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Abstract

A new kind of generalized synchronization of two chaotic systems with uncertain parameters is proposed. Based on a pragmatical asymptotical
stability theorem and an assumption of equal probability for ergodic initial conditions, an adaptive control law is derived so that it can be proved
strictly that the common null solution of error dynamics and of parameter dynamics is actually asymptotically stable, i.e. these two identical
systems are in generalized synchronization and the estimated parameters approach the uncertain values. It is called pragmatical generalized
synchronization. Finally, two numerical examples are studied for two Quantum-CNN oscillator chaotic systems to show the effectiveness of the
proposed generalized synchronization strategy with a double Duffing chaotic system as a goal system.

© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The synchronization phenomenon has the following
feature: the trajectories of the drive and response systems
are identical notwithstanding starting from different initial
conditions. However, slight errors of initial conditions, for
chaotic dynamical systems, will lead to completely different
trajectories [1-4]. Therefore, how controlling two chaotic
systems to be synchronized is an attractive objective [5-8].
Many approaches have been presented for the synchronization
of chaotic systems such as linear and nonlinear feedback
control [9,10]. Most of them are based on the exact knowledge
of the system structure and parameters. But in practice, some
or all of the system parameters are uncertain. Moreover,
these parameters change from time to time. A lot of
works have proceeded to solve this problem by adaptive
synchronization [11,12]. In the current scheme of adaptive
synchronization [13-15], the traditional Lyapunov stability
theorem and Babalat lemma are used to prove that the error
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vector approaches zero as time approaches infinity. But the
question of why the estimated parameters also approach
uncertain values has remained without answer. Based on a
pragmatical asymptotical stability theorem and an assumption
of equal probability for ergodic initial conditions [16,17], the
question is answered.

Among many kinds of synchronizations [18-24], the
generalized synchronization is investigated [25-30]. This
means that there exists a given functional relationship between
the states of the master and that of the slave y = G (x). In this
paper, a special kind of generalized synchronizations

y=Gx)=x+F() (D

is studied, where x, y are the state vectors of the master and
of the slave, respectively. F(¢) is a given vector function of
time which may take various forms, either regular or chaotic
functions of time. When F(t) = 0, it reduces to a complete
synchronization [31,32].

As two numerical examples, two identical Quantum Cellular
Neural Network (Quantum-CNN) chaotic systems [33] and a
double Duffing chaotic system are used as the master system,
slave system, and goal system, respectively. The goal system
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gives a chaotic F(¢). Quantum-CNN oscillator equations are
derived from a Schrodinger equation taking into account
quantum dot cellular automata structures to which in the
last decade a wide interest has been devoted, with particular
attention towards quantum computing.

This paper is organized as follows. In Section 2, by the
pragmatical asymptotical stability theorem, a new pragmatical
generalized synchronization scheme by adaptive control is
given. In Section 3, adaptive controllers are designed for the
pragmatical generalized synchronization of two Quantum-CNN
chaotic oscillators with a double Duffing chaotic system as a
goal system in two examples. Numerical simulations are also
given in Section 3. Finally, conclusions are drawn in Section 4.

2. Pragmatical generalized synchronization scheme, by
adaptive control

There are two identical nonlinear dynamical systems, and
the master system controls the slave system. The master system
is given by

X =Ax+ f(x,B) 2)

where x = [x],x2,...,x,]T € R" denotes a state vector,
A is an n X n uncertain constant coefficient matrix, f is
a nonlinear vector function, and B is a vector of uncertain
constant coefficients in f.

The slave system is given by

y=Ay+ f(y, B) +u(t) 3)

where y = [y1, y2, ..., y,,]T € R" denotes a state vector, A is
an n x n estimated coefficient matrix, B is a vector of estimated
coefficients in f, and u(t) = [u1(t), u2(t), ..., u,(t)]* € R"
is a control input vector.

Our goal is to design a controller u(z) so that the state
vector of the slave system (3) asymptotically approaches the
state vector of the master system (2) plus a given chaotic vector
function F(t) = [Fi(t), F2(t), ..., F,()]T. This is a special
kind of generalized synchronization; y is a given function of x:

y=Gx)=x+F(). “)

The synchronization can be accomplished when 1 — oo;
the limit of the error vector e(¢) = [e1, €2, . .., €n]t approaches

zero:
Jime =0 ®
where

e=x—y+ F(). (6)

From Eq. (6) we have
é=%—y+F() 7
¢=Ax—Ay+ f(x,B)— f(y,B)+ F@t) —u(®). (8)

A Lyapunov function V (e, A., B.) is chosen as a positive
definite function

Ve, Ac, B.) = leTe—l— 1ATA + l1§T1§ 9)
’ C»s c) — 2 2 c c 2 c c

where A = A — A, B=B- é, AC and E’C are two column
matrices whose elements are all the elements of matrix A and
of matrix B, respectively.

