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Abstract

In multi-axis machine tool systems, the configuration of system gains and the coordination of redundant degrees of free-
dom are often a problem of insurmountable difficulty. This study explores the use of a nontraditional scheme, the genetic
algorithm, in the configuration of system gains and exploitation of redundant degrees of freedom. The off-line gains con-
figuration functioned as a kind of system design which may serve as a starting point for on-line adaptation. The allocation
of redundant DOF was done on-line. The success in this work inspired the idea of future on-line GA application and the
possibility of integration of GA with other non-traditional algorithms for manufacturing.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The improvement of modern manufacturing system is due to advances in many aspects. The advances
toward high speed and high performance were often confronted with insufficient structural stiffness of tradi-
tional serial structure. This promotes the advent of machine tools of parallel structure. Parallel structure
machine tools are capable of machining sophisticated curved surface. They are simple in construction but
complicated in mathematics. Besides, they prevail only in a limited workspace which is still threatened by sin-
gular points.

It is thus conceivably advantageous to integrate the features of stiffness and speed of parallel structure into
a proven traditional machine tool to form a new breed of multi-axis machine tool with spacious workspace
and ability of continuous path tracking. A hybrid multi-axis machine tool as shown in Fig. 1 was built in this
work to investigate that idea (Fig. 2).
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Fig. 1. A multi-axis machine tool capable of cross-coupled tracking control is composed of a x-y base and a parallel upper structure.
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The concept of system structure was first introduced in (Lue, Cheng, & Chin, 2005) and it was shown that a
cross-coupled pre-compensation tracking control was possible for such a multi-axis machine tool. However,
problem arises in the system configuration involving gains determination and motion coordination between
traditional machine tool base and the parallel upper structure. This is because there are too many gains, eight
driving axis each requires a regular tracking gain, a speed pre-compensation gain, and a contour compensation
gain. The number of gains prohibited an efficient trial and error or even any traditional systematic approach.
Besides, since there are redundant degrees of freedom, a machining point can be approached by different
machine movements, hence motion coordination or allocation emerges as an object (Fig. 3).

Past experiences showed that emerging new technologies often offer chances to solve old problems in a rel-
atively easy way. For example, high contour precision was obtained by mathematically hard-won path gener-
ator (Chin & Lin, 1999), but a simple Fuzzy logic controller could compete with that rigorous path generator
(Chin, Cheng, & Lin, 2003).

This work addressed problem of system gains configuration for a multi-axis machine tool implemented with
sophisticated tracking controls which involved many gains. Besides, the problem of motion coordination for a
system with redundant degrees of freedom was also addressed. Genetic algorithm was chosen to deal with the
problems involved.

A quick review of literature shall help understanding the complexity in advanced tracking control. Histor-
ically position control is the basic performance of machine tools, which often suffices for straight line machin-
ing if implemented with well configured gains. But for profile machining, higher contour fidelity set a need for
contour algorithms. As early as 1957, Sarachik and Ragazzini (1957) proposed the idea of a cross-coupled sys-
tem. But modern cross-coupled control was initiated by Koren’s work (1980). In cross-coupled system, there
are cross-coupled gains to be determined. Later Koren and Lo (1991) proposed variable gains. Chin and Tsai
(1993) used a speed pre-compensation in tracking control which is also useful for flexible robot tracking (Chin
& Lin, 1997a) but pre-compensation gains were needed. Subsequently, Chin and Lin (1997b) combined the
cross-coupled control with the speed precompensation to achieve a system which outstands at higher speed
and higher curvature, but the system requires both cross-coupled gains and pre-compensation gains. For



Fig. 2. Sub-system of parallel structure in multi-axis machine tool system.

Fig. 3. Base platform (left) and upper platform (right) of parallel structure.
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the system with multi-axis like the one in (Lue et al., 2005), the selection of gains is a work of insurmountable
difficulty. The conceptual work in (Lue et al., 2005) used tentative gains obtained by trial-and-error to bring
out simulated results. The real system was built in this work and the gains as well as motion allocation prob-
lems were addressed systematically which were then implemented and tested empirically.

