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The study of chaotic system has found wide applications in physics, chemistry, biology,
physiology, and various engineerings. Duffing system and van der Pol system are paradigmatic
important chaotic systems. In this project (second year), the study is extended to double Duffing
system and double van der Pol system by suitable coupling. For these paradigmatic and important
systems, the study will be extended and deepened.

Chaos synchronizations are applied in various regions, such as secure communication, neural
networks, self-organization, physical systems, ecological systems and engineering systems, etc.
In this project (second year), a new type of chaos synchronization with theoretical and practical
importance are studied, i.e. pragmatical adaptive generalized synchronization, to correct the
absence of proof of that estimated parameters approach the unknown parameters. The main parts
of our study are:

1. The study of chaos of double Duffing system and double van der Pol system. By phase
portraits, bifurcation diagrams, power spectra, Lyapunov exponents, the various chaotic
behaviors of these systems will be studied. The regions and shapes of the strange attractors,
hyperchaotic behaviors and fractal dimensions will also be studied.

2. By pragmatical stability theory, the pragmatical adaptive synchronization of the above
systems will be obtained. That the estimated parameters approach the unknown parameters
are rigorously proved and illustrated by simulation for double Duffing systems and double
van der Pol systems.
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Abstract

A new general strategy to achieve chaos synchronization by variable strength linear coupling without another active control
is proposed. They give the criteria of chaos synchronization for two identical chaotic systems and two different chaotic dynamic
systems with variable strength linear coupling. In this method, the time derivative of Lyapunov function in series form is firstly
used. Lorenz system, Duffing system, Rossler system and Hyper-Rossler system are presented as simulated examples.

© 2007 Elsevier Ltd. All rights reserved.

Keywords: Chaos; Synchronization; Linear coupling; Coupled chaotic systems

1. Introduction

In recent years, synchronization in chaotic dynamic system has been a very interesting problem and has been
widely studied [1-3]. Synchronization means that the state variables of a response system approach eventually to that
of a drive system. There are many control techniques to synchronize chaotic systems, such as linear error feedback
control, adaptive control, active control [2—17].

In this paper, a new general strategy to achieve chaos synchronization by variable strength linear coupling is
proposed. This method, in which the time derivative of Lyapunov function in series form is firstly used, can give
either local synchronization which is usually good enough or global synchronization which is usually an unnecessary
high demand [18-21].

This paper is organized as follows. In Section 2, synchronization strategy by variable strength linear coupling
without another active control is proposed, in which the Lyapunov function derivative in series form is first used.
In Section 3, Lorenz system, Duffing system, Rossler system and Hyper-Rossler system are presented as simulated
examples. In Section 4, conclusions are given.
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Taiwan, ROC. Tel.: +886 3 5712121x55119; fax: +886 3 5720634.
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We study the synchronization of general chaotic systems which satisfy the Lipschitz condition only,
with uncertain chaotic parameters by linear coupling and pragmatical adaptive tracking. The un-
certain parameters of a system vary with time due to aging, environment, and disturbances. A
sufficient condition is given for the asymptotical stability of common zero solution of error dynam-
ics and parameter update dynamics by the Ge—Yu—Chen pragmatical asymptotical stability theorem
based on equal probability assumption. Numerical results are studied for a Lorenz system and a
quantum cellular neural network oscillator to show the effectiveness of the proposed synchroniza-
tion strategy. © 2008 American Institute of Physics. [DOL: 10.1063/1.3049320]

Theoretical and experimental investigations have shown
that synchronization, in particular chaos synchroniza-
tion, has great potential in a large amount of application
areas ranging from secure communications to modeling
brain activity. In this paper, we introduce a synchroniza-
tion of chaotic systems with uncertain chaotic parameters
by linear coupling and pragmatical adaptive tracking.
Based on pragmatical stability theorem and Lipschitz
condition, some less conservative conditions for determin-
ing linear coupling synchronization of general chaotic
systems are obtained. Two examples are simulated to il-
lustrate the validity of the theoretical analysis.

