計算預先得出誤差方程中渾沌變量

之最大值之有缺陷之方法。研究重點為： 
1. 兩種雙 Mathieu 系統之渾沌研究。用相圖、分歧圖、功率譜圖、李雅普諾夫指數、碎形

維度等分析渾沌之行為。 
2. 採用純誤差穩定理論及精緻之李雅普諾夫函數得出純誤差穩定的廣義同步法。並以對兩

種雙 Mathieu 系統為例實現此種廣義同步。 
 

英文摘要 

key words: Mathieu system, New autonomous double Mathieu system, New nonautonomous 
double Mathieu system, Chaos, Pure error stability, Generalized chaos synchronization, Elaborate 
Lyapunov function 

The study of chaotic system has found wide applications in physics, chemistry, biology, 
physiology, and various engineerings. Nonlinear Mathieu system is a paradigmatic important 
chaotic system. In this project (first year), the study is extended to two kinds of double Mathieu 
system by suitable coupling. For these paradigmatic and important systems, the study will be 
extended and deepened. 

Chaos synchronizations are applied in various regions, such as secure communication, neural 
networks, self-organization, physical systems, ecological systems and engineering systems, etc. 
In this project (first year), a new type of chaos synchronization with theoretical and practical 
importance are studied, i.e. pure error stability synchronization, to improve the present defective 
method in which the maximum values of state variables appeared in error dynamics must be 
preliminarily calculated by simulations. The main parts of our study are: 
1. The study of chaos of two kinds of double Mathieu system. By phase portraits, bifurcation 

diagrams, power spectra, Lyapunov exponents, fractal dimensions, the various chaotic 
behaviors of these systems are studied. 

2. By pure error stability theory and elaborate Lyapunov functions, the pure error generalized 
synchronization method is given, proved and illustrated by two kinds of double Mathieu 
systems. 

 
 
 
 
 



報告內容 
(一)前言及研究目的： 

渾沌系統之研究除了在理論上的重要價值外，在物理、化學、生理學及各種工程等方

面皆有廣泛之應用。非線性 Mathieu 系統是重要的典型渾沌系統。對於這個系統的極重要

的渾沌現象及渾沌同步都已有豐富的研究成果，直到現在，這個重要典型系統仍為研究熱

點[1-7]。本計畫(第一年)為了對這個著名系統，擴大其研究範圍並深化其研究內容，特提出

兩種新系統，即新自治雙 Mathieu 系統與新非自治雙 Mathieu 系統。首先証明其為渾沌系統，

其次研究其渾沌行為。渾沌同步之研究在秘密通訊、神經網路、自我組織等方面有長足之

應用[8-61]。本計畫(第一年)研究一種新的渾沌同步方式及其對這些新系統的應用。 

 

(二)研究方法及文獻探討： 

(a)兩種雙Mathieu系統的渾沌行為 
經典的非線性Mathieu系統是 
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其中 ,a ω 為常數。本計畫提出的創新系統，其一為自治的雙Mathieu系統 
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其中將兩個Mathieu系統的 sin tω 交替換成對方的渾沌狀態 4x , 2x ，並在第二、四式之末加

上耦合項 , 。 3bx 1bx
其二為非自治的雙Mathieu系統 
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其中保留 sin tω ，僅在第二、四式之末加上耦合項 , 。 3bx 1bx
同樣地，對它們的研究，一方面是對經典的單Mathieu系統研究之擴展及深化，且一方面它

們也一定比單Mathieu系統更具複雜性。本計畫研究其週期運動、準週期運動、渾沌運動及

超渾沌運動。 

(b)純誤差穩定的廣義同步及其對兩種雙Mathieu系統的應用 
考慮最一般形式的主從系統 
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其中 , nx y R∈ 為主從狀態向量， : n nf R R R+ × → 為非線性向量函數， 是

控制向量。廣義同步指 ，其中 為指定函數。

: n nu R R R R+ × × →

( , )y g t x= g ( , )e y g t x= − 是廣義同步誤差向量。



誤差動力學為 
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加上控制項後得： 
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目前文獻中所用之Lyapunov函數千篇一律地採用
1
2

TV e= e平方和的形式[62-71]，此種做法

實為對Lyapunov直接法之極端自我窄化的做法。其實Lyapunov函數之形式千變萬化，運用

得法，可得出人意外的佳績。今採用一個精緻的Lyapunov函數 

2 2
11 1

1( , ) ( )
2
1 1( ) ( )
2 2

T

nn n

V t e e t e

t e t eλ λ

= Λ

= + +L

 

其中 為待求之可逆對角矩陣，( ) [ ( )] n n
ijt t Rλ ×Λ = ∈ ( )ij tλ 皆為時間之函數。 

上式可寫成 
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i其中 為連續可微函數， 為待求之控制器。此式可分為兩類：(1)所有 與,iG H iu iG iiλ 及 iiλ& 有

關。(2)一些 jG 與 ,jj jjλ λ& 有關，其他 僅與kG kkλ& 有關。 

對第(1)情況，設計 使 iu
      0 ( 1,2, , )i ii iH u i nλ+ = = L  

則V 中之狀態變量& ,i ix y 皆不存在，乃得純誤差動力學。現在文獻中採用之V 中皆含& ,i ix y 狀

態變量，為了保証V 之負定性，或為了得出混沌同步條件，必須依賴數值計算，算出& ,i ix y 之

最大值[72-78]。此方法有三缺點：1.同步理論其實並不限於兩渾沌系統間之同步，非渾沌

系統之同步亦極有研究價值，其中包括 ix 或 iy 趨於無限大之非週期運動。即此時狀態變量

不存在有限之最大值，故現在文獻所用方法成為無效。2.如果V 中出現之狀態變量之最大

值很大，則保證V 為負定之條件將變得極為保守，而無足可取。3.需要以數值模擬計算之

結果為條件之理論推導為有缺陷之理論(defective theory)，價值較低。 

&

&

由上式，如令 iiλ 滿足 
      0, 0 ( ) ( 1, , )mii ii Miit t i nλ λ λ∀ ≥ < ≤ ≤ = L  

則可得 
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即V 為負定。Lyapunov函數乃得到。 &

對第(2)情況，則設 
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則可得純誤差動力學。再巧妙地適當設計 及iu jjλ 使 
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即可得負定之V ，Lyapunov函數乃得到。 &

本計畫將對兩種雙Mathieu系統給出廣義同步 ( ) ( )i iy t x tα β= + ，其中 ( )tα ， ( )tβ 為給定時間

函數。由於每步設計都有賴於經驗及技巧的發揮，故難度較高。 

 

