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Abstract

Cooperative relaying is a distributed technology that uses relay stations to realize a virtual multiple-

input multiple-output (MIMO) system. Motivated by the spatial diversity of MIMO and the temporal

diversity of automatic retransmission request (ARQ), in this research project, we first develop cooperative

ARQ protocols based on the amplified-and-forward (SAF) relaying method. Analysis shows that the

temporal diversity of ARQs can be exploited with AF relaying only if the channel quality to the relay

exceeds a threshold that depends on the source data rate requirement. Based on this analysis, an effective

ARQ protocol is first developed from the concept of selective relaying to attain the full temporal diversity.

Moreover, the notion of SAF relaying is further extended to systems with multiple relays to exploit the

spatial and temporal diversities, incorporating the mechanism of opportunistic relaying. Two types of

opportunistic-selective AF (OSAF) relaying methods are thus proposed for cooperative ARQs. Analysis

shows that both OSAF protocols can offer much higher diversities than ARQ schemes with the typical AF

relaying method. And the throughput of ARQs with OSAF is more robust to the variations of channel

qualities and is close to their decode-and-forward (DF) counterparts.

In addition to ARQs with AF relaying, we also extend the study on ARQs based on the DF ODSTC.

According to the simulation results, allowing the non-active relays to overhear the DSTC signal sent by one

or two active relays yields significant advantage on the delay-limited throughput. Besides, the throughput

enhancement becomes more pronounced when subject to a lower outage constraint. Nevertheless, in the

extremely high or low SNR regimes, simple schemes without overhearing may provide almost the same

performance offered by overhearing, despite its inferior diversities. Thus, it can greatly reduce the need

for a complex protocol with overhearing.

Keywords

Selective amplified-and-forward, cooperative ARQ, opportunistic relaying, opportunistic DSTC.

I. Introduction

Cooperative communication has emerged as a new paradigm in wireless communications.

Since the work of [1, 2], many cooperative ideas have been introduced to enhance the

system capacity and/or transmission reliability, either through user cooperation or by

signal relaying. They can be roughly categorized into the amplified-and-forward (AF)

and decoded-and-forward (DF) methods. In view of the simplicity of AF relaying and

its corresponding effect of noise enhancement, selective AF (SAF) relaying method has

been considered in [3] to improve the power efficiency of typical AF relaying, or in [4] for

multi-hop relaying and in [5] with phase feedbacks.
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On the other hand, a host of cooperative schemes have been proposed to exploit the

spatial diversity via distributed space-time coding (DSTC), e.g. [2,6]. The diversity order

of the outage probability is shown to increase proportionally with the number of cooper-

ative relays. Moreover, a full order of the cooperative diversity can be achieved even by

using one out of a set of available relays opportunistically [7]. Motivated by the simplicity

and effectiveness of opportunistic relaying, some more recent efforts have been made to

investigate the opportunistic distributed beamforming [8] and DSTC [9].

For the AF scheme, to avoid the difficulty of synchronization among all participating

relays and to prevent from the complexity of using distributed space-time coding or beam-

forming, opportunistic relaying (OR) has been introduced in [10] to exploit the spatial

diversity offered by distributed relays. Inspired by the above results, we study herein ef-

fective opportunistic and selective AF methods for cooperative automatic retransmission

request (ARQ) to exploit the spatial and temporal diversities via cooperative relaying.

According to our analysis, it shows that the temporal diversity of ARQs can be exploited

with AF relaying only if the channel quality to the relay exceeds a threshold that depends

on the source data rate requirement. Based on this result, an effective ARQ protocol is

first proposed to employ the SAF relaying to attain the full temporal diversity. More-

over, by incorporating the OR mechanism, this SAF relaying scheme is further extended

to exploit the spatial and temporal diversities in systems with multiple relays. Different

from the opportunistic AF (OAF) in [10], the opportunistic selection methods studied

herein only rely on the channel qualities to the destination, which prevents from the need

of extra channel state information at the destination. Based on this opportunistic mech-

anism, two types of opportunistic-selective AF (OSAF) relaying methods are developed

for cooperative ARQs. Analysis shows that both OSAF protocols can offer much higher

diversities than ARQ schemes with the typical AF relaying method if proper thresholds

are set for each hop along the relayings. Besides, numerical studies also demonstrate that

the throughput of ARQs with OSAF is more robust to the variations of channel qualities

and is close to their decode-and-forward counterparts.

Besides, for the DF scheme, in contrast to the rich results in the outage analysis for

DSTC, the performance of automatic retransmission request (ARQ) is relatively less in-
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vestigated for opportunistic DSTC (ODSTC). The average throughput of a cooperative

hybrid-ARQ scheme has been reported in [6] for DSTC only. To study the effectiveness

of ODSTC and the extra degrees of freedom via ARQs, in the beginning, the spatial

and temporal diversities of cooperative ARQ via decode-and-forward (DF) ODSTC are

investigated. Then, we analyze the delay-and outage-limited throughput to examine the

effectiveness of each scheme at different SNRs. According to the numerical results, allowing

the non-active relays to overhear the DSTC signal sent by one or two active relays yields

significant advantage on the delay-limited throughput. Besides, the throughput enhance-

ment becomes more pronounced when subject to a lower outage constraint. Nevertheless,

in the high or low SNR regimes, simple schemes without overhearing may provide almost

the same performance offered by overhearing, despite its inferior diversities. Thus, the

need for a complex protocol with overhearing can be greatly reduced.

II. Cooperative ARQ with Selective AF Relaying

We introduce in this section the ARQ schemes with the assistance of SAF relaying

evolved from the original AF in [11] and its variation in [4]. For the clearness of presen-

tation, we first consider a system that consists of only one source, one destination and

a single relay. The result of this system will then be extended to systems with multi-

ple relays. Throughout the paper, the channel between any transmit and receive pair is

considered flat Rayleigh and, for simplicity of analysis, the channel coefficients remain

unchanged within a period of time and change randomly from period to period. This

assumption, though rather optimistic in practice, allows us to proceed with the analysis

based on the outage probability [12].

