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S WS - kSRR AR TR L kZHER ik LEHER. Stoyanoy
1987 & & d1 P ngid AR T 2 7 5 F P iFH GR], A Follmer-Wu-Yor B>t 2000 # f24- 7
TR RrATEY, AP AR iR - L3357 PiFH 0 open problems, b4
I =¥z =33 % W a#$ i quadratic variation fiE SR RE, ¥ b, S3H WiE S A A TAECE o
B R AR R AL

Mets @ FPE, BHEPER, FEL T,

Fe R

A weak Brownian motion of order £ is a stochastic process whose k-dimensional marginal is
identical with that of a standard Brownian motion. A weak Brownian motion is not
necessary to be a Brownian motion. This was a conjecture appeared in Stoyanov (1987) and
solved in Follmer-Wu-Yor (2000). In this project we aim to solve some open problems in the
weak Brownian motion, for example, the value of the quadratic variation of weak Brownian
motion of order 2 and 3. Furthermore, we want to discuss the applications of the weak

Brownian motion in finance.

Keyword : Brownian motion, weak Brownian motion, marginal distribution.

=~ PR BER
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X(0)=0a.s.;

F s<t (X(t) 3 % X()—X(s) = normally distributed with mean 0 and variance ¢
- S;

3. ERABHE X)) -X((1) 2 X(4)-X(1(3)) (£ (1)<u2)<i3)<14) &
e,

N —

AtE
Pl

B EAE (X)) .4 .- 4B Brownian motion? # Follmer-Wu-Yor [6] ¥
i f247 =B conjecture, I H#- {24 FERE & weak Brownian motions.

“t 3} # weak Brownian motion of order k 45 ¢ E_ i SE ¥ i 42 (X(1), #
k-dimensional marginal (X(¢(1)), X(t(2)), ..., X(t(k))) = Brownian motion (B(f)) =
k-dimensional marginal (B(t(1)), B(t(2)), ..., B(t(k))) 4p . % Follmer-Wu-Yor [6] % i 3
# 7 weak Brownian motion - SEE, Gl4cg k> 2 B, (X(r)) € F ® continuous
version. & X %  Gaussian process, (X(f)) € #_# Brownian motion. § k>4 P, (X(1))
quadratic variation = ¢. @ ¥ weak Brownian motion ¥ % L {¥ ¢ &_i# semimartingale. i%
e PF» 4 It integral efpigp L BB (cf. Follmer [4]). ¢ *F, weak Brownian motion

fr time-space Wiener chaos ~ 7 48 % = HBf B4+ (c.f, Yor [15], Peccati [9]).

¥ F % & Strassen [14] i #% ' martingale marginal property FEA . TN WAL TR
family of density functions O = {q(x,7): >0}, & % ¢ 73 & Markov martingale (M(?)), ¥+
% ent, B distribution 1573 density g(M,f) ik . Strassen [14], Rothschild-Stiglitz
[10], [11], Kellerer [7] 5% i B B 3L B R crdF2d, X @RI EF 2002 LB (Fik, B
‘b, iR 48~ R I stochastic order R 48 (c.f. Follmer-Schied [5]). X " { P! Fa el
construction R| - £ F| Madan-Yor [8] 4 J13R (# 2 $£¢ ' - B  inhomogeneous

Markov martingale).

B >% marginal distribution “R 38, APAFAEE - EAR L HFHF. L& DR

LR P et sk S BN | I S B AN AR ST I A o - 3 O 422k &) I
n(K,T) = E* [ min{(S(T) - K),0}],

B S) ZREAPFF R, T3P, K:h9%, EX L $ equivalent
martingale measure P* «fp ¥ &, g e B Y 23 B fe S(T) <0 distribution 7 B .
¢ “t, Breeden-Litzenberger [1]1% Dupire [3] 7~ 1! 7

P*(S(T) > K) =-( dK+) n(K, T),
2P (JK+) oK, T) & end g 3 K eht i, 4 WP EH 258 stock

price S(T) ¢ distribution 2 ¥ ¥ B 8. ¥ ¢b, Campi [2] 7* | * k-dimensional marginal
distribution ;% #% I k-complete market # k-mixed trading strategies R4 .
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1. weak Brownian motion _F - i open problems: &]4c§ order k = 2 & 3 pF, weak
Brownian motion 7 quadratic variation at time ¢ &_F 17 5 .

2.  weak Martingale #3& /% : #- weal Brownian motion of order £ e#24 ¥ F I weak
martingale, ¥ #F34- & |2 F

3. martingale k-marginal property % Markov martingale k-marginal property 3¢ #.

4. weak Brownian motion of order k, kth Wiener chaos, kth time-space Wiener chaos, %
stochastic order 2z_ ¥ B % g5 3.

5. #¥3t weak Brownian motion of order k “P47% ' hj ¥, de i 3%, k-complete
market % k-mixed trading strategies _* et .

= BEREHSG:

gL %*%Jﬁ“ﬁ E_®31% weak Brownian motion e— 5 R H gk SR FIEERRE 0% R A

oo - #ip.od 2w x 7 - B F B weak Brownian motion of order k
o AP R 44— B special case k #itEh, % 4-¥ Haar

system % #£31 weak Brownian motion of order 3 =%, 4>+ — #& &0 orthonormal basis

R F A AF RS, B owod A B A B4R E S K313, general case.
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The quadratic variation of weak Brownian motion of order 3

First we recall the characterization of weak Brownian motion.

