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Abstract

Due to the growing demands for system
reliability in a highly automated industrial
system and in aerospace missions, where
repair and maintenance often can not be
achieved immediately, the study of reliable
control has become paramount importance
and has attracted considerable attention. On
the other hand, since the modern control
systems are constructed more and more
complicated, the employed control strategy
and the time for controller implementation
have become extreme importance. In fact,
the two mentioned-factors have a strong
relation to the quality and the efficiency of
the control mission. In this project, we
combine the T-S fuzzy model approach and
the Sliding Mode Control (SMC) scheme for
alleviating the computational burden and
promoting associated system reliability
performances. The reason for adopting SMC
scheme comes from its own advantages
including responding rapidly and robustness
to uncertainties and disturbances, while T-S
fuzzy approach allows one to save lots of
on-line computational burden, which is
especially important for those systems with
highly nonlinear and complicated dynamics.

The combined scheme saves lots of on-line



computational  burden  while achieve
efficiently control objective.
Keywords: Nonlinear control systems,

sliding mode control, TS-fuzzy model,

reliable control, stabilizability analysis,
tracking performance.
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SM C Reliable Design for T-S M odel-Based Systems
Yew-Wen Liang, Sheng-Dong Xu, Der-Cherng Liaw, Cheng-Chang Chen, and Li-Wei Ting

Department of Electrical and Control Engineering, National Chiao Tung University, Taiwan
(Tel: +886-3-5712121 Ext: 31669; E-mail: ywliang@cn.nctu.edu.tw)

Abstract: This paper studies the robust reliable control issues based on the Takagi-Sugeno (T-S) fuzzy system modeling
method and the sliding mode control (SMC) technique. The combined scheme is shown to have the merits of both
approaches. It not only alleviates the on-line computational burden by using the T-S fuzzy system model to approximate
the original nonlinear one (since most of the system parameters of the T-S model can be computed off-line) but it also
preserves the advantages of rapid response and robustness of the SMC schemes. Moreover, the combined scheme does
not require on-line computation of any nonlinear term of the original dynamicsand theincrease in the partition number of
the region of premise variables does not create extra on-line computational burdensfor the scheme. Under the design, the
control mission can continue safely without prompt external support even when the susceptible actuators fail to operate.
The proposed analytical results are also applied to the attitude control of a spacecraft. Simulation results demonstrate the

benefits of the proposed scheme.

Keywords: Sliding mode control, reliable control, nonlinear control systems, T-S fuzzy system model.

1. INTRODUCTION

Recently, the study of reliable (or fault-tolerance) con-
trol has attracted considerable attention (see, e.g., [4],
[9], [10], [11], [22], [17], [19]). The objective of reli-
able control is to design an appropriate controller such
that the closed-loop system can tolerate the abnormal op-
erations of specific control components and retain the
overal system stability with acceptable system perfor-
mance. Among the existing reliable control studies, sev-
eral approaches have been presented. These approach-
es include the linear matrix inequality (LMI)-based ap-
proach [12], the algebraic Riccatti equation (ARE)-based
approach [17], the coprime factorization approach [18],
the Hamilton-Jacobi (HJ)-based approach [9], [19], and
the dliding mode control (SMC)-based approach [4],
[10], [11]. Among the above-mentioned reliable con-
trol studies, only the HJ-based and the SMC-based ap-
proaches deal with reliability issues for nonlinear sys-
tems. However, the reliable controller of the HJ-based
approach explicitly depends on the solution of an asso-
ciated Hamilton-Jacobi equation which is in general dif-
ficult to solve. Though a power series method [8] may
alleviate the difficulty through computer calculation, the
obtained solution is only approximate and the computa-
tion load grows quickly when the system is complicated.
In contrast, the SMC reliable controllers do not require
the solution of any HJ equation, while retain the advan-
tages of conventional SMC designs [11]. Those advan-
tages include rapid response, robustness, and ease of im-
plementation [11], [13], [14], [15].

