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�� Introduction

In statistical process control� one understanding is that it

is not enough to control just the distribution mean� nor it

is enough to control just the distribution standard deviation�

Repco �
����� Van Nuland �
��	�� Chao and Cheng �
���� and

Spiring and Cheng �
���� developed combination control charts

to control the normal mean and standard deviation simultane�

ously� A good review of the existing works for control chart of

this problem can be found in Cheng and Thaga �	����� These

works basically proposed tests dealing with hypothesis of the

normal parameters as

H� � � � ��� � � ��

in a simultaneous surveillance of location and scale parameters�

It is known that the performance of normal�based control

charts is seriously degraded if the underlying distribution is

di�erent from normal while manufacturing process with non�

normal characteristic variable is� however� very common �see�

for examples� Cheng and Thaga �	����� Schiling and Nelson

�
���� and Kanji and Arif �	��� ���

�� Research Purpose

With full investigation of parametric control chart studies�

our research interest is constructing the nonparametric control

charts since it makes no assumptions concerning the type of

controlling variable�

�� Literature Review
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Some nonparametric control charts are suggested� For exam�

ples� Janacek and Meikle �
���� considered the median chart�

Liu and Tang �
���� considered the boostrap control chart and

Grimshaw and Alt �
���� considered using quantile function

to construct the control chart� Very few of the existed non�

parametric control charts that are designed to simultaneously

control distribution parameters where the quantile based con�

trol chart by Grimshaw and Alt �
���� is an exception�

With considering nonparametric control chart� it is interest�

ing to study if there is an alternative quantile technique that

its produced quantile control chart may gain beni�t of bet�

ter e�ciency in some sense than the empirical quantiles based

control chart of Grimshaw and Alt �
����� In an attempt to

improve the e�ciency of the trimmed mean for estimating the

location parameter� Kim �
��	� and Chen and Chiang �
����

introduced the symmetric quantile to construct an alternative

trimmed mean� Chen and Chiang �
���� observed that this

trimmed mean can has asymptotic variances very close to the

Cramer�Rao lower bounds for several distributions� including

heavy tail ones� Can this interesting result be carried over to

the construction of control chart� Our aim in this research is to

construct an alternative control chart by symmetric quantiles

and show that it does gain better e�ciency than the classical

version constructed by empirical quantiles�

�� Methodologies

For percentages ��� ���� �k with �� � �� � ��� � �k� let us



�

consider the population quantile vector

Q���� ���� �k� �

�
BB�

F������
F������

���
F����k�

�
CCA

for monitoring that can be estimated by the corresponding em�

pirical quantile vector

Qe���� ���� �k� �

�
BB�

F��
n ����

F��
n ����
���

F��
n ��k�

�
CCA

where F��
n is the empirical quantile function� Grimshaw and

Alt �
���� proposed to apply Qe���� ���� �k� to monitor the pop�

ulation quantile vector Q���� ���� �k�� The asymptotic property

of Qe���� ���� �k� relies on the empirical quantiles F��
n ��j��s�

Suppose that we have a training sample yij � i � 
� ���� n� j �


� ����m that represents an in�control data set of m samples of

size n from distribution F so that estimate of Q���� ���� �k�

and its covariance matrix � are available� Generally we let

Qej���� ���� �k� and ��j be estimates� respectively� based on sam�

ple yij � i � 
� ���� n and de�neQ����� ���� �k� �
�
m

Pm
j��Qej���� ���� �k�

and �� � �
m

Pm
j��

��j � Treated estimates Q� and �� as true

values of Q���� ���� �k� and �� the control statistic and upper

control limit proposed by Grimshaw and Alt �
���� are

Control statistic Te � n�Qe���� ���� �k��Q����� ���� �k��
����

� �Qe���� ���� �k�

�Q����� ���� �k��

UCLe � ���
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Unlike that the empirical quantile is constructed based on

