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Abstract

The complete, lag and anticipated synchronizations of two identical autonomous chaotic systems, Brushless DC
Motors (BLDCM) systems, are studied in this paper. PC method, linear coupling and active control are used for
the achievements of the complete and the lag synchronizations. Linear coupling method and active control is used
for the anticipated synchronization. Generalized lag, anticipated and complete synchronization are obtained by active
control. Finally, the generalized lag synchronization of BLDCM system and Lorenz system is studied.
© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

Chaos synchronization has been applied in many fields such as secure communication [1-3], chemical and biological
systems, etc. [4,5]. Many researchers have studied synchronization between two identical chaotic systems [6-21]. Lag
synchronization and anticipated synchronization of chaotic systems have been studied widely recently [21-23]. This
paper is organized as follows. In Section 2, the complete synchronization of BLDCM systems [24-26] is obtained by
PC (Pecora and Coroll) method and linear coupling. In Section 3, the lag synchronization is obtained by PC method
and linear coupling. In Section 4, the anticipated synchronization is obtained by linear coupling. In Section 5, general-
ized lag, anticipated and complete synchronization are obtained by active control. In Section 5, the generalized synchro-
nization of BLDCM system and Lorenz system is also obtained by active control. In Section 6, conclusions are drawn.

2. The complete synchronization of BLDCM systems

2.1. Pecora and Corroll method for complete synchronization

Pecora and Corroll method [27,28] of synchronization for identical systems is used in this subsection. The master
and slave systems are described as follows:
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X| = vy — X1 — X2X3 + pXx3,

Xy = Vg — Oxy + X1X3,

X3 =o(x; —x3) + nxxa — T, (1)
VL= Vg =y — VY3 + 0y,

Yy =Va =0y, + 13,

y3=0a( =)+ —Tu, (2)

where v, = 0.168, v; = 20.66, 6 = 0.875, ¢ = 4.55, n = 0.26, T; = 0.53 are parameters.
Firstly, the variable x|, in Eq. (1) is used to replace variable y, in Eq. (2), then the new slave system is described as

follows:
V1= Vg — X1 — Va3 + pyss
V) = Vg — 0¥y + x1y3, (3)
yy=0(x1 —y3) +nxy, — Ti.

Take y; — x1, y» — X2, y3 — X3 as errors. The complete synchronization can be obtained by simulation which is shown in

Fig. 1. Secondly, by the replacement of y; by x3, the synchronization of these two identical systems can also be ob-
tained, as shown in Fig. 2.

Lastly, it is found that by the replacement of y; and y, by x; and x, respectively and by the replacement of y, and y;
by x; and x3 respectively the synchronizations can also be obtained as shown in Figs. 3 and 4 which present that the
former case requires less time for the accomplishment of synchronization than the latter case requires.

2.2. Complete synchronization by linear coupling

Take Eq. (1) as master and Eq. (2) with linear coupling as slave
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Fig. 1. The complete synchronization of two BLDCM systems by replacement of y; by x;.
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Fig. 2. The complete synchronization of two BLDCM systems by replacement of y3 by x;.
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Fig. 3. The complete synchronization of two BLDCM systems by replacement of y; and y, by x; and x, respectively.
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Fig. 4. The complete synchronization of two BLDCM systems by replacement of y; and y; by x; and x3 respectively.

V1 =Vg =Y — s+ oyvs FKi(xi —yy),
V2 = Va = 0y, + 13 + Ka(x2 — »2), @
=0 — ;) F vy, — T+ K3(xs — ps3).

where K = [K,K>K5]" is a coupling strength vector. The synchronization can be obtained with rather small coupling
strengths K| = K, = K3 = 1, as shown in Fig. 5.

3. The lag synchronization of BLDCM systems
3.1. Pecora and Corroll method for lag synchronization

The master system and slave systems are described by Egs. (1) and (2). Firstly, variable x;(¢ — t) where t = 1s in Eq.
(1) is chosen to replace variable y; in Eq. (2), then new slave system is

P =vg—x1(t = 1) =y + pyss
V2 =Va— 0y, +x (t - r)y3, (5)
Vy=o(t—1) = y;) +nx(t— 1)y, — o

The lag synchronization can be obtained by simulations which are shown in Figs. 6-8. By simulation results, it is found
that the range of time delay 7 is unlimited.