Its derivative along any solution of the differential equation
system consisting of Eq. (8) and update parameter differential
equations for A~C and E’C is

Ve, Ac, Bo) = T[Ax — Ay + Bf(x) — Bf(y)
Y E@ —u)] + AcA, + BB, (10)

where u(t), Ac, and I§,: are chosen so that V. = ¢'Ce, C
is a diagonal negative definite matrix, and Vis a negative
semi-definite function of ¢ and parameter differences A and
B.. In the current scheme of adaptive synchronization [13—
15], the traditional Lyapunov stability theorem and Babalat
lemma are used to prove that the error vector approaches
zero, as time approaches infinity. But the question of why
the estimated parameters also approach uncertain parameters
remains unanswered. By the pragmatical asymptotical stability
theorem, the question can be answered strictly.

The stability for many problems in real dynamical
systems is actual asymptotical stability, although it may
not be mathematical asymptotical stability. The mathematical
asymptotical stability demands that trajectories from all initial
states in the neighborhood of the zero solution must approach
the origin as ¢+ — oo. If there are only a small part or
even a few of the initial states from which the trajectories
do not approach the origin as t — 00, the zero solution is
not mathematically asymptotically stable. However, when the
probability of occurrence of an event is zero, it means the event
does not occur actually. If the probability of occurrence of the
event that the trajectories from the initial states are such that
they do not approach zero when ¢t — 00, is zero, the stability
of the zero solution is actual asymptotical stability though it is
not mathematical asymptotical stability. In order to analyze the
asymptotical stability of the equilibrium point of such systems,
the pragmatical asymptotical stability theorem is used.

Let X and Y be two manifolds of dimensions m and n (m <
n), respectively, and ¢ be a differentiable map from X to Y;
then ¢(X) is a subset of Lebesque measure O of Y [34]. For an
autonomous system

S ) (11)
— = f(x1,...,x
dr 1 n
where x = [x],...,x,]T is a state vector, the function f =

[fi,..., fu]¥ is defined on D C R" and ||x|] < H > 0. Let
x = 0 be an equilibrium point for the system (11). Then

£(0) = 0. (12)

Definition. The equilibrium point for the system (11) is
pragmatically asymptotically stable provided that with initial
points on C which is a subset of Lebesque measure 0 of
D, the behaviors of the corresponding trajectories cannot
be determined, while with initial points on D — C, the
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corresponding trajectories behave as if they agree with
traditional asymptotical stability [16,17].

Theorem. Let V. = [x1,...,x,]T : D — Ry be positive
definite and analytic on D, such that the derivative of V
through Eq. (11), V, is negative semi-definite.

Let X be the m-manifold consisting of the point set for which
Vx # 0, V(x) = 0 and D is an n-manifold. If m + 1 <
n, then the equilibrium point of the system is pragmatically
asymptotically stable.

Proof. Since every point of X can be passed by a trajectory
of Eq. (11), which is one dimensional, the collection of these
trajectories, C, is an (m + 1)-manifold [16,17].

If m + 1 < n, then the collection C is a subset of Lebesque
measure 0 of D. By the above definition, the equilibrium point
of the system is pragmatically asymptotically stable. [

If an initial point is ergodicly chosen in D, the probability of
the initial point falling on the collection C is zero. Here, equal
probability is assumed for every point chosen as an initial point
in the neighborhood of the equilibrium point. Hence, the event
that the initial point is chosen from collection C does not occur
actually. Therefore, under the equal probability assumption,
pragmatical asymptotical stability becomes actual asymptotical
stability. When the initial point falls on D — C, V(x) < 0,
the corresponding trajectories behave as if they agree with
traditional asymptotical stability because by the existence and
uniqueness of the solution of the initial-value problem, these
trajectories never meet C.