Genetic algorithm (GA) (Fogel, 1988; Scott, 1990) simulated natural selection law to create an artificial sur-
vival and evolution process. The evolution process can be seen as a kind of multi-dimensional search in the
problem domain (Goldberg, 1989). General reviews of the development of GA in different kinds of fields
are reported in (Man, Tang, & Kwong, 1996; Srinivas & Patnaik, 1949). Compared with other optimization
algorithms GA is less likely trapped in local optimization (Yamamoto & Inoue, 1995). Although GA requires
longer computation time, successful implementations were done in determination of variable structure gains
and switching vector (Hussain N, Al-Duwaish, & Zakariya, & Al-Hamouz, 1998; Zakariya, Al-Hamouz,
Hussain, & Al-Duwaish, 1989).

Genetic algorithms have been used in many fields of knowledge, for example planning and scheduling, engi-
neering designs, speech recognition, pattern recognition, parameter and system identification etc (Man et al.,
1996). There are also limited application of GA in control, machine tools and robotics (Tarng, Chuang, &
Hsu, 1999), however, due to the problem of computation time and the nature of unpredictability (Man et al.,
1996), the development of GA in manufacturing and machine tools needs more works before it becomes mature.

The purpose of this study is to explore the genetic algorithms in the configuration of system gains and the
determination of motion coordination/allocation for multi-axis machine tools with redundant degrees of free-
dom in the manufacturing.

2. System construction

The concept of system shown in Fig. 1 was disclosed in (Lue et al., 2005) and constructed in this study. For
the sake of completeness, a brief presentation of the kinematics equations was given here.

2.1. Inverse kinematics

Inverse kinematics finds the lengths of the driving links L1,L2,L3,L4,L5,L6 from the given centroid position
and orientation of the upper platform (x,y,z,a,b,c).

The 6 joint locations of upper platform in the base coordinates can be expressed as:
½bEi� ¼ ½bT e� � ½eEi�; i ¼ 1–6 ð1Þ

where [eEi] = [LeC/i,LeS/i,0,1]T, i = 1–6

The transformation matrix is as follows:
bT e ¼

Cb � Cc �Cb � Sc �Sb x

�Sa � Sb � Ccþ Ca � Sc Sa � Sb � Scþ Ca � Cc �Sa � Cb y

Ca � Sb � Ccþ SaSc �Ca � Sb � Scþ Sa � Cc Ca � Cb z

0 0 0 1

2
6664

3
7775 ¼

n1 o1 a1 p1

n2 o2 a2 p2

n3 o3 a3 p3

0 0 0 1

2
6664

3
7775 ð2Þ
The six joint locations of base platform in the base coordinates are
½bBi� ¼ ½LbChi; LbShi; 0�T; i ¼ 1–6 ð3Þ

The leg lengths can be obtained by calculating:
jLij ¼ jbEi � bBij; i ¼ 1–6 ð4Þ
2.2. Forward kinematics

Forward kinematics finds the centroid position and orientation of the upper platform (x,y,z,a,b,c) from
given leg lengths L1,L2,L3,L4,L5,L6, but the solutions are not unique.



359J.-H. Chin, Y.-C. Chen / Computers & Industrial Engineering 52 (2007) 355–379 359
For a set of Li=1–6, six nonlinear equation shall be solved for (x,y,z;a,b,c):
F iðx; y; z; a; b; cÞ ¼ ½ðbEi � bBiÞ2x þ ðbEi � bBiÞ2y þ ðbEi � bBiÞ2z � � L2
i

