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Appendix 1
Let
Ry, (u)=F ,s(u), n=12,.,F.

Steady state equations:
0=—pFo+F;(0),

—(d/du)R,, (u)=—pBP,,s(u)+Py,1(0)s(u), 1<n<F,

—(d/du)R,, (u)=Py,,1(0)s(u), F+1<n<K-1,

—(d/du)Py  (u) = AP, (u),

0=—-AF,+ fF,+F,(0),

—(d/du)P,; (u)=—=AP, (u)+ BPys(u)+AP.gs(u)+ P, (0)s(u),

—(d/du)P,, (u)=—=AP,, (u)+ BP,,s(u)+ AP, ;(u)+ P, (0)s(u), 2<n<F,

—(d/du)P,, (u)==AP,, (u)+ AP, 4 (u)+P,..(0)s(u), F+1<n<K-2,

—(d/du)P,y_; (U)==2P, 4 (U)+ AP, ().

Further define
S (0)=[7e™dS(u)=] e "s(u)du,

B, (0)=I; ¢ "By, (u)du,

1)

@)

(3)

(4)

()

(6)

()

(8)

(9)



R, (0)=]7¢ ™R, (u)du,

B,=h,0)=[ 5B, (u)dy,

*

R,=F,(0)=[;F,(u)du,

o —fu 0 N
“e 6 EPW (u)duzGPOy,, (6’)—Po,n (0)’

and

o0 —Bu 6 *
[oe o EP” (u)du =0R, (6’)—]’1,” (0)

Therefore if the LST is taken of both sides of (1)-(9) , it is found that
~0F;,(0)=-PF,,S"(0)+ Fy (0)S" ()~ B, (0). 1sn<F,

0,n+1

*

_GPO,n (0) =h

0,n+1

(0)S"(6)-PR,,(0), F+1<n<K -1,

*

_‘9P0,K (‘9) = /1P1TK (‘9) - PO,K (0),
(4- G)Plfl (0)= ﬂPO,IS* (0)+ /“01,05* (0)+ P, (O)S* (6)-£,(0),
(2-0)R,(0)=pBR,,S (0)+ AR, (0)+P,.(0)S"(0)-R,(0), 2<n<F,

(1-0)E,,(0)=4E, ,(6)+ &

1,n+1

(0)S™(6)-R,(0), F+1<n<K-2,

*

(ﬂv - 9)})1,1(—1 (9) = lPlTK—Z (‘9) Pk (0)

(10)

(11)

(12)

(13)

(14)

(15)

(16)



Appendix 2

The recursive method is developed to obtain 7,(0) and P, (0).

Our

solution algorithm will first obtain £, (0) (1<»<K) which are then used for finding

F,,(0). We get

n,o<n<F-1

Cuet
P, (0)= P,., 1<n<K, where =
0 (0)=F 2 By 1 & {F,FSnsK,

and

1<n<F
PO’”“ (O)Z_ﬂ(p",FPO,H +P0,n (O)a 1S7’ZSK—1, Where @n,F :{1, o

Using (28) in (20) and (21), we get

P (0)={[1-S"()]/6}R,,(0), 1<n<K-L1.

Taking lim, ,, in(29)and using L'Hospital's rule once gives

*

Pn(0)=5P,(0), 1sn<K-1,

where s, =—s""(0) is the mean service time.

Using (17) in (20), we have
B ,(0)=¢,P,, 1<n<K-1,

1 n=0,

where ¢, =1
& {slﬁ(l+slﬁ)¢“, 1<n<K.

0, otherwise.

(17)

(18)

(19)

(20)

(21)

(22)



*

Thus, F,(0), B,(0),..., B x_(0) can be obtained by using (21).

Next, we derive the expressions of 7, (0) (1<n<K) interms of Fyand F,,. Using

(11) in (13)-(14) and then setting &= in (13)-(16), we finally obtain

R2(0)=[ P1(0)~ BhPyoS (2) — AP,eS"(2) ] /S7(2), (23)
Pt (0)=[ Py (0)= B ethPrgS (1) = AP, 1 (4)]/S™(A), 2<n <K -2, (24)
B x1(0)= 2B, (2). (25)

To obtain B, (1) (1sn<K-1) in (24)-(25), using (21) in (13)-(14) again,

differentiating (13)-(16) (/-1) times with respect to ¢ and setting ¢=4, we finally
get
P (2)==(S A 1) AP + BhPog + AP (0)], =1 K =2, (26)

P (2) = @) Pua (08 (2) + B ehPoS ™ (2) + 2R (2) ]
where 2<n<K-2,1=1,... K-n-1,

(27)

*

P:L,K—l(ﬂ):_ﬂplz((l)—Z (4), (28)

where B (2)=F,,(2) and s™)(6)=(d'/d6")S"(6) denote the Ith derivative of S(9).

