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In this report, we study the corner singularity of Laplace equation. We employee
the finite element (FE) discretization on three different meshes (uniform mesh,
Shishkin-type mesh and adaptively refined mesh). We also investigate the multigrid
convergence of the FE solutions over these three types of mesh. We observed that
the singularity is well resolved and the multigrid convergence remain robust on the
Shishkin-type of meshes. In the following, we first state our problem setting and
followed by the numerical results we have obtained. In the end of this report, we
attach a paper that is under this NSC-grant support and has been accepted for

publication in the journal, Computer Physics Communications.
l. introduction:

We consider the following problem. Let Q be a bounded polygonal domain in R?
with at least one re-entrant angle. Consider the Poisson equation with homogeneous

Dirichlet boundary condition:

-Au=f in Q
u=0 in 0Q,

where f € L*(Q). Let Q be a sector of the unit disk with angle 7/,
Q={(r,0):0<r<1,0<0<xlp}.

Let v(r,8) =r”sin B6. Define u(r,8) = (1-r?)v(r,6). Note that u is zero on Q.

By direct computing, we find

AU =(1-r>)AV+2V(1-r?)-VVv+VA(L-r?)
= —4r@—4v =—(4p+4)v.
or

To solve this problem , we use the Finite Element method with piecewise linear
function on a quasi-uniform grid. It is well-known, the FE solutions convergence is of
the order O(h?) inthe L*—normand is of orderO(h) in H*—norm, when
0< @ < 7 ,where h is the mesh size of the triangulation. When the angle is over =,
the convergence rates become O(h""/?7*) in L?—norm and O(h"/?) in

H®—norm (cf.[1] S.C. BRENNER and L-Y.SUNG 1997)

In the following ,we introduce three different mesh discretization strategies (1)



global refinement on uniform grids , global refinement on Shishkin-type grids and

adaptive local refinement on uniform grids. The uniform grid is constructed by giving
uniformly distributed boundary nodes and the Shishkin type of grid is constructed by
giving uniformly distributed nodes for the boundary segments on unit circle (x,y) and

exponentially spacing nodes for the boundary segments that intersect with the origin,
(x.y)=(2", 0) and (x,y)=(0, 2),i=1---10.. The local refined grid is

constructed by refining the triangles inside circular regions centered at (0,0) with

radius r=2" atith refinement step.

1,6’=3—7Z,6’=7—7Z and 6’=L,are
2 4

considered in this study. The convergence rates are shown in section 3.

Four cases with different angles, 6=

I. Multigrid algorithm:

It is well known that multigrid convergence rate is mesh independent for the
solutions of laplace equations when the exact solution has H? regularity. On the
non-convex domain due to the corner singularity, the order of regularity of the exact
solution is decreased when the angle 6 approaches to 2r. Therefore, we suspect the
convergence rate of the MG algorithm will be deteriorated due to lack of regularity.
On the other hand, it has been shown uniform convergence can be obtained on
Shishkin meshes. We are interested in the change of the convergence rate of MG for
FE solutions obtained on Shichkin type of meshes. The results shown in section 3

seem to partially support our conjectures.
(VARES V VAN (AN A
1. Relax v, timeson A"u" = £" with a given initial guess v".
2. If Q"= coarsest grid, then go to 4.
Else "« 12"(f"—AV")

v« 0
VZh «— Mv2h (VZh, th)

3. Correct V" «v"+1]v*"

4. Relax v, timeson A'U"=f" with initial guess v".



NUMERICAL EXPERIMENTS

Errors for each studied case over different meshes

Global refinement
with Uniform Grid
# of points = 2205

Global refinement
with Exponential Grid
# of points = 4141

Local refinement
with Uniform Grid
# of points = 395

Mesh after two refinement steps
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L2-norm error

H1-norm error

Uniform grid Exponential grid Local refinement
H1l-normerror 8.9947e-03 1.5804e-03 1.3345e-02
L2-norm error 3.0879e-05 5.3535e-06 3.4720e-04

Comparison of the errors in L2-norm and H1-norm



Global refinement
with Uniform Grid
# of points = 2331

Global refinement
with Exponential Grid
# of points = 8035

Local refinement
with Uniform Grid
# of points = 542

Mesh after two refinement steps

H1l-normerror

L2-normerror

sumbar sdpoints

H1-norm error

L

i a0
Eramrbal wed

Lol i it et

L2-norm error

Uniform grid Exponential grid Local refinement
2.2874e-02 1.0294e-03 3.5174e-02
2.0982e-04 9.0754e-07 1.08587e-03

Comparison of the errors in L2-norm and H1-norm



Global refinement Global refinement Local refinement
with Uniform Grid with Exponential Grid with Uniform Grid
# of points = 2733 # of points = 9001 # of points = 638

Mesh after two refinement steps

]
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] 3 2 ] 3
sumbar sdpoints . sumbar sdpoints

H1-norm error L2-norm error
Uniform grid Exponential grid Local refinement
H1-norm error 3.7770e-02 3.0113e-03 8.2655e-02
L2-normerror 4.8478e-04 1.2823e-06 1.8493e-03

Comparison of the errors in L2-norm and H1-norm



Global refinement Global refinement Local refinement
with Uniform Grid with Exponential Grid with Uniform Grid
# of points = 2733 # of points = 9001 # of points = 638

Mesh after two refinement steps

[ T— ]
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% x

H1-norm error L2-norm error
Uniform grid Exponential grid Local refinement
H1l-normerror 5.5442e-02 1.0081e-02 1.0536e-01
L2-norm error 1.0163e-03 3.4695e-06 2.2186e-03

Comparison of the errors in L2-norm and H1-norm



The following tables show the comparisons of the theoretical convergence rate and
the numerical convergence rate. Due to our limited computer facilities, only solutions
on 3 levels of meshes are presented. The results in tables 1 show that the numerical
convergence rate approaches to theoretical rate when the meshes are refined.
However, the numerical convergence rate is away from the theoretical rate when
meshes are refined for the case 6> 7. This is again due the the lack of regularity
since the duality argument can only be applied when the solution has H2-regularity.
On the other hand, results in table 2 show that the numerical convergence rate is
very close to the theoretical rate.

Table 1.
Theoremratio Numerical ratio
Q4h /th th /Qh
0= T H1l 2 1.99e+000 1.99e+000
2 L2 4 3.96e+000 3.98e+000
0= 3_7T H1 1.58e+000 1.73e+000 1.69e+000
2 L2 3.17e+000 3.16e+000 2.92e+000
0 7_;2- H1 1.48e+000 1.56e+000 1.53e+000
4 L2 2.97e+000 2.54e+000 2.36e+000
0= T H1 1.42e+000 1.47e+000 1.44e+000
051 12 2.84e+000 2.20e+000 2.10e+000
Convergence rates on uniform grids
Table 2.
Theoremratio Numerical ratio
QAh /th th /Qh
9= i H1 2 1.9918e+000 1.9972e+000
2 L2 4 3.9692e+000 3.9894e+000
9= 3_77 H1 1.5874e+000 1.5889e+000 1.5896e+000
2 L2 3.1748e+000 3.9728e+000 3.9750e+000
1 H1 1.4859e+000 1.4875e+000 1.4872e+000
R 2.9719e+000 3.8042€+000 3.5717e+000
9— T H1 1.4240e+000 1.4077e+000 1.4149e+000
0.51 L2 2.8481e+000 3.2769e+000 2.7269e+000

Convergence rates on Shishkin-type of grids



Multigrid convergence

(1) MG convergence on uniform grids
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*Red line represents the convergence history on the grid Q*".
*Green line represents the convergence history on the grid Q*".

*Blue line represent the convergence history on the fine grid Q".

From the above figure, one can easily see that MG convergence remains mesh

independent on three types of grid.
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Abstract

We present a conservation element solution element method in time and momentum space.
Several paradigmatic wave problems including simple wave equation, convection-diffusion equation,
driven harmonic oscillating charge and nonlinear Korteweg-de Vries (KdV) equation are solved with
this method and calibrated with known solutions to demonstrate its use. With this method, time
marching scheme is explicit, and the non-reflecting boundary condition is automatically fulfilled.
Compared to other solution methods in coordinate space, this method preserves the complete
information of the wave during time evolution which is an useful feature especially for scattering

problems.

