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Abstract

In a recent paper, the first and third author proved a central limit theorem for the number of coprime
solutions of the Diophantine approximation problem for formal Laurent series in the setting of the classical
theorem of Khintchine. In this note, we consider a more general setting and show that even an invariance
principle holds, thereby improving upon earlier work of the second author. Our result yields two conse-
quences: (i) the functional central limit theorem and (ii) the functional law of the iterated logarithm. The
latter is a refinement of Khintchine’s theorem for formal Laurent series. Despite a lot of research efforts,
the corresponding results for Diophantine approximation of real numbers have not been established yet.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

The last few years have witnessed an increasing interest in the metric theory of Diophantine
approximation for formal Laurent series; for recent results concerning limit laws see Deligero
and Nakada [1], Fuchs [3,5], Inoue and Nakada [6]; for recent results concerning Hausdorff
dimensions of exceptional sets see Kristensen [7], Niederreiter and Vielhaber [12], Wu [15].
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In this short note, we are studying invariance principles for the number of coprime solu-
tions of the Diophantine approximation problem. In the classical case, invariance principles were
obtained by Fuchs in [4]; see Fuchs [5] for corresponding results for formal Laurent series.
The main difference to the previous line of research is a new approach that does not involve
continued fraction expansion. Continued fraction expansion made necessary several restrictions
on earlier results which will be shown to be superfluous in this paper. This new approach was
devised by Deligero and Nakada in [1] and it is the paper’s aim to further demonstrate its useful-
ness.

We give a short outline of the paper: in this section, we briefly recall metric Diophantine
approximation for formal Laurent series, state our new result and discuss some consequences.
The proof of the main result which rests on blocking techniques and a general invariance principle
obtained by Fuchs [4] will then be given in the final two sections.

Formal Laurent series. Denote by I, the finite field with g elements, where g is a power of p,
p a prime. We consider the field of formal Laurent series

ay €Fy, no €Z, ayy #0; U{0}

(T ) ={ = 3 ar

n=no

together with the valuation | f| = ¢, f # 0 and |0| = 0. It is easy to see that | - | is non-
Archimedean and that the polynomial ring IF,[T'] and the field of rational functions IF, (T") are
both contained in IF,, (T~1)), where we have the chain of inclusions Fy[T]1CF,(T) CF, T,
a situation that closely resembles the corresponding chain Z € Q C R.

In order to consider metric Diophantine approximation, we restrict to the set

L= {7 Ry ()] 171<1)

as we restrict to the unit interval in the classical case. It is straightforward to prove that I together
with the restriction of the valuation is a compact metric space. Hence, there exists a unique,
translation-invariant probability measure on (L, £) (£ denoting the set of all Borel sets) that we
are going to denote by m.

Diophantine approximation problem and three sets. For f a formal Laurent series with
| f| <1, consider the Diophantine approximation problem in unknowns P, Q € Fy[T], QO #0,
P 1
f—= <W, deg O =n, (P,O)=1, (1)
where (/,,) is a sequence of positive integers.

We are interested in studying the solution set. Results of different strengths made necessary

different restrictions on the set of sequences (/,,). The sets which will be considered in this paper
are as follows:

A= {(ln)n>0 } [, > 0and non—decreasing};
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B= {(ln)nZO

l, > 0 and either (C1) lim [, = < o0, or (C2) lim [, = oo,
n—oo n—oo

lim E q i exists } ;
i—00
i<j<i+;

C= {(ln)n>0 | In > O}
Note that we have the following chain of proper inclusions A C B C C.

0-1 laws. In [2], deMathan proved an analogue of Khintchine’s theorem: for (/,,) € A the solution
set of the above inequality is either finite or infinite for almost all f, the latter holding if and
only if Z;ozoq_l" = 0o (see Fuchs [3] for a different approach based on continued fraction
expansions).

In a recent paper, Inoue and Nakada [6] showed that the monotonicity assumption is in fact
superfluous (see Section 2 for a simplified proof of their result).