I. INTRODUCTION

The idea of synchronizing two identical chaotic systems
with different initial conditions was introduced by Pecora
and Carroll." Since then there has been particular interest in
chaotic synchronization, due to many potential applications
in secure communication,2 chemical and biological
systems.3 “ There are many control methods to synchronize
chaotic systems, such as, linear coupling, for which the
implementation is rather easy, adaptive control, impulsive
control, sliding mode control, and other methods.” Most of
them are based on the exact knowledge of the system struc-
ture and parameters. But in practice, some or all of the sys-
tem parameters are uncertain. Moreover these parameters
may change from time to time and become chaotic because
of chaotic disturbances. For uncertain parameters, a lot of
works have proceeded to solve this problem by adaptive
synchroniza\tion.ﬁ_12 In the current scheme of adaptive
synchroniza‘cion,w_15 the traditional Lyapunov stability theo-
rem and Barbalat lemma are used to prove that the error
vector approaches zero as time approaches infinity. But the
question, why the estimated parameters also approach the
uncertain parameters, has remained without answer. From
the Ge—Yu—Chen (GYC) pragmatical asymptotical stability
theorem,'®™'® the question is strictly answered. In this paper,

1054-1500/2008/18(4)/043129/11/$23.00
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the synchronization of general chaotic systems which satisfy
the Lipschitz condition only, with unknown parameters
which are altered under some chaotic disturbances, by linear
coupling and pragmatical adaptive tracking, is studied first.

As numerical examples, the Lorenz system and recently
developed quantum cellular neural network (Quantum-CNN)
chaotic oscillator are used. Pragmatical adaptive tracking is
used to track chaetic parameters in unidirectional coupled
systems. Two Lorenz systems and two Quantum-CNN sys-
tems by pragmatical adaptive tracking are given as simula-
tion examples. Quantum-CNN oscillator equations are de-
rived from a Schrodinger equation taking into account
quantum dots cellular automata structures to which in the last
decade a wide interest has been devoted with particular at-
tention towards quantum computing.lgf21

This paper is organized as follows: In Sec. II, by prag-
matical asymptotical stability theorem and by using Lips-
chitz conditions, theoretical analysis of synchronization is
given. In Sec. III linear feedback controllers are used. By
pragmatical adaptive tracking, chaos synchronization of two
Lorenz systems and of two Quantum-CNN oscillator systems
are achieved by numerical simulations. Conclusions are
given in Sec. IV. GYC pragmatical asymptotical stability
theorem is presented in the Appendix. Intuitively this theo-
rem is different from traditional Lyapunov stability theorem
at that when the points in the neighborhood of zero solution
initiating trajectories not approaching zero with time are “not
too many,” i.e., in a subset of Lebesque measure 0 in math-
ematical language,22 we can neglect their existence, i.e., the
zero solution is actually asymptotically stable.

Il. STRATEGY OF THE CHAOTIC SYNCHRONIZATION

Consider a nonautonomous system in the form as
follows:

x=Fl1,x,B@1)]. (1)

The slave system is given by

© 2008 American Institute of Physics
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X is a 5-manifold, m=n—p=9-4=5. m+1<n is satisfied.
From the GYC pragmatical asymptotical stability theorem,
error vector e approaches zero and the estimated parameters
also approach the uncertain parameters. The equilibrium

point e,:aj:aj:é:o (i=1,2,3,4; j=1,2) is asymptoti-
cally stable. Moreover, the result is global asymptotically
stable (see Appendix). The numerical results of the time se-

ries of states, state errors, parameters and estimated Lipschitz
constant G are shown in Fig. 6. The chaos synchronization is

accomplished near 3 s. G approaches constant also near 3 s.
The coupling strength required is K=2G=5.62.

IV. CONCLUSIONS

Using the Lipschitz condition, the synchronization of
Lorenz chaotic systems and of Quantum-CNN chaotic oscil-
lator systems with uncertain chaotic parameters by linear
coupling and pragmatical adaptive tracking are accomplished
by the GYC pragmatical asymptotical stability theorem.
Tracking uncertain chaotic parameters is first studied in this
paper. This is of practical interest, because system param-
eters may be varied chaotically due to aging, environment,
and disturbances. Two Lorenz systems are synchronized for
chaotic parameters M <n. Two Quantum-CNN systems are
synchronized for chaotic parameters M =n. The simulation
results imply that this scheme is very effective. By GYC
pragmatical asymptotical stability theorem, the question,
why the estimated parameters approach the uncertain param-
eters, has been strictly answered and verified by numerical
simulations.
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APPENDIX: GYC PRAGMATICAL ASYMPTOTICAL
STABILITY THEOREM