PACS numbers: 02.70.-c, 02.60.1j
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I. INTRODUCTION

In the early 90’s, Chang et al. first introduced the idea of space-time flux conservation
to solving the general wave problems [1], later coined the conservation element and solution
element (CESE) method. Since its inception, the CESE method has shown distinguished
power in solving wave equations in various fields, notable examples including problems in
computational fluid dynamics, aeroacoustics, electromagnetism and magnetohydrodynamics,
etc. [2]. In the CESE method, the space degree and the time degree of freedom are treated
in an unified way. The space-time domain is discretized into solution elements (SE), and the
non-overlap space-time cells bounded by SE are called the conservation elements (CE), as
depicted in Fig. 1. In each CE, the space-time flux conservation law is enforced, from which
the time marching scheme is derived. The nonreflecting boundary condition (NRBC) [3] is
naturally implied by applying the flux conservation idea at the boundary CE, requires no
filter function, absorbing potential, etc. [4] near the boundary to keep the numerical region
from being contaminated by the aliased reflection at the numerical boundary.

However, there is a general problem in coordinate space calculations : the correct in-
formation is obtained in the model numerical region, but the part of wave outside of the
numerical region which are of interest in some physics problems, is lost. For example, in the
problem of highly excited states or the photoionized electron spectrum, the wave function
extends to a very large spatial range, making calculations in coordinate space intractable.
Theoretically, the coordinate space and the momentum space representations are equivalent
and complementary to each other in case the solution is complete. This complementarity
implies that a widely diffusive wave in coordinate space will correspond to a narrowly local-
ized one in momentum space, and because momentum is directly related to kinetic energy,
extremely large momentum for a system would usually be unphysical. Thus a moderate
momentum region will be sufficient for a numerical modeling of complete information. Also,
the wave will simply vanish at the numerical boundary and cause no trouble like meth-
ods in coordinate space. Naturally, solving problems in momentum space was attempted,
yet difficulties such as singularity in Coulombic system are usually encountered [5]. Some
method such as Lande regularization was proposed to resolve that singularity, but the range
of momentum space must be unreasonably large to produce correct eigenstates, causing a

disadvantage in practice. Recently we found that the controversy can easily be resolved by



taking the numerical finite coordinate range into consideration in constructing the momen-
tum space representation. With this recipe, we have efficiently calculated the photoelectron
spectra of hydrogen atom under intense laser pulses [6].

In this paper, we aim to develop a new momentum space CESE (p-CESE) method that
preserves the power of CESE and keeps the complete information of the solution simulta-
neously during time evolution. A Fourier transformation can convert the momentum space
solution into coordinate space representation at any time if information in the latter is
requested, making the momentum space approach useful for time-dependent systems and
scattering problems. This paper contains the layout of the fundamental ideas of the p-CESE
method and justification of this new method by calculating the analytic solutions of some
paradigmatic wave equations. The development covered classical, quantum mechanical and
nonlinear wave problems. The extension to higher dimensional systems will be reported
in future work. The rest of the paper is organized as follows : In Sec. II, we present the
formulation of the p-CESE method for the simple wave equation. In Sec. III, we treat
the convection-diffusion equation. In Sec. IV, we calculate the time-dependent Schrodinger
equation of a driven harmonically oscillating charge. And in Sec. V, the nonlinear Korteweg-
de Vries (KdV) equation was solved by p-CESE method. Discussion and conclusions are

given in Sec. VI.

II. SIMPLE WAVE EQUATIONS AND THE FORMULATION OF MOMENTUM
SPACE CESE METHOD

Consider first the simple wave equation

% + ag—z =0, (1)
where the wave speed a is a constant. The solution of u(z, t) is in the form of f(x—at) with a
shape function f. For positive a, the wave will move toward the positive x direction. Because
the numerical range of x is finite, eventually the wave front will reach the numerical boundary
in sufficiently long time. The treatment in coordinate space will encounter difficulties if the
wave at large distance is important, such as in the scattering state problem. This simple
system was employed in Ref. [1] to develop the basic CESE method and was named the

a-scheme. Making the following Fourier transformations, the system has the coordinate and



the momentum representation alternatively :

uwt) = [ o).

1 .
ipt) = 5= [ ulwt)e " dr, (2)

the wave equation in momentum representation becomes

ou(p,t)
ot

= —iapu(p,t). (3)

This is simply an ordinary differential equation. With initial condition @(p,t = 0), the
solution at any time is

a(p,t) = a(p,t = 0)e P, (4)

Obviously, the amplitude of the solution @(p,t) is stationary at any time in the momentum
space. Though the equation and its solution in momentum space are rather simple, they serve
the development as a calibration example for the p-CESE method. Following the formalism
of the a-scheme in coordinate space CESE [1], we derive the a-scheme of p-CESE method
below. We define the two-dimensional Euclidean space (z1,z2) = (p,t), V = (0/dp,d/0t)
and the two-dimensional vector h = (hy, ho) = (0,@). Then, Eq.(3) becomes

V -h = —ipat(p,t). (5)

The momentum-time (p —t) space is discretized with the staggered SEs and nonoverlapping
CEs similarly as described in Ref. [1] except the coordinate x is now the momentum p.
For completeness, the p — t space is drawn in Fig. 1. Associated with each p — t mesh
point (p;,t"), designated as (j,n), is the SE(j,n) shown as the cross line segments passing
the mesh point (j,n). Conservation elements CE_(j,n) and CE,(j,n) are associated with
SE(j,n). Integrating Eq.(5) over the CEL(j,n) and applying the divergence theorem, we

have
/ h-ds = fCE+[—z'pa u(p, t)]dpdt,
CE,

/CE h-ds = [, [—ipau(p,t)]dpdt, (6)

where ds is the generalized line element associated with the generalized area element dp dt,

with fixed convention in the normal direction. We take ds = (dt, —dp), that is, the line



integral in each CE is calculated counterclockwise. For the left-hand side of Eqs.(6), the line
integrals along ¢ segments are null because h - ds = —u dp, which has no component in the
t-direction. For any (p,t) lying on SE(j,n), a(p,t) and h(p,t) are expanded at a(p,t;j,n)
and h(p,t;j,n) up to the first order, respectively

U(p,t; j,n) = 4y + ()7 (p — pj) + (@) (¢ — "),

h(p,t;5,n) ~ (0,a(p,t; j,n)),

(7)

where (j,n) denotes the mesh point (p;,t") . With the expansion, it is seen that on the
space-time mesh grids,

(W)j = —iap;uj. (8)
By Egs. (7), the flux conservation Eqgs. (6) become

n e n [em=i_  n-1 . At _,
ay =+ (p)7 — [ujig T (uﬁ)jig] = —lap;1— U, (9)

where we designate u; = % - Up. U3 denotes the mean value of @ in the integrand of the

area integrals of Eqs. (6) such that

[ vt 0dpde = —iap, 22 i, (10)
CE+

for CE(j,n)+, respectively. Since @} are not located on our mesh grids, we develop a
convenient numerical iteration scheme for time marching. Let the index ¢ indicate the
iteration level of convergence. In the first step, @} is approximated by ﬁ;:f ; after the
initial step, ﬂ? . is employed as the new input @%. Although these @’ are not on the mesh

grids, they are in the solution elements and Eq. (7) can be used. The iteration scheme goes

as follows :
~ ~ n—3% . \n—1 . At ~
Wty £ () — |00 F () | = —iapyuy 5 W (11)
The iteration is stopped if the convergence criterion
@y — 0| <€ (12)

is satisfied for a plausibly small e, which is usually matched within ten iterations. The
time-marching scheme developed above is explicit. From the known ﬂ?;ll //22 and (ﬁﬁ);;l //22 at
time level n — 1/2, we can solve for unknowns @} and (%)} at subsequent time level n. A

time step At consists of two half-time steps %At as in the original CESE method [1].



For testing, we set a = 1 and study the following traveling Gaussian wave packet and its

Fourier transform :

u(z,t) = e’%(“t)z,

. p2
&(p, t) = Ee_Zpt_T. (13)

As a comparison, we perform the coordinate space CESE a-scheme with the range —5 <
r < 5. In Fig. 2 we show the calculated and analytic solutions at £ = 1 and at ¢ = 5. For the
case of t = 1, the wave is still wholly inside the numerical region; for the case of ¢t = 5, part
of the wave has already flowed out of the coordinate space. The NRBC derived from flux
conservation automatically gives a smooth leakage of wave through the numerical boundary
without causing aliased reflection error.