A. ARQ with selective AF relaying (ARQ-SAF)

Different from the typical AF relaying, the relay in this ARQ scheme first compares the

instantaneous source-to-relay channel quality ρ|hsr|2 against a predetermined threshold,

∆, before retransmission. If ρ|hsr|2 is less than or equal to ∆, then the source will be asked

to do the retransmission by itself, while, in the mean time, the relay keeps overhearing the

signal during retransmissions. Once ρ|hsr|2 > ∆, the relay proceeds with the retransmis-

sion using the AF relaying and will continue to use the same quantity for retransmission
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until it is decoded successfully at the destination or when the maximal number of ARQs

is reached, namely no ARQ is further needed. The corresponding received SNR at the

destination is given by

SNRd =
ρ2|hsr|2|hrd|2

ρ|hsr|2 + ρ|hrd|2 + 1
(1)

where hsr, hsd, and hrd stand for the channel coefficients of source-to-relay (S-R), source-

to-destination (S-D), and relay-to-destination (R-D), respectively, and are all complex

Gaussian random variables with zero mean and variances equal to β1, β0 and β2, respec-

tively. Besides, without the loss of generality, the transmit SNR is assumed to be the same

at the source and the relay, and is denoted by ρ , Es

N0
.

III. The Outage Probability of ARQ-SAF

In this section, we will show that the threshold ∆ for the selective AF relaying is crucial

for ARQ schemes to attain their full diversities. In other words, the ARQ scheme with

the simple AF relaying (∆ = 0) is not able to benefit from diversity enhancement via

retransmissions. The analysis is mainly based on the outage probability of the form

Pr {log2 (SNR + 1) < R} = Pr
{
SNR < 2R − 1

}
(2)

where R is the information rate in bits/sec per channel use. For convenience of expression,

we define a number of notations for variables to be used frequently in the analysis. Specif-

ically, we have a , ρ|hsr|2, b , ρ|hrd|2 and w , ρ|hsd|2, and denote the outage probability

after n rounds of ARQs with scheme A by PA
n , and the maximal number of ARQ rounds

by N . Besides, we also have δ1 , 2R − 1, and redefine ∆ , kδ1 with k ≥ 0. Finally, the

diversity order d is defined as [12]

ξ , − lim
ρ→∞

log PA
n (ρ)

log ρ
. (3)

Given ∆, the outage probability after n rounds of ARQs with the selective AF relaying

can be expressed as

P SAF

n = Pr{w < δ1}

×
n∑

l=0

[
(Pr{a ≤ ∆}Pr{w < δ1})n−l F (∆, l)

]
(4)
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Fig. 1. The effect of k = ∆
δ1

v.s. the SNR at a target P SAF
3 = Pe.

where (Pr{a ≤ ∆}Pr{w < δ1})n−l is the outage probability after n−l consecutive retrans-

missions by the source, and F (∆, l) stands for the outage probability of the subsequent l

consecutive retransmissions by the relay, which are characterized by the joint probability

of the outage events of

F (∆, l) = Pr

{
a > ∆,

ab1

a + b1 + 1
< δ1, . . . ,

abl

a + bl + 1
< δ1

}
, for l > 0 (5)

with F (∆, 0) , 1. Since the R-D channel fades independently in each ARQ round, bl is

used to distinguish the corresponding channel quality in each ARQ round.

Apparently, the outage events in F (∆, l) are correlated as the S-R channel quality “a”

remains unchanged throughout the ARQs even if bl are statistically independent. With

some mathematical manipulations, it can be shown that the form of F (∆, l) also depends

on δ1. For the conciseness of presentation, the result is summarized in the following lemma.

Lemma 1: Given ∆ and R and, hence, δ1, we have

F (∆, l) = e
− ∆

ρβ1

+





l∑
i=1

Cl
i(−1)ie

−( 1
ρβ1

+ i
ρβ2

)δ1Γ(1, 0;
i(δ2

1+δ1)

ρ2β1β2
) , ∆ < δ1

l∑
i=1

Cl
i(−1)ie

−( 1
ρβ1

+ i
ρβ2

)δ1Γ(1, ∆−δ1
ρβ1

;
i(δ2

1+δ1)

ρ2β1β2
) , ∆ ≥ δ1

(6)

where Γ(α, x; b) =
∫∞

x
tα−1e−t− b

t dt is the generalized incomplete gamma function [13], and

Cl
i is the total number of combinations of picking i out of l distinct objects.
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3 ), with thresholds ∆ = kδ1 in different

k’s.

Substituting (6) into (4) gives the closed form expression of (4). The relation between

∆ , kδ1 and the outage probability(4) is illustrated in Fig. 1. As can be seen in the

figure, the required SNR for P SAF
3 = Pe dramatically reduces around k = 1. This in fact

results from the diversity loss for k < 1 shown in Fig. 2. The dependence of the diversity

order on ∆ is characterized in the following lemma. Due to the space limitation, the proof

is not presented in the paper.

Lemma 2: If ∆ > δ1, then the diversity order of P SAF
n in (4) is equal to (n+1); whereas,

if ∆ < δ1, it is equal to 2.

Lemma 2 shows that the full temporal diversity of ARQs can be achieved if a basic

channel quality of ∆ is met before the AF relaying. This gives an interesting reminiscence

of the selective DF relaying in [11], even if the source signal is not decoded here before the

AF retransmission.

The result of Lemma 2 also shows that the diversity order of ARQ with direct AF

relaying (ARQ-AF) is equal to 2 as it is simply a special case of ARQ-SAF with ∆ = 0,

which is always less than δ1 for R ≥ 0. According to Lemma 1, the corresponding outage

probability for ARQ-AF is given by

P AF

n = (1− e
− δ1

ρβ0 )× F (0, n). (7)

IV. Cooperative ARQ with Opportunistic-Selective AF Relaying

In this section, we extend the notion of selective AF relaying to systems with multiple

relays. Motivated by the opportunistic relay selection method in [10], we will discuss and
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analyze three protocols herein based on their outage probabilities. We assume there are

M relays available in the system and denote the channel coefficient between the source

and the relay j by hj,sr and the channel between the relay and the destination by hj,rd.