Variable x3(¢ — 1) where t = 1s in Eq. (1) is used to replace variable y; in Eq. (2), the simulation results are in Figs.
9—11. The lag phenomenon is quite clear in Fig. 11. It is found that the range of time delay 7 is unlimited also.

Variables x(¢ — t), x(t — t) where 7 = 1s in Eq. (1) are used to replace variables y;, y, respectively in Eq. (2). The
simulation results show in Figs. 12 and 13. It is found that range of delay time 7 is unlimited also.

Variables x(¢ — 1), x3(f — t) where 7 — 1s in Eq. (1) are used to replace variables y;, y; respectively in Eq. (2). The
simulation results are shown in Figs. 14 and 15.
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Fig. 5. The complete synchronization of two BLDCM systems by linear coupling.
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Fig. 6. The time histories of x, in Eq. (1) and y, in Eq. (5).
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Fig. 7. The time histories of x3 in Eq. (1) and y; in Eq. (5).
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Fig. 8. The lag synchronization of two BLDCM systems of Eq. (1) and of Eq. (5).
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Fig. 9. The time histories of x; and y; when y3(¢) in Eq. (2) is replaced by x3(z — 1) in Eq. (1).
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Fig. 10. The time histories of x, and y, when y;(¢) in Eq. (2) is replaced by x3(¢ — 1) in Eq. (1).
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Fig. 11. The lag synchronization of two BLDCM systems when y;(¢) in Eq. (2) is replaced by x3(¢ — 1) in Eq. (1).
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Fig. 12. The time histories of x3 and y; when y(¢), y»(¢) in Eq. (2) are replaced by xi(z — 1), x»(z — 1) in Eq. (1) respectively.
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Fig. 14. The time histories of x, and y, when y(¢), y5(7) in Eq. (2) are replaced by x;(z — 1), x3(¢ — 1) in Eq. (1) respectively.
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Fig. 15. The lag synchronization of two BLDCM systems when y(¢), y3(¢) in Eq. (2) are replaced by x;(z — 1), x3(z — 1) in Eq. (1)
respectively.

Lastly, it is found that the time required for synchronizations by the replacement of two variables are less than that
by the replacement of one variables. And the x;, x, case is faster than the x, x3 case.

3.2. Lag synchronization by linear feedback

The coupling scheme for the dynamics of the master and the slave is written as

x(1) = f(x(2)), ®
y(t) = (1) + Kx(t — 1) = y(1)],
where x, y are state vectors, f(x(¢)) is an arbitrary vector function, K is a coupling strength matrix and 7 is the time

delay. Using the above scheme, simulations are given. Results are shown in Figs. 16-19. From simulation results, when
the range of time delay t is between 1 and 10, good performances are obtained.

4. The anticipated synchronization of BLDCM systems

The synchronization of chaotic systems in a unidirectional coupling configuration has attracted great interest due to
its potential applications to secure communication systems. Particular attention has been paid to the so-called anticipat-
ing synchronization regime, where two identical chaotic systems can be synchronized by unidirectional delayed coupling
in such a manner that the “slave” (the system with coupling) anticipates the “master” (the one without coupling). More
specifically, the coupling scheme proposed in [29-33] for the dynamics of the master x(¢) and slave y(¢) is

(1) = f(x(1)), o
(1) =7 (0) + Klx(e) =yt = 1),

where x and y are state vectors, f is a vector function, 7 is a delay time, K is a coupling strength matrix.
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For BLDCM system, the master is described in Eq. (1) and slave is

V1=V =y — vz pys + Kilxi — i (t— 1)),
P2 =Va — 0y, +y1y3 + Ka(x2 =, (t — 1)), (8)
V3 =0 =) + vy — To+ Ks(xs — y5(t — 7).

For appropriate values of the delay time t and coupling strength K, the basic results can be obtained such that

y(t) = x(t + 1), i.e., the slave “anticipates” by an amount t the output of the master while the value of 7 is limited.
The simulation results are shown in Figs. 20 and 21 where K; = K, = K3 = 145, 1 = 0.02.

