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Abstract We investigate the optimal management problem of an M/G/1/K queue-
ing system with combined F policy and an exponential startup time. The F policy
queueing problem investigates the most common issue of controlling the arrival to
a queueing system. We present a recursive method, using the supplementary vari-
able technique and treating the supplementary variable as the remaining service time,
to obtain the steady state probability distribution of the number of customers in the
system. The method is illustrated analytically for exponential service time distribu-
tion. A cost model is established to determine the optimal management F policy at
minimum cost. We use an efficient Maple computer program to calculate the opti-
mal value of F' and some system performance measures. Sensitivity analysis is also
investigated.

Keywords Fpolicy, M/G/1/K queue - Optimization - Recursive methods -
Sensitivity analyses - Startup times - Supplementary variables

1 Introduction

A supplementary variable technique is used to study the optimal management prob-

lem of the F policy M/G/1/K queueing system where the server needs a startup time
before allowing customers in the system and K < oo denotes the maximum number
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of customers in the system. The method of controlling arrivals focuses on reducing
the number of customers in the system. The model presented in this paper is very
useful in real-life situations since the control of arriving customers is considered.

Gupta [1] developed analytic closed-form solutions for the F policy M/M/1/K
queueing system with an exponential startup time. However, steady-state analytic
solutions of the F' policy queueing systems with interarrival times or service times
distribution of the general type have rarely been found. It is extremely difficult, if
not possible, to develop an explicit expression for the probability distributions of
the number of customers in the system. However, it will become particularly helpful
to use the supplementary variable technique for the non-Markovian queueing system
having general interarrival times or general service times. The supplementary variable
technique was first introduced by Cox [2]. Based on this technique, Gupta and Rao [3,
4] provided a recursive method to develop the steady-state probability distribution of
the number of failed machines in the M/G/1 machine repair problem with no spares
and the cold-standby M/G/1 machine repair problem, respectively.

Past work regarding queues may be divided into two categories: (i) the case of
controlling the service and (ii) the case of controlling the arrivals. In the case of con-
trolling the service, the N policy M/M/1 queueing system without startup was first in-
troduced by Yadin and Naor [5]. This model was extended by Bell [6, 7], Heyman [8],
Kimura [9], Teghem [10], Wang and Ke [11], and others. Wang and Ke [11] presented
a recursive method and applied the supplementary variable technique to develop the
steady-state probability distributions of the number of customers for the N policy
M/G/1 queueing system. Recently, Ke and Wang [12] developed a recursive method
and used the supplementary variable technique to compute the steady-state probabil-
ity distributions of the number of customers for the N policy G/M/1 queueing system.
The server startup corresponds to the preparatory work of the server before beginning
the service. In some real-life situations, the server often needs a startup time before
starting the service. The research of several authors on queueing systems with startup
time focus mainly on the N policy M/G/1 queues. The N policy M/M/1 queueing
system with exponential startup time was first proposed by Baker [13]. Borthakur
et al. [14] extended the Baker model to the general startup time. The N policy M/G/1
queueing system with startup time was analyzed by Medhi and Templeton [15], Tak-
agi [16], Lee and Park [17], Hur and Paik [18], and so on. Recently, Ke [19] presented
a recursive method and used the supplementary variable technique to investigate the
operating characteristics for the N policy G/M/1 queueing system with exponential
startup time. In the case of controlling the arrivals, so far very few researchers have
examined the F policy M/G/1/K queueing system with server startup or the F' policy
G/M/1/K queueing system with server startup. Steady-state analytic solutions for the
F policy M/M/1/K queueing system with an exponential startup time was first de-
rived by Gupta [1]. Through a series of propositions, the relationship between the N
policy and the F policy are established by Gupta [1].

The primary objective of this paper is threefold. First, we develop a recursive
method, using the supplementary variable technique and treating the supplementary
variable as the remaining service time, to develop the steady-state probability dis-
tributions of the number of customers for the F policy M/G/1/K queueing system.
Second, to illustrate a recursive method, we present one simple example for expo-
nential service time distribution. Third, we use an efficient Maple computer program
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to determine the optimal management F policy to minimize the total expected cost
per customer per unit time.