In addition, the channel coefficient between relay i and relay j is denoted by hi,j. For

simplicity of analysis, all channel coefficients are still assumed complex Gaussian random

variables with zero mean. The variances of hj,sr for different j are the same and equal to

β1. Similarly, the variance of hj,rd is β2, ∀j = 1, . . . , M . Furthermore, the variance of hi,j

is β3, ∀i, j = 1, . . . , M .

A. ARQ with opportunistic AF relaying

We first investigate the outage probability of ARQ with the opportunistic AF (ARQ-

OAF) relaying method presented in [10]. The ARQ-OAF basically chooses the relay t in

each round of ARQ that satisfies

t = arg max
j∈{1,...,m}

{
ρ2|hj,sr|2|hj,rd|2

ρ|hj,sr|2 + ρ|hj,rd|2 + 1

}
(8)

to directly amplify and forward the signal. Based on the previous results, the outage prob-

ability after n rounds of this OAF-based ARQs is provided in the following proposition.

Proposition 1: Given R and M , the outage probability after n rounds of ARQs with

OAF is given by

P OAF

n = (1− e
− δ1

ρβ0 )× (F (0, n))M (9)

and its diversity order is limited to (M + 1), ∀n = 1, . . . ,N .

Proof: : The detailed derivation for the outage probability is omitted here for space

limitation. By Lemma 2, if ∆ < δ1, then F (∆, n) is of the order of ρ−1 at high SNR. Thus,

the diversity order of P OAF
n is equal to (M + 1).

In fact, the ARQ-OAF scheme offers the full cooperative diversity only for the first

ARQ round. In the subsequent ARQs however, aj , ρ|hj,sr|2 remain unchanged in the AF

signal. Similar to the ARQ-AF scheme, this results in the loss of the temporal diversity

as shown in Fig. 3. This motivates us to develop another two protocols based on the SAF

relaying method in Section II to recover the diversity.
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Fig. 3. Outage probabilities for ARQs with OAF and OSAF-A relayings. For OSAF-A with ∆ = kδ1 ≥ δ1,

the diversity orders increase by 1 with each round of ARQ. Otherwise, they are limited to 2.

B. ARQ with opportunistic-selective AF relaying

The essence of ARQ-SAF lies in setting a sufficiently high threshold that the relay is

allowed for forwarding only if the S-R link quality, ρ|hsr|2, exceeds the threshold. By

ensuring the quality of the received signal, the channel diversity in the subsequent ARQs

can be exploited to reduce the outage probability. Inspired by this result, we define a

qualified set Q of the relays whose ρ|hj,sr|2 > ∆ for opportunistic AF relaying. In each

ARQ, the relay in Q with the highest ρ|hj,rd|2 gets selected for AF relaying. In case of

Q = ∅, then the source will do the retransmission until Q 6= ∅ or when no ARQ is further

needed. We note that the relay selection method here is unrelated to the S-R channel

quality any more, i.e. hj,sr is not needed at the destination.

Based on this opportunistic-selective AF (OSAF) relaying method, we discuss in the

next section two types of ARQ schemes, referred to as the type A and B of ARQ-OSAF,

respectively. The type-A scheme forms Q by overhearing the signals from the source only,

while type-B continues to enlarge the cardinality of Q by overhearing the transmitted

signals from relays in Q as well. Their performance are analyzed in the following two

subsections.

B.1 ARQ with the type A of OSAF relaying (OSAF-A)

Under the assumption that all R-D channels have the same statistical property, every

relay in Q has equal possibility to be chosen as the active relay for AF. With this simplified

setting, the outage probability after n rounds of ARQs with OSAF-A can be expressed in

January 6, 2010 DRAFT



10

the following compact form.

Proposition 2:

P OSAF-A

n = Pr{w < δ1} ×
n∑

l=0

{[
(Pr{a ≤ ∆})M

×Pr{w < δ1}]n−l × G(M, l)
}

(10)

where G(M, l) , 1 for l = 0; in addition, for l > 0, it follows

G(M, l) =
m∑

i=1

CM
M−i (Pr{a ≤ ∆})M−i (

1

i
)lF (i)(∆, l, i) (11)

in which for i = 1, 2, we have

F (1)(∆, l, r) , F (∆, l) (12)

F (2)(∆, l, r) ,
l∑

ζ=0

Cl
ζ(e

− ∆
ρβ1 )q(l,ζ) × F (∆, r · ζ)

×F (∆, r · (l − ζ)) (13)

with q(l, ζ) = δ[l − ζ] + δ[ζ]− δ[l + ζ]. While for i > 2, F (i)(∆, l, r) can be expressed as a

recursive form of

F (i)(∆, l, r) =
l∑

ζ=0

Cl
ζ(e

− ∆
ρβ1 )q(l,ζ) × F (i−1)(∆, ζ, r)

×F (∆, r · (l − ζ)) (14)

Proof: Due to the space limitation, the proof is not included in the paper. Basically

we make use of the Binomial Theorem and Lemma 1 to complete the proof.

As we have known from Lemma 2, different thresholds for ARQ-SAF will result in

different outage probabilities or even diversity losses. For ARQ with OSAF-A, we also

have similar results which are summarized in the next proposition.

Proposition 3: If the threshold ∆ for ARQ-OSAF-A is large than δ1, then the diversity

order of P OSAF-A
n increases with n and is equal to (M + n). However, if ∆ < δ1, then the

diversity order of P OSAF-A
n is just equal to 2 regardless of the number of relays and the ARQ

rounds.
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Fig. 4. An illustration for ARQs with the OSAF-B relaying.

Proof: : By Proposition 2 and Lemma 2, the diversity order of P OSAF-A
n could be easily

verified.

The diversity orders of ARQ-OSAF-A can be verified with the outage probabilities

presented in Fig. 3. Although only ρ|hj,rd|2 is considered for relay selection in OSAF-

A, the OSAF relaying scheme is able to exploit the temporal diversity through ARQs if

∆ > δ1. Nevertheless, the diversity order only increases by 1 in each round after the first

round of ARQ. This limitation is due to the worse case of Q in which only one relay is

inside the set.

