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Abstract

The paper studies the performance of cooperative Automatic-Repeat-reQuest
(ARQ) protocols that employ opportunistic distributed space-time coding (ODSTC)
for signal relaying. According to the relay selection methods in ARQs, three
types of protocols are considered herein which allow us to examine the
efficiencies of ODSTC in regards of the number of ARQs, the methods for relay
selections and the number of relays for ODSTC. The efficiencies are studied
from both the perspective of diversity and multiplexing tradeoff and the
viewpoint of the delay and outage limited throughput. Analysis shows that the
efficiencies are highly dependent on the link qualities of the relay channels.
When the link quality between the source and the relays, or the quality between
the relays and the destination are much stronger than the quality between the
source and the destination, then simple protocols that use at most two active
relays for ODSTC (ODSTC2), with the candidate relays determined only once at
the start of relaying with ODSTC, are good enough to provide a near optimal
performance. Other than these two extreme channel environments, the performance
of ARQ i1s typically limited by the number of relays available for ODSTC. This
relay shortage problem can be resolved by allowing idle relays to overhear the
signals sent by active relays, and to participate in ODSTC of the subsequent
ARQs once decoding the data. According to our theoretical and simulated analysis,
in general, a significant throughput enhancement can be obtained via using an
appropriate ARQ protocol that employs ODSTC2 for two times of retransmissions,
and no more than five relays are practically necessary for the entire system.
These features of ODSTC may have more profound effects on the system throughput
from a cross-layer point of view when considering the queuing advantage of ODSTC
over a DSTC protocol that may involve more numbers of retransmissions in ARQ.

Keywords
Cooperative relaying, opportunistic DSTC, ARQ, DMT and the delay and outage
limited throughput.

I. INTRODUCTION

Cooperative communications have emerged as a new paradigm for wireless
communications. Since the work of [1-4], a host of cooperative schemes have
been introduced to enhance the system capacity and/or transmission reliability,
either through user cooperations or via signal relaying (see [5-12] and the
references therein). In view of the cost advantages of relay stations and the
performance enhancement that can be brought about with signal relaying,
cooperative relaying has been incorporated in IEEE802.16;j [13] and other more
advanced international standards like IEEE802.16m [14] and 3GPP LTE-Advanced
[15], which are under development for the fourth generation cellular networks.

To exploit the spatial diversity offered by distributed relays, distributed
versions of space-time coding (DSTC) and beamforming (DBF) schemes have been
widely studied and reported in literatures, (see e.g. [7,12,16] among
others), following the notions of decode-and-forward (DF) or
amplify-and-forward (AF) relaying introduced in [2,3]. However, to fully
exploit the rich diversities available from multiple relays, the design and



implementation of DSTC turn out to be a complicated task when considering the
various numbers of relays that can possibly decode the data. In view of the
complexities involved in using multiple relays, an opportunistic relaying (OR)
scheme that chooses only one out of a set of available relays for forwarding
signals is proposed in [10]. By using the relay that possesses the best link
quality to the destination, the OR scheme can exploit the full diversity
provided by the entire set of relays, and is shown to be optimal when subject
to a total power budget for the entire set of relays. Based on a similar idea
to OR, an opportunistic relaying scheme that uses the distributed Alamouti code
(DAC) is studied in [17]. Assuming an individual power constraint for each relay,
the outage probabilities for various types of relay selection methods are
discussed therein.

In contrast to the rich diversities offered by cooperative relaying, the
multiplexing gain is typically lower for the two-phase half-duplex relaying
[3]. To cope with this capacity penalty due to half-duplex relaying (HDR), a
dynamic DF (DDF) scheme is proposed for HDR in [5], which is shown to achieve
the diversity-multiplexing tradeoff (DMT) of the contrast multiple-input and
single-output (MISO) channel [3] when the multiplexing gain is less than 0. 5.
Moreover, if the relays have the channel state information (CSI) prior to
transmissions, [9] shows that the MISO upper bound of DMT can be achieved with
the compress—and-forward (CF) HDR [4].

Alternative to the aforementioned physical-layer methods to improve the DMT
of the two-phase HDR, cross-layer approaches with Automatic-Repeat-reQuest
(ARQ) can be combined with cooperative relaying to alleviate the loss of
multiplexing gain either [6,18-20]. Applying DSTC for cooperative ARQ, [18]
shows that the effective throughput can be improved either with a simple ARQ
or a hybrid type of ARQ (HARQ) with chase combining. Besides, exploiting the
extra degrees of freedom of fered by cooperative ARQ, [6,19] also demonstrate
that both the diversity and the multiplexing gains can be increased via HARQ
with incremental redundancy. Motivated by the simplicity of OR, relay selection
schemes are proposed in [21] (and the reference therein) for cooperative ARQ
protocols to exploit the spatial and temporal diversities with opportunistic
AF relaying [10].

Making use of the simplicity of opportunistic relaying and the throughput
enhancement via ARQ, we study herein cooperative ARQ protocols that use
opportunistic DSTC (ODSTC) for the DF HDR. To characterize the efficiency of
ODSTC in cooperative relaying, we first quantify the loss of the signal to noise
ratio (SNR) in the outage probability of using an arbitrary number of the
available relays for ODSTC than using all of them for DSTC. Furthermore, to
examine the effectiveness of the relay reselection function required for ODSTC,
we study three types of ARQ protocols which involve different degrees of
coordinations among the relays to apply the ODSTC in ARQs. According to the
levels of the complexities for coordinations, the three types of protocols
employ, respectively, the regular DSTC with fixed relays in the Type-A, relay
reselection prior to ODSTC in the Type-B and the combination of overhearing
and relay reselection followed by ODSTC in the Type-C protocols, after the first
round of ARQ that uses ODSTC. Despite the overhearing function that allows the



Type-C protocol to enlarge the set of available relays during the process of
ARQs, the three types of protocols are in fact the same for the first ARQ, which
allows us to compare the performance of ARQ that uses ODSTC with the one that
uses the regular DSTC, given the same number of relays for space-time coding
(STC). Besides, the different functions in the subsequent ARQs allow us to
evaluate the effectiveness of the additional procedure for relay reselections
and compare the efficiencies of their corresponding ARQ protocols either from
the perspective of DMT or from the viewpoint of the delay and outage limited
throughput.

According to the system parameters that may affect the outage probabilities
of the ARQ protocols, we study the protocols’ efficiencies in regards of the
number of ARQs, the methods for relay reselections and the number of relays
used for ODSTC. Besides, we also examine the effects of the link qualities of
the cooperative channels on the performance of the three types of protocols.
Analysis shows that either the DMTs or the throughput of these protocols are
highly dependent on the ratios of the link qualities among the source, relays
and the destination. When the ratio « of the link quality from the source to
the relays (S-R) to the link quality from the source to the destination (S-D)
1s high enough, the relay channel degenerates to a MISO one at high SNR. The
Type-B protocol can achieve the DMT of the Type-C protocol in this class of
channels. On the contrary, when the ratio /5 of the link quality from the relays
to the destination (R-D) to the link quality of S-D is high enough, then the
relay channel resembles a single input and multiple output (SIMO) channel with
antenna selection. The destination in this case can decode the data as long
as any one of the relays is able to do so. As a result, the three types of
protocols perform exactly the same in this class of channels. Other than these
two extreme operating environments, in ordinary relay channels the diversities
of ARQs are typically limited by the cardinality, D, of the set Sp of relays
that successfully decode the data. Only the Type-C protocol can resolve this
relay shortage problem and achieve the full diversity of cooperative ARQ by
allowing relays &€ Sp to overhear the signals sent by the active relays € Sp,
and to participate in ODSTC once becoming € Sp in the subsequent ARQs.

On the other hand, according to the efficiency analysis for the throughput
in ordinary relay channels, the S-R to S-D link ratio, «, can be roughly
partitioned into three operating regimes as well. When « is large enough such
that D 1s very close to the total number of relays in the system, then using
at most two active relays for ODSTC (ODSTC2) in the Type-B protocol provides
a near optimal throughput. However, when « 1s small such that D =1 with high
probability, then the Type-C protocol with ODSTCZ is capable enough to resolve
this relay shortage problem and provide significant throughput enhancement
through its repetitive process of overhearing and relay reselection. Other than
these two extreme channel conditions, either the Type-A protocol with ODSTC2
or the Type-B protocol with OR provide satisfactory throughput. Based on our
theoretical and simulation studies, in general, no more than five relays are
practically necessary for the entire system, and using ODSTCZ for two times
of ARQs 1s good enough to offer a significant throughput enhancement with the
proposed ARQ protocols, as opposed to the four times or more of ARQs that use



randomly selected relays for DAC relaying. This advantage of cooperative ARQ
with ODSTC may have a more profound effect on the overall system throughput
froma cross-layer point of view [22, 23], when considering the queuing advantage
of ODSTC2 over a DSTC that may involve more relays with probably more numbers
of retransmissions.

The paper is organized as follows. We introduce in Section II the problem
setting for cooperative ARQ based on relaying with ODSTC and review some results
on the outage probabilities to be used in the subsequent analysis. Following
the approach of outage analysis, the effectiveness and the DMT of relaying with
ODSTC are analyzed in Section III. Based on the idea of ODSTC relaying, the
retransmission schemes and the outage probabilities of the three types of ARQ
protocols are studied in Section IV followed by their DMT analysis in Section
V. According to the outage analysis, we study in Section VI the delay and outage
limited throughput for the proposed ARQ protocols, and characterize their
efficiencies with respect to the number of ARQs and the number of active relays
used for ODSTC. The concluding remarks are provided in Section VII.
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Fig. 1. A cooperative ARQ protocol that uses the Alamouti STC for opportunistic relaying. The green nodes
stand for the relays that have decoded the data, while the red nodes stand for the relays or the destination that
have not done so. The yellow nodes are th active nodes that are transmitting the data.

II. PRELIMINARY

We consider a relay-assisted communications system as illustrated in
Fig. 1. Within the system, there are M relays to help retransmit the signals.
In the beginning of a packet transmission, the source first broadcasts (BC)
1ts signal to the relays and the destination. The set of relays that successfully
decode the signal is referred to as the decoding set and is denoted by Sp. In
case of reception failures at the destination, relays in S&p are assumed to be
able to jointly retransmit the data with DSTC schemes if Sp is not an empty
set, denoted by Sp # 0. Otherwise, the source will rebroadcast the signal until
either Sp # 0 or the destination is able to successfully decode the signal.
To simplify our performance investigations, each of the source, destination
and relays is assumed to have one antenna.

Inspired by the simplicity of OR and the throughput enhancement via ARQ,
we will investigate in the sequel the DMT and the delay and outage limited
throughput for cooperative ARQ protocols based on ODSTC relaying. To reduce
the complexity in analysis, we perform our investigations from the outage
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probability point of view. The relay channels are considered flat faded and
complex Gaussian distributed with zero mean and unit variance, denoted by

~ CN(0,1). Furthermore, channel coefficients are assumed unchanged within the
duration of a transmission, and change randomly according to CN(0,1) from one
transmission to another. Inaddition, to simplify our performance investigations,
perfect synchronization is assumed achievable for the relays to perform ARQs
with ODSTC.

Though somewhat idealized, the above channel assumptions are practical for
wireless communications standards such as [13-15] based on the orthogonal
frequency division multiple access (OFDMA). Besides, to characterize the
influences of the relay channels’ link qualities on the DMT and the delay and
outage limited throughput, we further assume that the relays receive the same
signal power, F.., from the source, and, similarly, that the destination also
receives the same signal power, F.;, from the relays. This type of channel
setting can be associated to a relay grouping mode considered in IEEE802.16;
[13] where a group of M relays are geometrically close to each other, while
are located in a distance from the source and the destination as illustrated
inFig. 2. Inaddition, when P, is large enough such that the cardinality ofSp,
denoted by P £ |Sp|, is equal to M or at least with very high probability,
the relay channel degenerates to a MISO one. This simplified setting allows
us to compare our results with the existing ones for MISO channels.

Fig. 2. The geometrical relationship between the source, relays and the destination.

According to the above assumptions, let h,q. be the channel coefficients
between the source and the destination (S-D), and k.., be the coefficients
between the source and the relays (S-R), r,.. The corresponding received signals
Ys.a, and vy, are modeled as

Ysd, = \ P-sdh.s‘,ds T+ nyg (1)
Ysrn =  Pahsy, ©+n,, Yme{l,....M} (2)

where the noises, ny and n,,, at the destination and the relays 7,
respectively, are all modeled as ~ CA(0, Ny). Based on this signal model, the
mutual information between the source and the relays, 7., 1S given by

I’ﬂ*rm - 1()g (]_ + Ps"r-|h

2
T"glml) Vme{l,...,M}. (3)
Thus given the h..,, the decoding set is more specifically defined herein as

% C011 £48F % 71



Sy £ {rollss,, >R, m=1,--- M} (4)
where R is the source data rate in bits/sec/channel use, denoted
by (b/s/cu).

Similarly, one can obtain the mutual information, /.., for the S-D channel
and that for the channels between the relays and the destination (R-D). Assuming
that the signal retransmitted by the relays in &p are formed from an orthogonal

DSTC, then the mutual information for the R-D channel follows [24]

P,
Ty, = Tog (H\—f’ > |f|) (5)

‘ UrmESD
where F,q 1s the received power at the destination associated with the channel
coefficients, h,, 4, between 7, and the destination. The noise at the
destination is still ~ CN(0,1).

Based on the system model described above, we introduce some outage
probabilities to be used in the sequel for analysis. For convenience of
expression, 91 stands for the natural number and 8 for the real number. The
received SNRs for the wireless links of S-D, S-R and R-D are defined as
p = Pa/No, Po/N,= ap and P.i/Ny = Bp, respectively. The parameters o and
[ characterize the geometrical relationship between the source, relays and the
destination, and can be readily obtained given the distances between them and
the power loss exponent x of the wireless relay channels. Besides, following
the above assumptions, the probability density function (PDF) of pl|h...|* is
Nexp{—A|h.q.?} and is denoted by ~ Exp(\), with A £ 1/p. Similarly, we also
have aplhs,.. [ ~ Exp(A) and Gplh,,, 4> ~ Exp(A2), Ym € [, M| NN, with
M 2 1/(ap) and A2 £ 1/(8p).