Theorem 1. (Inoue and Nakada [6]) Let (I,,) € C. (1) has either finitely many or infinitely many
solutions for almost all f; the latter holds if and only if

e¢]

Zq‘l" =00.

n=0

Central limit theorems. Define a sequence of random variables as
ZN(f):=#{P/Q | (P, Q) is a solution of (1), deg Q < N}.

Assuming that (I,) € A, Zzozoq_l" = 00 and under some further technical conditions on
(In), Fuchs [3] proved the central limit theorem for (Zy). His approach was based on continued
fraction expansions which made the additional conditions seemingly hard to drop.

A new approach, not relying on continued fraction expansions, was devised by Deligero
and Nakada in [1]. With this approach they succeeded in dropping the additional conditions
in Fuchs’s result, thereby generalizing the central limit theorem to Khintchine’s setting, i.e., to
all sequences (/) € A with Zzio g " = 0o. Note that a similar result for the real number field
has not been proved yet; see LeVeque [9,10] and Philipp [13] for similar but weaker results in
the real case.

The invariance principle. In [5], Fuchs obtained the invariance principle for sequences (I,,) € A
that satisfy > o2 g~ = oo and some technical extra conditions. Here, we are going to explore
further the approach of Deligero and Nakada in order to extend Fuchs’s result to all sequences
(Iy) € Bwith Y% /g7 = 0.

In order to state the result we fix some notation. Set

g 272!t (g — 1) — 21+ (g — DPN, if (Cl),

F(N):=
" g Mg=-DY, v if (C2),
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and

max{n | F(n) <t}, ift > F(0),
Nl‘ = .
0, otherwise,

for t > 0. Define on (IL, £, m) x ([0, 1], B, A) the following stochastic process:
n Y
Z(t) = Z(t7 f7'x) = ZNr(f) - <1 - 5) Zq_lnv
n=0

where B denotes the set of Borel sets on [0, 1] and A is the Lebes gue measure. Note that the defin-
ition does not depend on the second variable. However, adjoining a uniformly distributed random
variable is necessary to guaranteeing that the probability space is rich enough (see Remark 6 in
Fuchs [4]).

Theorem 2. There exists a sequence (Yn)n>0 of independent, standard normal random variables
on (L, £L,m) x ([0, 11, B, A) such that, as N — oo,

‘Z(N) - Z Y,

= 0((N loglog N)l/z), a.s.

n<N
and
(m x ) ! Z()ZY> -0
m ——max|Z(n) — >e€
N n<N k
k<n
forall e > 0.

Consequences. The above result implies the functional central limit theorem which generalizes
the result of Deligero and Nakada [1].

Corollary 1. As N — oo,

{Z(F(N)t)
VF(N)

where W (t) denotes the standard Brownian motion.

,0<z<1}->{W(t),0<t<1},

Moreover, we have the functional law of the iterated logarithm.

Corollary 2. The sequence of functions

{ Z(F(N)t)

, 0<r«1
(2F (N)loglog F(N))1/2 }

NZ=0

is a.s. relatively compact in the topology of uniform convergence and has Strassen’s set as its set
of limit points.
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Since our set of sequences (/) contains the sequences of Khintchine’s theorem, we note the
following consequence of the latter result which is a refinement of Khintchine’s theorem for
formal Laurent series.

Corollary 3 (Law of the iterated logarithm for Khintchine’s setting). Assume that (I,,) € A and
3% 0q " = o0. Then, for almost all f,

. 1ZN() = Q=g DY, cna™
lim sup =
N—o00 V2F(N)loglog F(N)

Note that a similar result for the real number field has so far not been established; see Philipp
[13] and Fuchs [4] for similar but weaker results in the real case. Moreover note that the above
result also gives the optimal bound in the law of large numbers:

Let (1) € A. Then, for almost all f,

Zv(H=(1-q7") Y g7+ O((F(V) loglog F(N))'"?).
n<N

The previous best bound was of order F (N) 1/ 2(log F(N))3/?t€ ¢ > 0, which more generally
even holds for all (/,,) € C; see a remark by Inoue and Nakada [6].