On the other hand for ∆ < δ1, the diversity order is limited to 2 due to the poor S-R

channel qualities and the selection rule of OSAF. In comparison, the diversity order of

ARQ-OAF is equal to M +1 as both ρ|hj,sr|2 and ρ|hj,rd|2 are required for the destination

to choose the best relay according to (8).

B.2 ARQ with the type B of OSAF relaying (OSAF-B)

Based on the previous discussions on OSAF-A relaying, the key to further improve the

diversity via ARQs is to increase the cardinality of Q, denoted by |Q|, through ARQs as

well. This can be made possible only if the unqualified relays continue to overhear the

signals transmitted by relays in Q during the process of ARQs. If conditions can be set

on the link qualities, ρ|hi,j|2, between the transmitting and receiving relays to qualify and

bring new relays into Q, then the diversity may no longer be limited to the case of |Q| = 1.

This type of OSAF scheme is referred to as the ARQ with the OSAF-B relaying. The

functioning of the protocol is illustrated in Fig. 4.

As shown in the figure, the active relay, R5, of Q received the signal from R3 in the
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previous ARQ and is currently forwarding the signal to the destination. The relay R6 in

the forbidden set, denoted by Q, overhears the signal from R5. If c4 , ρ|h5,6|2 exceeds a

threshold, say ∆4 with 4 being the number of hops before reaching the destination, then

R6 will be taken out of the forbidden set Q and join the qualified set Q. In the next round

of ARQ, if any, the destination still chooses the relay in Q with the highest ρ|hj,d|2 for

forwarding, even if the signal from R6 has accumulated more noise through the hops from

the source to R2, R3 and then R5.

In general, for an active relay that forwards a signal already gone through p hops, the

received SNR at the destination can be expressed as

SNRd =
1

1
a1

+ 1
c2

+ · · ·+ 1
cp

+ 1

b
[q]
∗

+ (higher order terms)
(15)

where b
[q]
∗ represents the highest ρ|hj,d|2 in Q with q , |Q|. Since the higher order terms

can be ignored in the high SNR regime, the denominator becomes simplified into the

reciprocal sum of all the passed channel qualities. As a result, the corresponding outage

probability at high SNR becomes

lim
ρ→∞

Pout = lim
ρ→∞

Pr

{
1

b
[q]
∗

>
1

δ1

−
(

1

a1

+ · · ·+ 1

cp

)}
. (16)

We next characterize the thresholds for (16) to achieve its full diversity. To this end, we

first define a requirement on the reciprocal sum of 1
a1

+ · · ·+ 1
cp

.

Requirement 1 : Given a fixed and arbitrarily small positive number ε, for an active relay

that forwards a signal already gone through p hops, the corresponding reciprocal sum

satisfies 1
a1

+ 1
c2

+ · · ·+ 1
cp
≤ τ , 1

δ1
+ ε.

For ARQ with OSAF-B relaying that satisfies Requirement 1, an upper bound can be

obtained on the corresponding outage probability of (16), given by

lim
ρ→∞

Pout ≤ lim
ρ→∞

Pr

{
b[q]
∗ <

1

ε

}
. (17)

Based on this upper bound, we have the next two lemmas.

Lemma 3: If there exists a qualified set Q with q = |Q| and in Q, every relay chosen by

the destination according to the OSAF method satisfies Requirement 1, then the diversity

order contributed by the relaying is q.
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Lemma 4: Following Lemma 3, if the listening relays to be added into Q also satisfy

Requirement 1, then the maximum diversity order that can be achieved for each ARQ is

M .

Based on the above results, we arrive at a theorem for the diversity order of the ARQ-

OSAF-B scheme.

Theorem 1: If all relays chosen according to OSAF-B out of Q satisfy Requirement 1,

then the diversity order of the outage probability after n rounds of ARQ-OSAF-B is given

by (M × n + 1).

Proof: By Proposition 3, at the first ARQ round, the OSAF-B scheme achieves a

diversity order of (M+1) as the first ARQ of OSAF-B is exactly the same to that of OSAF-

A. For the subsequent rounds of ARQs, by Lemma 4, the diversity order increases by M

with every extra ARQ round. As a result, the overall diversity of the outage probability

is equal to (M × n + 1) after n rounds of ARQ-OSAF-B.

B.3 Threshold assignment for ARQ-OSAF-B

Apparently, for ARQ-SAF and ARQ-OSAF-A, the threshold ∆ should be set greater

than δ1 according to Lemma 2 and Proposition 3, respectively. For ARQ-OSAF-B however,

the source signal may go through multiple hops before arriving at the destination. Thus

we need to define a threshold for each hop to control the channel quality of the entire

relaying path. Since the maximal number of hops is limited to min[M,N ], we therefore

define an array of thresholds as [∆1, . . . , ∆i, . . . , ∆min[M,N ]] with ∆i corresponding to the

threshold for the i-th hop.

Fig. 5 demonstrates the outage probabilities for three different assignments of ∆i

with M = 3 and N = 3. The thresholds are [3δ1, 3δ1, 3δ1] + ε/3, [2δ1, 4δ1, 8δ1] and

[1.5δ1, 8δ1, 15δ1], respectively, and all satisfy Requirement 1. As characterized by The-

orem 1, all lead to the full diversity order at high SNR, while with small offsets among

them.

January 6, 2010 DRAFT



14

0 2 4 6 8 10 12 14 16
10

−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

SNR (dB)

O
ut

ag
e 

P
ro

ba
bi

lit
y

Parameter Settings − M=3, β
0
=(1/2)3,  β

1
=β

2
=β

3
=1, R=1. (Monte Carlo method)

 

 

P1, [3, 3, 3]
P2, [3, 3, 3]
P3, [3, 3, 3]
A3
A6
A9
P1, [2, 4, 8]
P2, [2, 4, 8]
P3, [2, 4, 8]
P1, [1.5 8 15]
P2, [1.5 8 15]
P3, [1.5 8 15]

Fig. 5. Outage probabilities of ARQ-OSAF-B. The diversity contributed by Pr{w < δ1} is ignored here.