A. The Outage Probabilities for DSTC and ODSTC

Define W £ plh,q.|*> ~ Exp(\). Under the source date rate of R b/s/cu, the
outage probability for the direct S-D channel link is given by
Pw(d,) 2 P{W <6} =1—e (6)
where &, = (2 — 1). In case of outage events and Sp # 0, a cooperative relaying
method with DSTC typically uses all relays in Sp to retransmit the data with
STC [18]. Define X,, £ Bp|h., a.|* ~ Exp(A\2), .. € Sp. The outage probability of
the relaying with DSTC conditioned on P is given by [2]

d-1 k
Pzp(d|d) & P {z ) Xa<dd> 1} =1-) e (52?) (7
rmESD k=0
where § =2°F — 1 and ¢ is the rate scaling factor corresponding to the R-D
link’ s SNR. Besides, as apl|h..,., |* ~Exp(A;), the probability mass function (PMF)
of D follows [2]

Po(d) = Gt (e )1(1 = ey )
where C}1 £ mﬁ%%ﬁﬁ.

In contrast to the DSTC relaying that uses all relays in Sp for
retransmission, we consider a relaying method that opportunistically chooses
ip = min{i, D} relays, i€ [1, M]NN, out of Sp to retransmit the data with
DSTC (ODSTC). This type of relaying not only saves the resources of relays,
but also allows us to evaluate the influences of "7" on the DMT and the throughput

# CO011 2487 % 8 F



of the ARQ protocols that employ ODSTC for relaying

Let X £ {X,.|r.. € Sp}. Suppose that the ODSTC relaying scheme chooses at
most 7 elements of X that yield the highest mutual information in (5). Clearly,
ip of the largest elements in X will be chosen for DSTC. Therefore, sorting
the elements of X in the ascending order into &' = {X],..., X5} such that
X} > X! if k> j, the outage probability of the ODSTC conditioned on D 1is then
given by

d
Pop(dld) & PSO:E Y Xi<gd>1p. (9
j=max{l,d—i+1}

Given that I 1s assigned according to the average SNR, p, the destination
will immediately know whether or not O; > ¢ when the perfect knowledge of A"
1s assumed available for the destination to choose the relays for ODSTC. In
this case, Po,n(d|d) can be considered as the probability that the destination
will wait for another ARQ. On the other hand, in cases where the channel state
information (CSI) is imperfect or outdated, or for the Type-C ARQ protocol to
be introduced later which requires relays not in Sp to overhear the signals
sent by the relays in Sp such that the destination will still i1ssue ARQs even
if outages may occur, then Po,p(d|d) can be viewed as an idealized lower bound
for the packet error rate. In any event, the outage probability (9) can be
evaluated with a theorem quoted below from [25].

Theorem 1: [25] Let {X; < X, <--- < X,} be the order statistics from @

identical and independently distributed (:.7.d.) exponential random variables
(RVs) with parameter v. Define 2&1q==§:§LQ_q+l)§wl <qg<Q. The
complementary cumulative distributed function (CCDF) of 7y, is given by:

» R ) (_Cj vz) 1 - J(bit) 1(g—1) = (—vz) (Vz)k
P{ZQ_q > ,(.;} = Z(,Lj(-j q X m\/[; e itt dt + ZE? I
J=1 k=0
Q—q . q—1 ¢ g—1 k
- —C'l!r’z 1 bivz (*bJVZ) (—vz) ('V"/’)
= O,je( q ) Xm [1—8“’ ZT +ZF’ T(IO)
=1 J (=0 k=0

J
: A1 Q (—1¥ad A Q-q—j+1 N :
with a; = o G Goie—ear b= 7 ad ¢ =Q—j+1.

Applying (10) to (9), the resultant outage probability of Fo,» is given by
i1 ;

) N0V L G I | A (=bioA)!
PUL|"D(O‘d) =1- ZQ 6'\‘( ;j — Z(l-j(_i %Jhm !1 — Cbﬂj/\z Z (?8—]2 (11)
J =0

k=0 =
_1)d—i—j > —i— g4 - .
L_d_(1) 5 by === and ¢; =2 d— j+ 1. Based on the above

d—j+1 4 G—1)(d—i—j)
results, the outage probability for a direct transmission followed by an ARQ
with ODSTC usingip = min{i,D}, i € [1, M], relays is given by

M
P, = P (0.)*Pp(0) + P (6.) Y _ Po,ip(0ld)Pp(d). (12)
d=1
For convenience of expression, and to distinguish from the ordinary DSTC
protocol, we use ODSTCi in the sequel to signify the use of ¢ relays at most
for ODSTC in ARQs. For ODSTCI, the outage probability is equal to that of the
opportunistic relaying (OR) in [10], while for ODSTCM, it is equal to the typical
DSTC relaying scheme in [2].
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ITI. EFFECTIVENESS OF COOPERATIVE RELAYING VIA OPPORTUNISTIC DSTC

To motivate the subsequent performance investigations throughout the paper,
we would first characterize the relative SNR advantages of DSTC (ODSTCM) over
that of an ODSTCi scheme that uses at most ¢ relays in Sp for retransmission.
The purpose is to study the effectiveness of cooperative relaying with ODTSCi,
and compare 1t with the simple OR scheme that uses only one relay out of &p
and the DSTC scheme that uses all relays in Sp to forward the signals. This
analysis also helps assess the feasibility and provides insight into the
practice of DSTC in relay networks, considering the fact that the constantly
changing Sp would make the design and implementation of a universal DSTC
relaying scheme particularly difficult.

To alleviate the complexity of analysis, we investigate this problem in the
high SNR regime. To this end, we first need to find the asymptotic functions
of Pw(ds), Pp(d) and Po,p(d|d) of (12) at high SNR. For Pw(d,) andPp(d), it
has been shown in [2] that

P (6, ‘
’1‘13‘}]{ ”/\(")} =0 (13)
and
.| Ppl(d) M §M—d
}\13(1] { )\‘Mid } - :;»_ﬁffd ' (14)

As for Po,p(d]d), we have
Proposition I: Define i; £ min{i,d}. Given /3 and &, we have

. P Sd
lim { Foup(9]d) } = 0 (15)

A0 2\ _ _l,:d!?::;—ﬂf;:jd'
Proof: The proof is provided in Appendix-A
Now, we define an asymptotic equivalence of a function as [26]

f(A) =aA", when /I\in(l] {f)(\:\) } =a, a#0and n > 0. (16)

Following the definition, it is straightforward to show that
aX" b\ = aN", fm>n>0 (17
aX® - bA™ = ab\"™ ifm+n > 0. (18)

According to the definition, we may rewrite Py (ds) = ds/p and
Pp(d) = CM (5, /ap)” ™" when A = 0, or equivalently, when p£1— 00 at high
SNR. Furthermore, by Proposition 1, we also have
cd \d vd

Poyp(dld) = —A— = —
ialty B4 agliy M pdpd
With the results from (13) ~ (19), we next investigate the effectiveness and
efficiency of ODSTCi versus 7 from the perspective of DMT.

(19

A. A DMT Perspective on the Efficiency of ODSTCi

Define the rate adaptation rule for source transmission as
R £ ylog(p+ 1)+ Ry and the rule for relaying as R £ vlog(8p + 1) + Ry, where
v <1 is referred to as the multiplexing gain [26]. Applying the results of
(13) ~ (19) back to (12) immediately gives



' s 5 M o Lo\
Py = aM p(1=7)(M+1) . +Z | d—ig (F) (20)

prr =1 'y
since &, = dop” and § = do(3p)” at high SNR with &, = 2. Now in cases where
77 > «, then the summation in the right hand side of (20) will be dominated
by the event of d = 1. Furthermore, if 57 > Map'~7 /5y > o such that

lim {Ki} > '{/QAJ (21)
proo (Lp 00

then (20) can be approximated at high SNR as

p - 5éu{+l |: 50 N ‘WG:| . 55-1’4—2 .

t aMpt="(M+1) | pl=y | gl—y aM p(1=7)(M+2)

This corresponds to an operating scenario where outage events are mainly
attributed to the link failures between the source and the relays. The R-D link
strength is so much higher than the S-R link strength such that the destination
1s able to decode the signal as long as at least one of the relays is able to
do so. Except for this extreme operating condition, in normal channel
environments of relaying, we usually have

(22)

SM+1 M oM a \¢
P, = . d (, ) : (23)
) Q-‘"“fp(l—”.")(ﬂf-&-l) dz:; ]?’] id /31—‘)'
Therefore, following the definition of diversity given by [26]
log P;
gé_nm{O““} (24)
p—oo | logp

the diversity and multiplexing tradeoff (DMT) [26] on P, can be partitioned
into two regimes with respect to (w.r.t.) p. They are summarized below as

5g{ (L= +2). p< O}fmr } (25)

(1—~)(M+1), otherwise

The threshold SNR p* = “‘ﬂ’aﬁﬁgv not only is determined by the ratio between

£ and «, but also by the multiplexing gain 7 itself.
Given the DMT, the coding gain G, with ODSTCi relaying can be defined
accordingly at high SNR as

P; P;
Gi % Jim 2o =l e (26)

As a result, we have

5}’\&"4’2 .
A ?}.M s pELp
G, = M+1 ' M o . (27)
7 LK M C therwis
Sl Dy l_d—d”da(l - otherwise

Since the first row corresponds to a situation where the destination is not
able to decode the signal until at least one of the relays is able to decode
the signal successfully, the diversity in this case increases by (1 —~)(M + 2)
for each ARQ and the coding gain is not a function of ¢ any more, making it
no need to use for more than one relay in this scenario.

On the other hand when p > p*, every ODSTCi scheme, :=1,..., M, still
achieves the same diversity as expected, while with different coding gains.
According to (26), the SNR loss of using ODSTCi than DSTC can be quantified
as the extra SNR required by the ODSTCi to achieve the same level of the outage
probability, I, achieved with the DSTC at high SNR. Let P’::CthS::CLHp;f,
the SNR loss of ODSTCi is thus defined as
% cou £ 48F $1UF
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Fig. 3. The outage probabilities of cooperative relaying with ODSTCi for ¢ = 1, 2and 3when M =5, v = 0,
Ry = 2. The subplot (a) corresponds to a channel condition with o« =8 and 3 = 2, and the subplot (b)
corresponds to acondition wit o =2 and /3 = 64.

L(i) =log{p;} —log{pa} = log{Gi} _glog{GM}

It is noted that L(i) is irrelevant of d.

L Vie [l M N9, (28)

B. Numerical Studies

The outage probabilities of (12) and their corresponding high-SNR
approximations of (23) for various i of ODSTCi are shown in Fig. 3 when M =5,
v=0 and Ry =2. Fig. 3(a) presents the results for « =8 and [ = 2. Clearly,
the dashed lines of the approximations match their corresponding exact curves
of (12) at high SNR. Besides, the advantage of using more relays loses rapidly
when ¢ increases.

In contrast to Fig. 3(a), Fig. 3(b) shows the results for =2 and 3 = 64.
Both the approximations, (22) and (23), are drawn in the figure as opposed to
(12) of the exact ones. As expected from (25), the diversity order of (12) is
equal to { =(1—7)(M+1)=6 in this simulation setting when p > p* = 14.08
dB. However, &= (1—~v)(M +2)=7 is only meaningful for 10 < p < 14.08 dB
since the exact curves of (12) start to deviate away from their approximated
ones when p < 10 dB. Nevertheless, the results are consistent with (27) which
shows no SNR loss is incurred by using ODSTCi, Vi€ [1,M], for p < p*.

In addition to the zero SNR loss when p < p*, the SNR losses for p > p* appear
to be minor as well either in subplots (a) or (b). This phenomenon is explained
with the results in Fig. 4. The analytical SNR losses, £L(i), of (28) versus their
simulated counterparts are presented in Fig. 4(a) for various sets of {«, 3}
when v = 0.5 and Ry = 0. As shown in the figure, when the S-R to S-D link ratio,
«, 1s higher than the R-D to S-D link ratio, /5, the SNR losses, L(i), are more
pronounced when the number of active relays, ¢, for ODSTCi decreases. In fact,
if o continues to increase such that a > 37, then P; of (23) is eventually
dominated by the event of D = M, which makes

g+ 1
T AT (29)
BU=M p(1=7)(M+1) j1jM~i
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Fig. 4. The SNR losses of ODSTCi at highSNRfor 7 =1,..., M and M = 5. Subplot (a) correspondsto the
resultsfor Ro = 0 and ~ = 0.5, while subplot (b) also includes the resultsfor Ry = 2 when ~ = 0.

Then, it follows directly from (25), (26) and (28) that
1 M! N
L.(1) = TEEESY 10‘%{515(‘—1—’)} if > g, (30)

This shows that when the relay channel resembles a MISO one when o > 377,
L(i) become irrelevant of « and 3, and decrease exponentially w.r.t. i as
verified both in subplots (a) and (b) when a — oo,

In contrast, if > «, instead, then L£(i) become very small Vi e [1,M]. If
3 continues to increase such that 5> 'v/Map'=7/dy, then by (27), it follows
that £(i) =0. The destination under this channel condition can decode the
signal as long as any one of the relays is able to do so. Thus, the number
of i does not really matter in this case. Opportunistic relaying (ODSTC1)

appears to be the best choice in this type of channels.

IV. OUTAGE PROBABILITIES OD COOPERATIVE ARQ WITH ODSTC RELAYING

We have studied and characterized the effectiveness of ODSTCi w.r.t. the l1ink
qualities of a relay channel. To further exploit the opportunistic diversities
offered by ODSTCi, we extend this notion to ARQ and study effective protocols
with ODSTCi. Three types of cooperative protocols are considered herein to
exploit both the temporal and spatial diversities provided by ARQs with ODSTC1.
Each one of them requires different levels of coordinations among the source,
relays and the destination.