In Eq. (9) V is a positive definite function of n variables,
i.e. p error state variables and n — p = m differences between
unknown and estimated parameters, while V = ¢lCeis a
negative semi-definite function of n variables. Since the number
of error state variables is always more than one, p > 1,
m + 1 < n is always satisfied; by the pragmatical asymptotical
stability theorem we have

lime=20 (13)
—>0o0
and the estimated parameters approach the uncertain parame-
ters. The pragmatical generalized synchronization is obtained.
Therefore, the equilibrium point of the system is pragmatically
asymptotically stable. Under the equal probability assumption,
it is actually asymptotically stable for both error state variables
and parameter variables.

3. Numerical results of pragmatical generalized chaos
synchronization of two Quantum-CNN oscillators by
adaptive control

Case 1. The chaotic states of a goal system, a double Duffing
chaotic system, used as F(t).

For a two-cell Quantum-CNN, the following differential
equations are used [33] as the master system:

— =-2 ‘/1— i )
X a X1 S1n x:
dr ! ! 1

—x2 = —wi(x] — x3) + 2a
a2 1(x1 — x3) 1

d

ax3 = —2as,/1 — x32 sin x4

d X

—x4 = —wy(x3 — x1) + 26l2—3

dr 1 — x2
Vi3

where xi, x3 are polarizations, xp, x4 are quantum phase

displacements, a; and ap are proportional to the inter-dot

energy inside each cell and w; and w, are parameters that

weigh effects on the cell of the difference of the polarization

of neighboring cells, like the cloning templates in traditional

CNNs. Leta; =4.9,a; = 4.9, w1 = 3.03, wp = 1.83.

A slave system is described by

d
—y1 = —2a1,/1 — 2 gin
dt)’l 1 i »2
cos Y

d R N n
2= "o —y) 2611—\/;2
1 —
¢ . (15)
4= —2a3,/1 — y3 sin y4

d . A )3

—y4 = —w2(y3 — y1) + 20 ———

dr 2
1— y3

COS X7

K
-
Ll N9

(14)

COS y4.

In order to lead (y1, y2, y3, y4) to (x1 + F1(¢), x2 + F2(¢),
x3 + F3(t), x4 + Fy(t)), we add uy, uo, uz, and uy to each
equation of Eq. (15), respectively:

d A .
0 = —2a1y/1 — yFsiny; + u;
COS Y2 + up

d - A N
2= e — )+ 2611—\/;2
1 —
q g (16)
3= —2ap\/1 — y3sinys + u3

iyzt — —dn(ys — 1) + 20—
ar S
Y3
Subtracting Eq. (16) from Eq. (14), we obtain an error
dynamics. The initial values of the master system and the
slave system are taken as x1(0) = 0.8, x2(0) = —-0.77,
x3(0) = —0.72, x4(0) = 0.57, y1(0) = 0.1, y2(0) = 0.28,
v3(0) = 0.42, and y4(0) = —0.72, respectively.
The goal system for generalized synchronization is a double
Duffing chaotic system

COS Y4 + U4.

21 =22
§2=Z1 —zf—Slzz—l—fl cos Yt (17
3 =124
24 =273 — zg — 8224 + f2cos ot
where 8; = 13.5, 8, = 12.5, fi = =249, f, = —33.1,
Uy = 109, ¥, = 199, z1(0) = 0.75, z20(0) = —0.3,

z3(0) = —0.4, and z4(0) = 0.5.
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We have

lime; = lim (x; —y;i +2z;) =0, i=1,23,4 (18)
t—00 t—00

where ¢ = X — y + z, and

= —2aj,/1 —x1 sinxy +2a4/1 — y1 sinyy, —uy + 21

e = —wi(x] — x3) +@1(y1 — y3)
Y1

—cosxz — 20| ——

2 2

V1 —=x V1=

= —2a,/1 —x3 sinxg + 2ax,/1 — y3 sinyq4 — u3 + 23

X3

éq = —wp(x3 —x1) + an(y3 — y1) +2a2

cosyr, —up + 22

COS X4

2
l—x3

—20p ————1C0OS y4 — U4 + 24 (19)

where e; = x1 —y1 +2z1,e2 =x2—y2+22,€3 = X3 —y3+23,
and eq4 = x4 — Y4 + 24.

