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Spectral-continuation methods for the bifurcations of

nonlinear Schrédinger equations
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In this project, we study spectral-continuation methods for computing solution
branches of nonlinear Schroodinger equations. First we transform the time-dependent
nonlinear Schrédinger equation to a time-independent stationary state equation, which
is a nonlinear eigenvalue problem. The spectral-Galerkin methods are incorporated in
the context of continuation methods to discretize the nonlinear eigenvalue problem,
where the chemical potential is treated as the continuation parameter. Our numerical
experiments show that the spectral-continuation method is efficient and robust for

solving nonlinear Schrédinger equations. Sample numerical results are reported.

Keywords: Spectral-Galerkin method, continuation method, spectral-continuation

method, nonlinear Schrédinger equations, bifurcation
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Figure 1. The first solution branches of (3) with Q=(-11)*, V(x,y) :%(x2 +3%)
and x=30,-30
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Figure 2. The contour of u(x,y) on the first solution branch of (3) with Q= (-1,1)*,
Vix,y)= %(x2 +y%), =30 at (4,||ull,)=(18.10629426,1.00021628) .
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Figure 3. The contour of u(x,y) on the first solution branch of (3) with Q= (-1,1),
Vix,y)= %(x2 +y%), u=-30 at (4,|lul,)=(-19.70315988, 0.62589355).
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Figure 4. The contours of u(x,y) on the first solution branches of (11) with
Q=(0,1?, V(x,y) :%(xz +y%), u=8,and a, =a, =3000.
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Figure 5. The contours of u(x,y) on the second solution branches of (11) with
Q=(0,1)*, V(x,y):%(x2 +3%), u=8,and a,=a, =3000.



7 gE e

[1] W. Bao, Ground states and dynamics of multicomponent Bose-Einstein
condensates, Multiscale Model. Simul. 2 (2004), pp.210-236.

[2] W. Bao, Q. Du, Computing the ground-state solution of Bose-Einstein
condensates by a normalized gradient flow, SIAM J. Sci. Comput. 25 (2004),
pp-1674-1697.

[3] W. Bao and D. Jaksch, An explicit unconditionally stable numerical method for
solving damped nonlinear Schrédinger equations with a focusing nonlinearity,
SIAM J. Numer. Anal. 41 (2003), pp.1406—-1426.

[4] W. Bao, D. Jaksch, P. A. Markowich, Numerical solution of the Gross-Pitaevskii
equation for Bose-Einstein condensation, J. Comput. Phys. 187 (2003),
pp-318-342.

[5] W. Bao, S. Jin, P. A. Markowich, On time splitting spectral approximations for
the Schrodinger equation in the semiclassical regime, J. Comput. Phys. 175
(2002), pp.487-524.

[6] W. Bao, S. Jin, P. A. Markowich, Numerical study of time-splitting spectral
discretizations of nonlinear Schrédinger equations in the semiclassical regimes,
SIAM J. Sci. Comput. 25 (2003), pp.27-64.

[7] W. Bao, W. Tang, Ground-state solution of Bose-Einstein condensate by directly
minimizing the energy functional, J. Comput. Phys. 187 (2003), pp.230-254.

[8] J. C. Bronski, L. D. Carr, R. Carretero-Gonzalez, B. Deconink, J. N. Kutz, and K.
Promislow, Stability of attractive Bose-Einstein condensates in a periodic
potential, Phys. Rev. E 64 (2001), 056615.

[9] J. C. Bronski, L. D. Carr, B. Deconinck, and J. N. Kutz, Bose-Einstein
condensates in standing waves: the cubic nonlinear Schrodinger equation with a
periodic potential, Phys. Rev. E 86 (2001), pp.1402—1405.

[10] J. C. Bronski, L. D. Carr, B. Deconinck, J. N. Kutz, and K. Promislow, Stability
of repulsive Bose-Einstein condensates in a periodic potential, Phys. Rev. E 63
(2001), 036612.

