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The alternating group graph AG, is an interconnection
network topology based on the Cayley graph of the
alternating group. There are some interesting results
concerning the hamiltonicity and the fault tolerant hamil-
tonicity of the alternating group graphs. In this article,
we propose a hew concept called panpositionable hamil-
tonicity. A hamiltonian graph G is panpositionable if for
any two different vertices x and y of G and for any integer
I satisfying d(x,y) <1 < |V(G)| — d(x,y), there exists a
hamiltonian cycle C of G such that the relative distance
between x, y on C is I. We show that AG, is panposi-
tionable hamiltonian if n > 3. © 2007 Wiley Periodicals, Inc.
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1. INTRODUCTION

Network topology is usually represented by a graph where
the vertices represent processors and the edges represent the
links between processors. For graph definitions and nota-
tion we follow Ref. [6]. Let G = (V,E) be a graph, where
V is a finite set and E is a subset of {(u,v) | (u,v) is an
unordered pair of V}. We say that V is the vertex set and
E is the edge set of G. Two vertices u and v are adjacent if
(u,v) € E. A path P is represented by (vo,vi,Vva,..., V).
The length of a path P is the number of edges in P, denoted
by L(P). We sometimes write the path (vg, v, va,...,v) as
(vo, P1, Vis Vitls - - - ,Vj,PZ,V[, ..., V), where Py is the path
(vo,v1,...,vi) and P is the path (vj,vjy1,...,v). It is
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possible to write a path (vg, vi, P, vi,Vv2,...,vg) if L(P) = 0.
We use dg(u,v), or simply d(u,v) if there is no ambiguity,
to denote the distance between «# and v in a graph G, i.e., the
length of a shortest path joining # and v in G. A cycle is a
path with at least three vertices such that the first vertex is the
same as the last one. We use d¢(u, v) and D¢ (u, v) to denote
the shorter and the longer distance between u and v on a cycle
C of G, respectively. It is possible that D¢ (u,v) = dc(u,v)
if the lengths of the two disjoint paths joining # and v in
C are equal. A path is a hamiltonian path if its vertices are
distinct and span V. A graph G is hamiltonian connected if
there exists a hamiltonian path joining any two vertices of G.
A hamiltonian cycle of G is a cycle that traverses every vertex
of G exactly once. A graph G is hamiltonian if there exists a
hamiltonian cycle in G. The hamiltonian properties are impor-
tant aspects of designing an interconnection network. Many
related works have appeared in the literature [1,5,7].

We propose a new concept called panpositionable hamil-
tonicity. A hamiltonian graph G is panpositionable if for any
two different vertices x and y of G and for any integer / satisfy-
ingd(x,y) <1 < |V(G)|—d(x,y), there exists a hamiltonian
cycle C of G such that the relative distance between x, y
on C is [; more precisely, dc(x,y) = lif ] < L@J or
Dc(x,y) =1ifl > @ Given a hamiltonian cycle C, if
dc(x,y) =1, we have Dc(x,y) = |V(G)| — dc(x,y). There-
fore, a graph is panpositionable hamiltonian if for any integer
[withd(x,y) <1 < @, there exists a hamiltonian cycle
C of G with dc(x,y) = [. One trivial example, the complete
graph K, with n > 3, is panpositionable.

There are several requirements in designing a good topol-
ogy for an interconnection network, such as connectivity and
hamiltonicity. The hamiltonian property is one of the major
requirements in designing an interconnection network. The
hamiltonian property is fundamental to the deadlock-free
routing algorithms of distributed systems [8, 9]. A high-
reliability network design can be based on constructing a
hamiltonian cycle in an interconnection network. Similar
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FIG. 1. AG3 and AGy.

to the importance of hamiltonicity for the communication
between processors in an interconnection network, panposi-
tionable hamiltonicity allows more flexible communication
in a hamiltonian network. The panpositionable hamiltonian
property inherits the hamiltonian property and advances it
further. The concept is interesting and useful in the study of
interconnection networks.

The alternating group graph [7] was proposed by Jwo et al.
The interconnection scheme is based on the Cayley graph of
the set of all even permutations. Cheng and Lipman investi-
gated some properties of this family of graphs in Refs. [2-4].
Let(n) ={1,2,...,n}.Thenp = p1p> ... p,isapermutation
of elements in (n) if p; # p; for all i # j. Suppose that p; and
p; are two different symbols in p with i < j; then the pair (i, j)
is aninversionif p; > p;. A permutation is even if the number
of inversions is even. Let g;r and g;” be two operations such
that pg;r and pg; are permutations obtained from permuta-
tion p by rotating the symbols in position 1, 2, and i from left to
right and from right to left, respectively. For example, we have
1234g;1|r = 4132 and 1234g, = 2431. The n-dimensional
alternating group graph AG,, is the graph (V,,, E,;), where V,, is
the set of all even permutations, and E, = {(p,q) | p,q € Vy,
and ¢ = pgl.+ or q = pg; fori = 3,4,...,n}. Figure 1
illustrates AG3 and AG4. An alternating group graph AG,
is a regular graph of degree 2(n — 2) with ”7' vertices, and
AG,, is vertex symmetric and edge symmetric [7]. The diam-
eter of AG,, is L@J. There are some studies concerning
hamiltonicity of the alternating group graph. Jwo et al. [7]
showed that the alternating group graph is hamiltonian and
hamiltonian connected. Chang et al. [1] showed that AG,, is
(n — 2)-vertex fault tolerant hamiltonian and (n — 3)-vertex
fault tolerant hamiltonian connected if n > 4. A graph G is
panconnected if there exists a path of length / joining any
two different vertices x and y with d(x,y) <[ < |V(G)| — 1.
A graph G is pancyclic if it contains a cycle of length [ for
each [ satisfying 3 < [ < |V(G)|. Chang et al. also proved
that AG,, is panconnected and pancyclic for all n > 3 [1].

In this article, we study the panpositionable hamiltonic-
ity of the alternating group graph AG,. We show that the
alternating group graph AG, is panpositionable hamiltonian
for all n > 3. In the following section, we discuss some
basic properties of the alternating group graph. In Section 3,

we prove our main theorem. In the final section, we present
our conclusion and explain some relationship between the
panpositionable hamiltonian property and the panconnected

property.