¼
X3

j¼1

ðeEx;inj þ eEy;ioj þ pj � bBj;iÞ2 � L2
i ¼ 0; i ¼ 1–6 ð5Þ
A numerical approach was used to solve the above equations. The Taylor series of the above equations are:
F iðP ð1Þ; Lð1ÞÞ ¼ F iðP 0; Lð1ÞÞ þ
X oF i

oP
jP 0

� �
DP ¼ 0; i ¼ 1–6 ð6Þ
where the partial derivatives are
X oF i

oP
jP 0

� �
DP ¼ F iðP ð1Þ; Lð1ÞÞ � F iðP ð0Þ; Lð1ÞÞ; i ¼ 1–6
Eq. (6) is useful in determining the errors DP, and the new position/orientation.
JDP ¼ DF ð7Þ
3. Genetic algorithms for gains configuration and motion coordination

3.1. Basics of genetic algorithms

The basic idea of genetic algorithms is to presume that the solution of a problem is an entity or an individ-
ual represented by a set of parameters. The entity or individual, which can be encoded as strings of values in
binary form, evolves in the process of crossover, mutation, reproduction and selection until a predefined num-
ber of generations is reached or the most fitted appears.

Some basic concepts in GA used in this work are briefed as follows:

(1) Encoding: This is a process converting the set of variables to a string of values in binary form. In this
work the variables are gains of different tracking levels.

(2) Population size: This is the number of strings in the population.
(3) Decoding: This is a process converting the string values to values of physical significance. If a parameter

P with a string length of L is to be converted to a decimal value b, then the range of its decimal value is
[0,2L �1]. Let the corresponding search range be [Pmin,Pmax], then the string can be linearly assigned a
physical value according the following formula
P ¼ P min þ
P max � P min

2L � 1
� b
(4) Fitness: This is the criterion of selection. In the problem involved, tracking precision index IAE is used as
the fitness criterion in system gains configuration and the least movement of the parallel sub-system is
used as the fitness criterion in the motion allocation.

(5) Fitness scaling: This is a measure to prevent premature convergence, which occurs when the fitness val-
ues of individuals become highly biased. Fitness scaling scales the fitness into a reasonable range. After
scaling, the maximum fitness fmax can be several times of the average fitness f 0avg which can be set equal to
the un-scaled average fitness favg, see Fig. 4. An example of fitness scaling is as follows:
f 0 ¼ a � f þ b

f 0max ¼ C � f 0avg

favg ¼ f 0avg
where a, b are coefficients to be determined, C is the scaling factor, f: fitness before scaling, favg: average
fitness before scaling, f 0: average fitness after scaling, f 0max: the maximum fitness after scaling



Fig. 4. Example of fitness scaling.
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(6) Reproduction: A popular reproduction mechanism is the roulette wheel selection scheme. The wheel is
divided into sectors each having area corresponds to the ratio of fitness of a string to the overall or aver-
age fitness. The string with the highest fitness value has the highest proportion of areas thus enjoys the
highest probability of reproduction.If the number in the population is n, and fi is the fitness of the ith
string, then the reproduction probability of ith string pi is
pi ¼
fiPn

i¼1

fi

i ¼ 1–n
The accumulated probability qi is calculated by
qi ¼
Xi

k¼1

pk i ¼ 1–n
Allocate qi onto the roulette wheel and generate a random number r in the range of [0,1]. If qi�1 6 r 6 qi,
then pick up ith string into crossover pool to do crossover maneuvering.

(7) Crossover: There are one-point, multi-point or uniform crossover. Uniform crossover generates offspring
from the parents based on a randomly generated template string or mask. If the bit in the template string
or mask is 1, then the corresponding bits in the parent strings exchanged. Whether the exchange really
occurs is subjected to a crossover rate pc which is usually between 0.5 and 1.0.

(8) Mutation: Mutation convert randomly selected bit from 0 to 1 and vice versa. In nature the mutation
rate is low but in GA the mutation rate pm is usually between 0.001 and 0.005. Mutation functions
not only as genetic trial in new direction but also as a restoring mechanism which can retrieve the lost
but good genetic material.