2 Description of the System

We consider controlling the arrivals to a finite capacity M/G/1/K queueing system
with combined F policy exponential startup time. It is assumed that customers ar-
rive according to a Poisson process with parameter A, and the service time of the
successive customers are independent and identically distributed (i.i.d.) random vari-
ables having a distribution S(u) (u > 0), a probability density function s(u) (u > 0)
and mean service time s;. The arrival process is independent of the service process.
We assume that arriving customers form a single waiting line based on the order of
their arrivals; that is, the first-come, first-served discipline is followed. Suppose that
the server can serve only one customer at a time. Customers entering into the ser-
vice facility and finding that the server is busy have to wait in the queue until the
server is available. Gupta [1] first introduced the concept of a F policy. The defin-
ition of a F policy is described as follows: When the number of customers in the
system reaches its capacity K (i.e. the system becomes full), no further arriving cus-
tomers are allowed to enter the system until enough customers in the system have
been served so that the number of customers in the system decreases to a threshold
value F (0 < F < K — 1). At that time, the server requires to take an exponential
startup time with parameter § to start allowing customers in the system. Thus, the
system operates normally until the number of customers in the system reaches its
capacity at which time the above process is repeated all over again.

3 Steady State Results

We use the following supplementary variable: U = remaining service time for the
customer in service. The state of the system at time ¢ is given by

N () = number of customers in the system,

U (t) = remaining service time for the customer being served.
Let us define

Py,(u,t)du =Pr{N({t)=n,u<U@l) <u+du}, u>0,n=0,1,...,K,
Pia(u,t)du=Pr{N(t)=n,u<U(@¢)<u+du}, u>0,n=0,1,...,K—1,

o
Po,n(l)=/ Py(u,t)du, n=0,1,...,K,
0
o
Pl’n(t)z./ Pip(u,t)du, n=0,1,....,K—1.
0
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Relating the state of the system at time ¢ and ¢ + d¢, we obtain

(d/de) Py,o(t) = —B Po,o(t) + Po,1(0, 1), (D
(0/0t —3/du)Pon(u,t) = —BPop(u, 1) + Pon1(0,)s(m), 1<n=<F, (2)
(0/0t —d/0u)Pyn(u,t) = Pon+1(0,t)s(u), F+1<n<K-1, 3)
(0/0t — 9/du)Po,k (u, 1) = APy k—1(u, 1), “)
(d/dt) Py o(t) = —=APy1 o) + BPoo(t) + P1.1(0,1), 5
(0/0t — 0/u) Pr,1(u, 1) = —APy 1(u,t) + BPo1(u,1)

+APLO@)s W) + P12(0,1)s(u), (6)
(0/0t — 3/u) Py n(u,t) = —APyn(u, 1) + BPon(u, 1) + APy p—1(u,t)s(u)

+ Pint1(0,0)s(w), 2<n<F, @)
(0/0t —d/0u)P1n(u,t) =—=AP1p(u,t) + APy p—1(u,t)s(u)

+ PLnt1(0,0)s@), F+1<n<K-2, (®)
(0/0t —9/u) Py k—1(u,t) = —APr k1 (u, 1) + APy k—2(u,1). )

In steady state, let us define
Py, = lim Py,(t), n=0,1,...,K,
11— o0
Pip=lim Py,(t), n=0,1,...,K—1,
11— 00
Po,n(u)ztlim Pon(u,t), n=12...,F,
— 00
Py,(u)= lim P ,(u,t), n=0,1,...,K—1
11— 00
and further define

Pon(u)=Pypsm), n=12,...,F. (10)

From (1-10), we can obtain easily the following steady state equations:

0=—BPo,0+ Po.1(0), (1D
—(d/du) Pon(u) = —BPons) + Popt+1(0)s(u), 1<n<F, (12)
—(d/du) Pon(u) = Popt+1(0)s(u), F+1l=n=<=K-1, (13)
—(d/du) Po,k (u) = AP g —1(u), (14)
O0=—AP10+ BPoo+ P1,1(0), (15)

—(d/du) P11 (u) = —A P 1 (u) + BPo,1sm) + AP os(u) + P 2(0)s(u),  (16)
—(d/du) Py (u) = —=A Py (1) + BPons () + AP -1 () + P1nt1(0)s(u),
2<n<F, (17
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—(d/du) Py, (u) = =AP1n(u) + APt n—1 () + P1n+1(0)s(u),

F+1<n<K-2, (18)
—(d/du) Py gk —1(u) = —AP g 1(u) + AP gk 2(u). (19)
Further define

o0 o
S*(@):/ e*9”d5(u)=/ e " s(u)du,
0 0
o0
ngn(e)=/o e~ Py, (u)du,
0
P} (0) = f 0 Py )d,
0
o0
Poa= By @ = [ Pyt

o0
Py = Py, (0) = f Py (u)du,
0

> —Ou 9 *
e " —Pon(u)du=0F;,(0)— Pon0),
0 au ’

* —6Ou 0 *
e " — P y(u)du =06P,(0) — P ,(0).
0 ou ’

Therefore, if the LST is taken of both sides of (12—14) and (16-19), it is found that

—0P§,(0) = —BPonS*(0) + Pont1(0)S*(0) — Pon(0). 1<n<F, (20)
—0P§,(0) = Pour1(0)S*(0) — Pon(0), F+1<n<K-—1, 1)
—0 PG (0) = AP} (0) — Po k (0), (22)
(A —O) P} (0) = BPo.1S*() + AP S* () + P12(0)S*(8) — P1,1(0),  (23)
(A —6)Pf,(6) = BPouS*(O) + AP ,_ (6) + Py us1(0)S*(0) — Py ,(0),

2<n<F, (24
(A= 0) P, (0) = AP{,_(6) + P1u1(0)S*(6) — P14 (0),

F+l<n<K-2, (25)
(=P _1(0) =AP{ g _,(0) — P1,k-1(0). (26)

3.1 Recursive Method

A recursive method is developed to obtain Pj, (0) and P}, (0). Our solution algo-
rithm will first obtain Pp ,(0) (1 <n < K) which are then used for finding P(in(O).
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Using (11) and setting & = 0 in (20) and (21), we get

fnl n,0<n<F—1,

Py (0) = Pyi, 1<n<K, = - (27)
0,n ﬁ; 0,i Cn F.F<n<K,

and

PO,n+1(O)=_/3(pn,FP0,n +P0,n(0)v l<n<K-1,

1,1<n<F,

= 28
Pn.F 0, otherwise. (28)

Using (28) in (20) and (21), we get
Py, (0) ={[1—S*(0)1/0}Pon(0), 1<n<K-L (29)
Taking limg_, in (29) and using L’Hdspital’s rule once gives
P, (0)=51P,(0), 1<n<K-1, (30)

where s; = —5*(D(0) is the mean service time.
Using (27) in (30), we have

Py, (0)=¢uPoo, 1<n<K-—1, G1)

=1 =0 (32)
" sBU B, 1<n<K.
Thus, Py, (0), P;,(0), ..., Pjx_,(0) can be obtained by using (31).
Next, we derive the expressions of Pj ,(0) (1 <n < K) in terms of P; o and Py .
Using (31) in (23-24) and then setting 6 = A in (23-26), we finally obtain

P12(0) =[P1,1(0) — Bop1 Po,oS™(X) — AP 0S* (M)]/S* (M), (33)
P1u1(0) = [P1,4(0) — Bn, Fdu Po.0S* (V) — APF,_; (M]/S* (L),

2<n<K-2, (34)
Pi k- 1(0) = AP x_,(M). (35)