2. SOME PROPERTIES OF THE ALTERNATING
GROUP GRAPHS

Foreachn > 3,let V,[il = {p | p = p1p2...pn and
pn = i}. It is the set of all vertices with the rightmost posi-
tion being i. Let AG,[i] denote the subgraph of AG,, induced
by V,[i]. It is easy to see that each AG,[i] is isomorphic
to AG,—1. Thus, AG, can be recursively constructed from
n copies of AG,,—1. Each AG,[i] represents a subcomponent
of AG,,. Let I be a subset of {1,2,...,n}. We use AG,(I) to
denote the subgraph of AG,, induced by | J ier Valil. We call
AG,(I) an incomplete alternating group graph if |/| < n. We
observe that each AG,[i] can be recursively decomposed into
its smaller subcomponents. We use E)Y to denote the set of
edges between AG,[i] and AG,,[j]. Let F be a faulty set, which
may include faulty edges, faulty vertices, or both. The good
edge set GE,’ (F) is the set of edges (u,v) € E,’ such that
{u,v, (u,v)} N F = ). We need some basic properties of the
alternating group graphs. The following proposition follows
directly from the definition of the alternating group graphs.

Proposition 1. Let n be an integer with n > 5, and let i
and j be two distinct elements of (n). Suppose that H is one
subcomponent of AG,j] with the (n — 1)th position being h
and the nth position being j for some h € (n) — {i,j}. Then
|E;)| = (n—2)!, and the number of edges between AG,[i] and
H is (n—23)\. Moreover, if (u,v) and (u',V") are distinct edges
in E, then {u,v} (" {/,v'} = 0, and (u,u’) € E(AG,[i]) if
and only if (v,v') € E(AG,[j)).

Leti € (n), and let u be a vertex in AG,[i]. We say that
v is a neighbor of u if v is adjacent to u. We use N’ (u) to
denote the set of all neighbors of u, which are in AG,(I).
Particularly, we use N*(u) as an abbreviation of N ~{i} ().
We call vertices in N*(u) the outer neighbors of u. Obviously,
INi(u)| = 2(n — 3) and |[N*(u)| = 2. We say that vertex u is
adjacent to subcomponent AG,[j] if u has an outer neighbor
in AG,[j]. Then, we define the adjacent subcomponent AS (1)
of u as {j | u is adjacent to AG,[j]}. We have the following
proposition:

Proposition 2. Suppose thatn > 4 and i € (n). Let u and
v be two distinct vertices in AG,[i].

(a) If d(u,v) = 1, then |AS(u) NAS(v)| = 1 and AS(u) #
AS(v).
(b) If d(u,v) =2, then AS(u) # AS(v).

Proof. Letu = ujuy...u,, v=vivy...v,, and u,, =
vy, = 1. If d(u,v) = 1, we have v = ugi for some 3 <
k < n—1andc € {+,—}. Without loss of generality, we
may assume that ¢ = +. This means that u; = vy, up = v,
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and uy = vy ifv = ug,‘:. Let ug," and ug, be the two outer
neighbors of u. Let vg;™ and vg, be the two outer neighbors
of v. Then, AS(u) = {ui,up} and AS(v) = {vi,v2}. Thus
AS(wm) NAS(v) = {u1} = {v2} and |AS(u) NAS(v)| = 1. Itis
obvious that AS (1) # AS(v).

If d(u,v) = 2, there exists a vertex w € V(AG,[i]) such
that d(u,w) = d(w,v) = 1, because u,v € AG,[i]. Let w =
wiwy ... wy. If u =ngr and v = wg, for3<k<n-—1,
then AS () = {w1, wr}andAS(v) = {wo, wi}. If u = wg$ and
V= wg; forsomex #y,3 <x,y<n-—1,andc € {+,—},
then w, € AS(«) and w, ¢ AS(v). Thus AS(u) # AS(v). The
statement follows. .

Chang et al. studied the fault hamiltonicity and fault hamil-
tonian connectivity of the alternating group graphs in Ref. [1].
The result is listed as follows.

Theorem 1. [1] Alternating group graphs AG,, n > 4, are
n — 2 vertex-fault tolerant hamiltonian and n — 3 vertex-fault
tolerant hamiltonian connected.

The above theorem states that with up to n — 2 faulty
vertices AG,, still has a hamiltonian cycle, and with up to
n — 3 faulty vertices AG,, is still hamiltonian connected. The
following lemmas consider the hamiltonian connectivity of
the subgraphs AG, () of the alternating group graphs AG,,.

Lemma 1. Suppose that I C {1,2,3,4} with |I| > 2. If
x € V(AGy[i]), y € V(AG4lj)), and (x,y) is an edge between
AGyli] and AG4[jlwithi # j € I, then there is a hamiltonian
path of AGy(I) joining x and y.

Proof. The alternating group graph AG4 is known to be
edge symmetric. Without loss of generality, we may consider
that x = 3241 and y = 1342, which are two adjacent vertices
of AG4 in Figure 1. If I = {1,2}, then (3241, 4321, 2431,
4132, 3412, 1342) forms a hamiltonian path of AG4(I) from
xtoy. If I = {1,2,3}, then (3241, 2431, 4321, 1423, 2143,
4213,3412,4132, 1342) forms a hamiltonian path of AG4 (1)
from x to y. If I = {1, 2, 3,4}, then by Theorem 1, AG4 is
hamiltonian connected. Hence the lemma follows. .

Lemma 2. Suppose that

n>>5,

.1 C (n) with |I| > 2,

. F C V(AG,) U E(AG,), and

. AG,[l] — F is hamiltonian connected for each | € I and
|F| <2n—17.

AW N~

Then, for any x € V(AGy[i]) and y € V(AG,[j]) with
i #j €1, there is a hamiltonian path of AG,(I) — F joining
x and y.

Proof. Consider that |F| < 2n — 7. Suppose that

|GE!"2(F)| < 3 for some i,iy € (n). Since |Ei-2| =
(n —2)! > 2(n — 2), this implies that |F| > 2n — 7. We get
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a contradiction. Hence we have |GE,"11”'2 (F)| = 3. We prove
this lemma by induction on |/|. Suppose that |I| = 2, and
I = {i,j} for some i, . Since |GE,’ (F)| > 3, there exists an
edge (u,v) € GE;(F) such that u # x € V(AG,[i]) and
v #y € V(AG,[j]). By the assumption that each AG,[l] — F
is hamiltonian connected, there is a hamiltonian path P; of
AG,[i]—F fromx to u and a hamiltonian path P, of AG,,[j]—F
from v to y. Thus (x, P1,u, v, P>,y) forms a hamiltonian path
of AG,(I) — F from x to y.