(三)討論與結果： 

Duffing系統，van der Pol系統與線性Mathieu系統原為振動學科之最重要最典型的系

統。自渾沌動力學興起後，Duffing系統，van der Pol系統由於其為非線性系統故亦沿習成為

渾沌動力學學科中最重要最典型的系統，四十年來對此二系統的渾沌研究之文獻可謂汗牛

充棟，至今方興未艾。而線性Mathieu系統，則由於其為線性方程，不具渾沌性質，故在渾

沌動力學學科中乃不再提及。人們忽視了非線性Mathieu系統實為Duffing系統中參數由常數

轉為時間週期函數之推廣，實亦應成為渾沌動力學科之最重要最典型之系統。本計畫主持

人率先研究非線性Mathieu系統之渾沌行為[6]，可謂遲來之補求。眾所週知，此三種典型系

統除理論意義外，廣泛應用於機械、電機、物理、化學、生科、奈米系統，本計畫(第一年)
研究雙種類型的非線性Mathieu系統，不僅對渾沌動力學學科中最重要最典型的渾沌系統的

研究的拓廣與深化，更重要的是它們本身顯然具有更複雜的，未經發現的複雜渾沌行為，

本研究對渾沌動力學學科具重大意義。其應用於機械、電機、物理、化學、生科、奈米之

耦合系統，具有重要的實用價值。 
    渾沌同步除本身之重要理論價值外，其研究在秘密通訊、神經網路、自我組織等方面

有日益廣泛之應用。廣義渾沌同步則為渾沌同步之進一步發展，其應用亦方興未艾。本計

畫(第一年)提出新的純誤差渾沌同步。現行文獻中同步方法之三缺點已如前述，不再多贅。 

兩種雙 Mathieu 系統的渾沌行為與純誤差穩定的廣義同步及其對此二系統的應用： 
1. 研究獲得諸多相圖、分歧圖、功率譜圖、參數圖及李亞普諾夫指數及碎形維度等研究自

治的雙 Mathieu 系統之週期運動、準週期運動、渾沌運動及超渾沌運動各種行為。 



 
Fig. 1 Phase portraits and Poincaré maps for autonomous double Mathieu system: (a) period 1 for 

, (b) period 4 for , (c) period 8 for 1.1=b 243.1=b 246.1=b , (d) chaotic for . 24.1=b

 
Fig. 2 Bifurcation diagram for autonomous double Mathieu system. 

 
Fig. 3 Lyapunov exponents for autonomous double Mathieu system. 

2. 研究獲得諸多相圖、分歧圖、功率譜圖、參數圖及李亞普諾夫指數及碎形維度等研究非

自治的雙 Mathieu 系統之週期運動、準週期運動、渾沌運動及超渾沌運動各種行為。 
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Fig. 4 Phase portraits and Poincaré maps for nonautonomous double Mathieu system: (a) period 1 
for , (b) period 2 for , (c) period 4 for 9.0=b 93.0=b 934.0=b , (d) chaotic for . 1=b

 
Fig 5. Bifurcation diagram for nonautonomous double Mathieu system. 

 
Fig. 6 Lyapunov exponents for nonautonomous double Mathieu system. 

3. 研究獲得純誤差穩定的廣義同步法對自治的雙 Mathieu 系統之應用。 
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Fig. 7 Phase portraits of  to  ( 4ix iy ,,1L=i ) when generalized synchronization is obtained. 

 
Fig. 8 Time histories of errors. 

4. 研究獲得純誤差穩定的廣義同步法對非自治的雙 Mathieu 系統之應用。 

 
Fig. 9 Phase portraits of  to  ( 4ix iy ,,1L=i ) when generalized synchronization is obtained. 
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Fig. 10 Time histories of errors. 
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計畫(第一年)成果自評 

非線性 Mathieu 系統，作為最典型最重要之渾沌系統，自 Lorenz1963 年發現渾沌現象以來

未受到應有之關注與研究，此實為渾沌研究之一大缺憾。計畫主持人繼研究非線性 Mathieu
系統以後，在本計畫(第一年)對新自治雙 Mathieu 系統及新非自治雙 Mathieu 系統之渾沌性

質作全面而詳盡之研究，對渾沌研究而言，其重要性不言而喻。純誤差渾沌廣義同步理論

之提出糾正了當下流行之廣義同步之三缺點：1.同步理論其實並不限於兩渾沌系統間之同

步，非渾沌系統之同步亦極有研究價值，其中包括 ix 或 iy 趨於無限大之非週期運動。即此

時狀態變量不存在有限之最大值，故現在文獻所用方法成為無效。2.如果V 中出現之狀態

變量之最大值很大，則保證V 為負定之條件將變得極為保守，而無足可取。3.需要以數值

模擬計算之結果為條件之理論推導為有缺陷之理論(defective theory)，價值較低。故此理論

有重大意義。已投出之國際著名論文已達 3 篇，其中已被接受者 1 篇。 

&
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Abstract

In this paper, a new symplectic synchronization of chaotic systems is studied. Traditional generalized synchroniza-
tions are special cases of the symplectic synchronization. A sufficient condition is given for the asymptotical stability of
the null solution of an error dynamics. The symplectic synchronization may be applied to the design of secure commu-
nication. Finally, numerical results are studied for a Quantum-CNN oscillators synchronized with a Rössler system in
three different cases.
� 2007 Elsevier Ltd. All rights reserved.
1. Introduction

Many approaches have been presented for the synchronization of chaotic systems [2–6]. There are a chaotic master
system and either an identical or a different slave system. Our goal is the synchronization of the chaotic master and the
chaotic slave by coupling or by other methods.

Among many kinds of synchronizations [7], generalized synchronization is investigated [8–12]. There exists a func-
tional relationship between the states of the master and that of the slave. In this paper, a new synchronization
0960-0
doi:10.
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Classic

Plea
Cha
y ¼ Hðx; y; tÞ þ F ðtÞ ð1Þ
is studied, where x, y are the state vectors of the ‘‘master’’ and of the ‘‘slave’’, respectively, F(t) is a given function of
time in different form, such as a regular or a chaotic function. When H(x,y, t) = x, Eq. (1) reduces to the generalized
synchronization given in [1]. Therefore this paper is an extension of [1].

In Eq. (1), the final desired state y of the ‘‘slave’’ system not only depends upon the ‘‘master’’ system state x but also
depends upon the ‘‘slave’’ system state y itself. Therefore the ‘‘slave’’ system is not a traditional pure slave obeying the
‘‘master’’ system completely but plays a role to determine the final desired state of the ‘‘slave’’ system. In other words, it
plays an ‘‘interwined’’ role, so we call this kind of synchronization ‘‘symplectic synchronization’’1, and call the ‘‘master’’
system partner A, the ‘‘slave’’ system partner B.
779/$ - see front matter � 2007 Elsevier Ltd. All rights reserved.
1016/j.chaos.2007.10.055
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e term ‘‘symplectic’’ comes from the Greek for ‘‘interwined’’. H. Weyl first introduced the term in 1939 in his book ‘‘The
al Groups’’ (p. 165 in both the first edition, 1939, and second edition, 1946, Princeton University Press).
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When H(x,y, t) = H(x, t), Eq. (1) becomes
Plea
Cha
y ¼ Hðx; tÞ þ F ðtÞ ð2Þ
which reduces to generalized synchronization. Therefore generalized synchronization is a special case of the symplectic
synchronization. There exists great potential of the application of the symplectic synchronization. For instance, when
the symplectically synchronized chaotic signal is used as a signal carrier, the secure communication is more difficult to
be deciphered.