Next we calculate the same wave equation through the developed a-scheme of the p-CESE
method using Ap = 0.16, At = 0.08 and the Courant number 0.5. Fig. 3 shows the real part
and the imaginary part of the analytic and computed waves at t = 5. Note that |u(p,t)| =

2
_pb_
e 2

, thus the momentum space solution at the boundary is equal to e '2® = 3.7 x 1076
times of its peak value at p = 0, appropriate to be considered as vanishing. Therefore we
can take the momentum space wave as stationary with no flow out of the numerical region.
The behavior of computational errors will be discussed in the section of KAV equation later,
but basically the error is visually invisible. The results of this section imply that for a

traveling wave, the momentum space method contains more complete information than the

coordinate space method, and the formulation of the new p-CESE method is justified.

ITII. CONVECTION-DIFFUSION EQUATIONS

Next, we consider the convection-diffusion equation :

ou ou 0%u
- + a—

5t T Fam =0 (14)

where the wave velocity a, and the viscosity coefficient p are constants, called the p-scheme
in the CESE framework [1]. By Fourier transformation, Eq. (14) can be transformed into
the momentum space form,

0
a—::Jr(iaerupz)a:O. (15)



Applying the Gauss divergence theorem to the two-dimensional p — ¢ space,

j{ h-ds:—/ (iap+ pp*) adpdt. (16)
S(CEx(j;n)) CE+(4,n)

where h = (hy, he) = (0,7), we can see that with @ = u(p,t; 7, n) defined by Eq. (7), at the
mesh points (7,n),

()] = = (iap; + pp7) @. (17)
The explicit time-marching scheme is derived similarly to the previous simple wave case,

that is,

At .
(“ijii + MP?%) Ut g1, (18)

W (@) — [0 F (@)ni] = =5
where ¢ is the iteration index and the iterative scheme is the same as described in the
previous section. With the aid of Eqgs. (17) and (18), the unknowns @} and (@)} can be

solved iteratively in terms of known ﬁ?;ll //22 and (ﬂﬁ);zll //22 in the preceding time level.
The momentum space convection-diffusion equation is also an ordinary differential equa-

tion with the general solution

te(p,t) = f(p) x exp [~ (iap+ pup*)t], (19)

with an arbitrary shape function f(p). As a calibration of the p-CESE method, we use a
Gaussian shape f(p) = exp(—p?) below. The numerical results for a = 1 and p = 1 at
t = 5 are depicted in Fig. 4, showing excellent agreements between calculated and exact
solutions. As we know, solving Eq. (14) in coordinate space is not as straightforward as this
momentum space approach. A c—scheme with numerical dissipation was implemented for
the treatment in the coordinate space approach [2], while the simplest a—scheme in p-CESE
method already gives accurate results. For a reference, the exact solution in coordinate

space corresponds to Eq. (19) is

u(z,t) =

M] | (20)

X €
Xp{él(l—l—,ut)

1+t
IV. DRIVEN SIMPLE HARMONIC OSCILLATOR

Next we solve a quantum mechanical problem by the p-CESE method. Under the velocity

gauge and the dipole approximation, a charge ¢ oscillating in the simple harmonic potential



with applied electromagnetic pulse is described by the time-dependent Schrodinger equation

ou p? 1

—— = | =+ = Q%2 — A(t) - p| u. 21

it = D S0 — A ) (21)
Throughout this section, we use atomic units h = 1, m = 1 and e = 1, thus 1 a.u. laser

2

peak intensity equals to 7.02 x 10'®watt/ecm?. The relationship between electric field and

vector potential is given by

E(t) = —0A(t)/ot.

The transition probability from the ground state |0 > to an excited state |N > is given by
Poisson’s distribution [7]

0
Py =e N (22)

where o is a pulse parameter

1 o0 ,
- E(t)e*®dt 2
o= 55| B 23
Recast Eq. (21) into p-space, we obtain
1 2
s+ 5 Oy = {% — A1) -p} i. (24)
With @ = a(p, t; j,n) and expansion of Eq. (7) at mesh point (j,n), Eq. (24) becomes
p?
)y = =i | - ) -] a7 )
Furthermore, for (p,t) € SE(j,n) , we define
. I 5. . . .
h(p.t;j,n) = | 5 L u(p,t:j,n) ialp t5,n) ) (26)

and the flux theorem for CEL(j,n) becomes

2
f h-ds = / {p— — A1) -p} i dpdt. (27)
S(CE4(jm)) CE (jn) L 2

Evaluating the area integral over CEL(j,n) by the mean value method of @ as described

in former sections, we obtain

| ~n ~ \n _n—1 _ \n—2 1 At -~ \n _ .n—4%
1 {uj,f + (Uﬁ)j,f - |:uj:|:§ + (Up)]ig] } + §QZA_p |:<up>j,Z — (up>]+§i|
At [Py s . (28)




where ¢ is the iteration index, and the iteration scheme as in previous sections is applied
for time marching. With the aid of Eqs. (25) and (28), the unknowns @ and (@p)} can be
solved iteratively in terms of the known 11;1;11 //22 and (%)7;11 //22 of the previous time level. As

an illustration of the method, we choose a light pulse with a Sin? envelop,
. o Tt
E(t) = E,, sin 7 cos wt, (29)

O<t<T.

We assume the carrier frequency of the electric field is w = 0.057 a.u. (800 nm in wavelength),
FE,, = 0.002 a.u., and the total time duration 7" is 8 optical cycles. Furthermore, we assume
the near resonant case, 2 = 0.058 so that excitations are significant. The system is initially

prepared in the ground state

i(p,t = 0) = (Q;)i exp <_%) | (30)

The transition probabilities Fy_,y from the ground state to other excited state N are listed in

Table I, calculated from the overlap of the final wave function u(p,t = T') with the eigenstate

’&N:
2

Poon — ‘/ ai dp (31)

We can see that reasonably good results are obtained through the p-CESE method, and the
error in each transition probability is scaled nearly to (Ap)? with different grids. This error

behavior will be discussed in KdV system.

V. THE KORTEWEG-DE VRIES EQUATION

The Korteweg-de Vries (KdV) equation is a classic example of the nonlinear wave equa-

tions [8, 9]. The general form is

10u o Ou 1 0%u

T S 2
B ot + ”yuﬁx + 3 O3 0 (32)

where «, [ and ~ are non-zero constants. The system contains both nonlinearity and

dispersion. For convenience, we study in this section the scaled equation

Uy — 6U Uy + Upyy = 0. (33)

10



By Fourier transformation and some manipulations, the momentum space equation is
a(p,t)e = 3z'p/ u(g,t) a(p — gq,t)dg +ip’a. (34)

— 00

Let h = (0,a) and applying the Gauss divergence theorem in Fs, Eq. (34) becomes

7{ h-ds:/ {3ip/oo a(q,t)u(p — q,t)dg +ip* a| dpdt. (35)
5(v) 1% —o0
We can see that for a nonlinear system, the source terms on the right-hand side of Eq. (34)
contain the convolutional integral of unknown functions, hence the straightforward explicit
iteration scheme described in previous sections does not work. We implement two new ideas
for the treatment of nonlinear problems in the p-CESE method. First, at each time level,
we calculate @(p,t) and u,(p,t) at grids of half spacings, instead of spacings at staggered
Ap in linear examples. The convolutional integral can then be calculated by Simpson’s rule
[10]. Second, for every half-marching time step, say from =3 to t", we begin by using u
and u, at =3 for the source terms and find the solution at t", then with the obtained, we
can find @ and 1, at grids (j + 1,n) through the expansion with respect to SE(j,n) as in
Egs. (7). These are used in the source terms to generate new solutions iteratively until the

convergent criterion is satisfied. Usually the results converge within a few iterations.