To obtain P* 1) (I =£n <K —1) in (34-35), using (31) in (23-24) again,
differentiating (23 26) (I — 1) times with respect to 6 and setting 6 = A, we finally
get

P00 = =" D)/ DIAPLo + B1 Poo + AP12(0)],
l:l,...,K—Z, (36)
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PHD ) = =1/ DIPLa+10S* PG + B rdn Po.oS™ P 0 + 1 PFL ()1,
2§n§K—2 I=1,...,K—n—1, (37)
Pl ()= =P, o), (38)
where P*(O) (4) = Pf, (1) and 5*D @) = (d'/d0")S*(0) denote the Ith derivative

of §*(0).
Solving (36-38) recursively, we obtain

{)l
Pf, () ==L S*WPLo— D [Bla—it191S*(M)/X]1Poo
i=1

n
= [lnit1S*O)/MIPLi41(0), 1<n<K—1, (39)
i=1
where
—[(=2)"S* M) /nlS*(W)], 1<n<K -1,
n = (40)
0, otherwise.
Using (39) in (34), we obtain
n—2
P1(0) = [1/S*0)1PLu—1(0) + Y €ni—1P1i1(0)
i=1
En—2
+ 8 [Z bn—i-19i — (Pnl,F¢nl:|PO,0
i=1
+My2Prp, 3<n<K-1 41)
We further define
1, n=0,
Z Z Kt Kty -+ Ky
v, = 1<k<nti+m++7%0=n 42)
n=12,....,.K=3, 11, 0,..., v €{1,2,---,n}
0, otherwise,
where
[1/S* M)+ €1, n=1,
Kn=1 £n, n=273,...,K—3, (43)

0, otherwise.
Remark 3.1 The representative meaning of the above formulation (42) is to sum up

all possible products of k «s in which the total of subscript values of x equals n. We
give an easily understood example for n = 4:
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Wy = k4 + K3K1 + K2K2 + K1K3 + K1K1K2 + K1K2K1 + K2K1K1 + K1K1K1K]

= K4 + 2K3K1 + K22 + 3/{%/{2 + K?.

Using (42) and (43) to solve (41) recursively, and including (15) and (33), we
finally get

P1,1(0)=A) P+ B(1)Poo, (44)
Py, (0) =Z‘I’n—i[A(i)P1,o+B(i)Po,o], 2<n=<K-—1, (45)
i=2
where
A, n=1,
Am) =4 A[1 =S*WV)]/S*(X), n=2, (46)
M, 2, 3<n<K-1,
_ﬁ9 n= 11
=Bl + @1, r¢1S*(V)]1/S* (L), n=2,
Bm)=1 . @7

BY tni1¢i —Bou1Fbu1, 3<n<K—1

i=1

Substituting (45), (44), and (35) into (39) finally yields

~K—2 i+1
P1,0=—{ D bk Yy Wi —j+DB(G)
-i=1 j=2

K-1

+ D WK —i = D)B@)/S* (M)

i=2

k-2 K-2 i+1
+> ﬁeK,»mn]/[Z Ck—im1y Wi —j+DAG)
i=1 i=1 j=2

K-1

+ ) WK —i — DA /S* W]+ Mz“]}Po,o. (48)

i=2

Finally, we develop the steady-state probabilities Pl’ﬁn(O) in terms of Py . Setting
6 =0 in (23-26) we have

n
Py, (0)=(1/2) [/3 Z¢i Po,o + Pint1 (0)}, O<n=K-12, (49)
i=0

F
Pix 1(0)=(B/2)D_ $iPoo. (50)

i=0
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As P;1,1(0), P12(0),..., P, k—1(0) and P;o are known, Pﬁl(O), Pl"jZ(O), ey
Pl’f x—1(0) can be determined recursively using (49) and (50) in terms of P o.