Assume that the result is true for all I’ with 2 < |I’| < |I].
Thus there is an i/ € I with i/ # i,j. Since |GE,'1,‘/(F)| >
3, there exists an edge (u,v) € GE,’I,” (F) such that u €
V(AG,[i']) andv # y € V(AG,[j]). Then, there is a hamilto-
nian path P of AG,, (I —{j}) — F from x to u and a hamiltonian
path Py of AG,[j] — F from v to y. Thus (x, P1,u, v, P>,y)
forms a hamiltonian path of AG, (I) — F from x to y. Hence
the lemma follows. .

Jwo et al. [7] presented a shortest path routing algorithm
for the alternating group graph AG,,, and gave some charac-
terizations of the minimum length path between two arbitrary
vertices in AG,,. With this algorithm, we can find a minimum
length path between any two distinct vertices of AG, as stated
in the following proposition.

Proposition 3. [7] Let i,j € (n) and i # j. Suppose that
U=uuy---uy and v = vivy - - - v, are two vertices in AG,,.

(a) Ifu, = v, = i, thenuandv belong to the same subcom-
ponent AG,[i]. A shortest path fromutov in AG, is completely
contained in AGyli]. That is, d(u,v) = dag,[ij(u, V).

(b) If u, = i, v, = j, and vy = i for some x € {l1,2},
there exists a vertex s € V(AGy[i]) adjacent to v such that
(u, P,s,v) is the minimum length path between u and v in
AG,, where P is a path completely contained in AG,[i]. That
is, d(u,v) = dag,[ij(u,s) + 1 =d(u,s) + 1.

(c) Ifu, =i, v, = j, and vy = i for some x € {3,4,...,
n— 1}, there exist vertices s € V(AG,[i]) and t € V(AG,[j]),
wheretis adjacenttov, and (s,t) € E,’, suchthat (u, P, s,t,v)
is the minimum length path between u and v in AG,, where P
is a path completely contained in AGy[i]. That is, d(u,v) =
dAGn[i] (u,s) +2 =d(u,s) + 2.

EXAMPLE. Suppose that u and v are two vertices in
AGs. If u = 12345 and v = 21435, then u ¢
V(AGs[5]) and v € V(AGs[5]). A shortest path from u

o+ - +
to v is 12345 235 31245 245 14235 25 21435, and case
(a) holds. If u = 12345 and v = 15432, then u €
V(AGs[5]) and v € V(AGs[2]). A shortest path from u to

+ - ot
v is 12345 255 31245 245 14235 &5 21435 55 15432,
and case (b) holds. If u = 12345 and v = 34512, then
u € V(AGs[5]) and v € V(AGs[2]). A shortest path from

witovis 12345 55 24315 52 45312 <55 34512, and case
(c) holds.



3. PANPOSITIONABLE HAMILTONICITY
OF THE ALTERNATING GROUP GRAPHS

In this section, we prove that the alternating group graph
AG,, is panpositionable hamiltonian for all n > 3. The basic
idea s to study AG3 and AGy first, and then to prove the result
for n > 5 by induction on n.

Lemma 3. Alternating group graphs AG, are panposition-
able hamiltonian for n = 3, 4.

consider THE case n = 4. Let u and v be any two vertices of
AGy in Figure 1.

The alternating group graph is known to be vertex sym-
metric and edge symmetric, and to have diameter L@J
[7]. The diameter of AG4 is 3. Without loss of generality,
to prove this lemma it is enough to consider u = 1234
and v = 3124 for d(u,v) = 1; u = 1234 and v =
4321 for d(u,v) = 2; u = 1234 and v = 2143 for
d(u,v) = 3. For each [ € {d(u,v),d(u,v) + 1,..., 4%y

we construct a hamiltonian cycle HC of AG4 such that

Proof. For n = 3, since AG3 is isomorphic to the com- duc(u,v) = 1. These hamiltonian cycles HC are listed
plete graph K3, the result holds for n = 3 trivially. Now, we  below.

d(u,v) duc(u,v) The cycle HC
1 1 (1234,3124,4321,2431,3241,2143,1423,4213,2314,3412, 1342,4132, 1234)
1 2 (1234,2314,3124,4321, 1423,4213,3412,4132,1342,2143,3241, 2431, 1234)
1 3 (1234,2431,4321,3124, 1423,4213,2143, 3241, 1342,4132,3412,2314, 1234)
1 4 (1234,2431,4321,1423,3124,2314,3412,4213,2143,3241, 1342,4132, 1234)
1 5 (1234,2314,4213,2143,1423,3124,4321,2431,3241, 1342,3412,4132, 1234)
1 6 (1234,2431,4132,1342,3241,4321,3124,1423,2143,4213,3412,2314, 1234)
2 2 (1234,3124,4321,3241,2431,4132,3412,1342,2143,1423,4213,2314, 1234)
2 3 (1234,3124,1423,4321,2431,3241,2143,1342,4132,3412,4213,2314, 1234)
2 4 (1234,2314,3124, 1423,4321,2431,3241,1342,2143,4213,3412,4132, 1234)
2 5 (1234,3124,2314,4213,1423,4321,2431,3241,2143,1342,3412,4132, 1234)
2 6 (1234,2314,3412,4213,1423,3124,4321,2431,3241,2143,1342,4132, 1234)
3 3 (1234,3124,1423,2143,3241,4321,2431,4132,1342,3412,4213,2314, 1234)
3 4 (1234,3124,4321,3241,2143,1423,4213,2314,3412, 1342,4132,2431, 1234)
3 5 (1234,3124,4321,2431,3241,2143,1423,4213,2314,3412, 1342,4132, 1234)
3 6 (1234,2431,3241,4321,3124,1423,2143,1342,4132,3412,4213,2314, 1234)
Thus the lemma holds. n CASE 1. Suppose that y; and y, are located in different

In the following lemma, we show that there exist two ver-
tex disjoint paths spanning all the vertices in an incomplete
alternating group graph. We need the lemma later in our main
theorem. One may skip the proof temporarily, and come back
to it later.

Lemma 4. Suppose that n > 5,1 C (n) with |I| > 2,
x1 € V(AG,li1]) and x» € V(AGylix]) with iy # iy € 1.
Then, for any pair of distinct vertices (y1,y2) in V(AG,(I)),
there exist two disjoint paths, one joining x| and y; for some
i € {1,2}, and the other joining x, and y; with i # j, such
that these two paths span all the vertices in AG,(I).

