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Abstract— With channel state information (CSI) at the
transmitter, beamforming can be used for spatial diversity and
multiple spatial access. Due to latency and feedback bandwidth
limitation, the CSI at the transmitter is often known with
some ambiguity. In this paper, we develop a robust method for
downlink beamforming that takes the ambiguity of the CSI
into consideration. It is shown by computer simulation that,
compared with the existing method, the required signal-to-noise
ratio (SNR) for a 1% bit-error rate (BER) is reduced by over
2 dB for a system with 4 transmit antennas and 2 users when
the variance of the CSI is -20 dB. The performance gain
increases with the number of transmit antennas when the
number of users is fixed. The required SNR for a 1% BER
is reduced by over 4 dB if the the number of transmitter
antennas is 8. We also study the impact of power allocation on
the downlink beamforming.

Key Words: beamforming, partial CSI, transmitter diversity,
spatial multiplexing.

I. INTRODUCTION

Multiple antenna techniques has emerged as one of the
most significant enabling technologies in beyond 3G wireless
communication systems. In these systems, multiple antennas
can be mounted at the base station for performance and
capacity improvement. However, only a few antennas can be
used at the mobile stations because of their size and power
consumption limitations. In this case, downlink beamforming
can be used for spatial diversity and multiplexing provided
that certain channel state information (CSI) is available at the
base station.

In the past several years, downlink transmit beamforming
has been investigated for spatial diversity and multiplexing,
which has been summarized in [1], [2]. In [2], the authors
have focused on the capacity improvement of downlink beam-
forming when different types of CSI statistics are available at
the base station. In [3], [4], [5], optimal downlink beamform-
ing has been studied for users with different requirements
of signal-to-interference-plus-noise ratio (SINR) when exact
channel statistics are known to the transmitter. A multi-user
beamforming scheme to maximize signal-to-leakage ratios
(SLR) [6] has been proposed when exact CSI is available at
the transmitter. Due to channel estimation error, quantization
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error (for low data-rate feedback), and delay in feedback,
the CSI or channel statistics available at the transmitter for
beamforming are imperfect. For transmitter with corrupted
channel statistics (co-variance matrix), robust beamforming
[8] and optimal power allocation [7] have be proposed.

In this paper, we focus on robust downlink beamforming
when imperfect CSI is available at the base station. The rest
of this paper is organized as follows. After formulating robust
downlink beamforming problem in Section 2, we present our
schemes for downlink beamforming and power allocation for
users with only one antenna when imperfect CSI is available
at the base station in Section 3. Then we present computer
simulation results in Section 4. The paper is concluded in
Section 5.

II. SYSTEM DESCRIPTION

Figure 1 shows a down-link cellular system with spatial
multiplexing and diversity. In the system, there are NT

transmit antennas at the base station and K (K ≤ NT )
active users, each with one receive antenna, sharing the
same frequency band by means of spatial division multiple
access. Without loss of generality, the fading of the channel
is assumed to be flat and the CSI is fed back to the base
station for beamforming. Denote hik as the (complex) channel
gain corresponding to the i-th transmit antenna at the base
station and the k-th user. Furthermore, we assume that hik’s
are (circular) complex Gaussian with zero mean and unit
variance and are independent for different i’s or k’s. The CSI
estimated at the receiver is fed back to the base station. Due to
channel estimation error, quantization error (for low data rate
feedback), and delay in feedback, the CSI available at the base
station for beamforming is imperfect and can be expressed as

ĥik = hik + eik,

where eik is the error in the CSI, which is assumed to be com-
plex Gaussian with zero mean and variance σ2

h, independent
of hik, and independent and identically distributed (i.i.d.) for
different i’s and k’s. Denote

ĥk =


 ĥ1k

...
ĥNT k


 , hk =


 h1k

...
hNT k


 , and ek =


 e1k

...
eNT k


 .

Then,
ĥk = hk + ek. (1)
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Fig. 1. Beamforming with partial CSI.

With imperfect CSI at the base station, a beam is
formed for each user for spatial diversity. Denote uk =
(u1k, · · · , uNT k)T the steering vector for the k-th user. The
transmitted signal vector at the base station can be expressed
as

x =
K∑

k=1

uksk, (2)

where sk is the transmitted symbol for the k-th user, which
is assumed to be i.i.d. and with zero mean and unit variance.
The received signal at the k-th user will be

rk = hT
k uksk︸ ︷︷ ︸

desired signal

+
∑
l �=k

hT
k ulsl

︸ ︷︷ ︸
MUI

+ nk︸︷︷︸
AWGN

, (3)

where the first term is the desired signal component,∑
l �=k hT

l uksl is the multi-user interference (MUI), and nk is
the additive white Gaussian noise (AWGN) at the k-th user,
which is assumed to be with zero mean and variance σ2

n.
From the received signal in (3), the instantaneous SINR

will be

γk =

∣∣hT
k uk

∣∣2∑
l �=k

∣∣hT
k ul

∣∣2 + σ2
n

. (4)

III. BEAMFORMING WITH IMPERFECT CSI

In this section, we discuss beamforming with imperfect
CSI and investigate power allocation for further performance
improvement.