As numerical examples, recently developed Quantum Cellular Neural Network (Quantum-CNN) chaotic oscillator
is used to synchronize with different systems, respectively. Quantum-CNN oscillator equations are derived from a
Schrödinger equation taking into account quantum dots cellular automata structures to which in the last decade a wide
interest has been devoted, with particular attention towards quantum computing [13].

This paper is organized as follows. In Section 2, by the Lyapunov asymptotical stability theorem, a symplectic syn-
chronization scheme is given. In Section 3, various feedback controllers are designed for the symplectic synchronization
of the Quantum-CNN oscillator and a Rössler system. Numerical simulations are also given in Section 3. Finally, some
concluding remarks are given in Section 4.
2. Symplectic synchronization scheme

There are two different nonlinear chaotic systems. The partner A controls the partner B partially. The partner A is
given by
_x ¼ f ðxÞ ð3Þ

where x = [x1,x2, . . . ,xn]T 2 Rn is a state vector and f is a vector function.

The partner B is given by
_y ¼ gðyÞ ð4aÞ
where y = [y1,y2, . . . ,yn]T 2 Rn is a state vector, and g is a vector function different from f.
After a controller u(t) is added, partner B becomes
_y ¼ gðyÞ þ uðtÞ ð4bÞ
where u(t) = [u1(t),u2(t), . . . ,un(t)]T 2 Rn is the control vector.
Our goal is to design the controller u(t) so that the state vector y of the partner B asymptotically approaches

H(x,y, t) + F(t), a given function H(x,y, t) plus a given vector function F(t) = [F1(t),F2(t), . . . ,Fn(t)]T which is a regular
or a chaotic function of time. Define error vector e(t) = [e1,e2, . . . ,en]T:
e ¼ Hðx; y; tÞ � y þ F ðtÞ ð5Þ
lim
t!1

e ¼ 0 ð6Þ
is demanded.
From Eq. (5), it is obtained that
_e ¼ oH
ox

_xþ oH
oy

_y þ oH
ot
� _y þ _F ðtÞ ð7Þ
By Eqs. (3), (4a) and (4b), (7) becomes
_e ¼ oH
ox

f ðxÞ þ oH
oy

gðyÞ þ oH
ot
� gðyÞ � uðtÞ þ _F ðtÞ ð8Þ
A positive definite Lyapnuov function V(e) is chosen:
V ðeÞ ¼ 1

2
eTe ð9Þ
Its derivative along any solution of Eq. (8) is
_V ðeÞ ¼ eT oH
ox

f ðxÞ þ oH
oy

gðyÞ þ oH
ot
� gðyÞ þ _F ðtÞ � uðtÞ

� �
: ð10Þ
In Eq. (10), u(t) is designed so that _V ¼ eTCn�ne where Cn·n is a diagonal negative definite matrix. _V is a negative def-
inite function of e. By Lyapunov theorem of asymptotical stability
se cite this article in press as: Ge Z-M, Yang C-H, Symplectic synchronization of different chaotic systems,
os, Solitons & Fractals (2007), doi:10.1016/j.chaos.2007.10.055
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lim
t!1

e ¼ 0
The symplectic synchronization is obtained [14–16].
3. Numerical results for the symplectic chaos synchronization of Quantum-CNN oscillator and Rössler System

Case I: A cubic symplectic synchronization

For a two-cell Quantum-CNN, following differential equations are obtained [13]
_x1 ¼ �2a1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

p
sin x2

_x2 ¼ �x1ðx1 � x3Þ þ 2a1
x1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
1

p cos x2

_x3 ¼ �2a2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

p
sin x4

_x4 ¼ �x2ðx3 � x1Þ þ 2a2
x3ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
3

p cos x4

8>>>>>>>><
>>>>>>>>:

ð11Þ
where x1, x3 are polarizations, x2, x4 are quantum phase displacements, a1 and a2 are proportional to the inter-dot
energy inside each cell and x1 and x2 are the parameters that weigh the effects on the cell of the difference of polari-
zation of the neighboring cells, like the cloning templates in traditional CNNs. When a1 = 19.4, a2 = 13.1, x1 = 9.529
and x2 = 7.94, the system is chaotic.

A chaotic Rössler system is described by
_y1 ¼ �y2 � y3

_y2 ¼ y1 � ay2 þ y4

_y3 ¼ y1y3 þ b

_y4 ¼ cy3 þ ry4

8>>><
>>>:

ð12Þ
where a = 0.5, b = 0.52, c = 0.5, r = 0.05.
For symplectic synchronization of these two systems, u1, u2, u3 and u4 are added to the four equations of Eq. (12),

respectively:
_y1 ¼ �y2 � y3 þ u1

_y2 ¼ y1 � ay2 þ y4 þ u2

_y3 ¼ y1y3 þ bþ u3

_y4 ¼ cy3 þ ry4 þ u4

8>>><
>>>:

ð13Þ
The initial values of the states of the Quantum-CNN system and of the Rössler system are taken as x1(0) = 0.8,
x2(0) = �0.77, x3(0) = �0.72, x4(0) = 0.57, y1(0) = 0.3, y2(0) = �0.4, y3(0) = �0.7 and y4(0) = 0.15.

We take F 1ðtÞ ¼ x3
4ðtÞ, F 2ðtÞ ¼ x3

1ðtÞ, F 3ðtÞ ¼ x3
2ðtÞ, and F 4ðtÞ ¼ x3

3ðtÞ. They are chaotic functions of time.
H iðx; y; tÞ ¼ �x2

i yi ði ¼ 1; 2; 3; 4Þ are given. By Eq. (6) we have
lim
t!1

ei ¼ lim
t!1
ð�x2

i yi � yi þ x3
j Þ ¼ 0; i ¼ 1; 2; 3; 4 j ¼

4; i ¼ 1

i� 1; i 6¼ 1

�
ð14Þ
From Eq. (7) we have
_ei ¼ �2 _xixiyi � x2
i _yi � _yi þ 3 _xjx2

j ; i ¼ 1; 2; 3; 4 j ¼
4; i ¼ 1

i� 1; i 6¼ 1

�
ð15Þ
Eq. (8) can be expressed as
_e1 ¼ 2y1x1 2a1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

q
sin x2

� �
þ ðy2 þ y3Þx2

1 þ y2 þ y3 � u1

þ 3x2
4 �x2ðx3 � x1Þ þ 2a2

x3ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

p cos x4

 !
se cite this article in press as: Ge Z-M, Yang C-H, Symplectic synchronization of different chaotic systems,
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_e2 ¼ �2y2x2 �x1ðx1 � x3Þ þ 2a1
x1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
1

p cos x2

 !
� ðy1 � ay2 þ y4Þx2

2

� y1 þ ay2 � y4 � u2 þ 3x2
1 �2a1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

q
sin x2

� �

_e3 ¼ 2y3x3 2a2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

q
sin x4

� �
� ðy1y3 þ bÞx3

2 � y1y3 � b� u3

þ 3x2
2 �x1ðx1 � x3Þ þ 2a1

x1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

p cos x2

 !