Proof. Letiy,ip, ..., iy be || distinctindices of (n). We
prove this lemma by finding two disjoint paths P; and P; in
AG;, (1) such that P joins x1 and y;, and P; joins x; and y; with
i # j. Moreover, P and P; span all the vertices in AG,(I).
According to the location of y; and y,, we have the following
cases:

subcomponents, and x| and x; are not both adjacent to y; for
every i € {1,2}.

SUBCASE 1.1.  Suppose that xi, x2, ¥;, and y; are located
in four different subcomponents. We assume that y; €
V(AG,[i3]) and y; € V(AG,[is]) with |I] > 4. See Figure 2a
for an illustration. By Lemma 2, we can find a hamiltonian
path P from x; toy; in AG,({i1, i3}). Similarly, we can find a
hamiltonian path P, from x; to y; in AG, (I — {i1,13}). There-
fore, P1 and P are two disjoint paths spanning all the vertices
in AG,(I).

SUBCASE 1.2. Suppose that one of y;, y» and one of xp,
x, are located in the same subcomponent. Without loss of
generality, we may assume that x| and y; are located in the
same subcomponent, x; and y; are located in different sub-
components, y; € V(AG,li1]), and y; € V(AG,[i3]) with
|I] > 3. See Figure 2b for an illustration. By Theorem 1,
since AG,[i1] is hamiltonian connected, we can find a hamil-
tonian path Py from x| to y; in AG,[i1]. By Lemma 2, we can
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FIG. 2.

find a hamiltonian path P> from x; to y; in AG,(I — {i1}).
Therefore, P; and P, are two disjoint paths spanning all the
vertices in AG, ().

SUBCASE 1.3.  Suppose that x; and y; are located in the same
subcomponent for some i € {1,2}, and x, and y; are located
in the same subcomponent with i # j. We assume that y; €
V(AGy,[i1]) and y; € V(AG,[iz]) with |I| > 2. See Figure 2¢
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Tllustrations for Lemma 4.

for an illustration. Without loss of generality, we may assume
that i = 1 and j = 2. By Theorem 1, since AG,[i] is hamil-
tonian connected, we can find a hamiltonian path Py from y
to x; in AG,[i1]. If || > 3, since |[N*(y2)| = 2, we can find
an edge (y2,5) € E;” such that y, € V(AG,lj]) for some
j € I—{i1,i2}.By Lemma2, we can find a hamiltonian path P/2
fromy), toxz inAG, (I —{i1}) — {y2}. Let P2 = (y2,¥5, P}, x2).
If [I| = 2, by Theorem 1, there is a hamiltonian path P/, from



y2 to x2 in AG,[i2]. Let Py = (y2, P}, x2). Therefore, Py and
P, are two disjoint paths spanning all the vertices in AG,,(]).

CASE 2. Suppose that y; and y; are located in the same
subcomponent, and x; and x, are not both adjacent to y; for
every i € {1,2}.

SUBCASE 2.1.  Suppose that y;,y, € V(AG,[ii]) or y1,y2 €
V(AG,li»]) with |I| > 2. See Figure 2d for an illustration.
Without loss of generality, we consider the former case and
assume that i = 1 and j = 2. By Theorem 1, AG,[i1] — {2}
is hamiltonian connected, hence we can find a hamiltonian
path Py from y; to x1 in AGy[i1] — {y2}. If |I| > 3, since
IN*(y2)| = 2, we can find an edge (yz,y/z) € E,!Y such that
¥, € V(AG,[j]) for some j € I — {i1,ir}. By Lemma 2, we
can find a hamiltonian path P/, from y), to x; in AG, (I — {i1}).
If |I| = 2, there exists an edge (y2,y5) € E,"> such that y}, €
V(AGyli»]). By Theorem 1, there is a hamiltonian path P’2
from y} tox2 in AG,[i2]. Let P> = (y2,Y5, P5, x2). Therefore,
P and P, are two disjoint paths spanning all the vertices in
AG, ().

SUBCASE 2.2. Suppose that y1,y> € V(AG,[i3]). Without
loss of generality, we consider two subcases:

SUBCASE 2.2.1.  Suppose there exists some x; € AS(y;) for
i € {1,2} with |I| > 3. See Figure 2e for an illustration.
Without loss of generality, we may assume that i = 1. Since
x; € AS(y1), we can find an edge (y1,y}) € E;"" such that
¥} € V(AG,[i1]) and x| # y|. By Theorem 1, we can find
a hamiltonian path P| from y| to x; in AG,[i1]. Let P; =
(v1,¥}, P}, x1). Let y5, # y1 € V(AG,[i3]). By Theorem 1,
since AG,[i3] — {y1} is hamiltonian connected, we can find
a hamiltonian path P} from y; to y} in AG,[i3] — {y1}. If
[I| > 4, since IN*(y})| = 2, we can find an edge (y5,y)) €
E;” such that ) € V(AG,[j]) for some j € I — {i1, i, i3}.
By Lemma 2, we can find a hamiltonian path P} from y/
to xp in AG,(I — {i1,i3}). If |I| = 3, there exists an edge
(05, ¥3) € Ep"" such that y) € V(AG,li]). By Theorem
1, there is a hamiltonian path P’2 from y’z’ to xo in AGy[iz].
Let P> = (2, P}, 5, Y5, P5, x2). Therefore, Py and P, are two
disjoint paths spanning all the vertices in AG, (/).

SUBCASE 2.2.2.  Suppose thatxy, x ¢ AS(y1) UAS(y2) with
|I| > 4. See Figure 2f for an illustration. Since |[N*(y;)| =
2, we can find an edge (y1,y)) € E;"' such that Y] €
V(AG,[j1]) forsomej; € I —{iy, i»,i3}. By Lemma?2, we can
find a hamiltonian path P} from y| to x| in AG,({i1,j1}). Let
Py = (y1,y], P}, x1). Lety, € V(AG,[i3]) and y; € N*(y1).
By Proposition 2, we have AS(y1) # AS(y}). By Theorem 1,
since AG,[i3] — {y1} is hamiltonian connected, we can find a
hamiltonian path P fromy; toy} in AG,[iz]—{y1 }.If [I| > 5,
since [N*(y})| = 2, we can find an edge (5, ;) € E,;” such
that y € V(AG,ljz]) for some j, € I — {i1,iz,i3,j1}. By
Lemma 2, we can find a hamiltonian path P}, from yJ to x in
AG,(I — {iy,i3,j1}). If |I| = 4, since IN*(y})| = 2, we can

findanedge (v}, y)) € E;"" suchthaty) € V(AG,[i]). Since
AG,[i>] is hamiltonian connected, there is a hamiltonian path
P}, from y) to x5 in AG,[i2]. Let Po = (y2, P}, 5,5, P5, x2).
Therefore, P| and P, are two disjoint paths spanning all the

vertices in AG,, ().