A. Beamforming

At the base station, only imperfect CSI, ĥik is observed.
The observed signal component for user k will, therefore, be

hT
k uk = (ĥk − ek)T uk,

if the steering vector, uk, is used. Consequently, given imper-
fect CSI at the base station, the average power of the desired
signal component of user k is

λkk = E
∣∣∣(ĥk − ek)T uk

∣∣∣2
=

∣∣∣ĥT
k uk

∣∣∣2 + σ2
h ‖uk‖2

. (5)

Similarly, the interference power at the k-th user from the
transmitted symbol for the n-th user can be found to be

λnk =
∣∣∣ĥT

k un

∣∣∣2 + σ2
h ‖un‖2

. (6)

Ideally, we should select the steering vectors, uk for k =
1, · · · ,K, to maximize the minimum of the observed SINR
at the transmitter; that is, choose uk for k = 1, · · · ,K to
maximize

γ(u1, · · · ,uK) = min
1≤k≤K

{
λkk∑

l �=k λlk + σ2
n

}
.

However, the max-min or min-max problem is usually un-
tractable and has no closed form solution. The optimal solu-
tion can, therefore, only be obtained by iteration [5], which
is usually computationally complicated.

Instead of dealing with the max-min problem, we choose
each steering vector to maximize the ratio of the signal-to-
leakage ratio(SLR), as in [6], that is,

γk(uk) =
λkk∑
l �=k λkl

. (7)

Using (5) and (6), (7) can be further expressed as

γk(uk) =

∣∣∣ĥT
k uk

∣∣∣2 + σ2
h ‖uk‖2

∑
l �=k

(∣∣∣ĥT
l uk

∣∣∣2 + σ2
h ‖uk‖2

)

=
uH

k Rskuk

uH
k Rikuk

, (8)

where
Rsk = ĥ∗

kĥ
T
k + σ2

hI,

and
Rik =

∑
l �=k

ĥ∗
l ĥ

T
l + (K − 1)σ2

hI.

It can be easily seen that both Rsk and Rik are positive
definite if σ2

h �= 0. Let the eigen-decomposition of Rik be

Rik = Uk




d2
1k 0 · · · 0

0 d2
2k

. . . 0
...

. . .
. . .

...
0 0 · · · d2

Kk


UH

k ,

where dlk are all positive and Uk is a unitary matrix. Denote

vk = DkUH
k uk,

or
uk = UkD−1

k vk,
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where

Dk =




d1k 0 · · · 0

0 d2k
. . . 0

...
. . .

. . .
...

0 0 · · · dKk




and

D−1
k =




d−1
1k 0 · · · 0

0 d−1
2k

. . . 0
...

. . .
. . .

...
0 0 · · · d−1

Kk




Then

γk(uk) =
vH

k D−1
k UH

k RskUkD−1
k vk

‖vk‖2
.

Let γok be the largest eigen-value of D−1
k UH

k RskUkD−1
k and

vok be the corresponding eigen-vector. Then, γk(uk) reaches
its maximum value, γok, when uk takes

uok = UkD−1
k vok. (9)

Usually, the vector calculated from (9) is not necessarily
normalized. Steering vector can be obtained by normalizing
uok.

B. Optimum Power Allocation

In the previous section, we have discussed steering vector
optimization for each user to maximize the ratio of the desired
signal power and the leakage power (the overall power of
interference to other users). In this section, we will discuss
transmission power allocation among active users to further
optimize the whole system. Without loss of generality, we
assume that the steering vectors obtained in the previous
section has already been normalized, that is, ‖uok‖ = 1.

There are two different ways to optimize the power allo-
cation. We can minimize the total transmission power for a
given SINR constraint of each user [5], [7]. Alternatively, we
can also maximize the SINR for a given total transmission
power of all active users. We will focus on the later one here.

Assume that the average transmission power of each user
is unit. Then for a system with K active users, the total
transmission power will be K. Let the transmission power
for user k be pk. Then

K∑
k=1

pk = K and pk > 0.

As before, denote λnk be the power of interference/desired
signal when the optimum steering vector is used. Then the
SINR for the k-th user will be

γk(p1, · · · , pK) =
pkλkk∑

l �=k plλlk + σ2
n

.

It can be easily seen that we can always adjust the power
distribution to increase the lower γk(p1, · · · , pK) as long
as they are not equal. As a result, all γk(po1, · · · , poK)’s
must be equal for optimal power allocation. Therefore, the

optimal SINR, γo, and power allocation can be obtained by
the following identities

pokλkk = γo

∑
l �=k

polλlk + γoσ
2
n, (10)

for k = 1, · · · ,K and

K∑
k=1

pok = K.

Denote
Λd = diag{λ11, · · · , λKK},

Λ =


 λ11 · · · λK1

... · · · ...
λ1K · · · λKK


 ,

and the optimal power allocation vector

po = (po1, · · · , poK)T
.