A: Type-A Cooperative AR{

As introduced earlier, whenever outages occur and Sp = 0, the destination
will issue an ARQ to the source. Once Sp # @, by ODSTCi, the most
straightforward method is to choose in the beginning the best ip = min{i, D}
relays out of Sp to maximize (5) at the destination, and then continue to use
these relays in the subsequent ARQs if needed. As such, the Type-A protocol
considered herein essentially involves two kinds of relaying methods: the

~4
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Fig. 5. The outage eventsin the Type-A ARQ protocol.

ODSTCi at the ARQ when D turns nonzero, and an ordinary DSTC that uses the
same ip relays in the subsequent ARQs. The reason is that the channel
coefficients from relays to the destination change independently in every ARQ,
making the opportunistic diversity from channel ordering no longer available
in the subsequent ARQs i1f the same relays are used for retransmission. In the
sequel, for clarity, we denote the DSTC by DSTCi to indicate the maximum number
of relays that might be used in ARQs.

The outage probability of ODSTCi has been provided in (9), and the outage

probability of DSTCi can be obtained from (7) by having d =i, vyielding
Wl s,

c
Pop(li) =1-S" % (31)
‘D( |51‘) ;]1(6/\2)_“?

Based on Pw(ds), Ppl(d), Fo,n(d|d) and Pzp(dliq) of (6), (8), (9) and (31),
respectively, we are able to analyze the outage probability of the Type-A
protocol for any number of ARQs. For simplicity, we denote the n-th rounds of
ARQs by ARQn and also refer to the initial direct transmission from the source
to the destination as ARQO. The outage probability is provided in the following
proposition.

Proposition 2: Given R, e, M and ¢ € [1, M], the outage probability after
n times of the Type-A ARQs is given by
Pai(n) = Py (6,)"TPH(0) + P (8,) %

n

> [P (8)Pp(0)]"" *pr ) Po,ip(5]d) Pk 5 (3]ia) (32)
k=1 d=1
with P4.(0) £ Py (0,) in(6).

Proof: We use a tree diagram in Fig. 5 to illustrate the outage events that
might occur in the Type-A protocol. The ellipses marked by Op stand for the
outage events in source broadcasting, whose probability is given by P (ds).

Starting from the upper left of the figure, it shows that if an outage occurs
after the source broadcasting and Sp # 0, then the ARQ that follows immediately
after the broadcasting will employ the ODSTCi for retransmission, whose outage
event is marked by Opgr in the figure with the probability given by Fo,n(d|d).
In case the retransmission still fails, then the subsequent ARQs will use the
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same relays for retransmission with DSTCi whose outage events are marked as
Ostc 1in the figure, with a probability equal to (31). The time sequence of these
outage events 1is shown as a row of ellipses linked by green arrows from left
to right in the figure.

On the other hand, if Sp = after broadcasting, then the source will
rebroadcast the signal in case of outages, which will, in turn, invoke another
source broadcasting if an outage still happens and Sp = 0 as well. Otherwise,
it will initiate another sequence of ARQs the same to what is described above
for Sp # 0 if outages continue to happen. Since Po,p(d]d) and Pzp(d]ia)
condition on D only, not on the specific relays in Sp, 1t is clear from the
tree diagram of Fig. 5 that the outage probability can be expressed in a

recursive form of
M

Pa.i(n) = Py(ds) Z P'p(d)P@jm(é\d)P;l; (0|iq) + Pw (65)Pp(0)P4i(n —1). (33)
d=1
Expanding this recursive form directly gives the result of (32). [ |

B: Type-B Cooperative ARQ

Though simple, the diversity order of the Type-A protocol might be very
limited after ARQZ as the opportunistic diversity is no longer available due
to the fixed relaying thereafter. Intuitively, a quick modification to resolve
this problem is to have the ip active relays be re-chosen from &p according
to the channel strength in each round of ARQ. We refer to this type of ARQ as
the Type-B protocol. Due to this re-selection mechanism, we know that Pzp(dlia)
in (32) for the Type-A protocol should be replaced by Fo,n(d|d} in this case.
This gives the outage probability for the Type-B ARQ protocol, summarized in
the following corollary.

Corollary 1: Given R, ¢, M and i€ [1, M], the outage probability after n
times of the Type-B ARQs i1s given by

Pp.i(n) = P (3:)" T PR(0) + P (8,) x Z[Pn (3)Pp(0)]"~ *Z %0 (81d)Pp(d) (34)
d=1
with Pp;(0) £ Py (0,).

Compared with the Type-A protocol, apparently, the Type-B requires all
relays in Sp to hold the decoded data for retransmission until the end of ARQs.
However, checking Fo,n(d|d) in (34), one may soon find that the diversity order
might still be limited by the event of D =1if Py, p(d|1) dominates the other
Po,p(6]d),Vd > 1. This situation may happen when the link quality between the
source and the relays is poor, and would make the Type-B protocol rather
ineffective, taking into account the extra efforts to re-select the relays in
each ARQ. A quick remedy to this diversity shortage problem is to allow
overhearing on the non-active relays. Nevertheless, a thorough comparative
studies on the diversity orders of the proposed protocols will be provided in
Section V.

C: Type-C Cooperative ARQ
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As pointed out in the previous section, the diversity orders of the
Type-A and B protocols may both be limited by the worst occasion of D =1. To
prevent from this diversity shortage problem, intuitively, the decoding set
should be able to grow with ARQs. To this end, we must have the relays not in
Sp continue to overhear the DSTC signals sent by the active relays in ARQs,
and update their status to the destination to allow being picked up in the
subsequent ARQs. We refer to this type of ARQ as the Type-C protocol and
investigate its outage probability herein. To begin with, we first characterize
the outage probability for relays that overhear the DSTC signal sent by the
active relays.

For the convenience of performance investigation, channels between any
transmit-and-receive pairs of the relays, (r..,7¢), for r,, € Sp and r & Sp, are
assumed to have the same received SNR, P,../Ny £ y5p, while with individual
channel coefficients np|h,,, ..|> ~ Exp(X3) and A3 = 1/(np). Since the channels
between different pairs of (r.,r¢) fade independently, the channels from the
relays, 7., which are particularly chosen from &p to yield the highest mutual
information at the destination do not necessarily provide the overhearing
relays, 7, the same opportunistic diversity via channel ordering. Therefore,
the outage probability of overhearing has the ordinary form of MISO channel
given in (7). Define V,.. = nplh,, .,|* ~ Exp(Xs3). The outage probability for a
relay /¢ overhearing the DSTC signal send by d active relays in Sp is thus
given by

Pyip(8]d) & P {V £ Vae<§
rmE€Sp
Based on this result, we shall re-formularize the PMF of Sp as |Sp| continues
to increase with ARQs in the Type-C protocol. To facilitate the analysis, we
define some RVs below.

Definition I: Let D, € [0, M] be the number of relays that are able to decode
the signal sent by the source.

Definition 2: Let D, € [0, M] be the number of increasing relays in the n-th
subsequent ARQ after Dy, > 1.

Definition 3: Let D, =3 ,_, D, and D, € [1, M] be the aggregate number of
relays that are able to decode the signal up to the n—th subsequent ARQ after
Dy = 1.

According to the above definitions, it follows directly from (8) that

P, (do) = Cft?({e_A“Ssd”(l — e Moy Mdo, (36)
Besides, as the source stops sending signal once Dy > 1. By (35), we have the
PMF of D, conditioned on D, , given by

Poip, y(dald,1) = Cy "~ = Poyp(8]in)]™ [Pryp (8]in) 7% = 1,2, (37)
where d, =3, ,d,. In addition, for convenience of notation, we redefine
in = min{i,d, ,}, thus iy = min{é,dy} = min{i,d} =i, defined in Proposition 1.
Given the conditional PMF of D,, we are in position to analyze the outage
probability of the Type-C protocol. However, we note that for the outage
probability of ARQl, there is no difference between the three types of the ARQ
protocols. It is exactly equal to P; at (12). The difference starts from

ARQ2 for which the outage probability of the Type-C protocol can be easily shown

d—1 - :
_ —d\3 (()A-'i)J
a’->l}—l—Ze T (35)

=0
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to be
Pei(2) = Pw(0:)Pp, (0)Pe;(1) + Pu (0s)x
M —dy
Z Po,ip(8ldo)Pp,(do) > Po,ip(8ldy)Pp,p, (dildy) (38)
do=1 dy1=0

with Pc;(1) =P, A general formula is provided in the following proposition.
Proposition 3: Given R, e, M and ¢ € [1, M], the outage probability after
n times of the Type-C ARQs is given by

Pei(n) = P ()" Pp, (0) + P (d,) D[P (8,) Py (0)]"
k=1
M M—dy M—d,_, k-1

DD > Poyp(dldo)Poy(do) [ Poun(81d)Poyip, , (delde—y) (39)

do=1 d;=0 dj_1=0 =1
with d £ 30 d, and Pc;(0) £ Py (5,).

Proof: The proof follows a similar approach used in proving Proposition
2. Again, the outage events that may occur in the Type-C protocol are illustrated
as a tree diagram in Fig. 6. From left to right and top to bottom, the figure
shows that the source will rebroadcast the signal until Sp # 0, namely Dy > 1,
if outages continue to happen. Suppose that D, turns nonzero at the (n — k)th
ARQ. If an outage still happens, then the ODSTCi will start to be used for
retransmission by opportunistically choosing #; = min{:,D,} relays out of Sp
that maximize (5) at the end of the (n — k)th ARQ. It is noted that the
cardinality of Sp will continue to grow as shown in the figure due to the
overhearing mechanism.

[f outages still continue to happen, then the ODSTCi will continue to be
used for retransmissions as well, while re-choosing 4,1 = min{i,D,} relays
from Sp at the end of the (n — k + p)th ARQ, when the retransmission takes place
at the (p+ 1)th ARQ after Dy > 1. The time sequence of these outage events is
shown as a row of ellipses linked by green arrows from left to right in the
figure. The arrows in different darkness represent different numbers of
retransmissions after Dy > 1, thus corresponding to different cardinalities,
2 of SD.

p’
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Fig. 7. Outage probabilities of the Type-C ARQ protocol for i =1 ~ 3 and M of ODSTCi when M = 5,
7 =03, o =8 and 3 = 2. Subplots (a) and (b) correspond to the casesof 1 =2 and n = 64, respectively.

Since Pp,p(d]d) conditions on |Sp| only, not on the specific relays in Sp,
1t is clear from the tree diagram that the outage probability of the Type-C
protocol can be expressed in a recursive form given by
Pc_i(n) = P‘["l-"(é‘s)’P'DU (O)ch(ﬂf — l)+

M A'ﬂ"ir*gg M —an -2 n—1

P00 > o Y Pop(8ldo)Ppy(do) [ ] Poup(8ld)Po,p, ,(dld, ). (40)
do=1 di1=0 =1
[ |

Expanding this recursive form directly gives the result of (39).

dp—1=0

D. Numerical Studies

We present some simulation results on the outage probabilities and compare
their diversity orders for the aforementioned three types of ARQ protocols.
Fig. 7 shows the outage probabilities of the Type-C protocol when M =5,
v=0.5, a=8 and f=2. Subplot (a) presents the results for n =2 while
subplot (b) corresponds to the case of 1 = 64. The outage probabilities for
1 =1,2 and 3 of ODSTCi are drawn for ARQ2 and ARQ3, respectively, and
contrasted with that of ¢+ = M, denoted by DSTC in the figure.

Both figures show that the diversities increase significantly with ARQs and
that with only two to three relays, the performance can almost achieve what
1t does using all relays. Even though, for the case of 1 =2, the SNR losses
of ODSTC1i against DSTC decrease when increasing the number of retransmissions
from 2 to 3. For the case of 1 =64, however, the SNR losses increase slightly
with the number of retransmissions. The SNR loss of ODSTC1 at ARQ2 is around
4 dB for the case of n =2, and it decreases to around 2.6 dB at ARQ3. On the
contrary, for n =64, the SNR loss of ODSTCi increases by about 1 dB, when the
number of retransmissions increases from 2 to 3. This implies that the
efficiency of ODSTCi depends on the R-R to S-D link ratio, 7, between the relays
as well as the maximum allowable retransmission times.
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Fig. 8. Outage probabilitiesfor i =1 ~ 3 and M of ODSTCi after three times of ARQs. Subplot (a)
correspondsto P4 ;(3) and subplot (b) correspondsto Pp;(3) with M =5, v =0.5, a=8 and 3= 2.

On the other hand, the outage probabilities of the Type-A and B protocols
are presented in Fig. 8(a) and 8(b), respectively, under the same simulation
setting. Different from the Type-C protocol, the outage probabilities of the
Type-A protocol merge together at high SNR when ¢ > 2. However, the results of
the Type-B have no difference at all in the high SNR regime for any value of
7. This implies that no more than one active relay is needed for the Type-B
protocol and that the simplest Type-A protocol can perform equally well with
the Type-B protocol at high SNR, using only two active relays. This is because
the Type-A and B protocols are actually the same when both use ODSTCM=DSTCM
for retransmissions. The characteristics are so different in the outage
probabilities of the three types of ARQ protocols, yet they all indicate that
the need for using more relays decreases drastically by using ODSTC, which
motivates us to investigate the relay efficiency of ODSTCi for each type of
the ARQ protocols. We study this problem from both the perspective of DMT and
that of the delay and outage limited throughput. The results are presented in
Section V and VI, respectively.

V. Diversity and Multiplexing Tradeoffs

To study the relay efficiency, or the efficiency of using more relays, in
ODSTCi for different ARQ protocols, we first characterize the DMT of each
protocol based on the outage formulas provided in Section IV. We then compare
their DMTs under different link qualities parameterized by «, 5 and 7. To
alleviate the complexity of analysis, the DMT is investigated in the high SNR
regime only. Furthermore, to simplify the expression, the data rate for source
transmission is defined as R = vlogp [26] and the code rate for ODSTCi is
defined as R £ vlog(fp) where v is referred to as the multiplexing gain [26].