In mathematical forms, from the conservation laws for CEL(j,n),

f h(z,t;j,n)-ds = 3z'p/ (/ u(g,t)u(p —q,t) dq) dpdt + / ip® udpdt,
S(CE+(j,n)) CE+(j,n) —00 CE+(j,n)

(36)
where h(p,t;j,n) = (0,a(p,t;j,n)). We can derive the following a-scheme iterations
1 - e, F G
u; = 5{[u—up]]+%+[u+up]jé}+A—p A—p,
a1 n—1 n—1 F G
up = 5wl f T - (37)

where we designate u} = u(p;, t") , up,; Ap ()%, and AT = %% for shorthand. And

J

. e o1/ Ap e
F = {31P¢+1/2 E u(piy1/2 — qj;t I/Q)U(Qj,t 1/2)—2 +2p?+1/zu(pi+1/27t 1/2)} AT,
J

. n— n— A : n—
3ipi—1/2 Z u(pi—1/2 — qj,t 1/2)u(qj,t 1/2)713 + Zp?_l/QU(pi—um t 1/2)} AT.
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The KdV Eq. (33) has a solitonic solution
u(z,t) = —g sechz(g(x —ct + x9)). (38)

Note that the solution depends on the speed ¢ of soliton and therefore multiplying the
solution by an arbitrary constant is no longer a solution. Without loss of generality, we set
the initial peak position at zo = 0 with the wave propagating at speed ¢ to the right of the

r-axis without shape change. The exact solution in momentum space is

Ue(p,t) = —p csch(%) exp(—ipct). (39)
Fig. 5a and 5b depict the real and the imaginary part of the numerical results together
with the analytic results at time ¢ = 5 and show excellent agreements between the p-CESE
calculation and the analytic results.
in Fig. 6a, comparison of the magnitudes of the calculated and the exact solutions at
t = 5 with ¢ = 1 is shown. For the soliton solution, although the real part and the imaginary
part oscillate with time, the magnitude is stationary as seen from Eq. (39).
The previous section has shown that our developed p-CESE method works well for various
kinds of wave problems. Here we present the error analysis for this method. We define the

root-mean-square error at the final moment of time as follows :

1 =X

E(N) = N Z [w(pj, t770) = Uegaer]” - (40)

§=0
In Table II, we listed the errors with respect to the grid size Ap and in Fig. 6b the error

versus (Ap)? are plotted. The straight line shows that the error behaves as ~ O(Ap)?, a

general scaling behavior of our developed p-CESE a-scheme method.

VI. DISCUSSION AND CONCLUSIONS

In this paper, we developed the CESE method in momentum space on a fundamental
scope and explored the solutions of several paradigmatic wave equations, namely the ba-
sic one-dimensional wave equation, the convection-diffusion equation, the driven quantum
mechanical problem and the nonlinear KdV equation. In each problem, we developed an

explicit time-marching scheme in the p-CESE method. While it is straightforward for linear

12



problems, for nonlinear problems such as the KdV equation, convolution integral of unknown
functions in the source term is involved. This difficulty is resolved by employing the half-step
grid size for the convolutions and the iterations during time marching. Each system was cal-
ibrated with a known exact solution, and we showed that the p-space CESE method works
well for systems from classical wave equations, quantum mechanical problems to nonlinear
equations, and the error behavior of the developed scheme is ~ O(Ap)?. The main advan-
tages of the p-CESE method, in cooperation with the superior CESE method in coordinate
space, are threefold. First, like the original CESE method, applying the momentum-time
flux conservation concept in staggered mesh, the explicit time marching scheme for every
wave equation can be derived. Second, the boundary conditions are fulfilled automatically.
That is, for a sufficient large momentum value, the wave and its derivatives are simply van-
ishing small at the numerical boundary, because the kinetic energy of a system is physically
finite. Third, the information of the wave is completely preserved within the numerical
momentum region, without loss at the boundary as in the coordinate space method. This
will be especially useful in treating scattering problems. In this paper, we aim to develop a
method for waves that extend to far distance as time goes on. This category of problems is
closely related to the experimental problems such as photoelectron spectra etc.. The prob-
lem with waves extending to far distances is not easy to treat by coordinate space methods,
as demonstrated in Fig. 2. We show that the p-CESE is capable for this kind of problem.
On the other hand, the boundary value problems in finite domain were solved neatly by
coordinate space CESE method [1], and is not our goal here. Our algorithm follows the core
scheme of CESE method, and the stability criterion has been rigorously discussed [1, 11].
The criterion in our scheme is a dt/dp < 1. Also, in each time step, we calculate the correla-
tion integral and the cost is ~ O(N?) for N grid points. During each time step, there is an
iteration scheme for accurate computation of the correlation integral. However, the integral
converges within ten iterations, so the cost is ~ ¢ - O(N?) where ¢ is a constant of order 1.
The computational cost can be compared with other conventional finite-difference schemes.
Finally, for realistic problems, higher dimensional method is necessary. This problem, to-

gether with higher order of accuracy p-CESE method, is currently under development.
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TABLE I: Numerical results of transition probability from the ground state to state |[N >.
Also listed are the exact values and the errors. Three grid spacings Ap = 0.08,0.04 and 0.02

were used in calculations. The time step At = 8 x 10~ is used throughout.

Posn

N exact [Ap=0.02 Error] [Ap=0.04 Error] [Ap=0.08 Error]
0 0.1951894 0.1948923 -2.97(-4) 0.1940719 -1.12(-3) 0.1916537 -3.54(-3)
1 0.3188975 0.3183566 -5.41(-4) 0.3168929 -2.00(-3) 0.3130507 -5.85(-3)
2 0.2605050 0.2603970 -1.08(-4) 0.2602243 -2.81(-4) 0.2612223 7.17(-4)
3 0.1418697 0.1421716 3.02(-4) 0.1430856 1.21(-3) 0.1462422 4.37(-3)
4 0.0579461 0.0582811 3.35(-4) 0.0591675 1.22(-3) 0.0609044 2.96(-3)
D 0.0189343 0.0191296 1.95(-4) 0.0195836 6.49(-4) 0.0198997 9.65(-4)
6 0.0051558 0.0052353 7.95(-5) 0.0053896 2.34(-4) 0.0053358 1.80(-4)
7 0.0012033 0.0012287 2.54(-5) 0.0012640 6.07(-5) 0.0012595 5.62(-5)
> Posy = 0.9997011 0.9996922 0.9996794 0.9995683

noted : —2.97(—4) denotes —2.97 x 1074 .
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TABLE II: The root-mean-square error E[N] versus mesh size Ap shows O(Ap?) behavior for KAV

equation in our p-CESE method under the a-scheme.

N Ap E[N]
26 0.4 5.57 x 1072
51 0.2 1.23 x 1072
101 0.1 2.94 x 1073
201 0.05 7.18 x 10~*
401 0.025 1.72 x 1074
801 0.0125 3.57 x 107°
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Adaptive mesh refinement for elliptic interface
problems using the non-conforming immerse
finite element method
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Abstract

In this paper, an adaptive mesh refinement technique is developted and
analyzed for the non-conforming immersed finite element (IFE) method pro-
posed in [25]. The IFE method was developed for solving the second order
elliptic boundary value problem with interfaces across which the coefficient
may be discontinuous. The IFE method was based on a triangulation that
does not need to fit the interface. One of the key ideas of IFE method is
to modify the basis functions so that the natural jump conditions are satis-
fied across the interface. The IFE method has shown to be order of O(h?)
and O(h) in L? norm and H' norm, respectively. In order to develop the
adaptive mesh refinement technique, additional priori and posterior error es-
timations are derived in this paper. Our new a priori error estimation shows
that the generic constant is only linearly proportional to ratio of the diffusive
coefficients 5~ and 3, which improves the corresponding result in [25].
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We also show that a posteriori error estimate similar to the one obtained by
Bernardi and Verfiirth [4] holds for the IFE solutions. Numerical examples
support our theoretical results and show that the adaptive mesh refinement
strategy is effective for the IFE approximation.

1 Introduction

The main purpose of this paper is to develop adaptive mesh refinement techniques
for the immersed finite element (IFE) method proposed in [25]. Along this line,
we also discuss the a priori and a posteriori error estimation for the immersed
finite element method. The IFE method was developed for the following interface
problem:

=V (BVu)=f, (v,y) €

(1)
u oo =g,
together with the natural jump conditions on the interface I':
[u] |5=0, )
[Bun] |p= 0. 3)

Here, see the sketch in Fig.1, Q0 C R? is a convex polygonal domain, the interface
I is a curve separating € into two sub-domains Q~, Q" such that 2 = Q- UQTUT,
and the coefficient 3(z, y) is a piecewise constant function defined by

_ 5_7 (‘ray> € Q_a
Bla,y) = { B*, (z,y) € Q.

The interface problem considered here appears in many engineering and sci-
ence applications. The immersed finite element (IFE) space was first introduced
in [25], in which some preliminary analysis and numerical results are reported,
and has been shown its capability on handling interface problems with nonho-
mogeneous interface jump conditions [with a nonzero constant value on the right
hand of (2) and/or (3)] by either simply modifying the IFE space or reducing the
interface problem to a new problem with homogeneous interface jump conditions
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Figure 1: A rectangular domain Q = Q+ U Q™ with an immersed interface I'. The
coefficients F(x) may have a jump across the interface.

via the usual homogenization technique based on a change of variable [23]. Some
related work can be found in [?,18, 19, 26].

The basic idea of the immersed finite elements is to form a partition 3y, in-
dependent of interface [ so that partitions with simple regular structures can be
used to solve an interface problem with a rather complicated or varying interface.
Obviously, triangles in a partition can be separated into two classes:

e Non-interface triangles: The interface I either does not intersect with this
triangle, or it intersects with this triangle but does not separate its interior into two
nontrivial subsets.

e Interface triangles: The interface I cuts through its interior.