_e4 ¼ �2y4x4 �x2ðx3 � x1Þ þ 2a2
x3ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
3

p cos x4

 !
� ðcy3 þ ry4Þx2

4 � cy3

� ry4 � u4 þ 3x2
3 �2a2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

q
sin x4

� �
where e1 ¼ �x2
1y1 � y1 þ x3

4, e2 ¼ �x2
2y2 � y2 þ x3

1, e3 ¼ �x2
3y3 � y3 þ x3

2 and e4 ¼ �x2
4y4 � y4 þ x3

3.
Choose a positive definite Lyapunov function:
V ðe1; e2; e3; e4Þ ¼
1

2
ðe2

1 þ e2
2 þ e2

3 þ e2
4Þ ð17Þ
Its time derivative along any solution of Eq. (16) is
_V ¼ e1

(
2y1x1 2a1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

q
sin x2

� �
þ ðy2 þ y3Þx2

1 þ y2 þ y3

þ3x2
4 �x2ðx3 � x1Þ þ 2a2

x3ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

p cos x4

 !
� u1

)

þ e2 �2y2x2 �x1ðx1 � x3Þ þ 2a1
x1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
1

p cos x2

 !
� ðy1 � ay2 þ y4Þx2

2

(

�y1 þ ay2 � y4 þ 3x2
1 �2a1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

q
sin x2

� �
� u2

)

þ e3

(
2y3x3 2a2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

q
sin x4

� �
� ðy1y3 þ bÞx3

2 � y1y3 � b

þ3x2
2 �x1ðx1 � x3Þ þ 2a1

x1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

p cos x2

 !
� u3

)

þ e4 �2y4x4 �x2ðx3 � x1Þ þ 2a2
x3ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
3

p cos x4

 !
� ðcy3 þ ry4Þx2

4 � cy3

(

�ry4 þ 3x2
3 �2a2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

q
sin x4

� �
� u4

)

ð18Þ
Choose
u1 ¼ 2y1x1 2a1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

q
sin x2

� �
þ ðy2 þ y3Þx2

1 þ y2 þ y3

þ 3x2
4 �x2ðx3 � x1Þ þ 2a2

x3ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

p cos x4

 !
� y1x2

1 � y1 þ x3
4

u2 ¼ �2y2x2 �x1ðx1 � x3Þ þ 2a1

x1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

p cos x2

 !
� ðy1 � ay2 þ y4Þx2

2

� y1 � y4 þ 3x2
1 �2a1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

q
sin x2

� �
� aðy2x2

2 � x3
1Þ
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u3 ¼ 2y3x3 2a2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

q
sin x4

� �
� ðy1y3 þ bÞx3

2 � y1y3 � b

þ 3x2
2 �x1ðx1 � x3Þ þ 2a1

x1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

p cos x2

 !
� y3x2

3 � y3 þ x3
2

u4 ¼ �2y4x4 �x2ðx3 � x1Þ þ 2a2

x3ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

p cos x4

 !
� ðcy3 þ ry4Þx2

4 � cy3

þ 3x2
3 �2a2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

q
sin x4

� �
� rðy4x2

4 þ 2y4 � x3
3Þ
Eq. (18) becomes
_V ¼ �ðe2
1 þ ae2

2 þ e2
3 þ re2

4Þ < 0 ð19Þ
which is negative definite. The Lyapunov asymptotical stability theorem is satisfied. Cubic symplectic synchronization
of the Quantum-CNN system and the Rössler system is achieved. The numerical results are shown in Fig. 1. After 5 s,
the motion trajectories enter a chaotic attractor.

Case II: A time delay symplectic synchronization

We take F1(t) = x1(t � T), F2(t) = x2(t � T), F3(t) = x3(t � T) and F4(t) = x4(t � T). They are chaotic functions of
time, where time delay T = 1 s is a positive constant. H iðx; y; tÞ ¼ ðx2

i þ yiÞðe�t þ 2Þ ði ¼ 1; 2; 3; 4Þ are given. By Eq.
(6) we have
lim
t!1

ei ¼ lim
t!1
ððx2

i þ yiÞðe�t þ 2Þ � yi þ xiðt � T ÞÞ ¼ 0; i ¼ 1; 2; 3; 4 ð20Þ
From Eq. (7) we have
_ei ¼ ð2xi _xi þ _yiÞðe�t þ 2Þ � e�tðx2
i þ yiÞ � _yi þ _xiðt � T Þ; i ¼ 1; 2; 3; 4 ð21Þ
Eq. (8) is expressed as
_e1 ¼ 2x1 �2a1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

q
sin x2

� �
ðe�t þ 2Þ þ ð�y2 � y3Þðe�t þ 2Þ � ðx2

1 þ y1Þe�t

þ y2 þ y3 � u1 � 2a1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1ðt � T Þ
q

sin x2ðt � T Þ

_e2 ¼ 2x2 �x1ðx1 � x3Þ þ 2a1
x1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
1

p cos x2

 !
ðe�t þ 2Þ þ ðy1 � ay2 þ y4Þðe�t þ 2Þ

� ðx2
2 þ y2Þe�t � y1 þ ay2 � y4 � u2 � x1ðx1ðt � T Þ � x3ðt � T ÞÞ

þ 2a1

x1ðt � T Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1ðt � T Þ
p cos x2ðt � T Þ

_e3 ¼ 2x3 �2a2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

q
sin x4

� �
ðe�t þ 2Þ þ ðy1y3 þ bÞðe�t þ 2Þ � ðx2

3 þ y3Þe�t

� y1y3 � b� u3 � 2a2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3ðt � T Þ
q

sin x4ðt � T Þ

_e4 ¼ 2x4 �x2ðx3 � x1Þ þ 2a2
x3ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
3

p cos x4

 !
ðe�t þ 2Þ þ ðcy3 þ ry4Þðe�t þ 2Þ

� ðx2
4 þ y4Þe�t � cy3 � ry4 � u4 � x2ðx3ðt � T Þ � x1ðt � T ÞÞ

þ 2a2
x3ðt � T Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
3ðt � T Þ

p cos x4ðt � T Þ

ð22Þ
where e1 ¼ ðx2
1 þ y1Þðe�t þ 2Þ � y1 þ x1ðt � T Þ, e2 ¼ ðx2

2 þ y2Þðe�t þ 2Þ � y2 þ x2ðt � T Þ, e3 ¼ ðx2
3 þ y3Þðe�t þ 2Þ � y3þ

x3ðt � T Þ, e4 ¼ ðx2
4 þ y4Þðe�t þ 2Þ � y4 þ x4ðt � T Þ.