Now the only unknown quantity is P& x (0), which can be obtained from (22). To
find it, differentiating (22) with respect to 8 and setting 8 = 0, we have

P (0)=—AP (0). (51)

To find )\Pl* (Il() 1(0), differentiating (23-26) with respect to 6 and setting 6 = 0, we
finally obtain

P (0) = [P+ Bd1 PooS™ D (0) + APy oS* D (0) + PLa)S* D (O)1/A,  (52)

PID(0) = [P+ Bon,rdn Po.oS™ P (0) + AP [ (0) + Prus1 (005D 01/,
2<n<K-2, (53)
PrY 1 (0) = [Prx—1 + AP Y, (0)]/a. (54)

As Pl*(ll) (0) is known completely from (52), the values P*(l) (0) for n =2,3,.
— 1 can be found recursively from (53) and (54). Therefore we obtain

P10 = (1//\)[2 Pi, +ﬁS*<”(O>Z¢ Poo
K—-1

+ S*(l)(O) Z PL,’(O) + )\Pl,OS*(l)(O):|' (55)
i=2

Substituting (55) into (51), we have

K—1 F
Py g (0) = — [Z Ppi+BS*V(©0)> " ¢uPoo+ 5V (0)
i=1 i=1

K—1

x Y PLi(0)+ APLOS*“)(O)}. (56)
i=2
So P3,(0), Pi,(0), ..., P g (0) is known in terms of Pp o, which can be determined

using the normalizing condition

K K—-1
Y P+ )Y PLi=1 (57)
i=0 i=0

To demonstrate the working of the recursive method, we first describe the solution
algorithm for calculating the steady state probabilities Py, (0) (0 <n < K) and
P*in(O) (0 <n < K —1). Next, to illustrate the solution algorithm, we provide one
simple example for the exponential service time distribution.
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3.2 Solution Algorithm

Let F be the threshold, let K be the maximum capacity of the system, and let S*@ (6)
be the /th derivative of S*(0), where I =1, 2, ..., K. We set the values of F, K, and
the LST expression of the service time distribution, namely S*(0). The steps of the
solution algorithm are stated as follows:

Step 1. Foreachn =0, 1, ..., K, compute ¢, using (32).
Step 2. Foreachn=1,2,..., K — 1, compute P(in(O) using (31) in terms of P p.
Step 3. Compute £,(1 <n < K —2) and «,(1 <n < K — 3) using (40) and (43),

respectively.
Step 4. Foreachn =0, 1,..., K — 3, compute V¥, using (42).
Step 5. Foreachn=1,2,..., K — 1, compute A(n) and B(n) using (46) and (47).
Step 6. Foreachn=1,2,..., K — 1, compute P; ,(0) using (44) and (45) in terms

of P10 and Py .

Step 7. Compute Pj o using (48) in terms of Py . Thus, P; ,(0)(1 <n <K —1) are
determined from Step 6.

Step 8. Foreachn=1,2,..., K — 1, compute Pl"jn(O) using (49) and (50) in terms
of Py .

Step 9. For n = K, compute P, (0) using (56) in terms of Py o.

Step 10. Determine Py o using (57). Thus Pofn(O)(n =1,2,...,K) are obtained
from Steps 2 and 9, and Pl*’n 0)(@m=0,1,...,K — 1) are obtained from Steps 7
to 8.

3.3 Simple Example

For the F policy M/M/1/K queueing system, we set the mean service time s; = 1/,
where pu is the service rate. Assume that F =1 and K = 4. In this case, we have

§*O) = /(1 +0).

Step 1. Foreachn =0, 1, ..., 4, compute ¢,.
Using (32), we obtain

po=1, dpr=(0-a)a, r=¢3=¢s=(1—-a)/a’,
where @ = u/(u + B).

Step 2. For each n =1, 2, 3, compute Pofn(O) using (31) in terms of Py .
From (31), we finally get

Py1(0) =¢1Poo=[(1 —a)/alPop,
P§,(0) = P§5(0) = ¢oPoo = [(1 — @) /*] Poo.

Step 3. For each n = 1, 2, compute ¢,, and «,, using (40) and (43), respectively.

For each n = 1,2, using (40) yields £1 = —1/(1 +0) and £, = —1/(1 + 0)?,
where 0 = w/A.