In a non-interface triangle, the standard linear polynomials is employed as local
basis functions. However, in an interface triangle, a piecewise linear polynomial
is defined in the two subsets formed by the interface in a way that the functions
satisfy the natural jump conditions (either exactly or approximately) on the in-
terface and retain specified values at the vertices of the interface triangle. The
immersed finite element space defined over the whole domain €2 can then be con-
structed through the standard finite element assembling procedure. We refer the
readers to [?,9-11,14,17,22,24] for more background materials about immersed
interface and immersed finite element methods as well as their applications.



Without loss of generality, we assume that the triangles in the partition have
the following features:

(Hy): If I meets one edge of a triangle at more than two points, then the edge
is part of I,

(Hy): If I’ meets a triangle at two points, then these two points must be on
different edges for this triangle.

In order to obtain error estimates, we assume that the underlying mesh is fine
enough such that the interface can be approximated by a line segment with a small
perturbation in a magnitude of O(h?). Furthermore, the source function f and the
interface T are assumed to be smooth enough such that the weak solution of the
problem (1) can be approximated by a piecewise C? function. These requirements
lead to our third hypothesis:

(Hj3): The segment of the interface I in a triangle T € S, is defined by a
piecewise C? function and the function space C?*(T') is dense in H*(T').

It is well known that the standard finite element method (FE) with linear finite
elements can be used to solve such elliptic interface problems [see [3,5, 6] and
the references therein]. However, in order to achieve the optimal O(h?) accuracy
in the numerical solutions, an interface fitted grid is needed. In applications with
nontrivial interfaces or the time-varying interfaces, this restriction prevents the
Galerkin method with linear finite elements from working efficiently since mesh
moving or re-meshing is required. On the other hand, although the mesh moving
and re-meshing may produce extra technical difficulties and computation over-
head for the standard FE method, the standard FE method has a great advantage on
increasing the accuracy of the numerical solutions at low cost through the adaptive
mesh refinement process. In the adaptive mesh refinement process, first an error
indicator 7y used to pin point the locations with large error is computed on each
element in a given triangulation. Second, the elements in which the error indicator
has large value are marked for refinement according to a given marking strategy. A
heuristic marking strategy is the maximum marking strategy where an element 7™
will be marked for refinement if 7y« > 6 maxycg, 17, with a prescribed threshold
0 < 6 < 1. Some other marking strategies can also be seen in [13]. Finally,
the marked triangles are divided into sub-triangles by rules such as the regular



refinement algorithm or the longest side bisection algorithm [15] [16]. An ap-
proximate solution is then computed on the refined mesh. The above procedure
can be repeatedly applied until the accuracy of the approximated solution is sat-
isfied. The theoretical foundation of the mesh refinement strategy is based on the
a posteriori error estimation proposed by BabusSka and Rheinboldt [1] and further
developed by many researchers such as Zienkiewicz [27], Bank and Weiser [2],
and Verfiirth [20,21]. The convergence of the adaptive mesh refinement process
has been shown by Morin, Nochetto and Siebert [12].

It has been shown that the IFE interpolation errors on a uniform fixed (such
as Cartesian) partition is of the order of O(h) in the H' norm and of the order of
O(h?) in the L* and L? norms under the hypothesis (H;), (H) and (Hj3) [26].
In this work, we obtain the same order of the error estimations and further show
that the generic constants in these estimations are linearly proportional to the ratio

max { 0, %} of the diffusion coefficients, here p = 5—. The a posteriori esti-

-.
mations of the finite element solutions mentioned abof/e are obtained mostly on
fitted grids. Recently, A. Hansbo and P. Hansbo propose an unfitted finite element
method for the elliptic interface problem. The same order of a priori error esti-
mations is obtained and an a posteriori estimator is proposed [8]. Here, we also
derive an a posteriori error estimation for the IFE method based on the methodol-
ogy developed by Verfiirth [4]. Our numerical results support the effectiveness of

the proposed a posteriori error estimation.

This paper is organized as follows. In section 2, we show the existence and
uniqueness of the element IFE basis function and derive some auxiliary inequal-
ities that are needed for the error estimation in section 3. We derive the a priori
error estimations and the a posteriori error estimation in section 3 and present our
numerical results in section 4. Finally, we draw our conclusions in section 5.

2 Review of the immersed finite element space

First we present a brief review of the immersed finite element space and the con-
struction of the basis functions.

Given a regular mesh &, on the domain 2, let 7" be an interface triangle in



S, with vertices A, B and C where the interface passes through the interior of
T and intersect with the edges of T at points D and E. Let Iy = TNT. In the
immersed finite element method, the interface T' is commonly approximated by
the line segment DE, denoted by I'y. The formulation of the immersed finite
element method follows the idea that similar to the Hsieh-Clough-Tocher macro
element [7] in which the piecewise polynomial in each element is required to
satisfy certain constrains to ensure the C'-continuity on the whole domain. The
immersed finite element space on a triangle T, denoted by S} (T), is the linear
space of all piecewise linear functions that satisfy the continuity condition [¢|r, =
0 and the homogeneous flux jump condition [ﬁ@nﬁb]pT = 0 on the approximate
interface I'y. Assume the element basis functions on the reference triangle have
the following form:

¢t = ap + ayx + ayy for (z,y) € T
¢_ = b() + bz + bgy for (ZE,y) el .

It has been shown that the coefficients a; and b;, = = 1--- 3, can be determined
uniquely. In [25], the continuity condition [¢]r,. = 0 is satisfied by enforcing
the continuity on the intersection points D and FE, i.e., ¢7(D) = ¢ (D) and
¢t (F) = ¢~ (E). In this work, we replace the condition ¢ (E) = ¢~ (F) by
t- Vet =t- Ve, here ¢ is the unit tangent of the approximated interface ['p.
The existence and uniqueness of the immersed finite element basis functions are
reassured in the following theorem. The interpolation errors in the L>°, L? and
H' norms will be estimated in the next section.

Theorem 2.1 Let T' denote a triangle with vertices (z;,y;), i = 1---3 in a given
uniform mesh, the associated IFE basis functions ¢ € Si(T) consisting of ¢*
and ¢~ on the reference triangle are uniquely determined by the nodal values

Proof: Let ¢ be the affine transformation that maps the reference triangle to
the triangle 7" via ®(0,0) = (z1,y1), ®(1,0) = (x2,92) and ®(0,1) = (x3,y3).
Let ¢(z;,v;) = ¢i, @ = 1---3. From the nodal values and the continuity at
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Figure 2: A typical triangle element with an interface cutting through. The arc
DME is part of the interface curve I which is approximated by the line segment
DE. In this picture, T is the triangle AABC, TT = ANADE, T~ =T —T*, and
T* is the region enclosed by the DE and T

node D, we have

¢3 = ¢1(0,1) = ag+as = ap = ¢3 — a 4)
o1 = ¢ (0,0) =bo &)
¢ = ¢ (1,0) =0+ b = by = ¢ — ¢ (6)
ap + axfyy = by + b2 (7

Plugging equations (4) and (5) into equation (7) implies
(=1 +d1)as — 91b2 = 1 — ¢3. (®)

Moreover, from the flux continuity condition and the continuity of the solution
along the tangential direction of the interface, we have

A(@) Ve = pii(@7) Ve~
7 NTo st — 7d-1\To b ©)
HE™) Ver =1(P7) Vo,
where n = (ny,n2) and t = (—ny,n;) are the normal and tangent vectors of the
interface respectively, and p = % Let (my,ms) = (@17 and (m3,my) =

t(®~1)T. The two equations in (9) can be rewritten as following:

miay + moag — pmoby = —pmidr + pmigs (10)
msay + myas = ms(pg — ¢1) + mybs. (11)

7



Plugging (8) into (10) and (11) and writing the resulted equations in the matrix

form, we have

[ migr me(th + p(1 — 1)) ] l aq ]
maii my az

[ (=pmg — pmagn) pmagn pmeo ]
—Mmy — M3l M3l my

_Pmﬂ)l Pm2} [¢2—¢1}'

| Mgy iy ¢3 — o1

To prove the theorem, we only need to show the metric

. { migy ma(fr + p(1— 1)) ]
msih my

$1
P2
3

(12)

is non-singular. Let p* = ¢ + p(1 — 7). We can see clearly that p* > 1 when
p>1land 0 < p* < 1 when p < 1. Since mymy — mams = det(P) > 0,
mams < 0 and mymy4 > 0, we have

det(A) = g1 ((mymy — mams) — (p* — )mamg) > 0, if p > 1

and

det(A) = mymy(1 — p*)i + p"G1(mamy —mams) > 0, if 0 < p < 1.