CASE 3. Suppose that x; and x, are adjacent to y; for some
i € {1,2}. Without loss of generality, we assume that i = 1.
If yo € V(AG,[i1]), let P1 = (x1,y1). Suppose that F =
{x1,y1}. By Lemma 2, we can find a hamiltonian path P, from
X toy2 inAG,(I) — F.If yo ¢ V(AG,[i1]), let Py = (x2,y1).
Suppose that F = {x», y1}. By Lemma 2, we can find a hamil-
tonian path P; from x to y> in AG,,(I) — F. Therefore, P and
P are two disjoint paths spanning all the vertices in AG, ().

Thus the lemma follows. n
We now prove our main result.

Theorem 2. Alternating group graphs AG, are panposi-
tionable hamiltonian if n > 3.

Proof. We prove this theorem by induction on n. By
Lemma 3, AG3 and AG4 are panpositionable hamiltonian.
Suppose that the result holds for AG,,_; for some n > 5. We
observe that AG,, can be recursively constructed from n copies
of AG,_1, and each AG,,_ is panpositionable hamiltonian by
the inductive hypothesis, for all » > 5. Let s and ¢ be two
distinct vertices of AG,,. Then for each [ € {d(s,t),d(s,t) +
1,d(s,t)+2,..., W}, we shall find a hamiltonian cycle
of AG,, such that the distance between s and 7 on the cycle is /.
The idea of the proof is to expand the path between s and ¢ to
various lengths by inserting one or more subcomponents of
AG,_1. We achieve this purpose by our expanding algorithm
described below, and we can construct a path connecting s
and ¢ with the length of the path being [ for any integer / with
ds,1) < 1 < WG

CASE 1. Suppose that s and ¢ belong to the same subcompo-
nent AG,[i]. There will be two subcases in Case 1; Figure 3a
and b illustrate Subcase 1.1 and Subcase 1.2, respectively.
See Figure 3a first. Suppose that s,¢ € V(AG,[i]) for some
i € (n). By Proposition 3, d(s, 1) = dag,[i1(s, ?). Since AG,[i]
is isomorphic to AG,_1, by the inductive hypothesis, for each
lo € {d(s,t),d(s,t)+1,d(s,1)+2,...,|VAG,[i])|—d(s, 1)},
we can construct a hamiltonian cycle HC; of AG,[i] such
that the distance between s and ¢ on the cycle is y. Let
u and v be the two neighbors of t on HC;. Let HC; =
(s,LP,u,t,v,RP,s), and let Po = (s,LP,u,t). Without loss
of generality, let L(Py) = ly. By Proposition 2, d(t,u) = 1,
so we have |[AS(f) N AS(u)| = 1. This means that we can
find a subcomponent AG,[j;] for which j; € (n) — {i},
such that there exist two disjoint edges (u,p1) and (t,q1)
in E;'. By Proposition 1, (p1,q1) € E(AGy[ji]). Since
IN*(t)| = 2, we can find a subcomponent AG,[h,] different
from AG,[i] and AG,[j1], and a vertex t' € V(AG,[h]) such
that (¢,7) € E:" for some h, € (n)—{i, j1}. By Proposition 2,
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FIG. 3. Theorem 2, case 1.

d(t,v) < 2 and hence AS(t) 2 {j1,h:}, AS(¢) # AS(v), and
IN*(v)| = 2. So we can find another subcomponent AG,[,]
and a vertex v/ € V(AG,[h,]) such that (v,V) € Eﬁ,h for
some h, € (n) —{i,j1, h;}. By Lemma 2, there exists a hamil-
tonian path HP of AG,({n) — {i}) joining ¢ and V. Thus
(s,Po,t,t', HP,V',v, RP, s) forms a hamiltonian cycle, and for
each ly € {d(s,1),d(s,t) + 1,d(s,t) +2,...,|VAG,[i]]| —
d(s, 1)}, the distance between s and ¢ on the cycle is /.

Now we present an algorithm called st-expansion to
expand the path Py between s and 7 to various lengths. We
describe the details as follows.