A. DMT of the Type-A Protocol
To analyze the DMT from (32) of the Type-A protocol, it is also necessary
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to obtain the high SNR approximation of Pzp(dlip) in (31). Given the fact that
ODSTC1i 1is equivalent to DSTCM when ¢ = M, by Proposition 1, 1t is easy to see
that the high SNR approximation is equal to setting d =i, in (19), which

results in
. §ld
sz(ﬂm) = W (41
Together with (13), (14), (19) and the high SNR approximations of .= p” and
0= (Bp)”, we immediately obtain the high SNR approximation of (32), which is

given by

n An 'r‘+1(]5dQ dk
. (I‘ .() (8% {J
Pai(n) = EE:EE: Bt ialk— D] p(T—)ialk—1) (42)
k 1 d=1
oy

. A 1
with Arm.p — M ,=(M+1) and Qdk W-

altel (iaD)*

According to this expression, we will characterize the outage probabilities
and the corresponding DMTs of the Type-A protocol under different channel
conditions. They are summarized in the following proposition.

Proposition 4: Given the multiplexing gain v and the channel link qualities
parameterized by « and 53, for n times of ARQs with the Type-A protocol of
ODSTCi relaying, the outage probability can be approximated at high-SNR as:
1. If 2<2< M, then

(o,3,1) 1—~
p(L—«,?[.n?-»-l:«:(n-l}] Lo > 7 and P < pa,
: 1 ) s
IPA,?'-('”’) = an M p(T=) (M F 1 +1] ,a < ﬁ(l ) and P < Pa, . (43)
M .
M =TF0=m =7 (VT ) , otherwise
where g(a, 8,n) £ 300 o:{"_M)::'3‘(1‘”-')["+"7(""”]Qd and
(f le T—v)(n—=1)(z
n
Pa, = ﬂ-f Z 3 1—~) n(i—1)+d—i] ’ (44)
ﬁ(l* y)n 1—»,-)[;\1tn—1)_+1]
Pae = | HonTing : (45)
2. If i=1, then
1
antM 4(1—][n(M+1)+1] s < PA3
P4 7(3’1) = Z,}i!] CMgd j5(1=4d (46)
aM GI=7)(n=1) ;{T=7](M+n) P> P Ay

with

1
3(1—)n T=7[M(n—1)+1]
f } . (47)

PAs = |:(1,M’(n—1)+1Aaﬁ
And A, ;= (}il CHld=1) /g=md=1) .I
Proof: The proof is provided in Appendix-C.
We note that when o > 3'~7, which implies that data packets transmitted from
the source can be more successfully decoded at the relays than packets
transmitted from the relays and decoded at the destination. Thus, more active
relays "¢", in this case, give higher diversities. However, when p becomes
larger, the outage probability contributed by the events of P > i and, hence,
ip =1 drops w.r.t. p far more quickly than those by ip =D when D < i.
Eventually, when p > pa4,, the outage probability becomes dominated by the event
of D =1=1ip which corresponds to the lowest diversity, causing a diversity
loss from (1 —~)[M +1+i(n—1)] to (1 —+)(M +n). This diversity loss

# CO11 £48F %200



phenomenon can be delayed to happen with a higher value of « as suggested in
the form of pa, in (44). If we have a — oo, then the chances for D < M will
become zero, which corresponds to an extreme case of a M by 1 MISO channel.
The diversity will remain to be (1 —«)[M + 1+i(n—1)] in this case when

p — 00.

On the other hand, when o < 3'~7, packets transmitted from the relays can
be more successfully decoded at the destination than packets transmitted from
the source and decoded at the relays. The destination is able to decode the
data as long as there is more than one relay being able to do so. Therefore,
the source will continue to retransmit the data until the destination
successfully decodes i1t. However, this happens only when the relays fail in
decoding all together. Thus, the diversity increases by M + 1 for every extra
ARQ, which also means that the probability for this to happen drops very quickly
when p gets larger. Eventually when p > p4,, the probability becomes so small
that the outage probability starts to be dominated by the event of D =1 that
gives the lowest diversity, causing a diversity loss from (1 —~)[n(M + 1) + 1]
to (1 —7)[M +nl.

Similarly, thisdiversity loss problem can be delayed to happen with a higher
value of /3 as suggested in the form of pa, in (45). When 3 — oo, it will
guarantee a 100-percent decoding as long as a relay is able to decode the data.
This corresponds to another extreme case of a 1 by M SIMO channel. The
diversity will remain at (1 —~)[n(M + 1)+ 1] in this case when p — oo,

For the case of i =1, the arguments for « > /37 no longer apply since the
diversity will always be equal to (1 —v)(M + n). However, similar arguments
for o < 377 also apply for pa, > p. Besides, pa, > p also implies 37 > «
as shown in Appendix-C.3, and thus

L[ pra—n | aemeene N =) A= =]

P4, = [W] ~ |:a;"r1’(-r:—l)+lAQﬁ]

due to the fact that
" M o
Anp2 Z T = +0 (ﬂ“ﬂ) > M. (49)

d=1
Based on the above results, w1thout the loss of generality, by (24), the DMT

of the Type-A protocol is summarized as
(1—[M+14+i(n—1)], a>p%7 and p < py,
= (1—nM+1)+1], a<pPVandp<ps, ;. (50)
(1 —=)(M +mn), otherwise

B: DMT of the Type-B Protocol

For the DMT of the Type-B protocol, given (13), (14) and (19), the high-SNR
approximation of its outage probability, (32), can be easily shown to be
/\n —k4+1 dq}d‘

Pp.i(n) ”p ZZ}@U—”; (1—)d(k—1) D

k=1 d=1

1
aMp(1=7)(M+1) and (Dd‘,i.; =

CYA('I
——7f5er7, and also set
(idudr ig )

b, =p7 and 0 = (8p)?. Following a similar procedure done in Proposition 4 for

where we have defined AQW::
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the Type-A protocol, (51) can be further simplified in different channel
conditions with results given in the following corollary.

Corollary 2: Given the multiplexing gain v and the channel link qualities
parameterized by p, « and 3, for n times of ARQs with the Type-B protocol of
ODSTCi relaying, the high-SNR approximations of its outage probability are
given by:

Parn

FI—Mn -t > a” and p < pp,
Pg.(n) = a,,_Mp{1_7@1[“[_,\,,“,“] ca< o and p<pa, p- (52)
a-:"f_lgjﬁl—?'itfpﬁl—‘r)(M+ﬂ) , otherwise
where pa, has already defined at (45) and
ot 2 ﬁ(l—ﬁ')ﬂp(l—w)(n—l) (53)
QM1 T D=1
PB. = M BO=)n(M=1) (jlM=iyn (54)
Proof: The proof is provided in Appendix-D [ |

Based on the above results and the definition of diversity in (24), the DMT
of the Type-B protocol is summarized as
(1—9)(nM +1) ,a> o and p < pp,
2L (=M +1)+1] ,a<a*and p<pa, . (55)
(1 —~)(M +mn) , otherwise
Similar to the DMT of the Type-A protocol, the diversity order may change from
(I —=5)(nM +1) to (1 —~)(M +n) when a > o and p > pg,, or from
(I =7)n(M+1)+1] to (1 =+)(M +n) when a <« and p > pa,. Nevertheless,
in contrast to the Type-A protocol, Type-B can attain the full diversity,
(I —5)(nM + 1), of relaying when p < pg,, owing to the reselection mechanism
in each subsequent ARQ.

C. DMT of the Type—C Protocol

Even though the form of P (n) in (39) is a bit more complicated than those
of P4.i(n) and Pp;(n), its DMT can be analyzed in a way similar to that for the
Type-A and B protocols except that it requires the additional high-SNR
approximations of Po,n(dld,) and Pp,p, (d|d,_,). By Proposition 1, it follows
that

Po.n(8d,) = o (56)
o S i
with i, £ min{i.d, ,}. As for Pp,p, (di|d,_,) of (37), it requires the high-SNR

approximation of Pyp(d|d) in (35) for relay’ s overhearing, which is given by

d

(Sd
Pop(Sld)=PIVEY V.. <dd>1p = .
‘l/lp((l ) { ; Hy =z ¢ - } (i!(?]{))“’ (57)
This expression clearly shows that there is no opportunistic diversity being
provided to a relay that decodes the DSTC signal sent from other relays. Besides,
the multiplexing gain in general must satisfy

L logp+logn A
>=(p) =< —— 2 =~

np > (Bp) "< ogptiogd (58)

Otherwise, we have Pyp(dli¢) =1 when d =1, which will result in
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Po,p,_,(deld,_;) =0, ¥¢ € N. Namely, no overhearing relay is able to decode the
DSTC signal sent by the active relays. The Type-C protocol will degenerate to
the Type-B protocol in this case
Given v < %, applying (b7) to (37) yields
sie } M—d,

| YlI d,_,

,PD£|2c71(d{|d€_1 C [if!(?)[))’ff (59>
Now, set 0, =p” in (13) and (14), and & = (3p)” in (56) and (59). Substituting
the results back into (39) gives the high-SNR approximation of Pg;(n):

]PC?_ n) . n !J + Z ﬂk:i pk‘+l

L (87 /)Tt (M —do)

22 2 qj”‘ 3= rffo BU=9) X2 dp p(1=7) Ty [de+ie(M—dy)] (60)

do=1 d1=0 d_1=0

where
C‘M k-1 CM'*C_E{_l

\I]i = “dy dy
k= lidh 170k 'H (dg_y —zr)( )M~ A1 (61)

Uke o=1 1
Clearly, the second term on the RHS of (60) is dominated at high SNR by the
feasible pairs of (d,.i¢), Y=1,....k—1, k>2, that minimize
" d, +i(M —d,)]. Since i, >1and d, < M, we have d, +i((M —d,) > M. The
equality always holds if ¢=1. For ¢ > 2, we define the subset of &p that
satisfies the lower bound in % times of ARQs as

A d, + (M —d,) = M and
Sk = {(d"‘ i) de€ [0, M —d,_ ¥l el,k—1]

for k=2, dy=dy>1 and ¢ > 2. The algorithm to construct S;,_; is provided
in the following proposition.
Proposition 5: Assume d,=dy, > 1 and @ > 2
o Let Sy £ {do|do € [1, M]}
e For f=1to k-1, k=2

(62)

1. Generate
St 2 {(d-- . do)|de€[0.M =2 dy=1and dy =---=d,_; =0if £ > 2} (63)
Sf,’ = {(de,-- do)|de =M —d, 1, (de_y, -+ .dy) € Se_1} (64)
2. Set & £ SEL U SE
Proof: The proof is provided in Appendix-E. [ ]
Given S;_; and, thus '(ﬂd d))=M —d, ¥Vl e[l,k—1], we obtain
. uJ qlk(ﬂf [))?)
Pei(n) = e *'EE: M=) G (k=DM p(I—7)(nM+n—k+1) (65)
where
Aoy ﬁ Zé;f M—d,
P ' @3 ik
gir(a. pom) = Z JE= (;) . (66)

Sk—1
Since the order of p in (65) decreases when %k increases, keeping only the
dominant term corresponding to & =mn, we obtain at high SNR

CAn (e B
Poi(n) = ==+ —; ujG(néjJ)ﬂMM+n'
e

(67)

The diversity order of (67) is always equal to (1 —)(nM + 1) except for the
case of

Ag',ﬂ erz(aa JD)‘ n) (68)
p(l—'y) aﬂm‘ﬁ(l—w,)(-n—1)Mp(1—v)(n..w+1)
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Type—-A ARQ3, y=0.25, R,=0, M=5, 0=20, =1 Type-A ARQ3, M=5, i=3,y=0.25, u=512, f=1.4927
o

(1} 1
¥ == opproximate
1o ~k—dominant term, k > n
—=— dominant term, k' < n
2 ="
2= = exact
8 q .
E: 8"
o (=}
o g 10"
B i}
=3 =3 F
O &=
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1=
o & a 18 20 25 30
SNR (dB)
(a) (b)

Fig. 9. The outage probabilities of the Type-A protocol with ODSTC3when M =5, n =3 and v = 0.25,
In subplot (a), we have o =20 and 5 = 1, whilein subplot (b), we have a =512 and 5 = 1.4927.

which will lead to a lower bound for 5, defined as /5*. When the condition of
£ > [3* holds, the outage events become mainly attributed to the transmission
failures between the source and relays. The Type-C protocol performs exactly
the same as the Type-A and B protocols in this case, and the diversity order
will turn into (1 —5)[n(M + 1)+ 1]. In fact, using any relay in Sp will provide
an equal performance under this circumstance.
Based on the above results, the DMT of the Type-C protocol is summarized
as below
(I=y)(nM+1), [<py<y
Ee 2 (L=yM+1)+1], §>py<y (69)
3:3 >
with $* obtained by equating the LHS and RHS of (68).

D: Numerical Studies

We present some simulation results to verify the DMT analysis done in the
previous sections. Fig. 9(a) shows P..;(3) of (32) and their corresponding
high-SNR approximations of (43) when o« =20, =1, v=0.25 and M =5. The
high-SNR approximations are drawn according to the third term in (43). To verify
the efficiency of ODSTCi, we consider three values, 1, 2, and 3, for the maximum
number of active relays, ¢, and compare them with the ordinary DSTC that uses
all available relays in Sp. Clearly, the approximations match the outage
probabilities at high SNR. Besides, the SNR loss of using ODSTCi than DSTC is
zero at high SNR 1f ¢ > 2. A similar phenomenon has also been observed in Fig.
8 (a). We explain the phenomenon with the results provided in Section V-A.