(13)

(14)

Now from (13) and (14), we can conclude the matrix A is nonsingular and the

theorem holds. o

Remark 2.2 We can further estimate

det(A) =

det(A) =

(P + (p" = Dny) = h™*(§1p7)

h=2(G1(90 + p(1 — 1)) > min{1, p}h™*§1, for p > 1, and

h™2g, > g1h 2 min{l, p}, for0<p <1,

from the equations (13) and (14), respectively. Therefore, the following estimation

of det(A) holds

det(A) > g1h?min{1, p}.

8
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Moreover, Let Ay = ¢y — ¢1, Ay = 3 — ¢y, and B = [ pmlgﬁ pma ]
mgyr My
The equation (12) implies
ay — Ad, } -1 [ Agy }
= A (B-A 16
[ az — Ao ( ) Aoy (16)

~

Y1maing  —Y1mainsg

T [ —oans oo || 263 |

Also, from the equations (6), (8), and (16), we have

7)

an] - [ B (0 - )
(i —(p—1) [ 0 0 } {Aﬁbl ]

det (A) —MeoMms —1MaMng A¢2

By applying the estimation (15) to the equations (16) and (17), we can easily show

that the following inequalities hold:

)| et | (5 )]
(ag_Mz)ngcma{p,p} Ags ||

o0

by — Ay | (2
(i aa )| =g |(52)1

where ¢t and ¢~ are constants independent with p.

(18)

3 The priori and posteriori error estimations

In this section, we define the IFE solution of the interface problem (1) and derive
the priori and posteriori error estimations of the IFE solution. We first introduce
some notations in the following:

e Let &, denote the regular mesh that satisfies the usual admissibility and the
shape regularity. Let &, be the set of elements intersect with the interface,

9



o] v
and Sp,= S, \ S, For 7 € §y,, let 07 denote the set of boundary segments
of the element 7 and &, = U,cg,07. Let &, be the set of edges intersect

with the interface and £, = &), \ fh, Moreover, N, = the set of all vertices
in &y, N, = vertices of an element 7 and N, = vertices of an edge e € &j,.
Also, for any element 7 € &, edge e € £ and node z € Ny, let

wy = T, O = U T, We = U T wZ:UT’

T'NTEDT T'NTH#@ N-NN#£g! zet!

We denote by H® and H*, the usual Lebesgue L>-integrable space and
the Sobolev spaces equipped with the standard norms || f]|, for f € H¥,
k = 0---2. The notations || f|; o, , ¥ = 0---2, and | f[[;, denote the
usual Sobolev norms and the energy norm of f on a sub-domain 2y, C €.
The piecewise linear polynomial space on a sub-domain €2 is denoted by
Sk(€). The immersed finite element space on the domain €2, is denoted
by S}(9), is defined by S} (Q) = {¢]|¢|, € Si(r), forall T € Sy, and
¢l+(2) = ¢l (2), for z € N. N N }. The notation S} ,(£2) denote the sub-
space in S () with homogeneous boundary condition, {¢ € S%(Q) | ¢|sq =

0}.

For each vertex z € Ny, let ¢, denote the linear nodal basis function. With
every element 7 and every edge e, we associate the bubble functions ¢, =
27]].cn, ¢- and . = 4]].cn, ¢-- Let I, denote the nodal interpolant,
7. denote the L? orthogonal projection onto the piecewise linear function
space in w,, and I, denote the quasi-interpolant of a function u defined as

Liu=73" g, (T0)p,.

For any function ¢ € H'((2), the IFE interpolant of ¢ is denoted by ¢; € S}

that satisfies p,¢; = ¢(z) forall z € N,,. The IFE solution of problem (1) denoted
by ul satisfies the standard variation formulation of (1) as following:

(Bvv, vur) = (v, f), forallv € Sho(9),

where (-, -) is the usual inner product in the H°(€2). To derive the a priori error

estimations of |lu — uj||, and ||u — u}

;> We need to estimate the interpolation

errors of ¢ — ¢ for any ¢ € H'(Q) N C(Q), here ¢; € S}(T) denote the IFE

10



interpolant of ¢. In the following theorem, we first estimate the errors of ¢ — ¢;
and V¢ — V¢; in the L° norm.

Theorem 3.1 Let T’ be a triangle in a uniform mesh Sy, and the interface [ sat-
isfies the hypothesis (H1), (H2) and (H3). Let I'r denote the line segment that
approximates T'p. Let ¢ be an arbitrary function in C*(T) and ¢; € SL(T) be the
IFE interpolant of ¢. The following error estimates hold.

ch || D?¢|| when (z,y) € Q\T*
|Vo(z,y) — Vor(z,y)|ler < { D% when (z.y) € T" (19)
lo(z.y) = d1(@. Py < b [|D*0| 7, (20)

1 _
where ¢ = O(max{—, p}) and T* is the region enclosed by I'r and I'r.
p

Proof: First, we estimate the error of V¢ — V¢; at element nodal points of the
reference triangle in the following: From the Taylor expansion of ¢, we have

o) = oD +veron| T Jra e
o) = 0.0 +56 00 7] +a )

where e; < (51—1)(|| D?6||, (J1—1)h*) and ez < §1 | D?|, §1h* and ez — e1| <
2max,e{ig | 1g1—13 {07 | D?*¢]|, v}h?. By imposing the continuity at node D, from
(21) and (22), we have

¢(07 gl) = ¢+(07 1) + 9252)_(07 1)(3;1 - 1) +e
= (bi(ov O) + ¢;(07 O)(gl) + eg.

The above equation implies
(—=1+91)05 (0,1) = 516, (0,0) = ¢1 — g3+ 2 — e1. (23)

Next, from the flux continuity and tangential continuity on the interface, we
have

midy +mady = p(mig; +magy)

N N B B 24)
m3¢§; + m4¢g = m3¢j + m4¢g .

11



By differentiating (21) and (22), and evaluating (22) at (1,0), we have

¢;r(j:7g) = ¢;r(0’ 1) + €3
Qb;(i‘,g) = gb;((), 1) + €4
65 (3,9) = 65 (0,0) + 5 =
gb;(Aag) = ¢;(0,0)~|—66,
here e; = o(h),i=3---6, and
¢;(0,0) = ¢ (1,0) — ¢ (0,0) + es. (26)

Now plugging (23), (25) and (26) into (24), the equation (24) can now be
rewritten in a matrix form as following:

[ migy ma(g + p(1 — 1)) ] [ ¢1(0,1) }
msii My <Z5§(O; 1)
N N o . (27)
_ [ —pmy — Pm}yl pml}/l P2 } by | + i1 [ ~€1 }
—MmMy — M3y msyr My s

where &; = o(1), fori = 1,2. Let 6} = (¢] )z — ¢1, 0 = (6] )g — ¢4, 0, =

(¢7)2 — ¢; and 0, = (é7 )y — ¢, . Recall that ay = (¢7 )z, ag = (¢7 )y, b1 =
(7 )z> b2 = (¢7 )y, and

€2,

. [ migr me(t + p(1 —01)) ]
msi my

Subtracting (12) from (27) leads to the following equation

61(071) o~ é1
o]0l ] &

By applying the lower bound of det(A) in Remark 2.2 on the solution of the
equation (28), we have

12



N _Gimaer — (91 + p(1 = §1))maés)
h2
< (|m4é1!+(Q1+p(1—:&1))|m252\)m

max{1, p} 1
——h . —}h 29
< cmin{l,p} <c max{p,p} (29)
91 (magi€1 + ma16s) |
det(A)

6,0, ) = |

h2

< Ji(|maér] + |m152|)m

1
< cgy - max{p, ;}h (30)

Similarly, by subtracting (6) from (26) and subtracting (8) from (23), we have
the following inequalities

0,(0,0)] < ch? (31)
_ —1+79 e —e
50,0 < [TLEIsei0 1)) 4 |22
U1 Y1
< cmax{p,%}h—i—o(hg). (32)

As a result of (25), (29), (30)-(32), the following error estimates hold

(67 = (67)a) (@, 9)] < 67 (£,9) — &7 (0, )| + (67 — (67)2)(0,1)] < c1h
(65 = (61)a) (@, 9))] < 1oy (£,9) — &7 (0, 1)] + [(¢5 — (67)5)(0, )| < eahr,
(33)
for (z,y) € T\ T, and

(¢ — (0)2)(2,9)| <95 (2,9) — ¢z (0,0)| + [(¢z — (¢1)2)(0,0)] < esh
2,9) — 05 (0,0)[ + (95 — (67)35)(0,0)| < csh
(34)

=
<
S
|
—
g
S~—
<<
N~
—
=
<>
-
AN
Y
<
—~

for (z,9) € T~ \ T*, where ¢; = o (max{p, 1/p} || D?ul|_ ), fori=---4.
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Finally, for (z,y) € T*, we have
@(i’ g) VQSI(Q/\:??;) = VQb(ii',g) _v¢1(jag)+51+527

for some (z,y) € T~, where 6, = V(é(2,9) — ¢(Z,7)) and &, = V(9] —
¢7)(Z,9). Since [|V(¢ — ¢1)(Z,9)|| < csh and ||01]] < ¢sh, from (34) and Taylor
formula, where c5 depends on || D?¢||_, we only need to estimate d to control the
error [Vo(&, §) — Vor(2,9)].