5. Generalized lag, anticipated, and complete synchronizations of BLDCM chaos system by active control

In this section, active control [27] is used to the generalized lag, anticipated, and complete synchronizations. When
generalized synchronization is accomplished, the response state vector y is a given function of the drive state vector x.
We use a type of generalized (lag, anticipated, and complete) synchronization which is defined as the presence of certain
relationship between the states of the drive and response systems, i.e., there exists a smooth vector function H such that
¥(£) = H(x(t — 7)) with T € R, which includes the generalized lag synchronization (GLS, y(f) = H(x(t — 1)) witht € R"),
the generalized anticipated synchronization (GAS, y(¢) = H(x(t — 1)) with T € R™), and generalized complete synchro-
nization GS(y(¢) = H(x(t)) with 7 =0).

5.1. Linear vector function H

The drive and response system is as following:

X X -1 0 P —X2X3 + Vg

| =4|x|+Fkx), A4=|0 =5 0|, Fx)=| xix3+w 9)

L %3 | | X3 | o 0 —o nx1xy — T

B [ ]

| =By, | +Gx)+Ulx,y),

L3 ] L3 |
-1 0 s+ Ui(x,)

B=10 =46 0], Gx)=|yys+tv |, Uxy=|Uxy) |, (10)

o 0 —o iy, —Te Us(x,)

Let the error state vector e(?) = y(t) — H(x(¢t — 1)), where t € R and H(x(t — 1)) = [H(x(t — 7)), Hx(x(t — 7)),...,H,
(x(t — 7))]" is a smooth vector function. We can obtain the error dynamic system and choose controller U(x,y) as
follows:

e(t) = Ade(t) + BH(x(t — 1)) + G(v(¢t — 1)),

+ DH (x(t — 7)) [Ax(t — 1) + F(x(t — 7)) + U(x,»)], (11)
U=Ae—BH(x(t—1)) — Gly(t — 1)),
— DH (x(t — 1))[4x(t — ©) + F(x(t — 7))], (12)

where 4 is a constant matrix and DH(x(¢ — 7)) is the Jacobian matrix of H(x(¢ — 7)). A linear vector function
H(x(t — 7)) is chosen as follows:

h“ 0 0 X1 (l - ‘L') C1
H(xp,xp,x3) = | 0 hyp 0 xE—1) [+ | el (13)
0 0 ]’l33 X3 (l — T) C3
where 711, hyo, hiz, ¢, €2, c3 are constants. Then the error dynamic system (11) becomes
é e Ay —1 Viip) Aiz+p el
| =B+A)|el|=| 43 Ap =3 An e |. (14)

3 e3 Ay —0  Adyp An+o] e

Q-
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Proper 4;; can be obtained such that all eigenvalues of system (14) have negative real parts, i.e., the null solution of
the system (14) is globally asymptotically stable. The parameters in system (9) and system (10) are chosen as v, = 0.168,
Vag= 2066, TL = 053, g = 455, p= 60, n= 0.26. Let All = —3, AIZ = —2, A13 = 3, A21 = 0, A22 = —30, A23 = 2,
A3 = —4.55, A3, =0, A33=-30. The initial values of the states of system (9) and system (10) are x; =0.01,
x>, =0.01, x3=0.01, y; =0.1, y, = =5, y3 = —10. The time constants T =1 and t = —1.5 are used in the lag synchro-
nization and the anticipated synchronization respectively. Finally, the dynamics of generalized lag, anticipated and
complete synchronization errors for the drive system (9) and the response system (10) are shown in Figs. 22-25.

5.2. Nonlinear vector function

The drive system and response system are also Eqs. (9) and (10). In this section, we choose nonlinear vector function
H(x(t — 1))

2x(t — 1) 0 0 x1(t—1)
H(X],Xz,)f3) = 0 2X2(l — ’C) 0 XZ(I — ’L') . (15)
0 0 2x3(t — 1) x3(t—1)

We can also obtain the error dynamic system (14) from (9) and (10). Choose proper 4;; such that all eigenvalues of
system (14) have negative real parts, i.e., the null solution of system (14) is globally asymptotically stable. Take the
parameters in system (9) and (10) as v, =0.168, v,=20.66, T, = 0.53, 0 =4.55, p =60, n=0.26. Let 4;; = =30,
A1 =2, A13=73, 451 =0, Ay = =30, Adr3 =2, A3; = —4.55, A3, =0, 433 = —33 and the initial values of the states of
system (9) and (10) as x; =10, x, =5, x3 =7, y; = 21, y, = 30, y3 = 15. The time constant t = 0.5 and T = —1 are used
in lag and anticipated synchronization respectively. Finally the dynamics of the generalized complete lag and antici-
pated synchronization errors for the drive system (9) and the response system (10) are shown in Figs. 26-31.
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Fig. 22. The time histories of yi, y5, y3 and xj(t — 1) + 1, x5(t — 1) + 1, x3(tr — 1)+1 for linear vector function H.
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Fig. 25. The time histories of the generalized anticipated synchronization error e = y(f) — (x(¢ + 1.5) + 1) for linear vector function H.

