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ABSTRACT :

The formation of wrinkling deformation for thin membrane is simulated by using the
co-rotational finite element formulation and shell element.

The shell element employed here is the flat three-node triangular shell element proposed by
Bathe and Ho’s [18]. An incremental-iterative method based on the Newton-Raphson method and
constant arc length method is used for solving nonlinear equilibrium equations with displacement
loading.

In order to initiate the out-of-plane buckled deformation for planar membranes subjected to
purely in-plane displacement loading at the bifurcation point, a perturbation displacement
proportional to the first buckling mode is added to the equilibrium configuration, and then
equilibrium iteration is carried out until a new equilibrium state is achieved.

Wrinkling of a planar membrane under uniform shear displacement loading along the edge
of the membrane is analyzed here. The present results are compared with experimental data and
numerical results in the literature. Good agreement between the present numerical results and

experimental data is observed.

Keywords: Thin membrane, Geometrical nonlinearity, Co-rotational formulation, Finite

element method, Shell.
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CO-ROTATIONAL FORMULATION FOR GEOMETRICALLY NONLINEAR DYNAMIC
ANALYSIS OF THIN-WALLED BEAMS

Kuo Mo Hsiao, Hong Hu Chen & Chih Ling Huang
Department of Mechanical Engineering, National Chiao Tung University of Engineering, 1001
TaHsueh Road, Hsinchu, 300, Taiwan. kmhsiao @mail.nctu.edu.tw

ABSTRACT

A co-rotational total Lagrangian finite element formulation for the geometrically nonlinear dynamic analysis of thin-
walled beam with large rotations but small strain is presented. The element developed here has two nodes with seven
degrees of freedom per node. The element nodes are chosen to be located at the centroid of the end cross sections of
the beam element and the centroid axis is chosen to be the reference axis. The kinematics of the beam element is
described in the current element coordinate system constructed at the current configuration of the beam element. The
element nodal forces are conventional forces, moments and bimoments. The element nodal forces are systematically
derived by consistent second order linearization of the fully geometrically non-linear beam theory using the d'Alembert
principle and the virtual work principle in the current element coordinates. Numerical examples are presented to
demonstrate the accuracy and efficiency of the proposed method.

Finite Element Formulation

The kinematics of the beam element presented in [1] and the co-rotational finite element formulation proposed in [2]
are adapted here. In order to describe the system, we define three sets of right handed rectangular Cartesian
coordinate systems:

1. A fixed global set of coordinates, XiG (i=1, 2, 3) (see Fig. 1); the nodal coordinates, displacements, rotations,
velocities, and accelerations, and the equations of motions of the system are defined in this coordinates.
2. Element cross section coordinates, xis (i=1, 2, 3) (see Fig. 1); a set of element cross section coordinates rigidly

tied to the centroid of the cross section is associated with each cross section of the beam element.
3. Element coordinates, x; (i =1, 2, 3) (see Fig. 1); a set of element coordinates is associated with each element,

which is constructed at the current configuration of the beam element. Note that this coordinate system is just a
local coordinate system not a moving coordinate system. The deformations, element nodal forces, stiffness
matrix, and mass matrix of the elements are defined in terms of these coordinates.

In this study only the doubly symmetric cross section is considered. The position vector of an arbitrary point Q in the
undeformed and deformed configurations may be expressed as [1]:

rg = Xey + ye, + Zeg 1)

r=Xp(Xt)ep +Vv(xt)ey +w(x,t)es +91’Xa)els + yeg + ze§ 2
where x,(x,t), v(xt),and w(x,t) are the X, x, and X3 coordinates of point P, respectively, in the deformed
configuration, & , =& x(x,t) is the twist rate of the deformed centroid axis, @ =w(y,z) is the Saint Venant

warping function for a prismatic beam of the same cross section, and e; and eis (i =1, 2, 3) denote the unit vectors

associated with the x; and xis axes, respectively. Here, v(x,t), w(x,t), and 6,(x,t), are assumed to be the

Hermitian polynomials of x.

Figurel. Coordinate systems
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The element nodal parameters are chosen to be uj;, three components of the translation vectors uj, d¢;, three
components of the rotation vectors ¢, and ;, the twist rate of the centroid axis at node j (j = 1, 2). Here, the values
of ¢; areresetto zero at current configuration. Thus, og; represents infinitesimal rotations about the x; axes [3],
and the generalized nodal forces corresponding to og; are the conventional moments about the x; axes. The
generalized nodal forces corresponding to ouj; are forces in the x; directions. The generalized nodal forces
corresponding to 5f; are bimoment.  The element nodal force vector is obtained from the virtual work principle and
the d’Alembert principle in the current element coordinates. The virtual work principle requires that

&Nﬁt:&ffzﬂwmt:LKGM&Q1+ZJH&QZ+20m§q3+p5ﬂfmv:nﬂg% (4)
f=fP +f!' ={f, my, £, my, B}, f,=12+f) ={t m¢ tf mf B} (5)
Sqp ={duy, My, duy, D, B}, 5 ={duy, oy, duz, Gy, OB} (6)
&1 = %(rﬂtxryx -1, &5 = %r’txryy. &3 = %rﬂtxr‘z. @)

where fPand f'are element deformation nodal force vector and inertia nodal force vector corresponding to dq,
respectively. 59’} ={00,j,—|, oV}, oey (i =1, 2, 3) are the variation of &; in Eq. (7) corresponding to 5qy .
Note that because de; are function of qp, Wi, may be expressed by dqbfy. fg and f6'> are generalized
deformation nodal force vector and inertia nodal force vector corresponding to 6qy. oy (i =1, 2, 3) are the second

Piola-Kirchhoff stress.  p is the density, or and ¥ are the variation and the second time derivative of r in Eq.

(2), respectively. Note that r is the absolute acceleration. In conjunction with the co-rotational formulation, only
the terms up to the second order of nodal parameters are retained in element nodal forces.

The relation between dqand Jqg, and the relation between fandf, may be expressed as [3]

dqg =Tgydq and f="Tyfy (®)
The element stiffness matrix and mass matrix may be expressed as
k=" and m=& ©)
aq oq

The nonlinear equations of motion may be expressed by
FR=F' +FP-P=0 (10)

where FR s the unbalanced force among the inertia nodal force F', deformation nodal force FP, and the external
nodal force P. F' and FP are assembled from the element nodal force vectors, which are calculated using Egs. (4),
(8) first in the current element coordinates and then transformed from element coordinate system to global coordinate
system before assemblage using standard procedure.

Numerical studies

An incremental iterative method based on the Newmark direct integration method and the Newton-Raphson method [2]
is employed here. The example considered is a simply supported W14 x 43 beam [1] subjected to an eccentric axial
step loading.
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