Recall that from the flux continuity and tangential continuity, we have

myp Ma ay _ pmy . pms by
ms 1My Qa9 ms my by '
We can clearly see that,

16, = |IV(6] — o) (& @)H='Hal_bl]H

as — by

IN

ms3 1y

ICEREER

H{ h H‘ G
a9
From (33) and the assumption ¢ € C?(T'), we have

I =) - S e oo

for some constant ¢g depends on || D?¢|| . Moreover, since

-1
pmy - pmy miomy |\ o (LT mimg - Moy
ms My ms My = ph—2 —Mmims  —MaoMms
— 1
< ¢ p‘§c7max{—,p}, (37)
0

for some constant c7, because mq, msy, m3 and my are O(hil). From (35), (36)
and (37), we can conclude that

. .. 1 . .
||V¢(x,y) - V¢I(I,y)||oo < Cg max{;,p} for (x,y) €T ) (38)

14



where the constant cg depends on || D?¢||__. Finally, from (33), (34) and (38), we
can conclude the inequality (19) holds. The inequality (20) can then be proved by
following the same argument as shown in the Theorem 2.3 [25].

With the help of the above theorem, we can easily obtain the traditional inter-
polation error estimation in the L2-norm and H!'-norm.

Theorem 3.2 The following interpolation error estimates hold. For function ¢ €

o
H?(Q), if ¢ is a piecewise C? function on any interface element T, for all T € 3y,
then there exist constants cy and ¢, such that

¢ —orlly < coh®[, (39)
¢ —oill, < cahlel,, (40)

where ¢y and ¢, are O(max{1/p, p}).

Proof: We first prove inequality (39). It is clear that

16— élle® = /|¢ pulde) Z/ms o1 ?dz)

TE\Sh
< S lodils [l0=dilda
TE\Sh
< max||¢—¢1HOOTZH¢—¢IHOT /1dw) , by the Holder inequality,
TES), ’ ’
’7’63;,,

< max||¢ — o1l |6 — é1ll, |€2], by the Schwartz inequality.
TES, ’

By theorem 3.1, this implies ||¢ — ¢;]|, < ch?||¢||,, where ¢ depends on ||

and max{1/p, p}. Next, we show the estimation (40). It is well known that the
inequality

|6 — é1ll1+ < R|@|l2, 41)

holds, for elements 7 € $;, that do not intersect with interface. For an element
T € &, that intersects with the interface, we have

[ ot0=onve-—onaz= [ v6-opv0-onirs [ 9609706 o0t

*
J/

~~

7 II
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By Theorem 3.1, we can clearly see that,

(1) £ 196 0nlar [ 1 VTG 57— b

< h|TIIV(é = on)llorr- | D*0| s (42)

and

(D) < 19 =l [ 1-V/TG= 0V = oo
< V(¢ = o) loor|V(® = &1 o7+ [T7]. (43)

Recall that I denotes the approximate line segment of the interface I in an el-
ement. Let M be an arbitrary point in I'r and M be the orthogonal projection of
M onto the line segment I". Based on the assumption (H3), T can be represented
by a C? function in each element. It has been shown in [26] that there exists a
constant ¢ such that || M — M*|| < éh?. We can see clearly that,

I
T*| = / IT(s) — I'(s)|ds < eh®. (44)
0
Plugging (44) into (43), and using Theorem 3.1, we can get
(IT) < ch|T| HD2¢HOO7T V(¢ = or)loz-- (45)
Combining (42) and (45), we have

V(¢ — ¢1)llor < ch|T| ||D2¢||OO7T (46)

Finally, from (41) and (46), we have

1/2
I —orlli < (va(qs—qsl)”of)

TES)

IN

1/2
ch (Z |T|2) 16 = ully [ D¢ -

TESH

here ¢ depends on max{p, cl/p} and |2|. As a result, the inequality (40) holds.
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Remark 3.3 Let u and uj, denote the weak solution and the IFE solution of the
interface problem (1) on the mesh 3p,. The a priori error estimate

| — uéHO < ch® ||ull, and ||u— uiHB < ch|u,

follows directly from the interpolation error estimates in theorem 3.2 and the
Galerkin orthogonal property.

To obtain posteriori error estimations, we follow Verfiirth’s work in [4]. By
using the seminal inequalities, we know that

1
||U||0,T <n ¢7?U 0
il < 2ok ol
lolly, <3 o], . @7
1

)
\T

,€

1eally, < ahe * llolloe
[ [Yeallor < 5hé ol

where v and o are arbitrary polynomials of degree k, Verfiirth has proposed an
residual-based a posteriori error indicator and shown that, for the finite element
solutions on an interface fitting grid, the effective constant between the local lower
bound and the global upper bound is independent with the ratio p = % of the flux
jump across the interface. The analysis can be extended to higher order finite
elements approximation as mentioned in [4]. In the following, we would like
to show that with minor modification on the Verfiirth’s error indicator, the same
estimates hold for the IFE solution.

Let ¢ = u — ul and ¢, = I,c be the quasi-interpolant of ¢ in S (2). By the

theorem 2.1, there exist ¢} € Sj(€2) such that ¢1(2) = ¢(2) forall z € U_5 N;.
By the orthogonality of the IFE solutions, we have
Ju=uily = [ Bv(—ud)v(uu) 8)
Q

_ / B9 (u—up) [V(s = &) + Vol + V(e — <1)] da

J/

_ /ﬁvw—ubWﬁ—%Mm+/ﬁvw—ubV@w—dﬂm
Q Q
(171) (;‘,/ )
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First, we estimate (//]) by the following Verfiirth argument:

(I11I) = Z / —div(BVu) + divsVup)(s — ¢ )dx

T

TES
- > / BOhun), (s — x)ds (49)
e€&p
< Z [y Hf + divﬁVu{LHO?T MT_l | — 97”0,7
’TE%}L
1 _1
+ Z,U/ez H[ﬂanui}eHO’e:ue ? ||§_§7|'||0,e
ee&p
< {3 @2 |1+ divpvup|le + > e || [B0wut]|fs 3
€S, e€e€y
(S i e —all2, + S nt e — a2,
TES, e€lp

here, 1, and . are parameters to be determined. It has been shown in [4] that the
following inequalities

_1

Is =allor < crheBr? llsliga, (50)
1 _1

s —Salloe < c2héBe® sl (51)

hold, where . = maxg,,nor—=e{Sr, Or, }- Combining the estimates (49)-(51), an
estimation of (//7) independent with the diffusive coefficients can be derived for

_1
the interface fitted grids by choosing i, = h.(3; ? and . = h.3; ' in (49). There-
fore, by partition the mesh Sy into a regular interface fitted mesh and applying the

zero flux jump condition on the interface I', we can easily show that the inequality
(49) implies

(I1I) < CHI{Z p2 Hf + divﬁVU{LH;T + Z He H [ﬁﬁnﬁzmi,@}% ||§||ga (52)

ey, e€&),

where, for the element 7 € %h withtr =7TUT",

w2 || f+ dwﬁVuhHOT =267 ||f + dzvﬁ*VuhHOﬁ%—hQ | f A+ divs” VuhHOT_ ,
for the edge e € € withe = et Ue, hereet c 7t \Tande™ C 97\ T,

pe (| [80uih) My, = e (87 [ 0wtsi] [l o+ ) [ 0wast], -
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Next, we estimate (/V'). By employing the usual homogenization arguments
and the inequalities (18) in the remark 2.2, we have

Hgﬂ' - CTII—HOJ S hT Hgﬂ' - §7IrH177_ S C{hT ||v§7r||0;r

elhr (1966 = Mg + 195o,) (53)

IN

IN

cl (ch —<llor + B zh, ||§||,6,T> , by the inverse estimation,
_1
< theB72 [sllgz, » by (50),

where the constant ¢! = O(max{p,1/p}). Similarly, by invoking the trace in-
equality, it can be shown that the following inequality holds

lw = 2l < AREB? Nl (54)

where ¢; = O(max{p, 5 }).
By following the same arguments in (49) and (52) with (50) and (51) replaced
by (53) and (54), we can conclude that the following estimate holds:

(V) < end > w2 || £+ divBvug|ly + > pe||[80nuf] o 32 lIslly. (55

TES) ecéy

where Cjy = O(max{p, %}) The global a posteriori error bound then follows
from the estimates (48), (52) and (55), and is stated in the following theorem.