On the other hand, because of the conceptual simplic-
ity and the fact that most of the system parameters can
be computed off-line, the Takagi-Sugeno (T-S) modeling
scheme has become a popular and powerful fuzzy sys-
tem modeling approach (see, e.g., [1], [13], [16]). The
basic idea of the T-S approach is first to decompose a
nonlinear system into several linear models according to
different cases where the associated linear models best fit

the nonlinear one, and then to aggregate each individual
linear model into a single nonlinear one in terms of each
model’s membership functions. Though the concept is
simple, the T-S fuzzy system model has been theoretical-
ly justified as a universal approximator which makes the
T-S fuzzy system model become particularly useful, es-
pecially when the nonlinear model is complicated. In or-
der to compensate for the additional uncertainties result-
ing from the difference between the original and the T-S
models, a combined scheme incorporated with the SM-
C technique was recently proposed (see, e.g., [13]). The
combined scheme not only aleviates the on-line compu-
tational burden since the T-S fuzzy system model is uti-
lized to approximatethe original nonlinear one, but it also
preserves the advantages of rapid response and robust-
ness of the SMC schemes. In light of those remarkable
benefits, this paper will investigate the reliability issues
from the combined scheme viewpoint.

2. PROBLEM STATEMENT

Consider a class of 2nd-order nonlinear control sys-
tems

X; = X and Xz:f(X)—FBll—Fd (1)
where x; = (;rl, S ,.Z’n)T € R", x» = (mn+1,~-~,
72,)T € R™ andx = (xf,x1)7 is the system states,
u = (ur, -, Upim)’ € R™™ is the control inputs,
d = (dy,--,d,)T € R™ denote possible model un-
certainties and/or external disturbances, f(x) € R" isa
smooth function, and (-) 7 denotesthe transpose of a vec-
tor or amatrix. Inthis study, we assumethat £(0) = 0. It
is important to note that in the description of the system
given by Eq. (1) we have assumed that the system has
control input redundancy. We divide the actuators into
two groups H and F, within which we assume that al-
| of the actuators in H are healthy while those in F are
allowed to fail during the operation. System (1) can be



rewritten as
X; = xp and xy = f(X) + Byuy + Brur +d. 2

Since the nonsingularity assumption of By, iS hecessary
for the existence of equivalent control in SMC design
when all the actuatorsin F fail to operate[6], we assume
that the pre-selected healthy actuators satisfy uy;, € R",
and By € R"*" isanonsingular matrix.

The objective of this study is to organize an appropri-
ate uy, and ux so that the origin of the closed-loop sys-
tem is asymptotically stable even when al or some of the
actuatorsin the set F fail to operate.

3. T-SMODEL-BASED SMC RELIABLE
DESIGN

Inlight of the advantages of the T-S modeling and SM-
C approaches as stated above, this study will combinethe
two schemes for the design of reliable controllers.

3.1 T-SFuzzy Model Description

Itisknownthat anonlinear system can be approximat-
ed by a T-S fuzzy model ([13], [16]), which is described
by a combination of severa linear models with suitable
weighting. Theith (i = 1,2, -- -, p) rule of the T-S fuzzy
model for System (2) has the following form:

If Cl iSMlia"'7Cq iSMql., 1= 1,---,p,then
X1 = x9 and x» = A;x + Brugr + Byuy 3
where (i, - -+, (, are premise variables, My,, -+, M,,

are membership functions for premise variables, p and
g denote the number of rules and premise variables, re-
spectively, and A; € R"*". The T-Sfuzzy model isthen
constructed according to the weight of the system state
on each linear model as (4) below:

p
X1=x2 and xp= Z a;(x)A;x + BFpur + Byuy (4)
i=1

where the weightings «a;(x) > 0 for al ¢ and
SP ai(x) = 1.
3.2 SMC Reliable Design

By incorporating with the T-Sfuzzy model, System (2)
can be rewritten as

5(1 = X2, (5)
P

and x; = Z a;(x)A;x + Af + (Brugr + Byuy) +d
i=1

(6)

where Af := f(x) — >°%_| a;(x)A;x. Since System (1)
contains a set of 2nd-order systems, we may assume the
dliding surface to be

s(t) == (s1,52, -, sn) L = xa(t) + Mx1(t) 7

where M € R™*" is a positive definite matrix. Clearly,
if the system state remains on the dliding surface, then
the desired stabilization performance of x(¢) — 0 can
be exponentially achieved. To compensate for the effects

of disturbances and/or uncertainties, we impose the next
assumption:

Assumption 1: There exist nonnegative scalar func-
tions p;(x,t), 7 = 1,---,n, such that |(Bru¥);| +
[(Af);| + |d;| < pj(x,t), where u’- describes the possi-
blevaluesof uzx and (-) ; denotesthe jth entry of avector.