The stability for many problems in real dynamical sys-
tems is actual asymptotical stability, although it may not be
mathematical asymptotical stability. The mathematical as-
ymptotical stability demands that trajectories from all initial
states in the neighborhood of zero solution must approach
the origin as r— oo, If there is only a small part or even a few
of the initial states from which the trajectories do not ap-
proach the origin as t— o, the zero solution is not math-
ematically asymptotically stable. If the probability of occur-
rence of the event that the trajectories from the initial states
are that they do not approach zero when r— o, i.e., these
trajectories are not asymptotical stable for zero solution, is
zero, the stability of zero solution is actual asymptotical sta-
bility though it is not mathematical asymptotical stability. In
order to analyze the asymptotical stability of the equilibrium
point of such systems, the pragmatical asymptotical stability
theorem is used. The conditions for pragmatical asymptotical

Chaos 18, 043129 (2008)

stability are more slack than that for traditional Lyapunov
asymptotical stability.

Let X and Y be two manifolds of dimensions m and n
(m<n), respectively, and ¢ be a differentiable map from X
to Y; then ¢(X) is a subset of the Lebesque measure 0 of ¥ 22
For an autonomous system

Xx=fxg, ....x,), (A1)

where x=[x,,...,x,]" is a state vector, the function f
=[f,.....f,]" is defined on D CR", an n-manifold.

Let x=0 be an equilibrium point for the system (Al).
Then

f(0)=0. (A2)

For a nonautonomous system,

xzf(xl’ ""xn+l)’ (AS)
where x=[x,,...,x,,,]", the function f=[f,....f,]" is de-

fined on DCR"XR,, here t=x,,CR,. The equilibrium
point is

f(O’an) =0. (A4)

Definition. The equilibrium point for the system is pragmati-
cally asymptotically stable provided that with initial points
on C which is a subset of the Lebesque measure 0 of D, the
behaviors of the corresponding trajectories cannot be deter-
mined, while with initial points on D—C, the corresponding
trajectories behave as those that agree with traditional as-
ymptotical stability.

Theorem: Let V=[x,,x,,...,x,]": D—R, be positive
definite and analytic on D, where x;,x,,...,x, are all space
coordinates such that the derivative of V through Egs. (Al)
or (A3), V, is negative semidefinite of [x;,x,,...,x,]".

For an autonomous system, let X be the m-manifold con-
sisting of a point set for which Vx+#0, V(x)=0 and D is an
m-manifold. If m+1<n, then the equilibrium point of the
system is pragmatically asymptotically stable.

For a nonautonomous system, let X be the
m+ 1-manifold consisting of the point set for which Vx# 0,
V(x{,X5,...,x,)=0, and D is an n+l-manifold. If m+1+1
<n+1, i.e.,, m+1<n, then the equilibrium point of the sys-
tem is pragmatically asymptotically stable. Therefore, for
both autonomous and nonautonomous systems, the formula
m+1<n is universal. So the following proof is only for an
autonomous system. The proof for the nonautonomous sys-
tem is similar.

Proof: Since every point of X can be passed by a trajec-
tory of Eq. (A1), which is one-dimensional, the collection of
these trajectories, C, is an (m+1)-manifold.16’17

If m+1 <n, then the collection C is a subset of Lebesque
measure 0 of D. By the above definition, the equilibrium
point of the system is pragmatically asymptotically stable.

If an initial point is ergodicly chosen in D, the probabil-
ity of that the initial point falls on the collection C is zero.
Here, equal probability is assumed for every point chosen as
an initial point in the neighborhood of the equilibrium point.
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ABSTRCACT

In this paper, we derive some less stringent conditions for the exponential and asymptotic
stability of impulsive control systems with impulses at fixed times. These conditions are then used
to design an impulsive control law for Quantum Cellular Neural Network chaotic system, which
drives the chaotic state to zero equilibrium and synchronizes two chaotic systems. An active sliding
mode control method is synchronizing two chaotic systems and controlling chaotic state to periodic
motion state. And a sufficient condition is drawn for the robust stability of the error dynamics, and
is applied to guiding the design of the controllers. Finally, numerical results are used to show the
robustness and effectiveness of the proposed control strategy.