Solving (26)-(28) recursively, we obtain

*

* ¢n * n *
Pin(2)=—L,S"(4) P~ El[ﬂfn_mc’j.s (A) ] A]Poo = _:Zl[fn_ms (4)/ 21P,;.4(0),
1<n<K-]

(29)

where



_[(—2\"g (M IQ* _
gn:{ (=4S (2) IniS" ()], 1< <K -1 )
0, otherwise.
Using (29) in (24), we can obtain
* n-2 Cn-2
P (0)=I0/S (AP, 5 (0)+ X zniﬁ,m(ow[ S it —%LM Poo e
+ Al 5P, 3EN<K -1,
We further define
1, n=0,
‘Pn =< > K K. K, n=1 2,..,.K-3 T, Ty, T e{l,Z,---,n} (32)
1<k<n gy +7,++7,=n
0, otherwise,
where
[/S"(A)]+ ¢, n=1,
Ky=140,, n=2,3--,K-3 (33)

otherwise.

Remark: The representative meaning of the above formulation (32) is to sum up all
possible products of k xs in which the total of subscript values of x equals n. We

give an easily understood example for n = 4:
Y, =Kk, + KK + KKy + KKy + KK Ky + KKK + KK K + K KKK

_ 2 2 4
=K, + 2Kk, +K) + 3K, K, + K .

Using (32) and (33) to solve (31) recursively, and including (5) and (23), we finally get

B, (0):

P

1,n

A(1)Bg+B(1) By, (34)

(0)=2¥,.[A4())By+B())By | 2<n<K -1, (35)

i=2



A, n=1,

A(n)=4A[1-S"(A)]/S7(2), n=2, (36)
A, 3<n<K-1,
-p, n=1,

B(n)=1-All+¢ S (DS (A), n=2, (37)

Cn-2
ﬂ a én—i—1¢| _ﬂ(/7n—1,|=¢n_1, 3<n<K-1.

Substituting (35), (34), and (25) into (29) finally yields

Po =—{§2€Ki1i§‘{‘(i - j+1)B(j)+ 3 [¥(K —i—1)B(i)/S*(/1)]+g_K§2,B€Kilﬂ} /
T . ) (39)
{ 2 hem 2 V(- i+ A1)+ 2 T¥(K —i—1)A(i)/S*(/1)]+MK_2}}PO’O

i=1

Finally, we develop the steady-state probabilities PL*n(O) in terms of R ,. Setting

#=0 in (13)-(16) we have

* ¢n
7,(0)= WA A5 AP+ Rs(0)] 05 n< K2 )
Pik1(0)= (ﬂ/l)é(/ﬁ,%‘o. (40)

As P,(0), B,(0),..., Px,(0) and B, are known, R(0), 7,(0),..., B (0) can

be determined recursively using (39) and (40) in terms of £ .

Now the only unknown quantity is 7, . (0) which can be obtained from (12). To find it,

differentiating (12) with respectto ¢ and setting =0, we have



*

B (0) =271, (0). (@)

To find AP, (0), differentiating (13)-(16) with respect to & and setting 6=0, we

finally obtain
P (0)=| Pa+ BPooS (0 + 2R ™(0)+ P, (0)S™(0) ] /2, (42)

P (0)=| Pun + BonethPooS ™ (0)+ 2R (0)+ R, (S [/ 2, 25nsK -2, (43)
P (0) =[ Py + 2R, (0)] /2 (44)

As B (0) is known completely from (52), the values FV(0) for n=2,3,.,K -1

can be found recursively from (43) and (44). Therefore we obtain

* K-1 * F * K-1 *
R0 =W )| 'R+ AP OL 4R, S OLR 0+ RSO @)

Substituting (45) into (41), we have
Py (0) = —[Kil L+ BSOS 4Py + 5 (0) SR, (0)+ 2P, (o)}. (46)
i=1 i=1

i=2

*

So F,(0), B,(0),..., B, (0) is known in terms of F,,, which can be determined

using the normalizing condition

K K-1
EOPOJ + EO F,=1 (47)