We can insert one subcomponent of AG,[ji] into Py as
follows. See Figure 4a for an illustration. Because p; and ¢
are adjacent, we may regard them as in the same subcompo-
nent of AG,[j1], say C. The subcomponent C is isomorphic
to AG,—>. By Theorem 1, there is a hamiltonian path HP; of
C joining pp and g with L(HP1) = |V(AG,—>)| — 1. We can
insert more than one subcomponent of AG,[j1] into Py as fol-
lows. See Figure 4b for an illustration. We regard p; and g1 as
in different subcomponents of AG,[j;]. By Lemma 1 ifn = 5
and by Lemma 2 if n > 5, there is a hamiltonian path HP
joining pp and g; with L(HP1) = m|V(AG,—>)| — 1, where
m is the number of subcomponents of AG,[j;] we wanted to
insert. Thus we can construct a path HP; between p; and g
such that L(HP) = I{|V(AG,—2)| — 1 for each integer I
withl < I} <n—1.LetPy = (s,LP,u,p1,HP1, q1,t). Thus
we have L(Py) = Iy + [1|V(AG,—2)| = Ip + 152 Since
d(s,t) < lp < |V(AG,[i])| — d(s,t), we have h(nT%)' +
d(s,t) < L(Py) < 22ty @D (s,1). For each 1 <
I <n—1, (1,—1)2(n—2)! T (n—zl)! Zd(s.0) > 11(n2—2)! +d(s, 1)
if n > 5. Therefore, foreach [y € {d(s,1),d(s,t)+1,d(s,t)+
2,...,(n—1)! —d(s, 1)}, we can construct a path P; from s
to ¢ such that the distance between s and ¢ on the path is /;.
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Similar as above, we can expand the path between s and
t more. For each 2 < x < L%J, let u,_; and t,_; be two
adjacent vertices on HPy_, where HP,_ is a hamiltonian
path of AG,[j;—1] joining p,_1 and g,_;. By Propositions 1
and 2, there exist two distinct edges (ux—1,px) and (t,—1, gx)
in E;'7" for some j; € (n) — {i, hs, Iy, j1,. . ., jx—1} such that
(x> qx) € E(AG,[jx]). See Figure 4c for an illustration. We
can insert one subcomponent of AG,[j] into Py as follows.
Because p, and g, are adjacent, we may regard them as in
the same subcomponent of AG,[j,], say C. The subcompo-
nent C is isomorphic to AG,_,. By Theorem 1, there is a
hamiltonian path HP, of C joining py and g, with L(HP,) =
|V(AG,—»)| — 1. We can insert more than one subcomponent
of AG,[j,] into Py as follows. We regard p, and g, as in dif-
ferent subcomponents of AG,[j,]. By Lemma 1 if n = 5 and
by Lemma 2 if n > 5, there is a hamiltonian path HP, join-
ing p, and g, with L(HPy) = m|V(AG,—»)| — 1, where m is
the number of subcomponents of AG,[j,] we wanted to insert.
Thus, we can construct a path HP, between p, and g, such that
L(HP,) = I,|V(AG,—>)|—1foreachinteger I, with 1 < I, <
n—1.LetPy = (s,LP,u,p1,...,px, HPx,qx,...,q1,t). Thus
we have L(Py) = lo+ (x — D|V(AG,— D]+ L|V(AG,-2)| =
lo+ &=R=Dly LD Since d(s, 1) < Iy < [V(AG,[il)| —
d(s,1), we have &=Din=Dt 4 LD 4 g5, 1) < L(P,) <
L2 X("T_l)' —d(s,t). Foreach 1 < I, < n—1,
(L—l)z(n—2)! +x(n2—l)! —d(s.1) > Ix(n2—2)!_I_(x—l)én—l)!_i_d(s’ 0
if n > 5. Therefore, foreach [, € {d(s,t),d(s,t)+1,d(s, 1)+
2, ., w —d(s, 1)}, we can construct a path P, from
s to t such that the distance between s and ¢ on the path is
by using st-expansion. Notice that the maximal value of /; is
w —d(s,t), whichis greater than ”Z!, and MZG”)' =
IV(AZG,,)\

%’. Hence for any integer [ with d(s,t) <[ < , We
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FIG. 4. An illustration of st-expansion.

can construct a path joining s and ¢ with the length of the path
being [. We will use st-expansion for the remaining cases of
the proof.

To construct a hamiltonian cycle, we consider the follow-
ing two subcases:

SUBCASE 1.1.  All the vertices of AG, ({ji,...,jx}) are on
the path P, for some 1 < x < ng. See Figure 3a
for an illustration. By Lemma 2, there is a hamiltonian
path HP of AG,({n) — {i,ji,...,jx}) joining ¢ and V'
in which ¥ € V(AG,[l]) and v € V(AG,[h,]). Thus
(s, Py,t,t', HP,V',v, RP,s) forms a hamiltonian cycle, and
foreach/ € {d(s,1),d(s,1) + 1,d(s,1) +2,..., Y} the
distance between s and ¢ on the cycle is [.

SUBCASE 1.2. Not all the vertices of AG, ({j1,...,jx}) are
on the path Py for some 1 < x < 5. See Figure 3b for an
illustration. Then we can find two adjacent vertices y and z
in AG,[jy], which are not on the path P,. Let FF C V(P,).
By Proposition 1 and Proposition 2, there exist two dis-
tinct edges (y,y) € E‘,’f’h"' and (z,7) € E{;’hZ such that
y # 1 € V(AG,u[hy]) and 2 # V' € V(AG,[h;]), respec-
tively. If AG,[j,] — F is isomorphic to AG,,_», by Theorem 1,
there is a hamiltonian path HP from y to z in AG,[j,] — F.
If AG,[j;] — F contains more than one subcomponent of
AG,ljx], by Lemma 1 if n = 5, and by Lemma 2 if n > 5,

there is a hamiltonian path HP from y to zin AG,[j,] — F. By
Lemma 4, there exist two disjoint paths DPy and DP,, such
that DP; joins ¢ and y’, and DP; joins V' and z'. Moreover, the
two paths span all of the vertices in AG,({n) — {i,j1,. . ., jx})-
Thus (s, Py,t,t',DPy,y,y,HP,z,7,DP,,V,v, RP,s) forms
a hamiltonian cycle, and for each [ € {d(s,?),d(s,t) +
1,d(s,t) +2,..., W}, the distance between s and ¢ on
the cycle is .

Now, we consider the case in which s and 7 belong to differ-
ent subcomponents of AG,,. Suppose that s € V(AG,[i]) and
t € V(AG,[j]) for any i # j € (n). By Proposition 3, there
exists aminimum length path connecting s and ¢ with the form
(s, MP,t",t) or (s, MP,t" ¢, t), where MP is a path in AG,[i],
t" € V(AGy[i]), and ¢ € V(AG,[j]). That is, d(s,1) =
dag,[i1(s, 41 =d(s,t")+1ord(s, 1) = dac,1i1(s, M4+2 =
d(s,t") + 2. Thus we have the following cases:

CASE 2. Suppose that s and 7 belong to different subcom-
ponents of AG,, and the minimum length path connecting s
and ¢ has the form (s, MP,t",t). Then d(s,t) = d(s,t") + 1.
See Figure Sa for an illustration. Since AG,[i] is isomor-
phic to AG,_1, by the inductive hypothesis, for each ly €
{d(s,t"),d(s,t")+1,d(s,t")+2,...,|VAG,[i])|—d(s, )},
we can construct a hamiltonian cycle HC; of AG,[i] such
that the distance between s and ¢’ on the cycle is ly. Let
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FIG. 5. Theorem 2, Case 2 and Case 3.