Therefore, the full diversity becomes (M × i). Pi denotes the outage probability after i rounds of ARQs,

and [a, b, c] stands for the thresholds of δ1 × [a, b, c]. Besides, Aj corresponds to the asymptotic line of

diversity order j at high SNR.

V. Numerical Studies for AF relaying

We study herein the performance of the proposed OSAF schemes from the perspective

of delay-limited (DL) throughput [14]. The DL throughput is defined as

η = R−
N∑

l=1

R

l × (l + 1)
Pl−1 − R

N + 1
PN . (18)

According to this metric, we study the performance with the rate assignment obtained

with

max
R≥0

η subject to PN ≤ Pe. (19)

Two scenarios are considered in the study to characterize the effects of good and bad

S-R channel qualities. The variances of the channel coefficients in Fig. 6 are assigned as

β0 = (1
2
)v, β1 = 2v, and β2 = 1, and the variances for Fig. 7 are β0 = (1

2
)v, β1 = (1

2
)v

and β2 = 1. Besides, for opportunistic relayings, the variance β3 for the channels between

relays is set to 2v. The path loss exponent v and the target outage probability Pe are set

to 3 and 10−3, respectively.

For comparisons, the results of DF relaying are also presented in the figures, which

include those of ARQ-DF and ARQ-OSDF-B of the DF counterparts of ARQ-AF and

ARQ-OSAF-B, respectively. It can be seen from Fig. 6 that the throughput of ARQ-

OAF can approach that of the OSAF schemes since the S-R channel qualities are in
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Fig. 7. The throughput of various ARQ schemes with β0 = ( 1
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2 )3 and β2 = 1 to simulate a

poor S-R channel condition.

good condition. However, in poor S-R channel conditions as illustrated in Fig. 7, the

performance of ARQ-OAF deteriorates significantly. Although the throughput of OSAF-A

is slightly worse than that of OSAF-B, its performance is in fact pronounced considering its

much simpler mechanism for relaying. In general, the ARQ schemes with OSAF relayings

are more robust than the typical AF relaying, and their performance are very close to

their DF counterparts.

VI. Cooperative ARQ with DF ODSTC

In this section, we consider a relay network with M relays to help re-transmit signals with

DF ODSTC, and set β0 as 1. If the signal is not successfully decoded at the destination,

the relays that have decoded successfully will retransmit the data using DSTC, otherwise

the source will rebroadcast the signal until either the destination or at least one relay is
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able to decode the signal. Throughout the paper, the set of relays that decode successfully

is referred to as the decoding set and denoted by DS. Again to focus on effective ARQ

protocols for ODSTC, a perfect synchronization is assumed achieved among all relays.

Under these assumptions, the channels between the transmitting relays and the destination

can be viewed as a multiple-input single-output (MISO) channel, thus the corresponding

mutual information follows [15]

Id = log
(
1 + Prd

N0

∑
jεDS |hj,rd|2

)
(20)

where Prd is the received power at the destination for signals transmitted by relays in DS,

and hj,rd is the channel between the relay j and the destination and is ∼ CN (0, 1).

Similarly, for channels between the transmit and receive relays, the mutual information

is given by

Ij = log
(
1 + Prr

N0

∑
iεDS |hi,j|2

)
, j 6∈ DS. (21)

A. The Outage Probabilities for DF ODSTC

To proceed the analysis for ARQ protocols with ODSTC, we briefly review the ODSTC

scheme below and give an exact expression for its outage probability.

Remind that w , ρ|hsd|2 ∼ Exp (λ), the outage probability for the direct source to

destination channel link is given by

PW (δ1) , P{w < δ1} = 1− exp{−λδ1} (22)

In cases of outage events, ODSTC opportunistically chooses at most i relays in DS to

perform STC [9]. To distinguish from ordinary DSTC and to signify the use of i relays at

most, we denote the protocol by ODSTCi. Define Xj , β2ρ|hj,rd|2 ∼ Exp(λ2), j ∈ DS.

Let X , {Xj|j ∈ DS}. As ODSTCi chooses at most i elements of X that yield the

highest capacity in (20), clearly min{i,D}, D , |DS|, of the largest elements in X will

be chosen for STC. Therefore, sorting the elements of X in the ascending order into

X ′ , {X ′
1, . . . , X

′
D} such that X ′

k ≥ X ′
j if k > j, the outage probability of ODSTCi

conditioned on D is then given by

Pi(δ|D) , P{ ∑d
j=max{1,d−i+1} X ′

j < δ ,D ≥ 1 } (23)
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where δ = 2εR − 1 and εR is the code rate for DSTC. The outage probability (23) can be

evaluated with a theorem quoted below from [16].

Theorem 2: [16] Let {X ′
1 < · · · < X

′
Q} be the order statistics from Q i.i.d. exponential

RVs with parameter ν. Define ZQ,q =
∑Q

j=Q−q+1 X
′
j, 1 ≤ q ≤ Q. The complementary

cumulative distributed function (CCDF) of ZQ,q is given by:

P{ZQ,q > z} =

Q−q∑
j=1

aje
(−Q−j+1

q
νz) 1

(q − 1)!

∫ zν

0

e(bjy)y(q−1)dy +

q−1∑

k=0

e(−νz) (νz)k

k!
(24)

with aj , 1
Q−j+1

Q!
q!

(−1)Q−q−j

(j−1)!(Q−q−j)!
and bj , Q−q−j+1

q
.

On the other hand, as β1ρ|hj,sr|2 ∼ Exp(λ1), the probability mass function (PMF) of D
is given by [2]

PD(d) = CM
d (e−δ1λ1)d(1− e−δ1λ1)M−d. (25)

Based on the above results, for transmission followed by an ARQ using ODSTCi, the

outage probability follows

Pi = PW (δ1)
2PD(0) + PW (δ1)

M∑

d=1

Pi(δ|d)PD(d). (26)

We note that for ODSTC1, the outage probability degenerates to the case of opportunistic

relaying (OR) in [7], while for ODSTCM, it is equal to DSTC in [2].