Recall from (43) and (46) that P.4,(n) is essentially the same for all
i € [1,M] when o < 3%~ and p < pa,. While when o > %= and p < pa,, the SNR
loss is not an appropriate measure since the diversity changes with 7. Thus,
when o < 8%~ and p > pa, > pa, by (50), we have &4 = (1 —)(M +n) and may
define a coding gain of

M cMal .
. d -
G . ) L 1‘ ]P)‘fl""‘ (n) - Z(f:l aM 3(1—y){d+n—1) .= J— (70)
ai(n) = lim ——=res = M 2 (-
A=roo p cr[_’vf—l)ﬁ(l—‘,)n ’ 4 #

# CO11 £48F ¥ 241



AROSM513u512Y—01b1n512 M5|—3as12 ;—015111—512

m_,£§ ---Type A apprommate_ v —o—Type—A ARQE
.}‘O ¢ Type-A, exact _ == Type-A. ARQ3
L ® = = =Type-B, approximate| o 18.5370dB  —e—Type-B, ARQ2
> %‘ o Type-B, exact _ > —— [ype-B, ARQ3
= o = = =Type-C, approxiamte = Type-C, ARQ3
oyt A D \ - A-Type-C, exact a
2 \A %a % a
E’ 16 \ ..'a_ %
£ b
O o= x C:) _f
Rt
P A‘k ,“*“ 19.0614dB
Y *
0 5 10 15 20 25 20 e = = g = = :
SNR (dB) L "sNm(de) 1

(a) (b)
Fig. 10. The outage probahilities of the three types of ARQ protocols with ODSCT3 when M =5, v = 0.1,
a =512 and 3 = 1. Subplot (a) shows both the exact and the approximated curves of Py 5(3) for
T € {A, B, C}, and subplot (b) compares the high-SNR approximations of P 3(n) for » =2 and 3.

This shows that, except for ARQs with OR (ODSTC1), other ODSTCi schemes perform
exactly the same as the ODSTCM does at high SNR after twice retransmissions.
Therefore, if we follow a definition similar to (28) in Section III to
characterize the SNR losses of using ODSTCi than DSTC for the Type-A protocol,
then we will obtain

7 a(l.n M C‘}‘_"f ad—1
log { Cf:(g‘}f,rg)} _ log {Z(}; Tm} )
L=nM+n)  (L=7)(M+n)
and La(i,n) =0, for i # 1. This explains the special advantage of ODSTC2 over
the OR observed both in Fig. 8 (a) and 9 (a).
On the other hand, to justify the results of Fig. 8 (b), we recall (52) in

Section V-B. Define a similar coding gain for the Type-B protocol as follows
1

IP (n I‘,:g(l—w)htl-n(,:!i;lf—i)n
Gpi(n) = lim 5,i(1) = —r ca<atand p<pa, ¢.  (72)

pooe e ﬁ . otherwise
Again, following the definition of (28), we obtain
Lp(i,n) = { (1—)( 1+n‘l1) 105{ .‘lé',,} ;a2 of and P < PB } _ (73)
0 , otherwise

This shows that if « is large enough such that o > «*, or in other words, when
the performance is mainly limited by the S-R link quality, then ODSTCi can
introduce effective coding gains by using more relays. Otherwise, there would
be no need to us for more than one relay. This justifies the simulation result
presented in Fig. 8 (b). In fact, under this channel condition, the Type-A
protocol performs exactly the same as the Type-B protocol at high SNR when

i>2 since La(i,n) =0, Vi >2, and Pa(n)=Pg(n).

In comparison to Fig. 9 (a) where @ =20 and 5 =1, Fig. 9 (b) presents the
simulation results for @ =512 and S = 1.4927. This simulation setting can be
associated to a scenario where a group of five relays are located close to each
other and situated in the way between the source and the destination. For
a=0512 and 5 = 1.4927, the relays are 8 times closer to the source than from
the destination to the source under a power decay exponent of 3.

Li(l,n)=

ya > o and p < pp,
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ARQS, M=5, i=8, a=1, p=64. =512, =0.15 ARQ3, M=5, i=3, a=1, y=0.15
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Fig. 11. The outage probabilities of the Type-B and C protocolswhen M =5, i =3, 4 = 0.15 and a = 1.

As shown in the figure, the exact expression of (32) can be well approximated
by the sum of the first and the third terms of (43) since a = 512 > 3= = 1.7059.
When p < pa, = 19.4090 dB, the diversity order, &4, 1is
(1 —=9)M+1+in—-1)] =9, while when p > pa,, £a drops to
(1 —9)(M +n)=6.

In a similar setting to Fig. 9 except for 5 =1, the outage probabilities
of the three types of ARQ protocols are compared in Fig. 10. As can be seen
from the results in Fig. 10 (a) for ARQ3, Pp3(3) of the Type-B protocol follows
the trend of Pc3(3) of the Type-C when p <5 dB, while it diverts away from
Pc3(3) when p>5 dB and merges to Pa3(3) of the Type-A when p > 20 dB. This
diversity changing phenomenon is further examined in subplot (b) with the
high-SNR approximations of the three types of ARQ protocols.

For the Type-A protocol, the diversity turning point pa,, [c.f (44)],
decreases when the number of ARQs increases. For ARQ2, p.4, is 42.4458 dB which
1s above the normal received SNRs of wireless signal. So, the diversity is
(1 —=~)[M+1+i(n—1)] =8.1 over the entire SNR range of interest. In
comparison, the diversity becomes (1 —~)(M +mn)="7.2 for ARQ3 when p > pa,
which drops to 19.0614 dB at ARQ3.

In contrast to pa, of (44), pp, of the Type-B protocol, [c.f. (54)], is
smaller given the same number of ARQs. For ARQ2, pp, = 18.5370 dB, while for
ARQ3, it drops to 6.8264 dB. When p < pg,, the diversity of ARQ3 is equal to
Ep=(1-(Mn+1)=144 as a= 512> 000"V — 00315 > o*, which is
the same to the diversity of ARQ3 of the Type-C protocol, [c.f. (55) and (69)].
However, &5 drops to (1 —+)(M +n) = 7.2 when p > pp, while the Type-C still
enjoys the same full diversity of relaying as 7= 0.1 <~

On the contrary, the simulation results for a <« /3 are presented in Fig. 11
when the quality of the relay channel is mainly determined by the link quality
between the source and the relays. Similar to the previous figure, we have
M =5, i=3 and n =512, while we set « =1 and v=0.15 in this figure.

As can be expected from (55) and (69), the diversities of Pp3(3) and Pcs(3)
are equal to &g =(1—)(M +n)=6.8 and & = (1 —v)(nM + 1) = 13.6,
respectively, at high SNR. However, the diversity of (1 —~)[n(M + 1)+ 1] does
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Ordinary channel | a > a*, p < pp, B> max{a™. 3"} . p < pa,
Type-A M +n 1+ M+in—1) | n(M+1)+1, (SIMO + ant. selection)
Type-B M+n 1+ Mn, (MISO) | n(M + 1) + 1, (SIMO + ant. selection)
Type-C 1+ Mn 1+ Mn, (MISO) | n(M + 1)+ 1, (SIMO + ant. selection)
TABLEI

The diversity orders of the Type-A, B and C ARQ protocolswhen ~+ = 0 under different link ratios
parameterized by o and /3.

not seem to be meaningful at low SNR even 1f /5 > « here. For the Type-B protocol,
by (55) the diversity of Pps3(3) should increase to

&= (1 —y)[n(M +1)+1] = 16.15 when p < p4, = 4.1784 dB for 5 = 64. However,
the high-SNR analysis becomes inaccurate at this range of SNR. As can be seen
in Fig. 11 (a), Pps(3) starts to deviate away from its high-SNR approximation
even when p~5dB > p4,. A similar problem also occurs to Pcs(3) whose
high-SNR approximation becomes inaccurate when p < 10 dB.

Despite the accuracy of diversity, the high-SNR analysis does show that all
three types of ARQ protocols perform exactly the same when p is small and /3
1s large enough such that,ﬁ:>1nax{aﬂé?,ﬁ*} and p < pa,. Besides, as shown in
Fig. 11 (b), pa, increases to 6.6414 dB when 5 is increased to 512, which
verifies the result of (45).

Based on the analytical and simulated results presented so far, the relay
channel can be roughly classified into three operating regimes. When the S-R
to S-D link ratio, «, 1is high, or more specifically, when « > «*, the relay
channel degenerates to a MISO one at high SNR. Suppose that p < pp, < pa,, then
the Type-A protocol has a diversity order of £4 = (1—%)[M +1+i(n—1)], and
the Type-B has &g = (1 — 7)[Mn + 1] which is the same to &- of the Type-C
protocol. The reselection mechanism provides the Type-B and C protocols extra
diversities in each subsequent ARQ. On the contrary, when the performance is
mainly limited by «, namely when /5 is large enough, the relay channel
degenerates at high SNR to a SIMO channel with antenna selection. If

= nutx{nfé?,ﬁ*} and p < pa,, then the destination can successfully decode the
data as long as any one of the relays is able to do so. Choosing which relay
for ARQ does not matter in this case.

Summarizing the above observations, there seems to be no need to use a highly
complex protocol of the Type-C at low SNR either when relays are very close
to the source or to the destination. Other than these two extreme operating
environments, the cooperative diversities of ARQs are typically limited by the
cardinality of Sp in the non-degenerative case of ordinary relay channels, Only
the Type-C protocol can resolve this relay shortage problem by allowing
overhearing on relays. The diversities of the three types of ARQ protocols are
summarized in Table I w.r.t. different link ratios parameterized by « and [.

VI. Delay and Outage Limited Throughput
The results in Fig. 8 and Table I show that in ordinary relay channels where
« and S are neither too large nor too small, ODSTC2 is good enough for the

Type-A protocol and seems to be the best choice for the Type-B for the entire
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range of SNR. Besides, only the Type-C protocol can attain the full diversity,
(1 —~)(1+ Mn), provided by ODSTC relaying. Based on the outage analysis, we
continue in this section our analysis from the perspective of the delay and
outage limited throughput. This analysis provides more insight on the
effectiveness and efficiency of cooperative ARQ with ODSTCi.

We consider transmitting data packets at a rate R. In case of packet losses,
the destination will ask for retransmissions from the relays, or from the source
if Sp=10. According to the ARQ protocols introduced in Section IV, define
Pr.i(ns,n,.) tobe the probability that the packet will be successfully delivered
after n, chances/attempts of retransmissions with source BC followed by 7,
chances/attempts of retransmissions with ODSTCi relaying using the type
T € {A, B,C} protocol. The average throughput in a maximum of » such chances
for ARQs can be formulated as

Cri(n) i HZES R- PT, T, 1) (74)

(14 ng)7s + n,.7,
ns=0mn, 0

where 7, and 7. € R" are the transmission overhead factors associated with the
source BC and the ODSCTi relaying, respectively. The probabilities, Py (ns, n,),
for the three types of ARQ protocols defined in Section IV are provided in the
following proposition.

Proposition 6: Given the rate R and the retransmission pair (n,, n,), the
probabilities, Pz ,(ng, n,), for the ARQ protocols T € {A, B,C} with ODSTCi are
given by:

1. If n, =0, then

PT‘;(?LS,OJ = [Pr,y(dJPp(O)]’“[l — Pu((sb)] (75)
2. If n, =1, then

M
Pr(ns, 1) = Pi (8.)[Pw (8)Pp(0)]"™ > P(d)[L = Po,p(6]d)]. (76)

d=1
3. For n, > 2, we have

M
P i(nen) £ Py (6.) [P (8.)Pp(0)]"™ > Pp(d) Po,p(8]d) Pay (5]

d=1

PB_‘,;(T.!-,;. ’HT.) é P[.-I, ( )[Pu, H Z PD Pé;r‘;l O‘d)[l — P@?|D(6|d)] (78)

d=1

ia)[1 — Pzip(0ia)].(TT)

and
M M-dy  M-d, _,

P(f.i('r'"s'-”‘r') = Pw(55)[Pw(és)/P'D(O)]ns Z Z Z

dp=1 d1=0 dp—1=0

nr—2
X Prpy (do) Po,p(0]dy) { 11 Po.n(0ld)Po,p, (dfdm)}

=1
X P’D-,,,_]IQ,,_T,Q (dnr—1|dnr—2)[1 - PC)i\D(5|Q'rn,-—l)]' (79)
Proof: The proof can be readily obtained following the proofs of the
outage probabilities of Py, T € {A,B,C}, in Section IV. Therefore, it is

only sketched below.

[f n. =0, then it means the packet delivery succeeds before using relaying.
Since this happens only if Sp = 0 before the successful packet delivery, thus
(75) is obtained. On the other hand if =, =1, then it implies Sp turns nonempty
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right before the successful delivery. As all three types of protocols do relay
selection when Sp first turns nonempty, so P7.(ns 1) are exactly the same and
equal to (76). Other than these two cases, Pr.i(n.n,) are different for the
three types of ARQ protocols and are discussed below separately.
® Type-A: Recall from Fig. 5 that for n,. > 2, Pj;(n.n.) is the probability
of n,+ 1 times of the outage event Oy’ s followed by another outage event Oogr
and then by n, —2 times of the outage event Osrc’ s before the successful
delivery, Osre. Since the active relays are fixed after the first relay
forwarding, the probability of Osrc is given by 1 — Pzp(8)is). Therefore,
Pa,(ng,n,) is expressed in the form of (77).
® Type-B: The only difference between Ppg,(n. n,) and P4;(n. n.) is that
Pg.i(ns,n.) is the probability of n.+ 1 times Og’s followed by n, — 1 times
Oor’ s before the successful delivery, Oogr, owing to the reselection mechanism
in each ARQ. As a result, Ppgi(ns.n.) is expressed in the form of (78) when
n, > 2,
® Type-C: The difference between the Type-C and the Type-B protocols lies in
the fact that the decoding set Sp in the Type-C will continue to grow due to
the overhearing capability once |Sp| > 0. Making use of the tree diagram of Fig.
6 to account for the increment of |Sp| in each ARQ then Pc.(n.. n,.) can be
readily obtained by replacing the ending state Oor of the corresponding
branch in the figure with Oggr, which leads to (79).
|

Based on the results of (74) ~ (79), we are able to study the maximum
delay-limited throughput for the three types of ARQ protocols subject to (s.t.)
a constraint, P., on the outage probability. Given the average S-D and R-D link
qualities, p and Sp, the transmission rates for the source and the relays are
defined as R £ vlog(l +p) and R = vlog(1+ /3p), respectively. Thus, the
throughput maximization problem is formulated as

max Gr i(n)

st.  Prin)<P. Te{ABC} (80)
This maximization problem can be solved with the typical steepest descent
algorithm. We next study the optimal throughput, GTJ(n), for the three types
of ARQ protocols in practical ranges of received SNRs. According to the
diversity analysis presented in Section V-D, the relay channel degenerates to
a MISO one when o > a*, or to a SIMO channel with antenna selection when

5:>1nax{nié?,ﬁ*}. Other than these two degenerative cases, in the
non-degenerative cases of ordinary relay channels, the cooperative diversities
of ARQs are typically limited by the cardinality of &p, which is in turn closely
related to value of «. Therefore, we study in particular the effects of a on
the optimal throughput in the non-degenerative relay channels. The system
parameters for simulations are set tobe M =5, i=2, =8, =2 and n =64
1f not specified particularly. Besides, counting the data transmission time
only, we have 7, =1 and 7, = log(1 + p)/log(1 + p) in (74).
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Fig. 12. The optimal throughput fq-,g(n) subject to Pr,(n) < 103, Subplot (a) compares (4 »(n) with
Cra(n) of the random Alamouti (RA) and (pr(n) of the direct retransmissions (DR) for n =1,...,3.
Subplot (b) shows the throughput of (ppr(n), Cra(n) and (ra(n), T € {A,B,C}, versus n a p = 10dB.