Choose a positive definite Lyapunov function:
V ðe1; e2; e3; e4Þ ¼
1

2
ðe2

1 þ e2
2 þ e2

3 þ e2
4Þ ð23Þ
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Fig. 1. Time histories of states, state errors, F1, F2, F3, F4, H1, H2, H3 and H4 for Case I.
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Its time derivative along any solution of Eq. (22) is
Plea
Cha
_V ¼ e1 2x1 �2a1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

q
sin x2

� �
ðe�t þ 2Þ þ ð�y2 � y3Þðe�t þ 2Þ � ðx2

1 þ y1Þe�t

�

þy2 þ y3 � 2a1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1ðt � T Þ
q

sin x2ðt � T Þ � u1

�

þ e2 2x2 �x1ðx1 � x3Þ þ 2a1
x1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
1

p cos x2

 !
ðe�t þ 2Þ þ ðy1 � ay2 þ y4Þðe�t þ 2Þ � ðx2

2 þ y2Þe�t

(

�y1 þ ay2 � y4 � x1ðx1ðt � T Þ � x3ðt � T ÞÞ þ 2a1
x1ðt � T Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
1ðt � T Þ

p cos x2ðt � T Þ � u2

)

þ e3 2x3 �2a2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

q
sin x4

� �
ðe�t þ 2Þ þ ðy1y3 þ bÞðe�t þ 2Þ � ðx2

3 þ y3Þe�t

�

�y1y3 � b� 2a2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3ðt � T Þ
q

sin x4ðt � T Þ � u3

�

þ e4 2x4 �x2ðx3 � x1Þ þ 2a2
x3ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
3

p cos x4

 !
ðe�t þ 2Þ þ ðcy3 þ ry4Þðe�t þ 2Þ � ðx2

4 þ y4Þe�t

(

�cy3 � ry4 � x2ðx3ðt � T Þ � x1ðt � T ÞÞ þ 2a2
x3ðt � T Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
3ðt � T Þ

p cos x4ðt � T Þ � u4

)

ð24Þ
Choose
u1 ¼ 2x1 �2a1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

q
sin x2

� �
ðe�t þ 2Þ þ ð�y2 � y3Þðe�t þ 2Þ � ðx2

1 þ y1Þe�t þ y2 þ y3

� 2a1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1ðt � T Þ
q

sin x2ðt � T Þ þ ðx2
1 þ y1Þðe�t þ 2Þ � y1 þ x1ðt � T Þ

u2 ¼ 2x2 �x1ðx1 � x3Þ þ 2a1
x1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
1

p cos x2

 !
ðe�t þ 2Þ þ ðy1 � ay2 þ y4Þðe�t þ 2Þ � ðx2

2 þ y2Þe�t

� y1 � y4 � x1ðx1ðt � T Þ � x3ðt � T ÞÞ þ 2a1

x1ðt � T Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1ðt � T Þ
p cos x2ðt � T Þ

þ aððx2
2 þ y2Þðe�t þ 2Þ þ x2ðt � T ÞÞ

u3 ¼ 2x3 �2a2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

q
sin x4

� �
ðe�t þ 2Þ þ ðy1y3 þ bÞðe�t þ 2Þ � ðx2

3 þ y3Þe�t

� y1y3 � b� 2a2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3ðt � T Þ
q

sin x4ðt � T Þ þ ðx2
3 þ y3Þðe�t þ 2Þ � y3 þ x3ðt � T Þ

u4 ¼ 2x4 �x2ðx3 � x1Þ þ 2a2

x3ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

p cos x4

 !
ðe�t þ 2Þ þ ðcy3 þ ry4Þðe�t þ 2Þ � ðx2

4 þ y4Þe�t

� cy3 � x2ðx3ðt � T Þ � x1ðt � T ÞÞ þ 2a2
x3ðt � T Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
3ðt � T Þ

p cos x4ðt � T Þ

þ rððx2
4 þ y4Þðe�t þ 2Þ � 2y4 þ x4ðt � T ÞÞ
Eq. (24) becomes
_V ¼ �ðe2
1 þ ae2

2 þ e2
3 þ re2

4Þ < 0 ð25Þ
which is negative definite. The Lyapunov asymptotical stability theorem is satisfied. Time delay symplectic synchroni-
zation of the Quantum-CNN system and the Rössler system is achieved. The numerical results are shown in Fig. 2.
After 5 s, the motion trajectories enter a chaotic attractor.

Case III: A cubic time delay symplectic synchronization

We take F1(t) = x4(t)x1(t � T), F2(t) = x1(t)x2(t � T), F3(t) = x2(t)x3(t � T) and F4(t) = x3(t)x4(t � T), where
T = 1 sec is a positive constant time delay. They are chaotic functions of time. H iðx; y; tÞ ¼ x3

i�
ðy3

i sin -it � 1Þ sin -it ði ¼ 1; 2; 3; 4Þ are given. By Eq. (5) we have
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Fig. 2. Time histories of states, state errors, F1, F2, F3, F4, H1, H2, H3 and H4 for Case II.
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Plea
Cha
lim
t!1

ei ¼ lim
t!1
ðx3

i � ðy3
i sin -it � 1Þ sin -it � yi þ xjxiðt � T ÞÞ ¼ 0; i ¼ 1; 2; 3; 4; j ¼

4; i ¼ 1

i� 1; i 6¼ 1

�
ð26Þ
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From Eq. (7) we have
Plea
Cha
_ei ¼ ð3 _xix2
i � ð3 _yiy2

i sin -it þ y3
i -i cos -itÞ sin -it � ðy3

i sin -it � 1Þ-i cos -it � _yi þ _xjxiðt � T Þ þ xj _xiðt � T Þ;

i ¼ 1; 2; 3; 4; j ¼
4; i ¼ 1

i� 1; i 6¼ 1

�
ð27Þ
Eq. (8) is expressed as
_e1 ¼ 3x2
1 �2a1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

q
sin x2

� �
� 3y2

1ð�y2 � y3Þ sin2 -1t � y3
1-1 sin 2-1t

þ -1 cos -1t þ y2 þ y3 � u1 þ �x2ðx3 � x1Þ þ 2a2

x3ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

p cos x4

 !
x1ðt � T Þ

� 2a1x4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1ðt � T Þ
q

sin x2ðt � T Þ

_e2 ¼ 3x2
2 �x1ðx1 � x3Þ þ 2a1

x1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

p cos x2

 !
� 3y2

2ðy1 � ay2 þ y4Þ sin2 -2t

� y3
2-2 sin 2-2t þ -2 cos -2t � y1 þ ay2 � y4 � u2 � 2a1x2ðt � T Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

q
sin x2

þ x1ð�x1ðx1ðt � T Þ � x3ðt � T ÞÞ þ 2a1
x1ðt � T Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
1ðt � T Þ

p cos x2ðt � T Þ

_e3 ¼ 3x2
3 �2a2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

q
sin x4

� �
� 3y2

3ðy1y3 þ bÞ sin2 -3t þ y3
3-3 sin 2-3t

þ -3 cos -3t � y1y3 � b� u3 þ �x1ðx1 � x3Þ þ 2a1
x1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
1

p cos x2

 !
x3ðt � T Þ

� 2a2x2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3ðt � T Þ
q

sin x4ðt � T Þ

_e4 ¼ 3x2
4 �x2ðx3 � x1Þ þ 2a2

x3ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

p cos x4

 !
� 3y2

4ðcy3 þ ry4Þ sin2 -4t

þ y3
4-4 sin 2-4t þ -4 cos -4t � cy3 � ry4 � u4 � 2a2x4ðt � T Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

q
sin x4

þ x3 �x2ðx3ðt � T Þ � x1ðt � T ÞÞ þ 2a2

x3ðt � T Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3ðt � T Þ
p cos x4ðt � T Þ

 !