Following the SMC design procedure[11], we select

P
uy = —B' <Z a;(x)Aix + Mxg + Ay - Sgh(s))
i=1

(8)

where Ay = diag(p1(x,t) +n1,- -+, pn(x,t) +n,) with
n; > 0forj = 1,---,n, syn(-) denotes the sign func-
tion, and sgn(s) := (sgn(sy),---,sgn(s,))". Under the
control uy, it followsfrom (5)-(7) and Assumption 1 that
sTs <37 mj-|s;|. Thisinequality impliesthat thesys-
tem stateswill reach the sliding surface in afinite amoun-
t of time [11] no matter whether the actuators in F are
healthy or not.

In addition to the design of u4 as discussed above, we
now investigate the design of u = to promote the overall
system performance when some or all of the actuators
in F are hedthy. From (5)-(6) and (8), we haves s <
s"Brur — 7_ 1 - |s;]. Clearly, one of the choices
of ur to make system states approach the dliding surface
faster thaninthecaseof urz = 0is

ur = —Ax - sgn(BLs) (9)

where Ax = diag(n+1,- s Mntm) a&d 9,4, > 0 for
al . = 1,---,m. These derivations show that the mag-
nitude of control gains7,,4+,,t = 1, - - -, m, for the actua-
torsin the set F that guarantee stabilization performance
may vary from 0 to the allowable maximum control input
magnitude. That is, it allows the situation of actuatorsin
F to betotal failure, partia failure, attenuation or ampli-
fication in any order and in any combination. From the
derivations above, we then have the following result.

Theorem1: Suppose that Assumption 1 holds.
Then the origin of System (2) is localy asymptotically
stable under the control law given by (8) and (9) even
when some or al of the actuatorsin F experience abnor-
mal operation.

4. APPLICATION TO SPACECRAFT
ATTITUDE STABILIZATION

An attitude model for a spacecraft in a circular orbit
can be described in the form of (1) with n = 3 [11].
The six state variables denote the three Euler’'s angles
(¢,0,%) and their derivatives. For simplicity, we as-
sume in this study that the thruster is the only applied
control force and there is an actuator redundancy to per-
form the reliable task. By letting x = (¢, 6,4, ¢,6,)T
and f(x) = (f1(x), f2(x), f3(x))7, the overall system
dynamics are described as follows [11]:

I,—I.

T

fi(x) = wowgcrzcrs — worssT3ST2 + T5T6

+WoT5CT18T38T2 + WoT5CT3ST1 + WoLeCL3CT1
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Here, I, I,, and I, are the inertia with respect to the
three body coordinate axes, wq denotes the constant or-
bital rate, and ¢ and s denote the cos and sin functions,
respectively.

To derive an appropriate T-S model to approximate
the original nonlinear dynamics, we first express f(x) =
A(x)x. A set of entriesof A(x) havethefollowing form-

I, -1, s(2z1)
(A(X))l,l = y[m wgczx?, le
s(2z1) s(2z1)
—wis’mas’y o, 3wicir o,
I,—1, sT
(A(x))1,2 yI “wis(2as) Py 22
T T2
1

I,—I. [1 ,s(2x3) ,
(A(x))1,3 = T |:2w0 523 c°x18To
1 ,s(2x
_§wg (Qw;)sm s%1y } ,
(A(x))1,4 =0,
I.