Choose a Lyapunov function in the form of a positive
definite function:

Ve, ez, e3,e4,a1, a2, @1, @2)
(el+ez+e3+e4+a1+a2+a)1+w2) (20)

wherea; = a1 —aj,ar = ar)—az, ¥ = W] —®1, V2 = W) — @2

and dp, a», @1, @y are estimates of uncertain parameters ap, as,

w1, and w;y, respectively.
Its time derivative is

V= e1[—2a14/1 —xlzsinxg +2a14/1 —yl2 sinyy —u1 + z2]

+€2[—w1(x1 —x3) +o1(n —Y3)

X1
,/l—xlz 1/l—y1

+ 21 — 2} — 8122 + fi cos Wlf]

+e3[—2ax,/1 — x32 sin x4 + 2&2ﬁ sin y4
—uz+z4]+es [ — wa(x3 — x1) + @2(y3 — ¥1)
X3 y3
/ 2 / 2
1 —x3 1 —y3
—us+23— 23— 8

+ facos lﬂzt] + a1 (—a1) + ax(—an)

+ 2ay CoSXp — 2] —————=CoS yy —

+2as coS x4 — 24> COS Y4

+1(—1) + By (—a). @n
Choose
up = —2a1MSinx2+2&1ﬂsiny2+&1el
aizs +a?

ai

uy = 2a cosxy — 244 cosyr +2z1 — z?

. X1 Y1
/ 2 / 2
1 —xj 1 —y
+ ficos it + drer — wi(x1 — x3) + 01(y1 — y3)

@181
- —Zz —I-a)l (22)

uz = —2az/1— x3 sinxq + 2a,/1 — y3 sin y4
+anes + 24 +&2

X
COS x4 — 207 ———

1/l—x3 ,/l—y3

+ frcosynt + dnes — wa(x3 — x1) + d2(y3 — ¥1)

uy = 2a; cos y4 + 23 — 33

@262
~ 2%+
w2
L 2 €122 2
a)=—a; = ——— +aje —e]
aj
I3 A 3 ~ 2
W] = —w|] = —ex7n +wiex — e
w1
L b €324
) = —ay = ——— + azesz — e3
az
. 82
2 ~ ~ 2
W) = —@Wy = —e424 + wre4 — €. 23)
w?2

The initial values of estimates for uncertain parameters are
a1(0) = a»(0) = @1(0) = & (0) = 0.

Substituting Egs. (22) and (23) into Eq. (21), we obtain

V= —ale% — a)le% — a2e§ — a)geﬁ <0 24)
which is a negative semi-definite function of ey, e, €3, e4, aj,
an, @1, and @,. The Lyapunov asymptotical stability theorem is
not satisfied. We cannot obtain that the common origin of error
dynamics (19) and parameter dynamics (23) is asymptotically
stable. Now, D is an 8-manifold, n = 8 and the number
of error state variables p = 4. When ¢j = ey = e3 =
es = 0 and ay, ar, w1, @ take arbitrary values, V = 0,
so X is a 4-manifold, m = n — p = 8§ — 4 4.
m + 1 < n is satisfied. By the pragmatical asymptotical
stability theorem, error vector e approaches zero and the
estimated parameters also approach the uncertain parameters.
The pragmatical generalized synchronization is obtained. The
equilibrium pointe; = ey =e3 =es =a) =ar = 0] = @y =
0 is pragmatically asymptotically stable. Under the assumption
of equal probability, it is actually asymptotically stable. The
numerical results are shown in Fig. 1. After 10 s, the generalized
synchronization is accomplished.

w

Case 1I. The cubics of chaotic states of the goal system, a
double Duffing chaotic system, used as F(¢).

We demand
lim ¢; = lim (x; —y; +2)) =0, i=1,2,34 (25)
11— 00 11— 00

and then
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é=1x—y+37%, (26)
é1 = —2ap,/1— xl2 sinxy +2a14/1 — )’12 siny, —uj + 3Z%i]
. ~ X1
& = —wi(x; —x3) —w1(y1 — y3) + 2a COS X2
l—xf
—2a cos yp — up + 3Z%Zz 27

Y1
2
VvI=2
é3 = —2as,/1 — x32 sin x4 + 2&2,/ 1-— y32 sin y4 — u3 + 32%23
X3

és = —wp(xz —x1) +w2(y3 — y1) + 2a2

V3
/ 2
1—y3
h _ 3o 3o 3
where ey = x1 —y1+zj,e2=x2—y2+25,e3 =x3—y3+23,
ande4=x4—y4~|—zi.