ð28Þ
where
e1 ¼ x3
1 � ðy3

1 sin -1t � 1Þ sin -1t � y1 þ x4ðtÞx1ðt � T Þ
e2 ¼ x3

2 � ðy3
2 sin -2t � 1Þ sin -2t � y2 þ x1ðtÞx2ðt � T Þ

e3 ¼ x3
3 � ðy3

3 sin -3t � 1Þ sin -3t � y3 þ x2ðtÞx3ðt � T Þ
e4 ¼ x3

4 � ðy3
4 sin -4t � 1Þ sin -4t � y4 þ x3ðtÞx4ðt � T Þ
Choose a positive definite Lyapunov function:
V ðe1; e2; e3; e4Þ ¼
1

2
ðe2

1 þ e2
2 þ e2

3 þ e2
4Þ ð29Þ
Its time derivative along any solution of Eq. (28) is
_V ¼ e1 3x2
1 �2a1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

q
sin x2

� �
� 3y2

1ð�y2 � y3Þ sin2 -1t � y3
1-1 sin 2-1t þ -1 cos -1t þ y2 þ y3

(

þ �x2ðx3 � x1Þ þ 2a2
x3ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
3

p cos x4

 !
x1ðt � T Þ � 2a1x4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1ðt � T Þ
q

sin x2ðt � T Þ � u1

)

þ e2 3x2
2 �x1ðx1 � x3Þ þ 2a1

x1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

p cos x2

 !
� 3y2

2ðy1 � ay2 þ y4Þ sin2 -2t � y3
2-2 sin 2-2t

(
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þ-2 cos -2t � y1 þ ay2 � y4 � 2a1x2ðt � T Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

q
sin x2 þ x1ð�x1ðx1ðt � T Þ � x3ðt � T ÞÞ

þ2a1
x1ðt � T Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
1ðt � T Þ

p cos x2ðt � T Þ � u2

)

þ e3

(
3x2

3 �2a2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

q
sin x4

� �
� 3y2

3ðy1y3 þ bÞ sin2 -3t þ y3
3-3 sin 2-3t þ -3 cos -3t � y1y3

�bþ �x1ðx1 � x3Þ þ 2a1
x1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
1

p cos x2

 !
x3ðt � T Þ � 2a2x2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3ðt � T Þ
q

sin x4ðt � T Þ � u3

)

þ e4 3x2
4 �x2ðx3 � x1Þ þ 2a2

x3ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

p cos x4

 !
� 3y2

4ðcy3 þ ry4Þ sin2 -4t þ y3
4-4 sin 2-4t

(

þ-4 cos -4t � cy3 � ry4 � 2a2x4ðt � T Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

q
sin x4 þ x3ð�x2ðx3ðt � T Þ � x1ðt � T ÞÞ

þ2a2

x3ðt � T Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3ðt � T Þ
p cos x4ðt � T ÞÞ � u4

)

Choose
u1 ¼ 3x2
1 �2a1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

q
sin x2

� �
� 3y2

1ð�y2 � y3Þ sin2 -1t � y3
1-1 sin 2-1t

þ -1 cos -1t þ y2 þ y3 þ �x2ðx3 � x1Þ þ 2a2
x3ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
3

p cos x4

 !
x1ðt � T Þ

� 2a1x4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1ðt � T Þ
q

sin x2ðt � T Þ þ x3
1 � ðy3

1 sin -1t � 1Þ sin -1t � y1 þ x4ðtÞx1ðt � T Þ

u2 ¼ 3x2
2 �x1ðx1 � x3Þ þ 2a1

x1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

p cos x2

 !
� 3y2

2ðy1 � ay2 þ y4Þ sin2 -2t

� y3
2-2 sin 2-2t þ -2 cos -2t � y1 � y4 � 2a1x2ðt � T Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

q
sin x2

þ x1ð�x1ðx1ðt � T Þ � x3ðt � T ÞÞ þ 2a1
x1ðt � T Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
1ðt � T Þ

p cos x2ðt � T Þ

þ aðx3
2 � ðy3

2 sin -2t � 1Þ sin -2t þ x1ðtÞx2ðt � T ÞÞ

u3 ¼ 3x2
3 �2a2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

q
sin x4

� �
� 3y2

3ðy1y3 þ bÞ sin2 -3t

þ y3
3-3 sin 2-3t þ -3 cos -3t � y1y3 � bþ �x1ðx1 � x3Þ þ 2a1

x1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

p cos x2

 !
x3ðt � T Þ

� 2a2x2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3ðt � T Þ
q

sin x4ðt � T Þ þ x3
3 � ðy3

3 sin -3t � 1Þ sin -3t � y3 þ x2ðtÞx3ðt � T Þ

u4 ¼ 3x2
4 �x2ðx3 � x1Þ þ 2a2

x3ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

p cos x4

 !
� 3y2

4ðcy3 � ry4Þ sin2 -4t

þ y3
4-4 sin 2-4t þ -4 cos -4t � cy3 � 2a2x4ðt � T Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

3

q
sin x4

þ x3 �x2ðx3ðt � T Þ � x1ðt � T ÞÞ þ 2a2
x3ðt � T Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
3ðt � T Þ

p cos x4ðt � T Þ
 !

þ rðx3
4 � ðy3

4 sin -4t � 1Þ sin -4t � 2y4 þ x3ðtÞx4ðt � T ÞÞ
Eq. (30) becomes
_V ¼ �ðe2
1 þ ae2

2 þ e2
3 þ re2

4Þ < 0 ð31Þ
which is negative definite. The Lyapunov asymptotical stability theorem is satisfied. Cubic time delay symplectic syn-
chronization of the Quantum-CNN system and the Rössler system is achieved. The numerical results are shown in
Fig. 3. After 5 s, the motion trajectories enter a chaotic attractor.
se cite this article in press as: Ge Z-M, Yang C-H, Symplectic synchronization of different chaotic systems,
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Fig. 3. Time histories of states, state errors, F1, F2, F3, F4, H1, H2, H3 and H4 for Case III.
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4. Conclusions

A new symplectic synchronization of a Quantum-CNN chaotic oscillator and a Rössler system is obtained by the
Lyapunov asymptotical stability theorem. Two different chaotic dynamical systems, the Quantum-CNN system and
the Rössler system, are in symplectic synchronization for three cases: the cubic symplectic synchronization, the time
delay symplectic synchronization and the cubic time delay symplectic synchronization. Symplectic synchronization
of chaotic systems can be used to increase the security of secret communication.
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Abstract

A new general strategy to achieve chaos synchronization by variable strength linear coupling without another active control
is proposed. They give the criteria of chaos synchronization for two identical chaotic systems and two different chaotic dynamic
systems with variable strength linear coupling. In this method, the time derivative of Lyapunov function in series form is firstly
used. Lorenz system, Duffing system, Rössler system and Hyper-Rössler system are presented as simulated examples.

c© 2007 Elsevier Ltd. All rights reserved.