VII. The Coding Gain of DF ODSTC

In this section, we characterize the relative SNR advantage of ODSTCM against the

ODSTCi schemes. To alleviate the complexity of analysis, we investigate this problem in

the high SNR regime. Since the diversity gain is defined as

ξ , − lim
ρ→∞

logPi

log ρ
. (27)

Based on the fact that the diversity orders of the ODSTC1 and ODSTCM schemes are

both M + 1 [2, 7], the diversity order of any ODSTCi scheme is also M + 1. Thus, the

outage probability in the high SNR regime can be expressed as

Pi
∼= G(i) · ρ−(M+1) (28)

January 6, 2010 DRAFT



18

where G(i) , limρ→∞ Pi/ρ
−(M+1) and its properties are characterized in the following

theorem.

Theorem 3: For DF-ODSTCi scheme, i ∈ [1,M ], operating at a rate R, we have

G(i) =
M∑
D=1

CM
D
D!

δM−D+1
1 δD

βD2 βM−D
1

+ ∆(i) (29)

where

∆(i) =
M∑
D=i

δM−D+1
1 δDCM

D
βD2 βM−D

1

[
ii−D

i!
− 1

D!

]
. (30)

Proof: The proof is omitted for space.

To characterize the SNR loss of the ODSTCi scheme against the SNR for the ODSTCM

to achieve the same level of outage probability, P′, at high SNR, we have P′ = G(i)ρ−ξ
i =

G(M)ρ−ξ
M and define the SNR loss of a ODSTCi scheme against the ODSTCM, ∀i ∈ [1,M ],

as

Li , log{ρi} − log{ρM} =
log{G(i)} − log{G(M)}

M + 1

=
1

M + 1
log

{
1 +

∆(i)

G(M)

}
. (31)

With some mathematical manipulations, we have two limiting values of Li summarized

in the following corollary.

Corollary 1: For ∀i ∈ [1,M ],

Lβ1→∞
i =

1

M + 1
log

{
M !

i!i(M−i)

}
as β1 →∞. (32)

On the other hand,

Lβ2→∞
i = 0 as β2 →∞. (33)

Proof: The proof is omitted for space.

This shows that when β1 is large, Li becomes irrelevant of β2 and δ and is only a function

of i and M . While when β2 becomes large ODSTCi severs as good as ODSTCM does.

Fig. 8 shows the outage probability for i = 1, 2, 3 and ODSTCM, which is denoted by

the purple-star curve and always performs best among all the schemes. Nevertheless, in

this example, the black-circle curve, which corresponds to the case of i = 3, is almost
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undistinguishable from the purple one, ODSTCM scheme. It shows that the ODSTCi

scheme performs closer to ODSTCM scheme with larger i. However, the SNR advantage

for every scheme is also correlated with the links between the source, relays and destination.

In Fig. 9, the red curve which corresponds to the case of β1 = ∞, β2 = 1 tells the fact

that when the link quality between the source and relay is very good, using more relays is

better. But to the blue one, β1 = 8, β2 = 2, using 4 relays is good enough in contrast to

ODSTCM. Furthermore, for the case of β1 = 2, β2 = 8, the outage performance is limited

to the case of i = 2. The reason is that the outage probability is limited by the case of

D = 0 or 1. The energy on the relays that fail to decode the signal are not able to be used

to help enhance the performance, leaving the option of using more relays ineffective.

January 6, 2010 DRAFT



20

VIII. Cooperative ARQ Protocols using DF ODSTC

Based on ODSTCi presented in the above section, we study in this section the outage

probabilities for three types of cooperative ARQ protocols. Each of them requires for

different level of coordination between the source, relays and the destination.

A. Type-A Cooperative ARQ

As introduced earlier, whenever DS = ∅, the destination will issue ARQs to the source.

Once DS 6= ∅, a straightforward method is to have the destination choose the best i relays

for DSTC and then continues to use these relays in the subsequent ARQs if needed.

Therefore, Type-A ARQ essentially involves two kinds of STC schemes: the ODSTCi

for ARQs until D ≥ 1 and the ordinary DSTC for the subsequent ARQs. For simplicity

of presentation, we denote the n-th rounds of ARQs by ARQn and also refer to the initial

direct transmission from the source to the destination as ARQ0. In addition, to facilitate

the analysis, we define the probability for the following outage event involved in ARQs.

Definition 1: The outage probability of the DSTC conditioned on D is given by

PSTCi(δ|D) , P

{
iD∑

µ=1

Xµ < δ, D ≥ 1

}
= 1−

iD−1∑
y=1

e−δλ2

y!(δλ2)−y

where iD , min{i,D} and the subscript STCi is used to signify the use of iD relays for

opportunistic relaying.

Following the above definitions of (23) and (25), respectively, it can be shown that the

outage probability of the Type-A ARQ can be expressed in a closed form summarized in

the following proposition.

Proposition 4: Given R, ε and M , the outage probability after n times Type-A ARQs

is given by

PA,i(n) = PW (δ1)
n+1Pn

D(0) + PW (δ1)×
n∑

k=1

[PW (δ1)PD(0)]n−k

M∑

d=1

Pi(δ|d)PD(d)P k−1
STCi(δ|d), (34)

∀i ∈ [1,M ] with PA,i(0) , PW (δ1) in (22).

Proof: The proof is omitted for space.
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B. Type-B Cooperative ARQ

A quick modification to improve the outage probability of the Type-A ARQ is to have

the i active relays re-chosen from DS according to the channel strength in each phase

of ARQ. Due to the re-selection mechanism, we know that PSTCi(δ|d) in (34) for Type-A

ARQ should be replaced by Pi(δ|d) for all ARQn, n ≥ 1. This gives the outage probability

for the Type-B ARQ protocol, which is summarized in the following corollary.