A: ARQ Efficiency with ODSTCi

We first exam the effects on throughput enhancement via cooperative ARQ with
ODSTCi. Fig. 12 presents the optimal throughput ng(n) subject to
Pra(n) < P, =10"% Subplot (a) compares C4o(n) with the throughput of
randomly choosing two relays out of Sp for forwarding with the Alamouti scheme
(RA), and the ones using direct retransmissions (DR) from the source for
n=1,...,3. The results show that C42(n) converge w.r.t. n much faster than the
throughput of RA and that of DR, denoted by éRA(n) and fpp(n), respectively.
The fAQ(l) of ARQ1 is even higher than the 6RA(2) of ARQ2 in this case. Besides,
(:“A,Q(2) 1s very close to &A,Q(S) and has roughly a 2dB gain in SNR against QA“RA(Q).

The throughput of Cpr(n), Cra(n) and (ra(n), for T € {A,B.C}, at p =10
dB are drawn in subplot (b) versus the number of ARQs, n. We note that (r.(1)
is the same V7 € {A, B,C}. The opportunistic selection of relays provides 70\%
improvement over the GRA(I) that uses random selection and can still offer about
20\% enhancement over GRA(Z). This ARQ efficiency by ODSTCi is elaborated in
the following simulation studies.

Observe (7.(n) of (74) that the contributions from the terms with n. # 0 are
in fact marginal because Pr;(n.# 0,n,.) < P7,;(0,n,) for [PwPp(0)]"™ <« 1 in
(75) ~ (T79). Besides, the denominators of the summands in (74) make the
influence of Pr,(ngn,) to (ri(n), for ns#0, even smaller. Therefore, the
throughput can be approximated by

Gratn) ~ 3 e Prlln), (81)

Ts + Ny Ty

0
Fig. 13 (a) shows the (r2(2), T € {A.B.C}, obtained with this
approximation when « = 2 and compares them with the fTQ(Q) obtained according
to (74). As shown in the figure, for the Type-A and B protocols, fTQ(Q) obtained
with two summation terms corresponding to n,. = {0,1} in (81) exhibit no
difference than the ones obtained with (74). Besides, the two-term
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Fig. 13. The ARQ efficiency of the proposed protocols. Subplot (a) comparesthe (7 »(2) obtained according
to (74) with the ones obtained by (81). Subplot (b) shows the convergence of (- - (n) w.or.t. n.

approximation of the Type-C protocol is almost the same to the one using three
terms with n, = {0,1,2} in (81). This explains what are observed in Fig. 12 (b)
and Fig. 13 (b) that the asymptotic throughput of the ARQ protocols with ODSTCi
can be attained with two or three times of retransmissions.

B: Protocol Efficiency with ODSTCi

In addition to the ARQ efficiency with ODSTCi, the protocols’ efficiencies
in regards of overhearing, relay reselection and ODSTCi are demonstrated in
Fig. 14. Subplot (a) presents Q?T,i.(2), VT € {A,B,C}, for i=1 and 2 when a =2
and P. = 10"%, and compares them with the optimal throughput corresponding to
randomly choosing at most ¢ relays out of Sp for ARQ with DSTC. The throughput
of this type is denoted by éRSTCJ(Q) with QA“RSTC_Q(Z) = 53_4(2). The results show
that (11(2) = Crsrea(2) and (aa(2) = Crsrean(2) = (pa(2) ~ (pa(2). The
overhearing and reselection function of the Type-C protocol can provide fc‘g(‘z)
roughly a 0. 4b/s/cu gain over 65,2(2) ~ (:RSTM.;(Q). While, the relay reselection
function alone does not offer Cz2(2) ameaningful gain over (s.1(2) or Ca»(2) of
the Type-A protocol when « = 2. The small advantage in &;‘2(2) makes the Type-B
with ODSTC1 an attractive ARQ scheme for o =2 as there is no synchronization
and coordination required among the participant relays to perform DSTC.

On the other hand, when « increases from 2 to 8 as shown in subplot (b),
both C42(2) and Cpo(2) get improved, with (s2(2) gaining some extra but small
advantages from the relay reselection at ARQZ. On the contrary, &(;‘2(2) only gets
some minor improvement from the functions of overhearing and relay reselection.
The Type-A protocol with ODSTC2 turns out to be an effective yet efficient scheme
as relay selection takes place only once when Sp turns non-empty. This result
together with those for &« =2 in subplot (b) are reminiscences of the results
in Fig. 8 for outage probabilities, which also show that ODSTC2 is necessary
for the Type-A protocol, while ODSTC1 works well with the Type-B protocol at
high SNR.
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Fig. 14. The protocols efficiencies in regards of overhearing, relay reselection and ODSTCi for ARQs.

Subplot (a) compares the throughput of various protocolswhen « =2, n =2 and P, = 1072 for i = 1,2
and M . Subplot (b) demonstrates the effects of a on the throughput.

Despite the functions of overhearing and relay reselection that provide huge
diversities to the Type-C protocol, the throughput fgg(n) does not show a
proportional gain over that of the other types of protocols in the above cases.
This motivates us to study the interplay between the outage and the delay
constraints, and their effects on the throughput. We investigate this problem
by studying the system parameters that might affect the outage probabilities
of ARQs, which include the S-D to S-R link ratio («), relay reselection and
overhearing, and examining the relay efficiency in terms of M and ¢ of ODSTCi.

B.1 Effects of the Outage Constraint and the S-D to S-R Link Ratio

Recall from (75) to (79) that the forms of Pr;(0,n,) are in fact the same
VT € {A,B.C} when n,. =0 or 1. Based on the observations from Fig. 13, the
differences among fTQ(Q) mainly result from the terms corresponding to n, < 2
in (81) and the individual constraint of P7»(2) < P. for each type of the
protocol. Since the two-term approximations with n, = {0,1} are almost the same
for the Type-A and B protocols, the fact that GAQ(Q)::fgj(Q) disproves the
advantage of relay reselection of the Type-B protocol when ¢ = 2. In contrast,
that fg;(2)>>§g;(2) justifies the throughput advantage of overhearing of the
Type-C protocol when the S-R to S-D link ratio is relatively low at «a =2,
Nevertheless, the results in Fig. 13 (b) show that this overhearing advantage
1s marginal when n > 2,

The simulation studies presented thus far all show that &T¢(nL
T € {A,B.C}, appear to be greatly affected by « and the constraint on
Pr;(n) < P.. To study the effects of o and P, on (r,(n) while to circumvent
the complexity in the analysis for the optimal 67¢(n), we investigate this
problem from the viewpoint of the maximum multiplexing gain, v = 1. We assign
R =1log(l+op) and eR = log(1 + o3p) for the source and relay transmissions,
respectively, and use a SNR scaling factor o to control the outage probability.
Since this rate assignment method sets the highest possible multiplexing gain,
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Fig. 15. The comparison of the delay and outage limited throughput between the optimal approach and a
suboptimal onewith R = log(1 + ap) and ¢R = log(1 + o3p) when M =5 and P, = 10~? for ARQ2.
The left plot compares the results for the Type-C protocol with ODSTC2, while the right plot for ODSTCM.

v =1, for transmissions, it will cause the highest outage probability as well
for all v < 1 subject to the same outage constraint. Though not optimal, this
approximated analysis is mathematically tractable and provides valuable
insight into the interplay between P. and &T,f.(n). Besides, simulation results
in Fig. 15 also show that the resultant throughput with v =1 is very close
to the optimal one in the practical operating range of SNR even if v =1 may
lead to a lower throughput at high SNR due to its higher chances of
retransmissions.

Given R =log(l+ op) and R = log(1 + af3p), we have 6, =op and & = of3p,
respectively. The outage probabilities from (6) to (9) become invariant to the
SNR under this setting as d.A = dX; = and 0,0, = Z. More specifically, Pw(d.),
Pzp(d]d) and Po,p(d]d) become functions of o7;s only, and

—TT g T

Pp(d) = CY [e“f‘""]d [1 e ]M ' (82)

a7

whose value depends on the ratio of . Here we use o7, to stand for the
different values of o for the dlfferent protocols to achieve P. with ODSTCi
relaying. Following this rule for notationing, the probability, Pyp(d|d), in
(37) for the Type-C protocol becomes

d—1 d—1 30( ERY
6/\ 3°Ca ( )“’
Pyip(d)d) =1 — Z _‘5)‘3( 3) = ZF (83)

Denote the probabilities, Pw(d.), ?%3&0, fﬁqp(él) fbdp(éhﬂ and Pyp(d|d),
under this setting by Pw, Pp(d), Pzp(d), Po,p(d) and Pyip(d|d),
respectively. Substituting them back into (32), (34) and (39), the outage
probabilities, Pr;(n), become solely determined by or; given the values of
the link ratios, «, /5 and n. In particular, P.;(n) and Pp;(n) are functions
of or,; and « only. As a result, given a predetermined constraint, Pou., on
Pr.(n), one can obtain the corresponding or; for each 7 € {A, B,C} and
i=1,...,M. With o7, and, hence, R =log(1l+ por;), the throughput, (7.(n),
can be determined accordingly. More specifically, for the (r.(n) of each type,
the associated P7; in (75) to (79) are evaluated by setting o = o7, in P,
Pp(d), Pzp(d), Po,p(d) or Pyp(d|d).
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a=2 | a=8 |a=27
o402 1 0.4998 | 0.7216 | 0. 7981

2

042 | 0.917410.8993 | 1.1164

oa2 | 0.8879 | 1.1184 | 1.1985
TABLE I
Thevauesof o7 ; toachieve P,,, = 10~% at ARQ2 for different o whe M =5 and i = 2.

As pointed out earlier, for n,={0,1}, the approximated (7 ,(n) in (81) are
in fact the same VT € {A, B,C}. Therefore, the difference between (4.:(n) and
(p.i(n) lies mainly in the distinct o4; and op; for each type of the protocol
to achieve the same outage constraint P.. Table II shows the values of or; to
achieve P.=10"% at ARQ2 for different values of o when M =5, i=2, =2
and 7 =64, As shown in the table, when o =2, o.s>~0p,, thus, (i2(n) and
(p2(n) are almost indistinguishable. On the other hand, when « =38, ors of
different types are already close to each other. Besides, for the Type-C
protocol, Pp(M)+ Pp(M — 1) =0.87, which is large enough such that the
overhearing function of the Type-C protocol does not make much difference in
enlarging D. Therefore, the differences among (72(n) of different protocols
are small as shown in Fig. 14 when o = 8.

C. Relay Efficiency with ODSTCi

From the analytic and simulated results presented in the previous sections
and from Fig. 12 to 14, one may soon notice that the huge diversities contributed
by multiple retransmissions and/or multiple relays in ODSCTi do not necessarily
lead to a proportional enhancement in throughput. In fact, the throughput comes
saturated quickly either when 7 or M for ODSTCi increase as shown in Fig. 14
(a) and Fig. 16, respectively. The throughput enhancement w.r.t. M are
presented in Fig. 16 when p=10dB, i =2 and P. = 10"% at ARQ2. As shown in
the figure, épA(Q) is lower than (c»(2) by about 0.5 b/s/cu and becomes
saturated when the probability of D > 2~ 1. In addition, the improvement of
(_?(,"3(2) has dropped down to around 2% when M increases from 5 to 6. This mainly
results from the fact that (7;(n) of (74) is linearly proportional to Pr,. As
such, the number of relays, M, does not play as an important role to the
throughput as i1t does to the diversity.

On the other hand, the results in Fig. 14 show that the enhancement is almost
indistinguishable for ¢ > 2 when M = 5. Moreover, QA”T,Y-_(Z) of different
protocols increase w.r.t. p almost at the same rate when the SNR is in the
practical range of b dB < p <15 dB. This allows us to exam the SNR loss of
using ODSTCi than using ODSTCM from the viewpoint of throughput as opposed to
the diversity point of view in (28) of Section III.

Recall from (81) and Fig. 13 and 15 that Q_:T,;:(n) can be approximated as
n 2 =

. log(1 ) -Pr.i(0.n, P+.(0,n,
Erin) ~ Z og(1+o7.ip) - P71:(0,n,) ~ (log o7 ; + log p) Z 7.:(0,71,) (84)

Ty + 1, Ty Ts + 1,7,

=0

in the practical SNR range of 0 dB < p <15 dB. Since Pr;(0,n,) are solely

=0
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Fig. 16. The throughput versus M of ODSTC2when P, = 10~* at ARQ2. Theresultsof (7 2(2) are
evaluated at p = 10 dB when ¢ = 2. For comparison, fRA(Q) and 653(2) are also shown in the figure.

determined by « and o7, for n,=0,1, which are constant given a fixed
P.=1073, thus Q_A“T,f-(n) increase approximately linearly w.r.t. logp. Asaresult,
we may define an alternative SNR loss, L7(i,n), in dB as the additional
SNR required for ODSTCi to achieve the same throughput, Ceve, achieved with
ODSTCM at ARQn. Different from the SNR loss defined in (28) from the perspective
of outage probability, the SNR loss, L(i.n), vary slightly with SNR as shown
in Fig. 14 (a). Nevertheless, it still effectively characterizes the relay
efficiency in terms of 7 for ODSTCi.