Choose a Lyapunov function in the form of a positive
definite function:

COS X4

2
I —x3

— 2, COS V4 — Ug + 3Zii4

Ve, ez, e3,e4,a1, a2, @1, @2)
1 - - - -
:E(e%—f—e%—}—e%—}—ei—f—alz+a§+w%+a)2) (28)
whereay = aj—ay,dp =ar—ar, 01 = W1 —01, D2 = W) — @)

and dp, ap, @1, @y are estimates of uncertain parameters ay, as,
w1, and wy, respectively.

Its time derivative is
V= e1[—2a14/1 —x]2 sinxp + 2a14/1 — yl2 sin yp
—uy + 323221+ e [ —w1(x1 —x3) + d1(y1 — »3)
+325(z1 — 23 — 8122 + ficos Y 1)
X1
/ 2
1— X
+e3[—2az,/ 1 — x3 sinxg + 242,/ 1 — y3 sin y4

—u3+ 33zl +es [— w2 (x3 — x1) + @2(y3 — y1)

+ 2a; cosxy — 244

+ SZZ(Z3 - zg — 8224 + facosynt)

Y3
‘/1—y32

a1 (—d)) + ar(—aa) + @1 (—d1) + da(—d2).  (29)

coS x4 — 24y COS Y4 — U4

Choose

u; = —2ap4/1 —xlzsinx2+2&1,/l —yfsinyz

. 3a12372
+aje; + +a1
a

~ 1
Up = 20— COS X — 2a1y—

V1 —x

+3Z%(Z1 —zf + ficosyt)
+w1er — w1 (x1 — x3) + @1(y1 — y3)

381 . -
— iz} + it (30)
w1

uz = —2azx/1 —x% sinxg + 2a2,/1 — y32 sin y4

3427324
3 ~2
+ a5

X1
cos 2
2 1— y%

+dzes +
ap
X3 ~
Ug = 2(12— COS X4 — 2(12

2
1—x3

V3
——— oS y4
1-— y32
+3Z‘21(Z3 - z% + facosYnt) + @wreq — wp(x3 — x1)

A 3. 3
+w2(y3 —y1) — — w22y + @3

w2

x 312122

a) = —da; = +aje; — e%
a
* A 38 3 ~ 2
W] = —w] = —ex7; twiex — €5
w
b (31)
: A 3e3z3za 2
a) = —ay) = — + azez —e3
ap
- A 382 .
wy) = —wy = —6423 + wreq — 642‘.
)

The initial values of estimates for uncertain parameters are
a1(0) = ax(0) = »1(0) = @,(0) = 0. Substituting Egs. (30)
and (31) into Eq. (29), it can be rewritten as

’ 2 2 2 2
V = —aje] —wie5 —azes — wye; <0 (32)

which is a negative semi-definite function of ey, e, es,
e4, 4y, az, @1, and @,. The Lyapunov asymptotical stability
theorem is not satisfied. We cannot obtain that the common
origin of error dynamics (27) and parameter dynamics (31)
is asymptotically stable. In our case, V = 0 when e; =
ep = e3 = e4 = 0, and ay, ap, @1, and @, take arbitrary
values. n = 8, m = 4, m + 1 < n is satisfied. By the
pragmatical asymptotical stability theorem, the equilibrium
pOintel26226326425125225)125)2:0
is pragmatically asymptotically stable. Under the assumption
of equal probability, it is actually asymptotically stable. The
error vector e approaches zero and the estimated parameters
approach the uncertain parameters. The numerical results are
shown in Fig. 2. After 10 s, the generalized synchronization is
accomplished.

4. Conclusions

In this paper pragmatical generalized synchronization of
adaptive control is studied. The pragmatical asymptotical
stability theorem fills the vacancy between the actual
asymptotical stability and mathematical asymptotical stability;
the conditions of the Lyapunov function for pragmatical
asymptotical stability are lower than those for traditional
asymptotical stability. By using this theorem, with the same
conditions for the Lyapunov function, V > 0, 1% < 0, as in
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(@) 25 —— (b) 25 =
= i =
= ey Al I “"
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Fig. 1. Time histories of states, state errors, 2|, 22, 23 24, 41, da, W1, and Wy for Case I with aj = 4.9, ay = 4.9, &) = 3.03, wy = 1.83.

the current scheme of adaptive synchronization, we not only
obtain the generalized synchronization of chaotic systems but

systems by adaptive
of communication.

also prove that the estimated parameters approach the uncertain

values. Two Quantum-CNN chaotic systems and a double
Duffing chaotic system are used as the master system, slave
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