[11] S.-L. Chang, C.-S. Chien, Numerical continuation for nonlinear Schrodinger
equations, Inter. J. Bifurcation and Chaos 17 (2007), pp.641-656.

[12] S.-L. Chang, C.-S. Chien, B.-W. Jeng, Liapunov-Schmidt reduction and
continuation for nonlinear Schrddinger equations, SIAM J. Sci. Comput. 27
(2007), pp.729-755.

[13] S.-L. Chang, C.-S. Chien, B.-W. Jeng, Computing wave functions of nonlinear
Schrédinger equations: a time-independent approach, J. Comput. Phys. 226
(2007), pp.104-130.



[14] S.-L. Chang, C.-S. Chien, and Z.-C. Li, A finite difference continuation method
for computing energy levels of Bose-Einstein condensates, Comput. Phys.
Commum. 179 (2008), pp.208-226.

[15] C.-S. Chien, H. T. Huang, B.-W. Jeng, and Z. C. Li, Superconvergence of FEMs
and numerical continuation for parameter-dependent problems with folds, Inter. J.
Bifurcation and Chaos 18 (2008), pp.1321-1336.

[16] J. J. Garcia-Ripoll, V. M. Pérez-Garcia, Optimizing Schrodinger functionals
using Sobolev gradients: Applications to quantum mechanics and nonlinear
optics, SIAM J. Sci. Comput. 23 (2001), pp.1316—-1334.

[17] Y.-C. Kuo, W.-W. Lin, and S.-F. Shieh, Bifurcation analysis of a two-component
Bose-Einstein condensate, Physica D 211 (2005), pp.311-346.

[18] T.-C. Lin and J. Wei, Ground state of N coupled nonlinear Schrodinger
equations in R", n>3, Comm. Math. Phys. 255 (2005), pp.629—653.

[19] A. Minguzzi, S. Succi, F. Toschi, M. P. Tosi, P. Vignolo, Numerical methods for
atomic quantum gases with applications to Bose-Einstein condensates and to
ultracold fermions, Phys. Rep. 395 (2004), pp.223-355.

[20] P. Muruganandam, S. K. Adhikari, Bose-Einstein condensation dynamics in three
dimensions by pseudospectral and finite-difference methods, J. Phys. B 36
(2003), pp.2501-2514.

[21] B. L. Schneider, D. L. Feder, Numerical approach to the ground and excited states
of a Bose-Einstein condensed gas confined in a completely anisotropic trap, Phys.
Rev. A 59 (1999), pp.2232-2242.

[22] J. Shen, Efficient spectral-Galerkin method I. Direct solvers of second- and
fourth-order equations using Legendre polynomials, SIAM J. Sci. Comput. 15
(1994), pp.1489—-1505.

[23] J. Shen, Efficient spectral-Galerkin method II. Direct solvers of second- and
fourth-order equations using Chebyshev polynomials, SIAM J. Sci. Comput. 16
(1995), pp.74-87.

[24] J. Shen, Efficient spectral-Galerkin methods III. Polar and cylindrical geometries,
SIAM J. Sci. Comput. 18 (1997), pp.1583—1604.

[25] J. Shen, Efficient spectral-Galerkin methods I'V. Spherical geometries, SIAM 1J.
Sci. Comput. 20 (1999), pp.1438-1455.

[26] R. P. Tiwari, A. Shukla, A basis-set based Fortran program to solve the
Gross-Pitaevskii equation for dilute Bose gases in harmonic and anharmonic
traps, Computer Phys. Comm. 174 (2006), pp.966—982.

[27] H. Q. Wang, Numerical studies on the split-step finite difference method for
nonlinear Schrédinger equations, Appl. Math. Comput. 170 (2005), pp.17-35.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee575284e8e9ad88d2891cf76845370524d6253537030028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f0030028fd94e9b8bbe7f6e89816c425d4c51655b574f533002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c9069752865bc9ad854c18cea76845370524d521753703002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f300290194e9b8a2d5b9a89816c425d4c51655b57578b3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