2. Blocking
Define a sequence of sets as
F,:={f €L: 3(P, Q) such that (1) holds}.

The measure of these sets was computed by Inoue and Nakada [6],

n(Fy) = g (1 _ 1). ®)
q

Moreover, as was proved by Inoue and Nakada [6] as well, two distinct sets F; and F; are either
independent or have empty intersection, the first case occurring if and only if i 4+ 1/; < j.
Note that the latter implies

m(F; N Fj) <m(Fym(Fp) (@ # j). 3)

Sequences of sets satisfying this condition are called negative quadrant dependent (see
Lehmann [8]). This gives a simplified proof of Theorem 1.

Proof of Theorem 1. Since anN m(F,) =(1— qil) anN q*l" the result follows from the
Borel-Cantelli lemma for negative quadrant dependent sequences of sets (see Matula [11] or
Rényi [14]). O
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In the sequel, we use the notation
Xn = lpn — m(Fn),
where 14 denotes the indicator function of the set A. Furthermore, we set lim,, o[, = [ re-
gardless whether we have (C1) or (C2). Subsequently, we shall interpret all expressions in terms

of [ for (C2) as the corresponding value obtained by taking the limit, e.g. ¢ ~° = 0. Finally, the
constant c is defined in the following lemma.

Lemma 1. With the assumptions from the introduction,

ci=1lim Y  gl=lg"

1—>00 | N )
i<j<i+;

Proof. If we assume (C1), then the assertion follows from the fact that [, =1I,n > N for a
sufficiently large N. For (C2), since the limit is assumed to exist, it suffices to prove that

liminf Y ¢~ =0.
i—oo | “—
i<j<i+l;

Assume that this is wrong. Then there is an € > 0 such that for all i > i(¢),

Z g7l > e

I<j<i+l;

Ifl; <liy1 < -+ <liqy; then

Yo gl <uqg™

i<j<i+H;
Since [, — o0, the above chain of inequalities cannot hold if i (¢) is chosen large enough. Hence,
starting with any fixed iop > i(e), we can find an i; > iy such that /;; > [;, etc. This gives a
contradiction. 0O

Blocking I: 2-dependent process. Define the sequence 7, recursively as 7o = 0 and

Tptl i= max {j: j+1j>i+forallt, <i <71+, ).
<<+l

Furthermore, denote by

We gather some properties of the sequence (Y},).



E. Deligero et al. / Finite Fields and Their Applications 13 (2007) 535-545 541

Lemma 2.

(i) (Yn)nxo0 is a 2-dependent process.

(ii) V( > Yn) ~ F(ty = 1). @)

n<N
Proof. Due to the properties of the sets F,, the first part follows from

max (j +1;) < Ty43.
T <J<Tn+l

In order to prove the latter, observe that the left-hand side is bounded by 7,41 + I, . Moreover,
we have

Th+2 + lr,Hz <Tp43 + lt,,+3~ )

Assuming that 7,13 < 41 + I, would now imply that

Tn+2 + lfn+2 2 Tn+3 + lfn+3

which however contradicts (5). Hence, we have proved the first part of the lemma.
For the second part, we first observe that

V(Zm)= Yo omE) = Y omE 2 Y (mFNF) —mEF)m(E))).
n<N N<TN+1 N<TN+1 i<j<TN41
From the assumptions on (/) and (2),
1\2
> m(Fn>2~q"<1——> dooa
n<ty4| 9 N<TN41

Moreover, from the property of the sequence F,, mentioned in the paragraph preceding (3),

Y (mFNF) —m(Fym(F)))=— Y m(F) > m(Fj)
i<J<TN41 I<TN41 i<j<min{i+l;, tn41—1}
1 2
~—c<1——) Z g7,
1 E<TN41

the last step following from the assumptions on (/,;), Lemma 1, and (2).
Putting everything together yields the claimed result. O

Blocking II: Linear variance. For any positive integer n define the integer j, by
F(tj,4+1— 1) <n<F(rj,42—1)

and set jo = —1. Note that
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F(ty42 = 1) = F(tpp1 — 1D
1 » 1\? o
<((1—- —(2c+q ) 1 —— Z q <1,
1 U7 1 <j<tapiHe,

where the last line holds if # is chosen large enough. Hence, the above definition makes sense.
Now, we define

Jn+1
Ei= Y Y (n=0).
J=int+1
Some properties of (§,) are summarized in the next lemma.