Corollary 2: Given R, ε and M , the outage probability after n times Type-B ARQs is

given by

PB,i(n) = PW (δ1)
n+1Pn

D(0) + PW (δ1)
n∑

k=1

[PW (δ1)PD(0)]n−k

M∑

d=1

P k
i (δ|d)PD(d), (35)

∀i ∈ [1,M ] with PB,i(0) , PW (δ1).

Comparing with Type-A ARQ, apparently, Type-B ARQ requires all relays in DS to

keep the decoded data for retransmission before the end of ARQs. However, checking

Pi(δ|d) in (35), one may soon find that the diversity order may often be dominated by

the term P n
i (δ|1), leaving the overall diversity order remaining to be M + n. This may

cause the Type-B scheme rather ineffective, taking into account the extra efforts for the

re-selection of relays in ARQs.

C. Type-C Cooperative ARQ

Checking (34) and (35), one may soon find that the diversity order for Type-A and

B ARQ protocols is limited by the worst case of D = 1. Thus, to resolve this diversity

shortage problem, DS must be able to grow with ARQs. To this end, we have the relays

not in DS continue to overhear the DSTC signals in ARQs and update their status to the

destination to allow for being picked in the subsequent ARQs. As the cardinality of DS
may increase now with ARQs, we define some parameters below.

Definition 2: Let D0 be the number of relays that are able to decode the signal send by

the source.

The probability PD0 can be obtained by setting D0 = D in (25).
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Definition 3: Let Dn be the number of increasing relays in the n-th subsequent ARQ

after D0 ≥ 1.

Define Dn ,
∑n

`=0D`, ∈ [1,M ] as the total number of relays in the DS. The channels

from the relays in DS, which are particularly chosen to yield the highest mutual informa-

tion at the destination, to a relay not in DS are still random. Define Vµ,z , ηρ|hµ,z|2 ∼
Exp(λ3), for µ ∈ DS and z 6∈ DS. The outage probability for a relay z overhearing the

ODSTCi signal send by relays in DS is given by

POHi(δ|dn) , P
{∑in+1

µ=1 Vµ,z < δ, dn ≥ 1
}

= 1−∑in+1−1
y=1

e−δλ3

y!(δλ3)−y

(36)

where in+1 , min{i, dn}. Besides, as the source stops sending signal once D0 ≥ 1. By

(36), we have the outage probability of overhearing conditioned on Dn−1 = dn−1 as

PDn(dn|dn−1) = C
M−dn−1

dn
[1− POHi(δ|dn−1)]

dn×
POHi(δ|dn−1)

M−dn−1−dn , n = 1, 2, · · · . (37)

By induction, the outage probability for the Type-C ARQ protocol can be shown as follows.

Proposition 5: Given R, ε and M , the outage probability after n times Type-C ARQs

for ODSTCi is given by

PC,i(n) = PW (δ1)
n+1Pn

D0
(0)+

PW (δ1)
n∑

k=1

[PW (δ1)PD0(0)]n−k

M∑

d0=1

M−d0∑

d1=0

· · ·
M−dk−2∑

dk−1=0

Pi(δ|d0)PD0(d0)
k−1∏

`=1

Pi(δ|d`)PD`
(d`|d`−1) (38)

with dk ,
∑k

q=0 dq and PC,i(0) , PW (δ1).

As we can see from (23) that the diversity order of Pi(δ|d`) is d`, and from (37) that the

diversity order of PD`
(d`|d`−1) is (M−d`)×min{i, d`−1}, ` ≥ 1. Considering the dominant

term only, which has minimum diversity order, we may find that (38) is dominated by the

second term when k = n, d0 = 1 and d1 = · · · = dn−1 = 0, leading to a diversity order of

nM + 1. This shows that the diversity can increase by M with each extra ARQ due to
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the aid of overhearing. Nevertheless, the complexity of this protocol is much higher too as

all relays need to serve a user until the end of ARQs. On the other hand, for the Type-A

protocol, even if the diversity order is inferior, the active relays are fixed in all subsequent

ARQs, thus introducing less control overhead to the the system. It’s a tradeoff between

the theoretical performance and practical considerations. Therefore, an investigation on

the expected throughput of each protocol will be done in the next section to examine the

efficiency of each protocol in different channel conditions.

IX. Throughput analysis for DF ODSTC

To explore the efficiency of the proposed ARQ protocols, we characterize the delay-

limited throughput of each protocol based on the outage formulas provided in Section

VIII. In this paper, the throughput is denoted by ηT ,i(n), where the subscript T is used

to distinguish from the above ARQ protocols. For example, ηA,i(n) stands for the expected

throughput after n times Type-A ARQs with ODSTCi.

As for ARQ0, it is straightforward to give the expected throughput as R[1 − PW (δ1)].

With 1 round of ARQ, the throughput is given by

ηT ,i(1) = R[1− PW (δ1)] +
R

2
PW (δ1)PD(0)[1− PW (δ1)]

+
εR

1 + ε

{
PW (δ1)

M∑

d=1

PD(d)[1− Pi(δ|d)]

}
. (39)

The second term in (39) denotes the expected throughput for the event that the source

broadcasts again since neither the destination nor the relays are able to decode the signal

in the first transmission, and the third term in (39) stands for the case that at least one

relay is able to decode and forward the signal to the destination with a rate εR. Following

the similar analysis, the delay-limited throughput for each type of ARQ protocol can be

summarized in the theorem below.

Theorem 4: Given R, ε and M , after n times of ARQs, the expected throughput is given

by

ηT ,i(n) ,
n∑

p=0

n+1−p∑
q=1

εR

p + qε
PT (p, q) (40)
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where PT (p, q) denotes the probability of the event corresponding to the effective rate εR
p+qε

and it is defined as

PT (p, q) , [PW (δ1)PD(0)]q−1PT (p, 1). (41)

For each type of ARQ protocol, PT (p, 1) are listed below

PA(p, 1) , PW (δ1)
M∑

d=1

PD(d)Pi(δ|d)[PSTCi(δ|d)]p−2 ×

[1− PSTCi(δ|d)], (42)

PB(p, 1) , PW (δ1)
M∑

d=1

PD(d)Pi(δ|d)[Pi(δ|d)]p−1 ×

[1− Pi(δ|d)], (43)

PC(p, 1) , PW (δ1)
M∑

d0=1

M−d0∑

d1=0

· · ·
M−d(p−2)∑

d(p−1)=0

×

PD0(d0)Pi(δ|d0)

{
p−2∏

`=1

Pi(δ|d`)PD`
(d`|d`−1)

}
×

PD(p−1)
(d(p−1)|d(p−2))[1− Pi(δ|d(p−1))] (44)

with PA(1, 1) , PW (δ1)
∑M

d=1PD(d)[1− Pi(δ|d)] and PT (0, 1) , [1− PW (δ1)].