The values of L7(i,2), T € {A,B,C}, at (ew =2 for different o and
i=1.....,M are drawn in Fig. 17 when M =5 and P, = 10~ at ARQ2. As shown
in the figure that the SNR losses diminish rapidly when ¢ increase. This
characterizes what are observed in Fig. 14 (a) that the efficiency of using
a large ¢ for ODSTCi decreases rapidly. This is particularly true for a small
value of «. Compared with the Type-A protocol, the reselection function of the
Type-B makes 1t more efficient in using the relays when « becomes larger.
Having ¢ = 2 only incurs about a 0.4 dB loss in £5(2.2) for the Type-B protocol
even 1f a =27,

On the other hand, the results in subplot (b) present the effects of the
R-R to S-D link ratio, », on Lc(i,2). The SNR losses, Lc(i.2), increase with
7 1n particular when « is small. This is because the cardinality of &p can
be effectively increased in this case through the overhearing function of the
Type-C protocol. Even though the advantage of a larger 7 increases slightly
when « gets larger, we still have L£-(2,2) ~ 0.55 dB even if a = 27. This once
again makes the ODSTC2 an appealing choice for ARQ with ODSTCi.

Based on the results presented in Fig. 12, 14, 16 and 17 for the analysis
of efficiencies in regards of the number of ARQs, the functions of the protocols
and the number of relays for ODSTCi, we may reach a rule of thumb for choosing
and setting a cooperative ARQ protocol that is based on ODSTCi. In general,
M =5 and ¢ = 2 accompanied by two times of ARQs turns out to be a good tradeof f
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Fig. 17. The SNR losses versus i of ODSTCi  when (jevel = 2 and P. = 10~% at ARQ2. Subplot (a)
showstheresultsfor £4(i,2) and £p(i,2). Subplot (b) compares L (i,2) for n =2 and 64, respectively.

between the protocol complexity and the system performance. When « is large
enough, e.g. « =27, such that Pp(M) =~ 1, the Type-B protocol with ODSTC2

provides an excellent performance. On the other hand, when « is small such as
a = 2, the Type-C protocol with ODSTC2 has obvious advantages provided by its
functions of overhearing and relay reselection. Other than these two extreme
channel conditions, e.g. @ =8, either the Type-A protocol with ODSTC2 or the
Type-B protocol with ODSTC1 provide satisfactory performance. Overall, when
the protocol’ s complexity is of an important concern, then the Type-B protocol
with ODSTCZ2 serves as a good compromise between the complexity and performance.

VII. CONCLUSIONS

We proposed three types of ARQ protocols which involve three different levels
of complexities in using cooperative relaying with ODSTCi. According to the
degrees of coordinations required for the relays to jointly perform ODSTCi,
the three types of protocols employ the functions of fixed relaying in Type-A,
opportunistic relaying in Type-B and the overhearing and opportunistic relaying
in Type-C, respectively, which allow us to evaluate the effectiveness versus
the complexities of the three types of protocols from both the perspectives
of DMT and the delay and outage limited throughput.

According to the outage analysis, the DMTs of these protocols are highly
related to the S-R to S-D and the R-D to S-D link ratios, « and /3, respectively.
When « is high enough, the relay channel degenerates to a MISO one at high SNR.
As such, the Type-B protocol can achieve the DMT of the Type-C protocol. On
the contrary, when / 1is high enough, then the relay channel degenerates at high
SNR to a SIMO channel with antenna selection. The destination in this channel
can decode the data as long as any one of the relays is able to do so. Thus,
the three types of protocols perform exactly the same in this case. Other than
these two extreme operating environments, the cooperative diversities of ARQs
are typically limited by the cardinality, D, of Sp in the non-degenerative
case of ordinary relay channels. Only the Type-C protocol can resolve this relay
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shortage problem and achieve the full diversity by enabling overhearing on
relays ¢ Sp.

On the other hand, based on the efficiency analysis for the throughput in
ordinary relay channels, the S-R to S-D link ratio, «, can be roughly partitioned
into three operating regimes as well. When « is large enough such that
Pp(M) =~ 1, the Type-B protocol with ODSTC2 provides a near optimal throughput.
However, when « is small such that ODSTCi suffers from severe relay shortages
as Pp(1) becomes dominant, then the Type-C protocol can serve as the rescuer
with 1ts function of overhearing, and offer a significant throughput
enhancement even with ODSTCZ in two times of ARQs, making use of 1ts repetitive
process of overhearing and relay reselection. Other than these two extreme
channel conditions, either the Type-A protocol with ODSTC2 or the Type-B
protocol with ODSTC1 provide satisfactory throughput.

Overall, from the practice point of view, this research study shows that
a significant throughput enhancement can be obtained by using an appropriate
ARQ protocol for two times of retransmissions that employ at most two active
relays out of a total of M =5 relays for ODSTC. This advantage of ODSTC may
have a more profound effect on the overall system throughput from a cross—-layer
point of view. Consider the sum of the queue lengths of all relays as a system
resource. An ARQ with DSTC will duplicate the packets to be retransmitted on
all relays in Sp, while for the Type-A protocol with ODSTC2, each of the packets
will be duplicated on two available relays in Sp at most. Inaddition, the total
duration for packets to reside in relays’ queues will become shorter in average
due to the higher efficiency in retransmissions with ODSTC. These features will
make the queues of relays less likely to overflow with retransmission packets,
and hence, more capable to sustain a higher system throughput due to a lower
probability in dropping packets. A more thorough study on this is worth pursuing,
while is beyond the scope of this paper.

APPENDICES
A. Proof of Proposition 1

To find the closed form expression of
.1 .
}\136 FPOfI‘D(@M) (85)
we would need the asymptotic result of a CDF given below.
Assume P = i. Let O, §:§:flp_f+lﬁj stand for the summation of the largest

i out of D i.i.d. exponential RVs, X; ~Exp(A/3), with X}, > X}, , > ... X >0.
For the CDF of O; <4, we have

S—a! i -
éi Poitl S—Tp 4T
FC);((S) = ’
JO S Jr

i=1
Y
D—i+1 D-1

Ixp e 'Xéj_w(;xf-'p.- v @ )daty o dady (86)
where the joint PDF of the ordered RVs X7,,---,X},_,., is given by [25]
. I / D! ’\i —2 Z"l ) P Yo D—i
jX.’pw,.’(-’pﬂJr] ('T‘Df e “{:'D—(+1) = (D — ?)l ?(, 5 2=0Tp—¢ (] — € ""?E.‘D_H—]) ) (87)
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We want to derive the expression of
. 1
lim )\—.DFO,-(fS)- (88)

To this end, we compute its upper and lower bound respectively.
For the lower bound, exploiting Fatou s lemma [27], we obtain

5 - r;D1+] S—alpy_ i1 D
/l\m&mf /\D / [I /
D—i+l D—1
1 '
}\123) inf —fxr Xb_7+1(r"1" e iy )2ty odaly o (89)
where
hm inf /\Pj X! _ﬂH(;i:;;., co i)
1 DX A D-ill
— - e gTD-it1 “BtD-t
=it S B (1 ¢ : ) E]‘J‘
D ()P
(D —14)! 4P (90)
due to the fact that lnnAﬁginfe_%xb_fzzl and
. 1 S D—i P D—i
}\u_fémf G (1 — e 3'Dp-i ) == 9D
by L hoépital’s rule. As a result, we have
Fo (8 D!
lim inf 0.(9) > q(6.D, 1) (92)

A—+0 AP (D —1) '/ﬁ’
where we define

$ = T:D1+1 S—p i —e T Pei
q(6, D) f f f (#p_ir)” ‘dap - dop g (93)
Tp_itl ‘E’D—Al .

On the other hand, we have ¢ #2=0"P—t < 1 and 1 — ¢ “p-irt/7 < g/ i+1/8p
Valh >0, ¢=0,...,i—1. Substituting these upper bounds back into (87), we
obtain

. Fo,(6) D!
fpsup =35~ < et P oD
Since inf(-) <sup(-). By (92) and (94), we have
Fo. (0 D!
lim 0.(0) _ q(6,D,1). (95)

=0 AP (D =) p’D
To further process ¢(6.D,i), we define a change of variable:

X2 N T, j=(D-i+1).....D. (96)
p=D—j+1
By the change of variable, we have
R o0, ¢
0< T, =X} - X =22
1+1_Z._Z )=t < (97)
J=D—i+1
and,
— N
ogT,-_k< Ez(k_' Lok=1,....i—1 (98)
or, equivalently,
§—S" T
0< T < Z"E“lj T k=1....i—1 (99)
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As a result, 1t can be easily shown that

bt §=Y it _
q(6,D,1) = [ [ f t?f'dtlondt;. (100)
o Jo 0

Thismultiple integrals can be solved with Lemma 1 provided in AppendixA-B which
results in

. P (D —4)!
G(agpﬁﬁ):ﬁo (101)
Substituting this expression back into (95), we obtain
lim Fo,(9) = il (102)
A0 AP WgP—1 3"
Now, applying this formula to (85) gives
1 (i

In cases where d < i, then all the relays in Sp will be used to forward the
signal. The corresponding expression of (85) is equal to setting ¢ =d in (103).
Thus, define iq = min{i,d}, we conclude that

.1 . 54 oA .
lﬂjé FPO”D(O d) = W iq = mindi, d}. (104)
B. Proof of Lemma 1
Lemma 1:
fﬂ / " / L gty - -dt,
0 0 0
THL —n)! 4
— F.(T.L), L>n, L,neMN(105)
Proof:
1. Let n=2, we have
T T2t L
f / t2=2dtydt, = / (T — 2ty)tEk=2dt,. (106)
0 0 0
From the table of integrals [28], it follows
ety e (2= D = 1)
fo (v —x)P " 2" de = u TESTEE (107)
Therefore, (106) is equal to
T (T . TE(L — 2)!

2. For n =3, the general form of the formula becomes

T3ty T—3t3—2t9

] / / ty 2 dt dtydts = / / (T — 3ts — 2t )t5dtadts.  (109)
0 Jo 0 0 JO
Set Sg =T - 3t3, we have

%15 2y )dly = 2 e to | dt 8 - 0! Fy(S5.2
/0‘ ( 3= *2)-”2_ /0 (7_"2) 2_m_ 2( 3. )
Substituting this result back into (109), we obtain
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. T o
3 (T =3t3)° | 4 3 5 (T 2,
A )'72]# ET; - 1. 9 . § — ta t3 dtg
2 (T3 -3)  THL-3)

2121 Il T 31.305. L1

Fy(T.L). (110)

3. Now, we assume the following equality holds for n==#%
T—kty T—ktj——2ty

E—1 T L — )
f / f tEFdt dty - - - dty, = M:H{T.,L). (111D)

n!-nt—n. Ll

For n =k +1, we have

. T—(k+1)t) 41— —2iy
k+1 1 -
f [ tr W dbydty - diyy
0 JO
T T—(ktDtgy g = =2ty
k+1 1 I
= o diy - digty T dty 4 .(112)

0 0
Set Sk+1- T — (k+ 1)tgr1. By (111), the integral becomes

= Sk k4 1)k
/ I A+£1tf+lk+l dijy1 = ( ) f [T/(k + 1) _ le]k Hlk-&-l Aty
0 0

kYRl
EE 7
THL —k—1)!
= (k%—lﬂ(k—kl)L—G44yL!::f%+1CF:L)- (113)
Thus, by induction, the proof is completed. -

C. Proof of Proposition 4

Continued from (42), P4;(n) is approx1mated at high SNR as

P4.i(n) i Op —i—ZT,g (v, B, p (114)
where

A [ M (Ydﬂgk

L An—k+ @,
Tila, B,p) = AL, iZ:ﬁ(l—ﬂ[fi+r'd(k—1)]p(1—*}-)m(k—1) (115)

d=1
(@)
M

with ig 2 min{i,d}, A,, = m and Qg = w—(i—f() Now, suppose that

i > 1. The expansion of (a) on the right hand side (RHS) of (115) is given by

1—1 M

o' a®Qy
(a) Z B=)dk p(1—7)d(k—1) +Z [ v ) [d+i(k— 1]p“ V)i(k—1)" (116)

d=1 d=i
With this expression, we discuss below the diversity of (115) in different

channel conditions.

C.1 When o < U=k pll=7(k=1).