Lemma 3. We have

(1) (€1)n>0 is a 2-dependent process.

(ii) El&, | < 1.
(iii) V( > sn) ~N.
n<N

Proof. Property (i) is clear. For the proof of (ii), we first apply the multinomial theorem,

Tjn+1+1_1 3
El, | <1E< > |X,-|)

j:tjn+1
3 e er, 1
= E E|X‘[ +l| Tjn+1 |XT +171| Jn41+1 .
Crjirs el -l " s
e i toter, L -1=3 Jntl Jn1t1
n+1
(6)

In order to estimate the right-hand side, we use property (3), a property that more generally
holds for any finite number of pairwise distinct F;’s as was proved by Deligero and Nakada [1].
Now, observe

g1 +171 Tppr 171
Yo OEXIP< Y m(Fp<l,
J=Tju+1 J=Tjy+1

where the last estimate follows by the definition of j,.
Next, we treat the following sum:

3 EIX:?1X ;] < > m(F;)m(F)

Tin+1 SE<J ST 411 Tjn+1 SE<J ST +1—1

Tjn+1+1_1 2
<<< > m(Fj)> <L

j:tjn+1
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Similarly, we have

> EIXi[1X;? < 1.

Tju+1SE<J KT, 411
Hence, we are left with

‘L—-inJrl"'l_l

3
> Mw&ww{ 3 mm)<L

Tjp+r1SE<j<I<Tj, 411 J=Tjn+1

Plugging the last three estimates into (6) gives property (ii).
For property (iii), observe that by (4),

()=

Moreover, by the definition of j, and the remark succeeding the definition, we have

> Yn) = F(Tjy, 41— 1)

N JN+1

N < F(tjy 42— D+ (F(th-H"‘l — D = F(tjy+2 — 1)) =F(jy+1—D<SN+L
This yields the desired result. O
3. Proof of the invariance principle

The proof of Theorem 2 will rest on the following extension of a theorem of Philipp and Stout
(see Fuchs [4]). We state the result in a simplified form that will be sufficient for our purpose.

Proposition 1. Let &, denote a 2-dependent process of centered random variables on the proba-
bility space (2, A, P) and suppose that

El&.]® < 1

and

V< > gn> ~N.

n<N

Define a stochastic process £(t) on (2, A, P) x ([0, 1], B, ) by

EH)=) &

n<t
Then, as t — 00,

£(t) — W(t) =o((tloglogn)'?), a.s.
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and

(P x x)[it supl&(s) — W(s)| > e} -0

s<t
forall e > 0.

Due to Lemma 3, the sequence &, of the previous section satisfies all the assumptions of the
above proposition. Therefore, we obtain, as t — oo,

£(t) — W(r) =o((tloglogn)'/?), as.

and

(m x x)[% supl&(s) — W(s)| > ei| -0

s<t
for all € > 0, where £(t) = ant &n.
The invariance principle for Z(¢). We prove the following lemma.
Lemma 4. As t — oo,
Z@) —E(t) <t'*7€, s

forall0 <e < 1/6.
Proof. We have

T +1—1 g1 171 3

m|: Z X >n1/2{| <n3/2+3e]E< Z |Xj|> < p=3/2+3€

J=Tjp+1 J=Tjy+1

Consequently, by the Borel-Cantelli lemma,

Tjn+l+|_l
> oxj<nPE s, (7)

/ =Tjn+1
Now, observe

i1+~ 1

doXa— Y X< YD IX

n<N; ngtjm_'_lﬂfl j:fj[t]+1

|Z@t)— &) =

and combining with (7) concludes the proof of the desired result. O
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The above lemma yields, as t — oo,
Z(t) — W) =o((tloglogn'/?), as.

and

(m x A)[\% sup|Z(s) — W(s)| > ej| -0

s<t
for all € > 0. Reformulation gives Theorem 2.
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