I —
(A(x))1,5 = —wosxzsTa + Y

53:6 + wWoCT18T38T2 + w005l7385l71:| ,

I, - I.
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where (A(x));,; denotes the (7, j)-entry of the matrix
A(x). Next, a set of operating points will be select-
ed for the construction of the associated linear model-
s. These operating points are selected from the possible
workspace, so that the motion of the spacecraft can be
well approximated by using a convex combination of the
associated linear models. For demonstration, we assume
that I, = I, = 2000N-m-52,Iy =400 N -m - s?,

= 1.0312 x 1073 rad/s, and the angular positions
arecongtrained to be z, € [—7/2,7/2], 22 € [—7, 7],
and z3 € [—7/2,7/2]. Toinvestigate the effects of the
number of premise variables, we consider the following
two cases: Thefirst in which the three angles are chosen
as the premise variables, while in the second case al six
states are included.



4.1 Casefor Three Premise Variables
In this case, the operating points are chosen in

the form of {Xi7j,k = (l‘l,i,$27j,.1’37k,0,0,0)T| 1 =
17"'7”17 .7 = 1"'7”27 k = 17"'7”3}1
where {z11, -, T10, 1y {221,777, Ton,} a0d {31,

-+, T3, | are three selected partitions of [—7/2,7/2],
[, 7], and [—7/2, 7 /2], respectively. In this case, we
select ny = ny = ng = 5 and employ the triangular
membership functions. Under these settings, we have
5% = 125 operating points. The associated 125 linear
models can then be easily obtained. Two of them arelist-
ed below:

0 0 0 0 0 —824.96
A0 =10°%(10 0 0 0 0 0
0 0 0 —20624 0 1031.2
Az =107°
0O 0 0 0 —72917 58333
1 0o 0o o0 0 72017 0
041 0.27 0 145.83 —583.33 —1031.2

where 4; ; » = A(x; ;). After determining the 125 lin-
ear models, the T-S fuzzy system model can be easily
determined when the angular positions of the spacecraft
are available. Define the region D; ;1 = {x|z1; <
z1 < Tyiv1, T2 < T2 < Tojpr, Tk S T3 <
Tapt1, —1 <z <1,1=4,56}. Theupper bounds
of ||Af||oo,p; ;) = SuPxep, ,, [|Af(x)|| over the re-
gion D; ;i can be computed off-line, and it is found that
the maximumvalue of || Af|| . p, ; , anongall of there-
gions D; j 1 is max; j i (||Af||co,p; ;) ~ 1.14. Since
the T-S type controller only uses three premise variables
with triangular membership functions, it therefore trig-
gers at most eight rules (i.e., at most 22 linear models) at
each time instant. Thus, it does not create an extra on-
line computational burden if the partition for the region-
sof z;, 2 and x5 are made finer. However, since the
maximum value of a function over a smaller sub-region
is smaller than or equal to that of the same function over
the whole region, it follows that a finer partition for the
region of x1, 2o and z3 will result in a smaller magni-
tude of p;(x,t) asstated in Assumption 1. Thus, the con-
trol magnitudewill be smaller so that the physical control
magnitude constraint iseasier to fulfill for practical appli-
cationsif the partition of x1, x5 and z3 are made finer.

4.2 Casefor Six Premise Variables

The operating pointsin this case are chosen in the for-
m of

1 < i; < njandn; aepostiveintegersforj =
1,---,6}. Inthis example, we select n; = 2 for j =
1,---, 6 andaso employ thetriangular membershipfunc-
tions. Under these settings, we have 26 = 64 operat-
ing points and linear models which are determined from

tails are omitted. The T-S model can then be easily deter-
mined when all of the angular positions and velocities of
the spacecraft are available. Since the T-S type controller

)

|

usessix premisevariablesfor thiscase, it triggers64 rules
(i.e., 25 linear models) at each time instant. Furthermore,
it does not create an extra on-line computational burden
if the partition for the regions of the system statesis made
finer, as seen in the previous case. Moreover, it is found
that ||Af]|o ~ 0.005, which can be computed off-line.
This implies that the difference between the T-S model
and the origina dynamics for this case is much small-
er than that of Case A, though this case consumes more
time (since it triggers 64 rules at every time instant) to
evaluate the T-S model than that of Case A (only triggers
8 rules at each time instant).