Proposition 0.1. Let k € N and let X be a continuous stochastic process. Then X 1is a weak
Brownian motion of order k with E[X X;] = s At if and only if for all 0 < t; < --- <t <1,

(Xt -+, X4, is a Gaussian vector and X can be represented in the form
0 ¢
Xi(w) = Z (/ gpn(u)du) En(w)
n=1 0

in L*-sense, where (p,)n>1 18 an orthonormal basis on L*([0,1]) and (§,)n>1 is a sequence of

centered uncorrelated random variables with variance 1.

In the sequel let us take (¢,) to be the Haar system {H;; : [ € NU{0},i € I(])}, explicitly,
©1 = H071 = 1,

(the corresponding I(0) = {1}) and for n > 2 with n = 2"+, i € I(l) := {1,2,--- ,2!71}

( — 1 2i — 1
(1-1)/2 ot
2 , 1f21_1§t< ST
t) = Hy(t) = _ot-n/p 3201 !
@n(t) Li(t) 2 , if 5 §t<ﬁ’
| 0, otherwise.

Hence, for k > 3, a weak Brownian motion of order k can be represented as

=% ([ i) vi )

where (Y;;) is a sequence of N(0, 1)-distributed uncorrelated random variables.

In order to prove the main result we need first some definitions.

Definition 0.1. Let {H,;; : | € NU{0},7 € I(I)} be the system of Haar functions. We say that
H,;; is a root of H,,; if | # m and

supp(H, ;) € supp(Hy;).

From the definition of Haar functions, it is easy to check that H;; is a root of H,, ; if and

only if [ < m and
supp(Hy,;) N supp(Ho.;) # 0.

1



For example,
supp(Hs,1) C supp(Ha,1) C supp(Hi,1) = supp(Ho,1).-
This implies that the roots of Hs are {Ho1, Hy1, Hap}-

Lemma 0.1. Let X be a weak Brownian motion of order 3. Then the corresponding (Y;) in

(1) is pairwise independent.
Proof. The proof is omitted here. ]

Proposition 0.2. Let X be a weak Brownian motion of order 3. Then the quadratic variation
of X is given by

Proof. Let o, be a partition of the interval [0, t] with
0=ty <t1 =2""<ty3=2-27"<---<t; =0-27" < --- <ty =1,
and
(N—1)27" <t < N2™

Furthermore, we may write ¢ as the dyadic sum

[e.9]

t= Zan/Q”,

n=1

with a,, € {0,1}. It is sufficient to show that

2
E (Z (Xti+1—Xti)2—t) — 0, as n — oo.

ti€on

Since the 2-marginal law of X is the same of that of a Brownian motion B,

E Z (Xti+1 - th’)2] - Z E [(th'+1 - Xti)z] - Z E [(Btz'+1 - Bti)Q]
ti€on ti€on ti€on
= > (tin—t)=t
ti€on



Thus,

E (Z(Xm X;,)* - >2 - F (Z(){tl.ﬂ—)(ti)z)2 42

ti€on tiCon
- ZE [(XtiJrl B th‘)z (th+1 - th)ﬂ — .

1]

We discuss it in three cases:

Case 1: i,j # N — 1. Due to Lemma 0.1, we have
E |:(Xt'i+1 - Xti)z (thJrl - th)Q}

t: 2 ts 2

i+1 Jj+1

= ([ o (wa) ( Hiy, <u>du>
t; tj;

l1,m1
tit1 2 tj+1 2
+22 ( H )du) H p(u)du
tj

l2,ma2
Case 2: One of 7, j equals N — 1. This implies that

E [(Xt - *XtN—1)2 (‘Xti+1 N Xti)Q]

< 3; ( /t; Hp7q(u)du>2 ( :H [ar,,m(u)du>2
o 5 S ([ o) ([ ) ([ )

ll mi, 12 mo Im
117“2 ml?’fmz

Both of these two terms converge to 0 as n goes to co due to Case 1 and the definition of Haar
function.

Case 3: i =j =N — 1. Due to (1) and the definition of Haar functions we know that
_ t A
E [(XtN — XtN_1)4] = E (Z / Hy () du - Yhm)
Im YtN-1

- . 4
3 / Hypy ()| du - Vi | | -
1 tnN—1

3
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for some m; € I(l). Applying (?7), (??) and (??), we see that

n o0 4
4 —on _
E [(Xt—XtN_l) } < E ((t—tNl)yYo,lHZg(z vy Y 2 (z+1)/zmml‘>
=1 l=n+1

4
1 n oo
(I—2n+1)/2 —(1+1)/2
§3<—2n+l§12 +§ 2 )

l=n+1

which converges to 0 as n goes to infinite.

Summering the above three cases we conclude that

> B[~ X (K - X,)]

ti,t]‘ Eon,

tig1 2 tit1 2
— lim Z Z < Hy, m, (u)du) Hyy m, (uw)du
n—oo t ¢

J

tit1 2 tjt1 2
+2 Z ( HLm(u)du) H o (u)du
t; t;

= lim E (ti+1 - ti)(tj+1 - t]) = lim t?\f—l = t2,
n—00 n—00
i j<N—2

as n — o0o. This results in the desired result, i.e., the quadratic variation (X), = ¢. O
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