For each n = 1, we find from (43) that k; = (1 + 6 + 0%) /o (1 + o).
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Step 4. For each n =0, 1, compute W,,.

It implies from (42) that Yo =1and ¥; = (1 4+ 0 + 02)/0(1 +0).
Step 5. Foreach n =1, 2, 3, compute A(n) and B(n).

Using (46) and (47), it follows that

A =p/o,  AQ)=p/c%  AB)=-p/o(l+o0).
Bh)=—(1-ap/a, BQ2)=—(a+0)(1-a)ujoa’,
BB3)=—(1—a)’n/(1+0)a?.

Step 6. For n =1, 2, 3, using (44-45), we compute Py ,(0) in terms of P; ¢ and Pp g.
It yields from (44) and (45) that

P11(0)=A)P1o+ B(1) Py,
P12(0) = Wo[AQ2) P10 + B(2) Pool,
P13(0) =¥1[AQR) P10 + B(2) Py,o] + Wo[A(3) P10 + B(3) Po,ol.

Step 7. Compute P; o using (48) in terms of Py o. Thus, P; ,(0)(1 <n < 3) are ob-
tained from Step 6.
From (48), we finally have

Plo=[o(l-a)a+o+o>+0)/a’1Poo (Pfo(0)=Pi o),
P11(0)=[op(l —a)(1+0 +0?)/a*] Py,

Py 2(0) = [op(l —a)(1 +0) /a1 Po .

P13(0) = [ou(l — &) fa*] P p.

Step 8. For each n =1, 2, 3, compute P]*’n(O) using (49) and (50) in terms of Py o.
Using (49) and (50) yields

P (0)=[o(1 —a)(1 +0 +0%)/a*]Py.
P{5(0) =[o (1 —a)(1 +0)/a*] Py,
P} 3(0) = [0 (1 — ) /a*] Py p.

Step 9. For n = 4, compute P(;fn(O) using (56) in terms of Py .
Using (56), it follows that

P 4(0) = [(1 — o) /a*1 Py p.

Step 10. Determine Py o using (57). Thus P&H(O) (n=0,1,...,4) are obtained from
Steps 2 and 9, and Pl*’n(O) (n=0,1,2,3) are obtained from Steps 7 to 8.

Poo=c?/[e*+a(l—a)+3(1 —a)+0(1 —a)B+a+30 420> +0%)].

We note that these results are the same as those given in Gupta [6, p. 1006].
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4 System Performance Measures

Our analysis is based on the following system performance measures of the F policy
M/G/1 queueing system with exponential startup time. Let

L = average number of customers in the system;

P, = probability that the server is busy;

P; = probability that the server requires a startup time before starting
service;

Py, = probability that the server is blocked.

The expressions for Ly, Py, Ps, Py are given by

K K—1
Ly= ZnPO,n + Z nPiy,
n=1

n=1

K K-1
PbZZPO,n+ZP1,n,

n=0 n=0

F
Ps = Z PO,n,
n=0

K
Py = Z Pon.
n=0

5 Optimal F Policy

We develop the total expected cost function per unit time for the F policy M/G/1
queueing system with startup times, in which F is a management decision variable.
The main purpose of this paper is to determine the optimum management F' policy
so as to minimize this total expected cost function. Let

Cj, = holding cost per unit time for each customer present in the system;

C} = busy cost per unit time for a busy server;

C; = startup cost per unit time for the preparatory work of the server before
starting the service;

Cyp; = fixed cost for every lost customer when the system is blocked.