Given « and 5, at the kth ARQ, this condition also means that
p > UV o /B0-k which is common to many of the operating scenarios and
is valid only if
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. logar + (1 — ) log p
~ L(1=7)(log 3 +logp)
o If a< B as well, then &' <0. As a result, we have k > 1. Besides,

J—Q—léﬁa’—&—l, ke N (117)

¥

d
ot B [5(1—w-)a-ptl—w;(k—l)} vig = d
[BO=Dld+ia(k=1)] H(1=7)ia(k=1) o 1 o ] i ;
31— i =1

(ﬁp){l—ﬂf}i(k—l} £ 1—-

(118)

decreases when d increases under this channel condition. Therefore, (a) of

(116) is dominated at high SNR by the lowest order of d =1, which gives
(‘t’M

(a) = ST T (119
since €2, = M. Substltutlng the result back into (115), we further have
. (JsM
ZT" @ f,p) = Zamn k1) Bk (1= M (n—k+1)+n]
k=1
. aM
- aM B (1) (M+n)* (120)
o If pU=" <o« pl=kpl=0(E=1" then at high SNR we still have
"i A’y . ady (121
£ =)k p=dle=1) ~ Bk =) ()
Consequently, (116) can be approximated at high SNR as
. aQM ' k
(G) o /9( (1 ) (k—1) +; [-; (1—~)[d+i(k—1)] p(l ~+)ilk—1) ° (122)
() )

(c)
— If (b) > (¢) such that

afdy ot - M Qe (123
[3 1—)k (1— ) (k—1) “" Z ﬁ 1—~)[d+i(k— 1} (1—)i(k—1) = Z /31 ) [d+i(k— 1)] (1—)i(k—1) )

d=1i d=i

where Q) £ max{Qg;. Vd € [i, M]}, then it follows that

S M—
T=0-Dk=1)

Gy o 124
N ﬁ;ﬁ(l—w)[d—wu—l)ﬂ ( )

which is valid only if

lng{m ! (a)Br)i- 1}

12E +1.
(L—)(i — 1)(log B+ log p) + + (125)
Let k* = max{k’,k"}. Then, if &*+1<n, we have
n n 0

Ti(a, 3, = AR+ Qi ly ke
k;ﬂ A.(O’ / JO) k;}—l a,p /j(lf”r)kp(lf'})(kfl) (126)

- aM
- K },‘Z 1 Q"Mr(n_k+1)f}(l_F\")kp(l—"f)[;\'f(n—k—}—l)+n} (127)

c=h* 4
aM

(128)

= QMBI )

— If ¥+1<k<Ek" instead, such that (b) <« (c¢), then we will have
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k* k* M et -
A" k+1(.1fdﬂdk
- ks a.p 5
Z T"“(&’ﬁ‘p) - Z Z 5(1J;)[d+i(k71)]‘0(177-)1'(;;:71) (129)
k=k"+1 k=k'+1 d=:
k* M d / 2(1—)d
. Z d=1 Qd(k(}' /.‘d (130)
- aﬂ{f(nfk+l)ﬁ(lf"f)i(fi'fl)p(l7'}')[(‘-‘-:{4»1)7:+U\"71)(i73:’[71ﬂ
k=k'+1
Q Qd 3 (1—5)d

aﬂ‘f('rr,fk*Jrl)‘i’i(l —~)i (k 71),0(17“)[ \erl)HJr(k*71)(77.-\471)]
C.2 When p > 1 and o > BU=VkpA=0(k=1) 5 g1=).

Under this channel condition, we have

ad =i o z

BI+iE—1)] pL—ih—1) — FI—)(d—) Lg(lw.-)k-p(lﬂ(kl)] > 1 (132)
which is increasing with 4 and holds only if 1 <k < k', Therefore, when « is
large enough, the summation in (a) of (116) can be approximated at high SNR

by its dominant terms associated with d > i, namely

M i i
‘ Qg o= e
(a) _'252/31 (=) [ﬁu_, )k n] : (133)

d=i

As a result, we have
n ,r\,‘l

Anikle(]fde X

: M
L - a,p S
Z Tiler, B,p) = Z Z FU= 0+ ilh=1)] (1= (k=1)
k=1 =1 d—i |

k' 1 k—1
1 M r] .jl—'*)n'
-y { o ] . Smi Qara’/ . (134)

aMn ’8(17'}'):, 1— ]r)[(7‘u'+1)n+(£ 1)(i—M—1)]
k=1 '

Obviously, the summands increase with k since a > 3~ and M >i. Thus, we
further have

d [ 3(1=)d
ZT;‘ o, 3, p - z‘i SLapo’/f , . (135)

yM(n— k'+1)ﬁ 1—v)i(k'— 1),0 1—)[(M+1)n+(k'—1)(:—M —1)]

From the results of (120) (128), (131) and (135), we can see that except
for the case of a < =", "  Ti(e, 3, p) can be dominated by different terms
in different range of k& € [1,n]. If F* =max{k',k"} <n, it is equal to (120)
or the summation of (128), (131) and (135), both of which satisfy

Vil Bop)  aM
}\1_[3(1) A(l—-}('tf+n) - ﬂ'fﬁ(l—ﬁ)n (136)
where A = 1/p. Otherwise, if a > 3%~ and &' >n or " >n, then
i1 Yl 3. p) is equal to (135) or plus (131), thus satisfying
Z:’ lew(a ,!'3 P . A - )-’(d U)()dn
lin ey = (s Bm) £ 3 (137)

d=i

Summarizing the above two results, we obtain at high SNR
gla,8,n) 2(1—+) ®
— o o> and £* £ n
ZT* (0.8, { T . } )

W , otherwise

Given o, d and o > 77, this show that the logarithm of Y ; Ti(cv, 5. p)
can be approximated with two straight lines in different ranges of SNR with
slopes equal to —(1 —~)(M + N) and —(1 —~)[M + 1+ i(n —1)], respectively.

The intersection point of the two lines is given by equating

M _ gla, B,n) (139)

th‘M_1ﬂ(1_7)”[)(1_7)("‘”_"”) p(l—q-)[f‘.f—l—l—l—z(n—l)]
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which results in
aM=1tpU=Nng (o, B, 1) e D
M
When p > pa, the diversity is (1 —~)(M + N), otherwise it is
(1 —N[M+1+i(n—1)],

pa, = (140)

M{n—1)+1

C. 3 When .*3 >> iMrL(ll—w_) [O,‘p(l*"l’)] n{l—")

(|

S

[t has been known from (114) and (120) that when 5~ > «, we have

. 1 M

Pai(n) = oM =) (1) ] 47(mﬂfflﬁ(rf?hvﬂlfTHﬁf+n)' (141
M{n—1)+1

If we further have B > (B3)17 > [apt Y]+ > ap'™" > «, then the
first term on the RHS of (141) will become dominant. Therefore, if

1
3(1=y)n ] T=A)Mm=T)+1]
1< p<pay, 2 am {[ A } (142)
then, the outage probability can be approximated at high SNR as
. 1
Pailn) = oM p(1=)[n(M+1)+1]" (143)
Otherwise, we have
gla,8.n) 2(1—)
=) i(n— , (¥ 2 [5 a'nd p < )OA
Pai(n) =< o0l _ C (144)
B e . otherwise
We note that it is impractical to have « > 51~ and
1 gloe, Bon
gla, 3,n) (145)

anfp(r—wnnuu44)+1] p(lfvﬂﬂf+1+ﬂnflﬂ
since this would lead to

(1=)[(n=1)(M+1—i)+1] < —F— 1
P a.nﬂ'fg((}»mﬁ,n) < (146)

due to the fact that, in general,

. ‘ M alMn=1+dqy M i)
a"™Mg(a, B,n) = BTG ] 2 > QT s, (147
d=i " d=i

C.4 For ARQs with ODSTC1 (i=1):

We note that the above derivations are conducted under the assumption that
1 >1. For i =1, we always have

k k M d/a(l—)d

) =y Qarat/
> Tila.fp) = D —y 2z i/ (148)
k=1

n—k-{—l}ﬁ(l—‘}-)(k—l)p(1—‘}-)[(ﬂ'f-{—l)n—(k—1);‘,{]
k=1

M ~Adfp(1=)d
L OMad)30-7)
i M/ d__l,. d_ /I —_— A Y * (149)
av .."3(1 ¥ ) (n l)p(l y (M +n)
As a result, the outage probability can be approximated at high SNR as (143)

only 1if

. ‘Iﬁn( 1= n‘()
plﬂlc}o [ap T DME-DFTA >1 (150)
where A,y 2 Y200 €V al@=1/30-6=1) " Therefore, define

. gn=) =M =]
PAs = aMn=D+1A ) (15D
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For ¢ =1, we have

1
. anM (=) (M+1)+1] P < Pa
IPATY'_(TL) = { Z}i{] CMad/a01-7)d ’ } ) (152)

oM (=) (=1 yT=7)(M+7) P> PAg

D. Proof of Corollary 2

Continued from (51), Pgp.;(n) is approx1mated at high SNR as

Pp(n) = ”f’+Zn (153)
where
M alP
- n—k+1 d.k
Pe(or . p) £ AL D F=dk y(1=)d(E=1) (154)
d=1"

Gl

(iatig" a)'

1. If o< pgU-vkpt=0tk-1" hence, k >k +1, [c.f (117) ], then the term
associated with d =1 will dominate the summation of I'y(c,f,p) at high SNR,
resulting in

. A 1 A
with Ar,,”,, — M= (M=) and (Dd,k =

[ 5 ,{J(

aM

Pila, B, p) = M (n=k+1) GO0k (=) (n=k+1)+n]

(155)

Therefore, if & <n—1, we have
Z Te(a, B.p) = . oM . (156)

M 3(1—)n 5(1—~)(M+n)
E=k"4+1 @ bj P

2. On the contrary, if a > pU-Mkp0=2(k=1) 5 30=7" when p > 1. Then
1 <k<k+1. The term associated with d = M will dominate the summation of
I'v(ev, 3, p), resulting in

By, o 1Mk 1
Ui(a, 5, p) = o Mn {ﬁ“‘“ } =D+ T)n—k+1]” (157)
and, hence,
21“ (@, B, p) = Dot (158)
K\ P, P) = M (n=k") GO=) MK [1=)[(MA+1)n—k'+1]*

k=1
It is clear that [(M + 1)n—F% +1] > Mn+1> M +n, Therefore, combing the
above two results, we obtain

n é.-\'f.u Al >
- y N n
P S .j(l—w},-\u‘ﬂ (I=9){(Mn41) 1 -
E Fk(ﬂ: /31 p) - pU k,l < 1 . (159)
k=1 M1 gI=mn = (M) oV ST

Since k' decreases when p increases, this shows that the logarithm of

w1 Ie(a. 3, p) can be approximated with two straight lines in different ranges
of SNR with slopes equal to —(1 —v)(Mn+1) and —(1 —v)(M + N),
respectively. When & > n, namely, a > pgll=mnpl=00=1 2 o the diversity is
(I —5)(nM + 1). However, as p keeps increasing, the diversity may change from
(1—~)(Mn+1) to (1—+)(M + N) when p is higher than a threshold SNR, ps,.

The intersection point of the two lines is obtained by solving
alM 1

Q,ﬂ‘fﬁ(l—*}- np(l— Y M+n) - (,a'!%'ﬂ»f—-i)nﬁ(l—“f)nM'p(1—“r)('n.-“m'+l) (160)
which yields
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M1 == D=1
PB = | M Ba—n(I=D) (31— )n (161)
On the other hand, when &’ < n, which also means «a < BU=7np=1(=1) & ¥
the Pp;i(n) can be approximated as

. 1 M
Pp.i(n) = anM p(1=7)[n(M+1)+1] + aM=1301=)n H(1=9)(M+n) " (162)
If we further have A1=" > (8%)1=7 > [apt=1]"" 5" > [ap!=0-"]% where

1 M{n—1)+
)

1
f* & M7= [apt=7)] 750", then the first term on the RHS will become dominant.

The outage probability can thus be approximated at high SNR as
1

Pgi(n) = oM (=) (M +1] (163
The threshold SNR, pp,, 1s thus given by
PBy = [W] = PAy- (164)
We note that it is unlikely to see at high SNR that
! ! (165)

C},ﬁ,;“v{p(l*‘j‘)[ﬂ(ﬁi{‘%l)‘l’l] - (fi!.?:ﬂi'f:r')nﬁ(lfj)-nﬂfp(lf'y)(nﬂ'qul) )

Since, in this case, we would have p= '=/iliM=3M(1-7) /oM < 1 when requiring

at least o > '~ for (158) to be valid. Summarizing the above results, we have
Parn

. *
G—Mn0-nvnt) & > a” and p < pp,
. : 1 ) *
IPB,;F(R] = M = [ (M A1) ya <o and p < py, . (166)
M

M =1 3(T=7)n sT—7)(M+7) , otherwise

This completes the proof.
E. Proof of Proposition 5

Since {d, +i,(M —d,)} > M, with the equality holding either when
i¢ & min{i,d, ,} =1 or d,=M. Given i >1 and dy > 1, for k> 2, by inspection,
we have:

1. Define Sy £ {do|dy € [1, M]}.
2. ARQ2:
To satisfy d, +i(M —d,) = M:
e For (i;=1 and d;, < M), then d,=1, we have
S* 2 {(dy, do)|do = 1.dy € [0, M —2]}.
e For d, = M. Since d, > 1, we have
S 2 {(dy,dy)|dy = M — dy. dy € S}
e Thus, S = 8¢ US! satisfies d; + (M —d,) = M.

3. ARQ3:
e For (i, =1andd, < M), then d, =1. Since do >1, d,+is(M —d,) =M,
€ [1,2] is satisfied when
S5 & {(dy,dy, do)|dy = 1,d; = 0,dy € [0, M — 2]}.
e For d,= M, toalso satisfy d, +i,(M —d,) = M. we have (dy,dy) € S1. Thus,
SY & {(dy,dy, do)|dy = M — d,, (dy, dg) € 81}
o S, £85US) satisfies d, +i(M —d,) =M, £ €[1,2].
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4. For ARQk-1:
Assume S, , £ S¢ ,USh , satisfies d;+i(M —d,) =M, ¥Vl € [1,k—2], with

Sﬂ_g é {(d;‘-_g. e .d(_])|dl) = 1.d1 == d,t;__g =0, (E,',u_g € [0. M — 2]}
S;:__g £ {(d;\._g. et d())|(&-2 =M — (_Jfk_31 ((fk_ga T ,(ff)) € S,i,\__g}.
5. For ARQk:

o For (ip_y =1 and d, , < M), then d, ,=1. Since do > 1, d,+i /(M —d,) = M,
v/ e [1,k—1] is satisfied when

St 2 (e 1 do)do = 1,dy =+ =dj_o=0,dp_; € [0, M —2]}. (167)
o For d, , =M, to also satisfy d, +i/(M —d,) = M,Vl € [1.k —2], we have
(d;,,_g, v .,dn) €8s, ThUS,

Sty E{(dpr, - do)|diy =M —dy . (dja. -+ do) € Sia} (168)
e Having S, ,£8¢ ,US) | satisfies d,+i(M —d;) = M,/ € [1,k —1].
By induction, the proof is completed.
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