Keywords:Chaos; Synchronization; Linear coupling; Coupled chaotic systems

1. Introduction

In recent years, synchronization in chaotic dynamic system has been a very interesting problem and has been
widely studied [1–3]. Synchronization means that the state variables of a response system approach eventually to that
of a drive system. There are many control techniques to synchronize chaotic systems, such as linear error feedback
control, adaptive control, active control [2–17].

In this paper, a new general strategy to achieve chaos synchronization by variable strength linear coupling is
proposed. This method, in which the time derivative of Lyapunov function in series form is firstly used, can give
either local synchronization which is usually good enough or global synchronization which is usually an unnecessary
high demand [18–21].

This paper is organized as follows. In Section2, synchronization strategy by variable strength linear coupling
without another active control is proposed, in which the Lyapunov function derivative in series form is first used.
In Section3, Lorenz system, Duffing system, Rössler system and Hyper-Rössler system are presented as simulated
examples. In Section4, conclusions are given.
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2. Synchronization strategy by variable strength linear coupling and Lyapunov function derivative in series
form

(a) Consider the following unidirectional coupled identical chaotic systems

ẋ = Ax + f(x)

ẏ = Ay + f(y) + 0(y − x),
(1)

wherex = [x1, x2, . . . , xn]T ∈ Rn, y = [y1, y2, . . . , yn]T ∈ Rn denote two state vectors,A is ann × n constant
coefficient matrix,f is a nonlinear vector function, and0 is ann × n matrix which gives the variable strength of the
linear coupling term(y − x).

In order to study the synchronization ofx andy, definee = y − x as the state error. Error equation can be written
as

ė = Ay + f(y) + 0(y − x) − Ax − f(x). (2)

By Taylor expansion

f(y) − f(x) = f(x + e) − f(x) = f′(x)e+ HOT of e

= F(x)e+ HOT of e, (3)

wheref′(x) is the time derivativef(x), andF(x) = f′(x).

Theorem 1. The chaotic systems in Eq.(1) can be locally completely synchronized, if‖e‖2 is smaller than a bounded
value and0 is chosen such thatA + 0 + F = −C, whereC is a positive definite diagonal matrix.

Proof. Choose a positive definite function as

V(e) =
1

2
eTe. (4)

Then

V̇(e) = eTė

= eT(Ay + f(y) + 0(y − x) − Ax − f(x))

= eT(Ae + 0e+ f(y) − f(x))

= eT(A + 0 + F)e+ HOT of e. (5)

Since ‖e‖2 is smaller than a bounded value and0 is chosen such thatA + 0 + F = −C, Eq. (5) becomes
V̇(e) = −eTCe + HOT of e < 0, since−eTCe is a definite form, the higher-order terms ofe have no influence
on the definiteness oḟV , provided that‖e‖2 is smaller than a bounded value. The proof of this theorem can be found
in [22,23], which is used extensively in the theory of stability of motion. By the Lyapunov asymptotical stability
theorem, the origin of error equation(2) is locally asymptotically stable and the chaotic systems in Eq.(1) are locally
completely synchronized. �

Corollary 1. If f(x + e) − f(x) is a linear function ofe, De, Eq. (5) becomesV̇(e) = eT(A + 0 + D)e. Let
A + 0 + D = −C, then V̇(e) = −eTCe < 0. By the Lyapunov asymptotical stability theorem, the origin of
error equation(2) is globally asymptotically stable. Hence, the chaotic systems in Eq.(1) are globally completely
synchronized. �

(b) Consider the following two unidirectional coupled different chaotic systems

ẋ = Ax + f(x)

ẏ = Ây + f(y) + u, (6)

wherex = [x1, x2, . . . , xn]T ∈ Rn, y = [y1, y2, . . . , yn]T ∈ Rn denote two state vectors,A andÂ are two different
n×n constant coefficient matrices,f is a nonlinear vector function, andu is the coupling vector of which the elements
are functions ofx andy.
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In order to study the synchronization ofx andy, definee = y − x as the state error. Error equation can be written
as

ė = Ây + f(y) + u − Ax − f(x). (7)

By Taylor expansion

f(y) − f(x) = f(x + e) − f(x) = f′(x)e+ HOT of e

= F(x)e+ HOT of e. (8)

Theorem 2. Choose0 = −C − A − F andB = −Ã, whereC is positive definite diagonal matrix and̃A = Â − A.
The chaotic systems in Eq.(6) can be locally completely synchronized, if‖e‖2 is smaller than a bounded value and
u = 0e+ By.

Proof. Choose a positive definite function as

V(e) =
1

2
eTe. (9)

Then

V̇(e) = eTė

= eT(Ây + f(y) + u − Ax − f(x))

= eT(Ãy + Ae + u + f(y) − f(x)). (10)

Let u = 0e+ By, Eq.(10)becomes

V̇(e) = eT(Ãy + Ae + 0e+ By + f(y) − f(x))

= eT(A + 0 + F)e+ eT(Ã + B)y + HOT of e. (11)

Since‖e‖2 is smaller than a bounded value,0 andB are chosen such thatA + 0 + F = −C andB = −Ã, Eq.(10)
becomeṡV(e) = −eTCe+HOT of e < 0. By the Lyapunov asymptotical stability theorem, the origin of error equation
(7) is locally asymptotically stable and the chaotic systems in Eq.(6) are locally completely synchronized.�

Corollary 2. If f(x+e)− f(x) is a linear function ofe, De, Eq.(11)becomeṡV(e) = eT(A +0 +D)e+eT(Ã +B)y.
Let A + 0 + D = −C and B = −Ã, thenV̇(e) = −eTCe < 0. By the Lyapunov asymptotical stability theorem,
the origin of error equation(7) is globally asymptotically stable, and the chaotic systems in Eq.(6) are globally
completely synchronized. �

3. Numerical results for typical chaotic systems

First example forTheorem 1is the R̈ossler system. Consider the following two unidirectional coupled chaotic
Rössler systems:

ẋ1 = −y1 − z1

ẏ1 = x1 + ay1

ż1 = b + z1(x1 − c)

ẋ2 = −y2 − z2 + Γ11e1 + Γ12e2 + Γ13e3

ẏ2 = x2 + ay2 + Γ21e1 + Γ22e2 + Γ23e3

ż2 = b + z2(x2 − c) + Γ31e1 + Γ32e2 + Γ33e3,

(12)

where

A =

0 −1 −1
1 a 0
0 0 −c

 . (13)
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Fig. 1. Chaotic phase portraits for the Rössler system.