Utilizing the definitions of each cost element listed above, the total expected cost
function per unit time is given by

TC(F)=CpLs+ CpPp+ Cs Py + CpiA Py (58)
The optimal value of F, F* is determined by satisfying the following inequality:

TC(F*—1)>TC(F*) and TC(F*+1)>TC(F*). (59)
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Table 1 The optimal value of F' and its minimum expected cost (the F policy M/M/1 queueing system)

AMu, B) = (1.0,3.0) n(i, B)=1(0.8,3.0) B, n)=(0.3,1.0)
0.5 0.6 0.7 1.0 1.1 1.2 2.0 4.0 5.0
Casel F* 9 7 5 4 7 10 5 4 4

TC(F*) 10500 12749 15142 177.60 15845 14331 177.68 17756 177.54

Case2 F* 12 11 9 6 10 12 6 6 6
TC(F*) 10500 127.50 151.55 17829 158.66 14337 17836 17825 17823

Case3 F* 12 11 8 6 10 12 6 6 6
TC(F*) 10500 127.50 151.56 17831 158.67 14337 178.40 17827 178.24

Case4 F* 11 9 7 4 8 11 5 5 5
TC(F*) 11750 14250 169.00 197.99 176.77 160.02 198.07 197.94 197.92

Case5 F* 5 4 3 2 4 6 2 2 2
TC(F*) 12247 14993 180.05 213.87 189.10 169.77 21396 213.83 213.80

6 Numerical Results

We now perform a sensitivity analysis on the optimum value F* based on changes
in the specific values of the system parameter and fix the system capacity at K = 15.
We present two simple examples for two different service time distributions such as
exponential and 3-stage Erlang. We employ the following cost elements:

Case 1: Cp, =5, Cp =200, C;,=250, Cp =300.
Case2: Cp, =5, Cp=200, C;,=250, Cp =350.
Case3: C, =5, Cp =200, C;,=300, Cp=350.
Case4: Cp, =5, Cp=225, C,=300, Cp=350.
Case5: Cp, =10, Cp =225, C,=300, Cp =350.

The optimal value of F, F*, and its minimum expected cost TC(F*) for the
above five cases are shown in Tables 1, 2. We first fix (u, 8) and vary the val-
ues of A. Tables 1, 2 reveal that: (i) 7 C(F*)increases as X increases for any cases;
(ii) F*decreases as A increases for any cases. Next, we fix (A, 8) and vary the values
of . We observe from Tables 1, 2 that: (i) 7 C (F*)decreases as u increases for any
cases; (ii) F*increases as u increases for any cases. Finally, we fix (A, u) and vary
the values of . It appears from Tables 1, 2 that: (i) 7 C (F*)slightly decreases as
increases for any cases; (ii) F*does not change at all when 8 changes from 2.0 to 5.0
for any cases. Intuitively, F* is insensitive to changes in 8.

It can be easily seen from Tables 1, 2 that (i) F* increases as Cj, decreases or Cp;
increases (see Case 4-5 and Case 1-2) and that (ii) Cjand Cyp; have a larger effect on
F* than Cj, and C; (see Case 3—4 and Case 2-3).

7 Conclusions

In this paper, we have provided a recursive method for computing the steady state
probability distribution of the number of customers in a finite system. We also illus-
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Table 2 The optimal value of F and its minimum expected cost (the F policy M/E3 /1 queueing system)

A, B) = (1.0,3.0) n@, ) =(0.8,3.0) BA, 1) =(0.8,1.0)
0.5 0.6 0.7 1.0 L1 1.2 2.0 4.0 5.0
Casel F* 9 7 6 4 7 10 4 4 4

TC(F*) 10417 12600 14891 17400 15550 141.11 174.02 173.99 173.98

Case2 F* 12 11 9 6 10 12 6 6 6
TC(F*) 104.17 12600 148.93 17422 15554 141.12 17424 17420 174.20

Case3 F* 12 11 9 6 10 12 6 6 6
TC(F*) 104.17 12600 148.93 17423 15554 141.12 17426 17421 174.20

Case4 F* 11 9 7 5 9 12 5 5 5
TC(F*) 116.67 141.00 16642 19412 17371 15778 194.15 194.11 194.10

Case5 F* 6 4 3 2 4 6 2 2 2
TC(F*) 120.83 147.00 17528 207.57 183.63 16553 207.60 207.56 207.55

trated a recursive method by a study of the exponential service time distribution. In
addition, we derived the optimum value of the control parameter F' so as to minimize
an expected cost function. We performed a sensitivity analysis among the optimal
value of F, specific values of system parameters, and the cost elements. Based on the
numerical results, we could make an effective decision based on exact solutions for
practical and general queueing system with quantitative measurement.