Numerical results are summarized in Figs. 1-3. A-
mong these, we use the following three control schemes:
One is the SMC reliable design [11] (labeled by SMC),
and the other two are the T-S model-based SMC reliable
schemewith adifferent number of premisevariablesass-
tated in Cases 4.1 and 4.2 above (Labeled by Case A and
Case B, respectively). The parameters of these SMC reli-
abledesignsaresettobe M = 215, n; = 0.5 foral n; in
Ay and Az, d = (0.1sin(t),0.1cos(t), 0.1 cos(5t))7,
x(0) = (=0.7,-0.07,1.5,0.3,1.3,-0.2)T, |u;| < 1 for
al j, and the sign function is replaced by the saturation
function with a boundary layer width of 0.05 to alevi-
ate the chattering produced by the sign function. In ad-
dition, we select u, as the susceptible actuator, that is,
H = {uy,us,ug} and F = {u»}, and assume that u-
fallsatt = 2. Itisobserved from Fig. 1 that the stabiliza-
tion performance is, as expected, achieved for al of the
three control schemes. However, since the T-S model for
Case B is very close to the original nonlinear model, the
state curves, the dliding variables and the control curves
for Case B and the SMC reliable design are also very
close to each other, which can be recognized from Figs.
1-3. By direct calculation, the consumed energy and
the quadratic performance have the following relations:
(fuTw)sme = 3917 < (fulu)casen = 3.930 <
(f u”u)caser ~ 8.143 and (f XTx)caseB & 5.254 <
(f XTX)SMC = 5.256 < (f XTX)CaseA ~ 5.602. Clear-
ly, the two performanceindices [u”u and [ x”x of the
two control schemes SMC and Case B are found to be
close to each other, while Case A consumes more energy
and experiences a larger value of [ x”x than the other
two schemes. It is worth noting from Fig. 3(b) that u
falls after t = 2 and changes sign around ¢ = 0.75 for
al of the three schemes. The sign change of u» is ver-
ified by the sign change of B.s, which agrees with Eq.
(9). Furthermore, owing to the use of the saturation func-
tion for simulation, the magnitude of u, for Case A is
seen to be less than 0.5 rather than equal to 0.5 during
the time period 0.75 < ¢ < 2, which does not contradict
Eq. (9) when |BLs| < 1. Finally, when repeatedly com-
puting the controllers 5 x 10* times, the T-S type design
(including the determination of membership weightings)
consumes less CPU time than the classic SMC design in
the relation of (CPU)casea = 5.087 < (CPU)caseB &
7.453 < (CPU)smce = 10.313. Based upon these sim-
ulations, it is observed that the performances of the two



schemes SMC and Case B are very close to each other
and is better than those of Case A; however, Case A con-
sumes less time for controller implementation because it
only uses three angles as premise variables. Besides, the
proposed T-S type approach not only alleviates the on-
line computational burden, but it isalso ableto efficiently
perform the stabilization mission as that of the SMC de-
sign. The T-S model-based SMC schemes do not create
an extraon-line computational burden when the partition
of the premise variables is made finer.

5. CONCLUSIONS

A T-S model-based SMC reliable design has been p-
resented for a set of 2nd-order nonlinear control system-
s. The proposed reliable scheme is shown to be able to
continue the control mission safely without prompt main-
tenance and achieve the stabilization performance even
when the susceptible actuators experience outage. Be-
sides, the presented scheme retains both the benefits of
the T-S and the SMC approaches. It not only aleviates
the on-line computational burden since it uses the T-S
model to approximatethe original nonlinear one and most
of the system parameters of the T-S model can be com-
puted off-line. It also preserves the advantages of rapid
response and robustness of the SMC schemes. More-
over, the increase in the partition number of the region
of premise variables in this T-S scheme does not create
extraon-line computational burdensfor the scheme. Sim-
ulation results have demonstrated the benefits of the pro-
posed scheme.
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Fig. 2 Time history of the dliding variables.
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Fig. 3 Time history of the control inputs.
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