u and v be the two neighbors of ¢/ on HC;. Let HC; =
(s,LP,u,t",v,RP,s), and let Py = (s,LP,u,t”,t). Without
loss of generality, let L(Pg) = Iy + 1. By Proposition 2,
d(t’,u) = 1, so we have |AS(t") N AS(u)| = 1. This
means that we can find a subcomponent AG,[j;] in which
J1 € (n) — {i}. f r ¢ V(AG,[j1]), by using st”-expansion,
the proof is the same as Case 1 but we replace vertex ¢
in Case 1 with vertex ¢’ in this case. So we consider the
case in which ¢ € V(AG,[ji]), that is, j; = j. Let g1 = t.
There exist two disjoint edges (u,p;) and (¢”,¢q1) in E;”".
By Proposition 1, (p1,q1) € E(AG,[j1]). By Proposition 2,
d(t",v) <2hence AS(t") = {j1},and AS(¢+") # AS(v). Since
IN*(¢")| = 2, we can find a subcomponent AG,[h,], and a
vertex ¢ € V(AG,[h]) such that (", ) € E5" for some h; €
(n) — {i,j1}. Since [IN*(v)| = 2 and AS(t"") # AS(v), we can
find a subcomponent AG,,[%,], and a vertex v/ € V(AG,[h,])
such that (v,V') € Ef;h" for some h, € (n) — {i,ji,h:}. By
Lemma 2, there exists a hamiltonian path HP of AG,, ({n) —{i})
joining t and v'. Thus (s, Py, t, HP,V', v, RP, s) forms a hamil-
tonian cycle, and for each Iy € {d(s,1),d(s,t) + 1,d(s,t) +
2,...,|VAG,[i])| —d(s,t) + 1}, the distance between s and
t on the cycle is [y.

By using st”’-expansion, for any integer I with d(s, ") <
" < w, we can construct a path joining s and ¢ with
the length of the path being I”. Therefore, for any integer [
withd(s,1) <1 < MZG")‘, we can construct a path joining s
and ¢ with the length of the path being /.

To construct a hamiltonian cycle, we consider the follow-
ing two subcases:

SUBCASE 2.1.  All the vertices of AG,({j1,...,jx}) are on
the path P, for some 1 < x < ng. By Lemma 2, there is
a hamiltonian path HP of AG,({n) — {i,j1,...,jx}) joining
t' and Vv where ' € V(AG,[h;]) and V' € V(AG,[h,]). Thus
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(s, Py,t,t", 1, HP,V' ,v, RP, s) forms a hamiltonian cycle, and
foreachl € {d(s,1),d(s,0) + 1, d(s,t) + 2,..., VLG the
distance between s and ¢ on the cycle is [.

SUBCASE 2.2. Not all the vertices of AG, ({j1,...,jx}) are
on the path P, for some 1 < x < |5]. See Figure 5a
for an illustration. Then, we can find two adjacent ver-
tices y and z in AG,(j), which are not on the path P,. Let
F C V(Py). By Proposition 1 and Proposition 2, there exist

two distinct edges (y,y) € E,’{’h" and (z,7) € E{,h such
that y # 1 € V(AG,[hy]) and 2 # V' € V(AG,[h]),
respectively. If AG,[j,] — F is isomorphic to AG,_», by
Theorem 1, there is a hamiltonian path HP from y to z
in AG,ljx] — F. If AG,[jx] — F contains more than one
subcomponent of AG,[j,], by Lemma 1 if n = 5, and
by Lemma 2 if n > 5, there is a hamiltonian path HP
from y to z in AGy[jy] — F. By Lemma 4, there exist
two disjoint paths DP; and DP,, such that DP; joins ¢’
and y', and DP; joins V' and 7. Moreover, the two paths
span all of the vertices in AG,({n) — {i,j1,...,jx}). Thus
(s,Py,t,t",t',DPy,y',y,HP, 7,7 ,DP5,V',v, RP,s) forms a
hamiltonian cycle, and for each I € {d(s,t),d(s,t) +
1,d(s,t) +2,..., W}, the distance between s and ¢ on
the cycle is .

CASE3. Suppose that s and ¢ belong to different subcompo-
nents of AG,,, and the minimum length path connecting s and
t has the form (s, MP,t",t,t). Then d(s,t) = d(s,t") + 2.
See Figure 5b for an illustration. Since AGy[i] is isomor-
phic to AG,_1, by the inductive hypothesis, for each Iy €
{d(s,t"),d(s, ")+ 1,d(s, ) +2,...,|VAG,[i])|—d(s, ")},
we can construct a hamiltonian cycle HC; of AG,[i] such
that the distance between s and ¢’ on the cycle is ly. Let
u and v be the two neighbors of ¢/ on HC;. Let HC; =



(s,LP,u,t",v,RP,s), and let Py = {(s,LP,u,t",t, ). With-
out loss of generality, let L(Py) = lp + 2. By Proposition 2,
d(",u) = 1, so we have |AS(t") N AS(u)| = 1. This
means that we can find a subcomponent AG,[j;] for which
j1 € (n) — {i}. If 1, ¢ V(AG,[j1]), by using st”-expansion,
the proof is the same as Case 1 but we replace vertex
t in Case 1 with vertex ¢ in this case. So we consider
the case in which t,// € V(AG,[j]), that is, j; = j.
There exist two disjoint edges (u,p;) and (¢”,¢) in E,;”".
By Proposition 1, (p1,t') € E(AGy[j1]). By Proposition 2,
d(t",v) <2hence AS(t") = {j1},and AS(t") # AS(v). Since
IN*(¢")| = 2, we can find a subcomponent AG,[h,], and a
vertex t* € V(AG,[h;]) suchthat (¢, t*) e Ef,’h’ forsome h; €
(n) — {i,j1}. Since [IN*(v)| = 2 and AS(t"") # AS(v), we can
find a subcomponent AG,,[h,], and a vertex v/ € V(AG,[h,])
such that (v,v') € E:™ for some h, € (n) — {i,ji,h}. Let
F C V(AG,) and F' = {¢*}. By Lemma 2, there exists a
hamiltonian path HP of AG,,({n) — {i}) joining 7 and v'. Thus
(s,Py,t, HP,V',v, RP,s) forms a hamiltonian cycle, and for
each ly € {d(s,1),d(s,t) + 1,d(s,t) +2,...,|V(AG,[i])| —
d(s,t) + 1}, the distance between s and ¢ on the cycle is ly.

Now we modify the st-expansion slightly to expand the
path Py between s and ¢ to various lengths. We describe the
details as follows.