References

1. Gupta, S.M.: Interrelationship between controlling arrival and service in queueing systems. Comput.
Oper. Res. 22(10), 1005-1014 (1995)
2. Cox, D.R.: The analysis of non-Markovian stochastic processes by the inclusion of supplementary
variables. Proc. Camb. Philos. Soc. 51, 433-441 (1955)
3. Gupta, U.C., Srinivasa, Rao T.S.S.: A recursive method to compute the steady state probabilities of
the machine interference model: (M/G/1)/K. Comput. Oper. Res. 21(6), 597-605 (1994)
4. Gupta, U.C., Srinivasa, R.T.S.S.: On the M/G/1 machine interference model with spares. Eur. J. Oper.
Res. 89(1), 164-171 (1996)
5. Yadin, M., Naor, P.: Queueing systems with a removable service station. Oper. Res. Q. 14(4), 393—405
(1963)
6. Bell, C.E.: Characterization and computation of optimal policies for operating an M/G/1 queueing
system with removable server. Oper. Res. 19(1), 208-218 (1971)
7. Bell, C.E.: Optimal operation of an M/G/1 priority queue with removable server. Oper. Res. 21(6),
1281-1289 (1972)
8. Heyman, D.P.: Optimal operating policies for M/G/1 queuing system. Oper. Res. 16(2), 362-382
(1968)
9. Kimura, T.: Optimal control of an M/G/1 queueing system with removable server via diffusion ap-
proximation. Eur. J. Oper. Res. 8(4), 390-398 (1981)
10. Teghem, J. Jr.: Optimal control of a removable server in an M/G/1 queue with finite capacity. Eur. J.
Oper. Res. 31(3), 358-367 (1987)
11. Wang, K.H., Ke, J.C.: A recursive method to the optimal control of an M/G/1 queueing system with
finite capacity and infinite capacity. Appl. Math. Model. 24(12), 899-914 (2000)
12. Ke, J.C., Wang, K.H.: A recursive method for N policy G/M/1 queueing system with finite capacity.
Eur. J. Oper. Res. 142(3), 577-594 (2002)

@ Springer



J Optim Theory Appl (2007) 135: 285-299 299

13.

14.

15.

16.
17.

Baker, K.R.: A note on operating policies for the queue M/M/1 with exponential startups. INFOR
11(1), 71-72 (1973)

Borthahur, A., Medhi, J., Gohain, R.: Poisson input queueing systems with startup time and under
control operating policy. Comput. Oper. Res. 14(1), 33-40 (1987)

Medhi, J., Templeton, J.G.C.: A Poisson input queue under N policy and with a general startup time.
Comput. Oper. Res. 19(1), 35-41 (1992)

Takagi, H.: A M/G/1/K queues with N policy and setup times. Queueing Syst. 14(1-2), 79-98 (1993)
Lee, H.W,, Park, J.O.: Optimal strategy in N policy production system with early setup. J. Oper. Res.
Soc. 48(3), 306-313 (1997)

. Hur, S., Paik, S.J.: The effect of different arrival rates on the N policy of M/G/1 with server setup.

Appl. Math. Model. 23(4), 289-299 (1999)

. Ke, J.C.: The operating characteristic analysis on a general input queue with N policy and a startup

time. Math. Methods Oper. Res. 57(2), 235-254 (2003)

@ Springer



	Optimal Control of an M/G/1/K Queueing System with Combined F Policy and Startup Time
	Abstract
	Introduction
	Description of the System
	Steady State Results
	Recursive Method
	Solution Algorithm
	Simple Example

	System Performance Measures
	Optimal F Policy
	Numerical Results
	Conclusions
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