Theorem 3.4 Let u and ul, be the solutions of the interface problem (1) in H* ()
and S§(Q), respectively, and f, denote the piecewise constant of the L*-projection
of the function f on element 7. Let T = 77 U7, for any element T € Sy, and OF 1
and O~ 1 denote the sets of boundary line segments of the element T that belong to
the sets Ot \ T and Ot~ \ T, respectively. Assume that u has H* regularity on
each element. There exist a constant c, independent with the diffusive coefficients
such that the following a posteriori error bound holds.

= will, < e D2+ B2B7NF = Fllo, 132 (56)

TES)
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where

. {m—l o+ divg 7l o+

[e]
for T € 3y, and

Te{rt,r—}

1
’

1
e = | max{p, } > nAg

1
5 S hes 16 (o],

e€coT

| fo + divBvup ||+

1 _
5 > hed e il | ¢

e'e{dtr,0- 71}
< gt ifel e 0t
or T € Sy, here Bo= : .
forT € S, here § {ﬁ— ife’ €01

4 Numerical examples

We now present some numerical results that support our theoretical results. Errors
in the L? and H' norms of the IFE solutions to an interface problem will be given
both on uniform triangular meshes and adaptively refined meshes. For simplicity,
we solve the problem (1) in the rectangular domain 2 = (—1,1) x (—1,1). The
interface curve I is a circle with radius ro = 0.5, which separates () into two

subdomains 2~ and Q" with

Q" = {(2,y) : 2* +y* <o’}

The exact solution considered here is as following,

[0}

r
wey)=q Yo g1
ERR
where r = /22 +y?, a =3 and ((z,y) = { g;:

20

if r S To,
(57)
otherwise,

(r,y) € Q™
(x,y) € QF

}

1
2

Y



h|Gp=10" |2 =107 | =107
1] 3.689¢-03 | 3.676e-03 | 4.164e-03
& | 9.897e-04 | 9.998e-04 | 1.110e-03
| 2.700e-04 | 2.673e-04 | 3.370e-04
& | 6.766e-05 | 6.318e-05 | 7.567e-05

Table 1: Errors for problems with various diffusive coefficients in the L? norm.

The interface problems demonstrated here have diffusive coefficients:

L, (z,y) e

k=1---3.
10%, (z,y) € Q"

ﬁk’@:? Z/) = {
A sample uniform mesh and adaptive mesh over the domain €2 with the interface
curve I, together with a typical IFE solution on the adaptive mesh for the case
(BT = 1000 and 3~ = 1, are shown in figure 3. Tables 1 and 2 contains the errors
of the IFE solutions in the L? norm and the energy norm, respectively, on uniform
meshes with grid size varies from % to 6i4. Using linear regression, we can see that

the data in the table 1 obey

o — |, = 0250197, [|u — ul]|, ~ 0.27h2% and,

‘u — u{LHO ~ 0.28h'%°

and the data in the table 2 obey

w—ulll, ~1.71h"%,
b1

‘u - u£}|ﬁ2 ~ 6.89h"*" and ||u — uiIzH53 ~ 6.75n"%°.

(c) Solution u on the
adaptive mesh

(b) adaptive mesh af-
ter 3 refinement

(a) uniform mesh

Figure 3:
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h|Gp=10" |2 =107 | =107
1] 1.922¢-01 | 4.677e-01 | 1.471e-00
& | 8.314e-02 | 1.439e-01 | 4.390e-01
| 4.526e-02 | 8.726e-02 | 2.686e-01
&| 2.222e-02 | 2.942e-02 | 8.394e-02

Table 2: Errors for problems with various diffusive coefficients in the energy
norm.

These results clearly indicate that the IFE solutions u! converge to the exact so-
lution u with convergence rates O(h?) and O(h) in the L? norm and the energy
norm, respectively, as mentioned in the remark 3.3.

p*=10and p=1

|Nh‘ Hu - uiIz Hﬂ (Zre%h 3)1/2 018 o erfor on uniform meshes
324 | 1.922e01 | 4.117e-00 S ——
557 | 1.338e-01 | 2.316e-00

899 | 1217e-01 | 1.756e-00

2516 | 6.281e-02 | 1.054e-00

3527 | 6.116e-02 | 7.515¢-01

10482 | 3.097e-02 |  3.842e-01

05 1 15 2
number of points x10*

Figure 4: The errors in the energy norm and the a posteriori error bounds on
adaptive meshes for the case § = 10 and 5~ = 1.
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B°=100 and B=1

|Nh| HU_U{LHﬁ (ZTeSh 3)1/2 o: erro on uiform meshes
324 | 4677e01 | 1.136e+01 o e
466 | 1.958e-01 | 1.538e+01
682 | 1.341e-01 | 2.280e-00
1507 | 5.495¢-02 | 1.088¢-00 )
4171 | 3.139e-02 | 5.201e-01
10243 | 2.188¢-02 |  3.134e-01 —
05 1 15

2

number of points x10°

Figure 5: The errors in the energy norm and the a posteriori error bounds on
adaptive meshes for the case 3 = 100 and 5~ = 1.

B°=100 and p=1

05
|Nh| ||U_U£H5 (zTeS'h 3)1/2 o:erro on unform meshes
324 | 1.471e-00 | 1.592e+02 o i
410 | 6.378¢-01 | 1.659e+02
626 | 5.332e-01 | 8.339¢-00
1066 | 2.057e-01 | 3.673e-00 )
1923 | 1.251e-01 | 1.572e-00
4021 | 4.105e-02 |  6.986e-01 T

0 05 1 15 2

number of points 10t

Figure 6: The errors in the energy norm and the a posteriori error bounds on
adaptive meshes for the case 5 = 1000 and 5~ = 1.

Next, we compute the IFE solutions for the cases 3, k = 1- - - 3 on adaptively
refined meshes. To generate the adaptive meshes, the heuristic maximum mark-
ing strategy with threshold value 0.25 is employed. An element 7 € 5, will be
marked for refinement if the associated error indicator value 7, > 0.25 max,cg, 7,
A regular mesh refinement scheme divides each marked triangle into 4 child trian-
gles. Here, six levels of regular mesh refinement are performed on an initial 9 x 9
mesh. The tables on the left of the Figures 4, 5 and 6 contains the errors of the IFE
solutions in the energy norms and the a posteriori error bounds defined in the the-
orem 3.4 on the adaptive meshes. Comparisons of the errors on uniform meshes
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and adaptive meshes are shown on the right in each figure. From these figures, we
can see that, on adaptive meshes, the accuracy of the IFE solutions is significantly
increased and much less grid points are needed for the IFE solutions to reach a
given error tolerance, when 5+ >> (3~ In addition, the ratios of (3> . 7?)"/* to
Hu — u{LH 3 tends to an order of 10 for all three cases when the number of mesh
refinement is increased. This result suggests that the proposed a posteriori error
bound in theorem 3.4 is indeed independent with the diffusive coefficients.

5 Conclusions

In this paper, we have developed an adaptive mesh refinement technique for the
non-conforming immersed finite element (IFE) method. The underlying triangu-
lation and local mesh refinement does not need to fit the interface. The accuracy of
the solution and its gradient is significant improved with the local adaptive mesh
refinement. Some improved a prior error estimate is also derived for the original
non-conforming IFE method along with an a posteriori error estimation needed
for the adaptive mesh refinement technique.

The first author was supported by the Taiwan NSC grant 97-2119-M-009-006.
The second author was partially supported by the US ARO grants 56349MA-MA,
and 550694-MA, the AFSOR grant FA9550-09-1-0520, and US NSF grant DMS-
0911434. The first author C-T. Wu would like to thank Dr. Zhilin Li and North
Carolina State University for the hospitality during the author’s visit. The research
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