Choose a Lyapunov function in the form of a positive definite function:

V(e1, e2, e3) =
1

2
(e2

1 + e2
2 + e2

3) (14)

by Taylor Formula

f(y) − f(x) =

 0
0

z1e1 + x1e3 + e1e3

 =

 0 0 0
0 0 0
z1 0 x1

 e+

 0
0

e1e3


= Fe+ · · · . (15)

Let

0 = −I − A − F =

 −1 1 1
−1 −1 − a 0
−z1 0 −1 + c − x1

 . (16)

According toTheorem 1, we obtain that

V̇ = −e2
1 − e2

2 − e2
3 + HOT of e < 0 (17)

is negative definite when‖e‖2 is smaller than a bounded value. The Rössler systems in Eq.(12) are locally
synchronized. For the initial states (−20, 10, 25), (−21, 10.5, 25) and system parametersa = 0.2, b = 0.2, c = 5.7,
the chaotic phase portraits and state errors versus time are shown inFigs. 1and2.
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Fig. 2. Time histories of errors for two R̈ossler systems.

Second example forCorollary 1is the Hyper-R̈ossler system. Consider the following two unidirectional coupled
chaotic Hyper-R̈ossler systems:

ẋ1 = −x2 − x3

ẋ2 = x1 + ax2 + x4

ẋ3 = b + x1x3

ẋ4 = cx4 − dx3

ẏ1 = −y2 − y3 + Γ11e1 + Γ12e2 + Γ13e3 + Γ14e4

ẏ2 = y1 + ay2 + y4 + Γ21e1 + Γ22e2 + Γ23e3 + Γ24e4

ẏ3 = b + y1y3 + Γ31e1 + Γ32e2 + Γ33e3 + Γ34e4

ẏ4 = cy4 − dy3 + Γ41e1 + Γ42e2 + Γ43e3 + Γ44e4,

(18)

where

A =


0 −1 −1 0
1 a 0 1
0 0 0 0
0 0 −d c

 . (19)

Choose a Lyapunov function in the form of a positive definite function:

V(e1, e2, e3, e4) =
1

2
(e2

1 + e2
2 + e2

3 + e2
4) (20)

f(y) − f(x) =


0
0

y1y3 − x1x3
0

 =


y3 0 0 0
0 0 0 0
0 0 x1 0
0 0 0 0

 e = De. (21)

Let

0 = −C − A − D =


−1 − y3 1 1 0

−1 −1 − a 0 −1
0 0 −1 − x1 0
0 0 d −1 − c

 . (22)
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Fig. 3. Chaotic phase portraits for the Hyper-Rössler system.

Fig. 4. Time histories of errors for two synchronized Hyper-Rössler systems.

According toCorollary 1, we obtain

V̇ = −e2
1 − e2

2 − e2
3 − e2

4 < 0. (23)

The Hyper-R̈ossler systems in Eq.(18) are globally synchronized. For the initial states (−20, 0, 0, 15), (−20, 10.15,
15) and system parametersa = 0.25, b = 3, c = 0.05, d = 0.5, the chaotic phase portraits and state errors versus
time are shown inFigs. 3and4.

Third example forTheorem 2is the Duffing system. Consider the following two unidirectional coupled chaotic
Duffing systems:

ẋ1 = x2

ẋ2 = −δx2 + αx1 − βx3
1 + a cosωt

(24)

Please cite this article in press as: Z.-M. Ge, P.-C. Tsen, Chaos synchronization by variable strength linear coupling and Lyapunov function
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Fig. 5. Chaotic phase portrait for the Duffing system.

ẏ1 = y2 + u1

ẏ2 = −δ̂y2 + α̂y1 − βy3
1 + a cosωt + u2,

whereu = [u1, u2]
T is the coupling term.

A =

[
0 1
α −δ

]
. (25)

Choose a Lyapunov function in the form of a positive definite function:

V(e1, e2) =
1

2
(e2

1 + e2
2). (26)

By Taylor expansion

f(y) − f(x) =

[
0

−βy3
1 + βx3

1

]
=

[
0 0

−3βx2
1 0

]
e+

[
0

−6βx1e2
1 + · · ·

]
= Fe+ H.O.T. ofe. (27)

Let u = 0e+ By

0 = −I − A − F =

[
−1 −1

−α + 3βx2
1 −1 + δ

]
(28)

B = −Ã =

[
0 0

α̂ − α −δ̂ + δ

]
. (29)

According toTheorem 2, we obtain that

V̇ = −e2
1 − e2

2 + HOT of e < 0 (30)

is negative definite when‖e‖2 is smaller than a bounded value. The Duffing systems(24) are locally synchronized.
For the initial states(2, 2), (5, 5) and system parametersα = −0.01, δ = 0.1, β = ω = 1, a = 10, α̂ = 1 and
δ̂ = 0.15, the chaotic phase portrait and state errors versus time are shown inFigs. 5and6.
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Fig. 6. Time histories of errors for two synchronized Duffing systems.

Last example forCorollary 2 is the Lorenz system. Consider the following two unidirectional coupled chaotic
Lorenz systems:

ẋ1 = σ(y1 − x1)

ẏ1 = γ x1 − x1z1 − y1

ż1 = x1y1 − βz1

ẋ2 = σ̂ (y2 − x2) + u1

ẏ2 = γ̂ x2 − x2z2 − y2 + u2

ż2 = x2y2 − β̂z2 + u3,

(31)

whereu = [u1, u2, u3]
T is the coupling term.

A =

−σ σ 0
γ −1 0
0 0 −β

 . (32)

Choose a Lyapunov function in the form of a positive definite function:

V(e1, e2, e3) =
1

2
(e2

1 + e2
2 + e2

3) (33)

f(y) − f(x) =

 0
−x2z2 + x1z1
x2y2 − x1y1

 =

 0 0 0
−z2 0 −x1
y2 x1 0

 e = De. (34)

Let u = 0e+ By

0 = −I − A − D =

 σ − 1 −σ 0
−γ + z2 0 x1

−y2 −x1 β − 1

 (35)

B = −Ã =

 6 −6 0
−17.92 0 0

0 0 4/3

 . (36)

According toCorollary 2, we obtain that

V̇ = −e2
1 − e2

2 − e2
3 < 0 (37)
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Fig. 7. Chaotic phase portraits for the Lorenz system.

Fig. 8. Time histories of errors for two synchronized Lorenz systems.

is negative definite. The Lorenz systems(31) are global synchronized. For the initial states(0.5, 1, 5), (0.6, 2, 5.3)

and system parametersσ = 10, γ = 28, β = 8/3, σ̂ = 16, γ̂ = 45.92 andβ̂ = 4, the chaotic phase portraits and
state errors versus time are shown inFigs. 7and8.

4. Conclusions

In this paper, two theorems for chaos synchronization are proposed by using variable strength linear coupling
without another active control, while the time derivative of the Lyapunov function in series form is firstly used, which
makes the demand for the Lyapunov function derivative as negative sum of the square of state variables, lower. They
give the criteria of chaos synchronization for two identical chaotic systems and for two different chaotic dynamic
systems. Either local synchronization which is mostly good enough or global synchronization which is mostly an
unnecessary high demand, can be obtained. Lorenz system, Duffing system, Rössler system and Hyper-Rössler system
are used as simulation examples which effectively confirm the scheme.
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