6000 T - e —
. — x12 |,
-4000 - i ¥ —I
= ]
L 2000 I" 2
> =
& ., J
1 T T N T, VPP WOTIPA S
.2000 - S i s i 1 g 1
0 5 10 15 20 25 30
x 10" t
1 —— 22x2? E
y2 !
9 2 v e
©~
o™ -
>
&1 . .
EANRN AR o A
0: i 1 i ! ]
0 5 10 15 20 25 30
10000 - - ——— T y =
— xa? |
-
o 5000 - R LI N
iy |
o v
o .
f,: 0 T A L A VRV ST TV T ST PR O 0 O S ENE DL S A S _;‘_z\_,f-.:\__."‘-‘_“
5000 =~ - Lo - — ‘ i
0 5 10 15 20 25 30

Fig. 26. The time histories of y1, ya, y3 and 2x3, 2x3, 2x3 for nonlinear vector function H.



Z.-M. Ge, G.-H. Lin | Chaos, Solitons and Fractals 34 (2007) 740-764 757

O__ ot F e -
° 3
-200 =
-400 . . . e T PR T L S s, L e P T DR SO, NSRS
1 2 3 4 5 6 7 8 9
t
10 - S - = — . — s s i 2
0- = = = -
9
-10 - =
20 S E— — : L I
0 1 2 3 4 5 6 7 8 9 10
t
50 ———- -~ S - T T - T - e
i
0- —— T
@
-50 = . !
-100 - TS . : S ST AR B Y. L.
0 1 2 3 4 5 6 7 8 9 10
t

Fig. 27. The generalized complete synchronization error e = y(¢) — (2x?) for nonlinear vector function H.
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Fig. 29. The generalized lag synchronization error e = y(z) — (2x%(t — 0.5)) for nonlinear vector function H.
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5.3. The generalized synchronization of BLDCM and Lorenz chaotic system for nonlinear vector function

In this section, we use nonlinear vector function H(x(¢ — t)) and different chaotic systems for generalized synchro-
nization. The drive system is Eq. (9) and the response system is Lorenz system :

52 Vi —a a 0 0
j’z =B V2 +G(y)+U7 B= C 0 -1 9 G(y): Vs | (16)
7 Y3 0 0 -b Vi

300
H(xi,x2,x3) =10 3 0 cos(x(t—1)) |- (17)
0 0 3

We can also obtain the error dynamic system (14) from (9) and (16). Choose proper 4;; such that all eigenvalues of system
(14) have negative real parts, i.e., the null solution of system (14) is globally asymptotically stable. Take the parameters in
system (9) and (16) as v, =0.168, v, = 20.66, T, = 0.53, 6 =4.55, p =60, n =0.26, a = 10, b = 8/3, and ¢ = 28. Let
Ay ==5412=2,413=15, 451 = =28, Ay, = =5, Ar3 =1, 43; = 0, 435, = 0, 433 = —5, and the initial values of the states
of system (9) and (16) as x; = —15, x, =5, x3 =30, y; = =5, y, = —4, y3 = 5. The time constant t = 1 and t = —0.2 are
used in lag and anticipated synchronization respectively. Finally, the dynamics of generalized lag, anticipated and
complete synchronization errors for the drive system (9) and the response system (16) are shown in Figs. 32-37.

6. Conclusions

By Pecora and Corroll method, complete synchronization and lag synchronization are accomplished successfully.
The larger the number of states of the response system replaced by states of the drive system is, the quicker the chaos
synchronization can be accomplished. Linear coupling for complete, lag and anticipated synchronization is achieved,
and time delay 7 can be arbitrarily chosen for lag synchronization, and the range of negative t has limitation for antic-



Z.-M. Ge, G.-H. Lin | Chaos, Solitons and Fractals 34 (2007) 740-764 763

ipated synchronization. The generalized complete, lag and anticipated synchronization are achieved by active control.
Finally generalized lag synchronization are studied for different systems, BLDCM system and Lorenz system, by active
control.
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