Then (10) can be expressed into a more compact form as(
(1 +

1
γo

)Λd − Λ
)

po = σ2
n1, (11)

and
1T po = K,

where
1 = (1, · · · , 1︸ ︷︷ ︸

K 1’s

)T .

From (11),

po = σ2
n

(
(1 +

1
γo

)Λd − Λ
)−1

1. (12)

Then the optimal SNIR (γo) is determined by the following
identity

σ2
n1T

(
(1 +

1
γo

)Λd − Λ
)−1

1 = K. (13)

Once γo is determined by (13), the optimal power allocation
can be found from (12).

When system is interference limited, that is, the signal-
to-noise ratio is very large, or σ2

n ≈ 0, the optimum power
allocation approach can be simplified. In that case, denote

p̃o = Λdpo,

and
Λ̃ = ΛΛ−1

d .

Then (11) turns into

(1 +
1
γo

)p̃o = Λ̃p̃o.

Note that Λ̃ is a non-negative matrix. From [3], [9], there is
an nonnegative vector, p̃o, with p̃ok ≥ 0 for k = 1, · · · ,K
such that

ρp̃o = Λ̃p̃o.

Then the optimum power allocation will be

po = Λ−1
d p̃o,
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and the optimum signal-to-interference ratio (SIR) in this case
will be

γo =
1

ρ − 1
.

IV. SIMULATION RESULTS

In this section, we demonstrate the performance of the pro-
posed algorithm by computer simulation. In our simulation,
channel gains corresponding to different pairs of transmit and
receive antennas, hik’s, are assumed to be independent, com-
plex (circular) Gaussian with zero mean and unit variance.
Only imperfect CSI is available at the transmitter for downlink
beamforming. The transmitted symbols are independent and
are randomly drawn from 4-QAM constellations, {± 1√

2
±

 1√
2
}, each with the same probability.
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Fig. 2. Performance of downlink beamforming for a system with NT = 4
transmit antennas and K = 2 users, (a) BER versus CSI ambiguity when
SNR=20 dB and (b) BER versus SNR when σh = −20 dB.

A. Beamforming with Imperfect CSI

Figures 2-4 compare the performance of the proposed
method with the one in [6] for systems with different numbers
of transmit antennas and users. From those figures, we can see
that the proposed method is more robust to CSI ambiguity. In
particular, from Figure 2, the required SNR for a 1% BER
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Fig. 3. Performance of downlink beamforming for a system with NT = 8
transmit antennas and K = 2 users, (a) BER versus CSI ambiguity when
SNR=20 dB and (b) BER versus SNR when σh = −20 dB.

is reduced by over 2 dB compared with the algorithm in [6]
for a system with NT = 4 transmit antennas, K = 2 users,
and σh = −20 dB. The performance gain increases with the
number of transmit antennas when the number of users is
fixed. As we can see from Figure 3, the required SNR for a
1% BER is reduced by over 4 dB if the number of transmit
antennas is changed into NT = 8 in the above environment.
If we fix the number of transmit antennas and increase the
number of users, then the performance gain will be reduced,
as we can see by comparing Figure 3 and Figure 4.

B. Optimum Power Allocation

To demonstrate the effectiveness of optimum power allo-
cation, we consider shadowing in wireless channels. In the
simulation here, we assume a log-normal shadowing with an
8 dB standard deviation. The shadowing is same for different
transmitter antennas at the same mobile; however, independent
for different mobiles. Figure 5 demonstrates the performance
improvement through power allocation with imperfect CSI
for a system with different numbers of transmit antennas
and users when σh = −20 dB. From the figure, we can
see significant performance improvement, especially when the
SNR is high.
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Fig. 4. Performance of downlink beamforming for a system with NT = 8
transmit antennas and K = 4 users, (a) BER versus CSI ambiguity when
SNR=20 dB and (b) BER versus SNR when σh = −20 dB.

V. CONCLUSIONS

In practical mobile communication systems, the base station
can have multiple antennas while the handsets can have at
most a couple of antennas. The multiple antennas at the base
station can be used for downlink beamforming for spatial
diversity and spatial division multiple access. To perform
downlink beamforming, CSI is usually required at the trans-
mitter, which is usually obtained through feedback from the
receiver. Due to bandwidth limitation and latency, the CSI at
the transmitter is usually known with some ambiguity. In this
paper, we have proposed a novel method for robust downlink
beamforming with imperfect CSI. It is shown by computer
simulation that the proposed method can significantly improve
the system performance compared with the existing one that
does not take CSI ambiguity into consideration in performing
beamforming. Therefore, the proposed method is a potential
technique for future mobile communications. Even through
we have assumed that there is only one receive antenna at
the mobile station in developing the algorithms in the paper,
with minor modification, the developed algorithms can be also
used for the systems with multiple receive antennas.
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Fig. 5. Impact of adaptive power allocation on a system with (a) NT = 4
transmit antennas and K = 2 users, (b) NT = 8 transmit antennas and
K = 4 users when σh = −10 dB.
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