the cumulative distribution function� the so�called symmetric

quantile of Chen and Chiang �
���� is formulated based on a

folded distribution function� The folded cumulative function

about a constant �� known or unknwon� is

Gs�a� � P �jy � �j � a�� a � ��

Then� the 	 symmetric quantile pair is de�ned as

fF ���
s �	�� F ���

s �	�g � f��G��
s �	�� ��G��

s �	�g

where G��
s �	� � inffa � Gs�a� � 	g� If distribution function

F is continuous� the 	 symmetric quantile pair satis�es 	 �

P �F
���
s �	� � y � F

���
s �	��� If we further assume that F is

symmetric at �� it can be seen that

fF ���
s �	�� F ���

s �	�g � fF���

� 	

	
�� F���


 � 	

	
�g�

the population classical quantiles and the symmetric quantiles

are identical� This leads to the fact that sample type symmetric

quantiles can play the role of the empirical quantiles to estimate

the population quantiles F������s�

For the random sample y�� ���� yn from distribution F � let ��

be an estimate of �� We may de�ne the sample type 	 sym�

metric quantile pair as

fF ���
sn �	�� F ���

sn �	�g � f���G��
sn �	�� ���G��

sn �	�g
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with sample folded distribution functionGsn�a� �
�
n

Pn
i�� I�jyi�

��j � a� and

G��
sn �	� � inffa � Gsn�a� � 	g�

�� Results and Discussion

Considering a number 
 decreasing percentages 	� � 	� �

��� � 	�� we de�ne its corresponding 	
 symmetric quantile vec�

tor and population symmetric quantiles� respectively� as

Qsn�	�� ���� 	�� �

�
BBBBBBBBBBBBB�

F
���
sn �	��

F
���
sn �	��

���
F
���
sn �	��

F
���
sn �	��

F
���
sn �	����

���
F
���
sn �	��

�
CCCCCCCCCCCCCA

and Qs�	�� ���� 	�� �

�
BBBBBBBBBBBBB�

F
���
s �	��

F
���
s �	��

���
F
���
s �	��

F
���
s �	��

F
���
s �	����

���
F
���
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�
CCCCCCCCCCCCCA
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From Chen and Chiang �
����� we may see that n����Qsn�	�� ���� 	���

Qs�	�� ���� 	��� is asymptotically normal N��������s� for some

matrix �s that will be given explicitly latter� This further im�

plies that the following

n�Qsn�	�� ���� 	���Qs�	�� ���� 	���
����

s �Qsn�	�� ���� 	��

�Qs�	�� ���� 	���� ���	
�

holds asymptotically in distribution�

Again� from the training sample yij � i � 
� ���� n� j � 
� ����m

that represents an in�control data set of m samples of size



	

n� we let Qs��	�� ���� 	�� �
�
m

Pm
j��Qsn�j�	�� ���� 	�� and �s� �

�
m

Pm
j��

��s�j where Qsn�j�	�� ���� 	�� and ��s�j are estimates of�

respectively� Qs�	�� ���� 	�� and �s� Let us denote these two esti�

mates by Qs� and �s�� Based on these estimates� we proposed

control statistic and upper control limit as

Control statistic Ts � n�Qsn�	�� ���� 	���Qs��	�� ���� 	���
����

s�

�Qsn�	�� ���� 	���Qs��	�� ���� 	���

UCL � ����	
�

We observe that the estimation of population quantile vector

by empirical quantiles is more e�cient when the quantile per�

centage is ���� However� it is impressed that it gains more preci�

sion to use symmetric quantile to construct the quantile vector

estimator when percentage is equal or more than ���� In fact�

the case that when the underlying distribution is the Laplace

one the estimator of quantile vector constructed by symmetric

quantiles totally dominate the one by empirical quantiles�

The average run length �ARL�� representing the average num�

ber of samples taken before an action signal is given� is the most

popular technique in evaluating a control chart or comparaison

of alternative control charts� In the case of process being in�

control� both ARL�s by symmetric quantiles and by empirical

quantiles are the expected number 	�� for setting � � �����

Surprisingly ARL�s of symmetric quantiles are all smaller than

the corresponding ARL�s of empirical quantiles� This indicates

that the symmetric quantiles based control chart can detect the

distributional shift with smaller number of samples�






In application� it is more interesting in comparing these two

control charts when the coverage probability of the charts is

�xed at ������� In this consideration� ARL�s are expected to be

��� when the process is in�control� We then com pute ARL�s

for two quantile control charts with signi�cance level ����	��

We see that in this setting of coverage interval the symmet�

ric quantiles based control chart is still more e�cient than the

empirical quantiles based control chart in dectection of distri�

butional shift�
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傳統上無母數方法估計參考區間是用經驗分位數(Empirical 
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Chen and Chiang (1996, J. of Nonparametric Statistics))具有較小變異
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(b) 參考區間之診斷 

一般醫院採用參考區間來診斷病人，參考區間是醫師用來診斷病
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方法的一種統計診斷方法。 

 