1. Introduction.

Chaotic system exhibits unpredictable and irregular dynamics and it has been found in many
engineering systems. Interestingly, chaotic models can describe complex dynamics with only few
nonlinear equations without any random external inputs and small differences in the initial state can
lead to extraordinary differences in the system state. Since Ott, Grebogi, and Yorke proposed the
OGY method [1], a method of controlling chaos, ‘controlling of chaos’ is receiving increasing
attention within the area of non-linear dynamics [2,3]. It has many applications in various systems
while it is unfavorable in many other cases due to its irregular behavior. Therefore, both chaos
utilization and elimination are important depending on the specific applications. Chaos control is an
effective method for both chaos utilization and elimination and has been thoroughly studied in
various fields of science.

Since the seminal work of Pecora and Carroll [4], there has been an interesting and potential
topic in recent years in the study of chaos synchronization in physics, mathematics and engineering

1



p11=32, p12=27, p13=49, p14=31, p21=32, p22=27, p23=49, p24=31.
The result is shown in Figs. 4~5 for unidirectional linear coupling and bi-directional linear
coupling, respectively.

4. Conclusions

Two chaotic Quantum-CNN systems are synchronized by three methods: unidirectional linear
coupling by impulse control, bi-directional linear coupling by impulse control and variable structure
control. The chaos controls of a Quantum-CNN system are also studied. The impulse control, and
variable structure control are used to suppress chaos to fixed point or regulation motion. Numerical
simulations are used to verify the effectiveness of the proposed controllers. These chaos
synchronization and control methods can be also used for other chaotic systems.
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Abstract

In this paper, a new symplectic synchronization of chaotic systems is studied. Traditional generalized synchroniza-
tions are special cases of the symplectic synchronization. A sufficient condition is given for the asymptotical stability of
the null solution of an error dynamics. The symplectic synchronization may be applied to the design of secure commu-
nication. Finally, numerical results are studied for a Quantum-CNN oscillators synchronized with a Rossler system in
three different cases.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

Many approaches have been presented for the synchronization of chaotic systems [2-6]. There are a chaotic master
system and either an identical or a different slave system. Our goal is the synchronization of the chaotic master and the
chaotic slave by coupling or by other methods.

Among many kinds of synchronizations [7], generalized synchronization is investigated [8—12]. There exists a func-
tional relationship between the states of the master and that of the slave. In this paper, a new synchronization

y:H(xvyat)+F(t) (l)

is studied, where x, y are the state vectors of the “master”” and of the “‘slave”, respectively, F(¢) is a given function of
time in different form, such as a regular or a chaotic function. When H{(x,y, ) = x, Eq. (1) reduces to the generalized
synchronization given in [1]. Therefore this paper is an extension of [1].

In Eq. (1), the final desired state y of the ‘“’slave” system not only depends upon the “master” system state x but also
depends upon the “‘slave” system state y itself. Therefore the “slave” system is not a traditional pure slave obeying the
“master” system completely but plays a role to determine the final desired state of the ““slave’ system. In other words, it
plays an “interwined” role, so we call this kind of synchronization “symplectic synchronization™', and call the “master”
system partner A, the “slave” system partner B.

* Corresponding author. Tel.: +886 3 5712121; fax: +886 3 5720634.
E-mail address: zmg@cc.nctu.edu.tw (Z.-M. Ge).
' The term “symplectic”” comes from the Greek for “interwined”. H. Weyl first introduced the term in 1939 in his book “The
Classical Groups” (p. 165 in both the first edition, 1939, and second edition, 1946, Princeton University Press).
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4. Conclusions

A new symplectic synchronization of a Quantum-CNN chaotic oscillator and a Rossler system is obtained by the
Lyapunov asymptotical stability theorem. Two different chaotic dynamical systems, the Quantum-CNN system and
the Rossler system, are in symplectic synchronization for three cases: the cubic symplectic synchronization, the time
delay symplectic synchronization and the cubic time delay symplectic synchronization. Symplectic synchronization
of chaotic systems can be used to increase the security of secret communication.
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