Suppose that n > 6. See Figure 4d for an illustration. We
can insert one subcomponent of AG,[j1 ], which is isomorphic
to AG,—», into Py as follows. Because d(p1,t) = 2, which
is less than the diameter of AG,_5, and by the symmetric
property of the alternating group graph, we may regard p
and ¢ as in the same subcomponent of AG,[j;], say C. By
Lemma 2, there is a hamiltonian path HP; of C — Fj joining
p1 and t with L(HPy) = |V(AG,—»)| — 2. Let C* be the
m subcomponents of AG,[j;] we wanted to insert into Py,
where m is the number of subcomponents of AG,[j;]. We
regard p; and ¢ as in different subcomponents of AG,[j].
By Lemma 2, there is a hamiltonian path HP; of C* — F;
joining py and t with L(HP1) = m|V(AG,—2)| — 2. Thus,
we can construct a path HP; between p; and ¢ such that
L(HPy) = L1|V(AG,—3)| — 2 for each integer I} with 1 <
I <n—1.Let Py = (s,LP,u,p1,HP1,t). Thus, we have
L(P)) = lo + [|V(AG,_2)| — 2 = Iy + 12! — 2. Since
d(s,t)—2 < ly < |V(AGy[iD|—d(s,t)+2, we have M-ﬁ-
d(s,)—4 < L(Py) < 12y (oD g5, 1). Foreach 1 <
Iy < n—1, Q=D 02DV g gy > WDy g (s, 1) —4
if n > 6. Therefore, foreach [y € {d(s,1),d(s,t)+1,d(s,t)+
2,...,(n—1)! —d(s, 1)}, we can construct a path Py from
s to ¢t such that the distance between s and ¢ on the path
is /1. Then, similar to the sz-expansion described in Case 1,
we can expand the path between s and ¢ such that for each
L € {d(s,1),d(s, 1)+ 1,d(s,0) +2,..., SHO=DE_ g5 ),
we can construct a path P, from s to ¢ such that the distance
between s and 7 on the path is /. Hence for any integer / with
d(s,t) <1< W%ﬂ, we can construct a path joining s and
t with the length of the path being /.

For n = 5, that is, AGs, we have d(s,t) = 4 in this case.
As described above, (s,LP,u,t’, t,HP,V',v,RP,s) forms a

hamiltonian cycle, and for each ly € {4,5,6,..., 12}, the dis-
tance between s and 1 on the cycle is lp. Let F; € V(AG,[j1])
and F; = {r'}. By Theorem 1, we can find a hamilto-
nian path HP; of AG,[ji] — Fj joining p; and ¢. Let P; =
(s,LP,u,p1,HP1,t). We have 11 < L(P1) < 19. Therefore,
for each [} € {4,5,6,...,19}, we can construct a path P
from s to 7 such that the distance between s and ¢ on the path
is I1 in AGs. Let u; and # be two adjacent vertices on HP;.
Then, foreach I, € {4,5,6, ..., W(A#}, we can construct a
path P; from s to ¢ such that the distance between s and 7 on
the path is I, by u;t;-expansion.

To construct a hamiltonian cycle, the proof is the same as
that given in Subcase 2.1 and Subcase 2.2 by replacing vertex
¢’ in Case 2 with vertex ¢* in this case.

Hence the theorem is proved. u

4. CONCLUDING REMARKS

In this article, we have proposed a new concept called
panpositionable hamiltonicity. We now explain some rela-
tionship between panpositionable hamiltonicity and pancon-
nectivity. A hamiltonian graph G is panpositionable if for
any two different vertices x and y of G and for any inte-
ger [ satisfying d(x,y) <[ < |V(G)| — d(x,y), there exists
a hamiltonian cycle C of G such that the relative distance
between x, y on C is [. A graph G is panconnected if there
exists a path of length / joining any two different vertices
x and y with d(x,y) < [ < |V(G)| — 1. If G is panpo-
sitionable hamiltonian, it is clear that there exists a path
of length / joining any two different vertices x and y with
d(x,y) <1 < |V(G)| —d(x,y). If we can find that G con-
tains a path of length / joining any two different vertices x
and y with |V(G)| —d(x,y) +1 <[ < |V(G)| — 1, then
we can conclude that G is panconnected. By Theorem 1, the
fault tolerant hamiltonian properties of the alternating group
graph AG,, there exists a path of length / joining any two
different vertices x and y with "7' —4 << "7' — 11in AG,
if n > 4 [1]. Therefore, we can obtain the following known
result as a corollary.

Corollary 1. [1] Alternating group graphs AG, are pan-
connected for all n > 4.

We give an example to show that a panconnected
graph G is not necessarily panpositionable hamiltonian. Let
n,S1,82,...,5 be integers with 1 < 51 < §» < -+ < s,
The circulant graph C(n; sy, s2,...,s,) is a graph with ver-
tex set {0,1,...,n — 1}. Two vertices i and j are adjacent
if and only if i —j = =£s; (mod n) for some k where
1 < k < r. We can check that C(n; 1, 2) is panconnected
by brute force forn € {5,6,7,8,9, 10}. However, C(10;1,2)
is not panpositionable hamiltonian. Figure 6 shows the struc-
ture of C(10;1,2). Consider vertex 0 and vertex 2, with
d(0,2) = 1. We prove by contradiction that C(10; 1, 2) does
not contain a hamiltonian cycle HC with dyc(0,2) = 5.
Suppose to the contrary that HC is a hamiltonian cycle

NETWORKS—2007—DOI 10.1002/net 155



FIG. 6. The circulant graph C(10; 1, 2).

of C(10;1,2) with dyc(0,2) = 5. There are three possi-
ble paths, Py = (0,8,9,1,3,2), P, = (0,9,1,3,4,2), and
P3; = (0,1,3,5,4,2), of length 5 joining vertex 0 and ver-
tex 2. If HC contains P1, then the edges (0, 1), (0,2), (0,9)
cannot belong to HC. If HC contains P, or P3, then the
edges (2,0),(2,1),(2,3) cannot belong to HC. Hence for
n = 10, there does not exist any hamiltonian cycle in
C(10; 1, 2) such that the distance on the cycle between ver-
tex 0 and vertex 2 is 5. So C(10; 1, 2) is not panpositionable
hamiltonian. In fact, the circulant graph C(n;1,2) is pan-
connected for every n > 5, but it is not panpositionable
hamiltonian for some values of n. Therefore, the panposi-
tionable hamiltonian property is a stronger property for an
interconnection network. Future work will try to find the
panpositionable hamiltonicity of other interconnection net-
works and some relationships between these hamiltonian-like
concepts.
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