Proof: The proof is omitted for space.

To examine the delay-limited throughput for different types of ARQ protocol, we adjust

the rate according to SNR to achieve the best throughput under an outage constraint Pe,

i.e.

max
ε,R

ηT ,i(n) s.t. PT ,i(n) ≤ Pe. (45)

The optimal rate adaptation strategy is found by the following algorithm. Assumed that

the SNR for all the relay-destination and source-destination channels can be estimated by

the destination without any deviation, and remain unchanged during a block transmission

time. Then the transmit nodes adjust the rate according to the feedback SNR. Therefore,

we define R , γ log(1 + σρ) and εR , γ log(1 + σβ2ρ), where γ denotes the multiplexing

gain, and σ stands for the SNR enhancement. As a result, the cost function in (45) turns
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Fig. 10. The throughput for each type of protocol by ODSCT1 with the constraint Pe = 0.001 when

M = 3, β1 = 2, β2 = 8 and β3 = 64.

into

max
γ,σ

ηT ,i(n) s.t. PT ,i(n) ≤ Pe. (46)

In the beginning, we set γ = 1 and find the maximum σ to fit the outage constraint. How-

ever, the largest rate does not always lead to the maximum throughput. Therefore, given

the σ obtained above, we exhaustively search the optimal γ to approach the maximum

throughput and the results are shown in the following section.

X. Numerical Simulations for DF ODSTC

In this section, we set the channel condition as β1 = 2 and β2 = 8. This case is

meaningful, especially when the direct link between the source and the destination has a

poor SNR, e,g, 0 ∼ 10dB. β1 = 2 stands for the case that the SNR for the link between the

source and relays has a 3dB-gain in average to the direct link, and β2 = 8 corresponds to

an even better channel quality. In other words, when the source is hard to communicate

with the destination directly, it needs some help from relays more eagerly.

Conditioned on the delay constraint, n = 3, and the outage constraint Pe = 0.001, Fig.

10 presents the maximum throughput for each type of ARQ protocol with ODSTC1 when

M = 3, β1 = 2, β2 = 8 and β3 = 64. The purple curve denotes the simple ARQs with-

out relaying. In Fig. 10, the cooperative ARQ protocols provide significant throughput

improvement not only when the link quality between the source and destination has good

January 6, 2010 DRAFT



26

−10 −5 0 5 10 15 20
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

SNR (dB)

T
hr

ou
gh

pu
t

 

 

i=1
i=2
i=3
w/o relay

Fig. 11. The throughput of the Type-C protocol with the constraint PC,i(3) ≤ 10−3 when M = 5, β1 = 2,

β2 = 8 and β3 = 27.

SNR, but also when the quality is poor, e.g. SNR= 0 ∼ 10dB. Especially for Type-C

ARQ, it performs the best because of the relay re-selection and overhearing.

However, in the extremely low or extremely high SNR regime, Fig. 10 also shows that

the difference between each type of cooperative protocol is getting smaller. The reasons

is that all the relays and the destination fail or succeed in decoding in probability. Thus,

there is no need to always use the most complicate scheme, although it has superior

diversity in outage analysis. Type-A ARQ, the simplest protocol, is also able to serve as

good as Type-C ARQ does when the link quality between the source and destination is

extremely poor or extremely good.

The effects of i are demonstrated in Fig. 11. As expected from Fig. 8 and Fig. 9, it is

not always necessary to use as many relays as possible. In Fig. 11, for Type-C ARQ when

M = 5, the black and red curves, which individually correspond to the case of i = 3 and

i = 2, are almost undistinguishable. In other words, ODSTC2 is the relatively effective

scheme under such channel condition.

Fig. 12 shows the effect of M on the throughput of different ARQ protocols by ODSTC1

at SNR= 5dB. In contrast to Type-A ARQ, the advantage of Type-B ARQ increases with

M . This is due to the fact that Type-B ARQ has better coding gain from the re-chosen

mechanism, although they have the same diversity order. Besides, the performance of

Type-C ARQ will saturate with M since ultra high diversity order does not give significant

improvement in throughput anymore.
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Fig. 12. The throughput for each type of protocol by ODSCT1 for different M when SNR= 5dB, β1 = 2,

β2 = 8, β3 = 64 and Pe = 0.0001.

In addition, compared with Fig. 10 when M = 3, the throughput enhancement against

the direct transmission without cooperative relaying is more obvious when Pe = 0.0001.

This also tells that the importance of the cooperative ARQ protocol is more critical if the

outage constraint becomes stricter.

XI. Conclusion

A. For AF relaying

In this work, we proposed two types of opportunistic-selection AF relaying protocols to

exploit the spatial and temporal diversity. And the numerical results showed that noth

protocols can offer much higher diversities and more throughput advantage than ARQ

schemes with the typical ARQ relaying method.

B. For DF ODSTC

The numerical results showed that the cooperative ARQ protocols provide significant

throughput enhancement in contrast to the direct transmission without relaying. Be-

sides, effective schemes can be obtained since it is not always necessary to use the most

complicated protocol or as many relays as possible to achieve the best performance.

XII. Self Evaluation

The cooperative ARQ protocols developed throughout this project are quite practical

yet effective and can be readily applied to the ARQ protocols for relay-assisted cellular
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networks like WiMAX or LTE. We are currently wrapping up the results and preparing

two journal papers based on the SAF and ODSTC relaying methods developed in this

research.
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