(9) Maximum generation: This is a termination criterion for the generation cycles. Other criterion is also
possible, for example, the appearance of the string with the required fitness.
3.2. GA procedure for system gains configuration

The structure of the cross-coupled pre-compensated controlled (CCPM) multi-axis machine tool is shown
in Fig. 5. By making gains of different control loops zero, the multi-axis CCPM reduced to different tracking
controls, for example, when KV,Ke were set to zero, the system was a conventional tracking control without
cross-coupled compensation. If only KV was set to zero, the system was a typical cross-coupled control system
(CCS).

Table 1 shows the gains for different levels of tracking controls. Because there are six DOF (x,y, z,a,b,c),
the gains in multi-axis CCPM system contain six terms for each control level.



Table 1
Gains of different tracking levels

Levels Pre-compensation gains Kv Cross-coupling gains Ke Conventional Tracking gains Ke

US 0 0 Non-zero
CCS 0 Non-zero Non-zero
CCPM Non-zero Non-zero Non-zero

Fig. 5. Multi-axis cross-coupled pre-compensation control system [1].
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Ke : Kex;Key ;Kez;Kea;Keb;Kec

Ke : Kex;Key ;Kez;Kea;Keb;Kec

KV : KVx;KVy;KVz;KV a;KV b;KV c
This makes the number of gains to 18 and either analytical or trial and error process would become insur-
mountably tedious and difficult.

In GA configuration, Ke,Ke,KV become variables and the index of average absolute contour errors is cho-
sen as the fitness function:
IAE ¼ 1

N

Xn

i¼1

jeðiÞj
The GA configuration of gains is performed loop-wise, i.e. first set Ke,KV zero and determine Ke for typical
uncoupled tracking system. Based onKe, next set KV zero and determine Ke for cross-coupled tracking system.
Thirdly, with the known Ke,Ke, determine KV for pre-compensated cross-coupled tracking system (CCPM).

The following GA procedure for system gains configuration was created:

1. Randomly create initial population of design variables sets Ke,Ke,KV.
2. Using the design variables sets in the multi-axis tracking system to run a spatial trajectory. Fitness values

IAE are calculated.
3. Execute selection, reproduction, crossover, and mutation to produce new generation of variables set.
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4. Back to step 2 to compute the fitness values IAE for the new generation, until maximum generation is
reached.

5. Pick up the best gains Ke,Ke,KV.

At this stage, the multi-axis machine tool performs its job by exploiting the tracking ability of XY-base.
That is, all displacements in x-, y-direction are performed by X-Y base. An GA-selection for the best-fit solu-
tion of motion allocation is investigated in the next section.

3.3. GA procedure for the best-fit solution of motion coordination between redundant degrees of freedom

The parallel upper structure of the multi-axis machine tool shown in Fig. 1 has six degrees of freedom
(xPS,yPS,z,a,b,c) while the serial X-Y base has 2 degrees of freedom (xXY,yXY). Displacement in x and y
can be obtained by (xPS,yPS) from upper structure or (xXY,yXY) from lower base. The motion coordination
or allocation becomes essential for the sake of efficiency or precision or even detouring singular points if pos-
sible. Since the X-Y base has better tracking precision from nature, it is presumably right to let X-Y base take
more responsibility in tracking. This leads to the object of pursuing least motion by the parallel structure in the
sense of trajectory tracking.

In the process of machining a curved surface the centroid coordinates and orientation of the upper moving
plate are given as command. This is the target trajectory (x,y,z,a,b,c)i, i = 1 . . . n

The nth and (n � 1)th point on the target trajectory are
pn = (x,y,z,a,b,c)n and pn�1 = (x,y,z,a,b,c)n�1, respectively.
The displacement of the multi-axis machine tool between these two points is
Dpn ¼ ðx; y; z; a; b; cÞn � ðx; y; z; a; b; cÞn�1 ¼ ðDx;Dy;Dz;Da;Db;DcÞn ð8Þ
It is reasonable to expect that better results could be obtained by displacement allocation between X-Y base
and the upper parallel structure as follows:
Dpn:PS ¼ ðð1� lxÞDx; ð1� lyÞDy;Dz;Da;Db;DcÞn ð9Þ
Dpn:XY ¼ ðlxDx; lyDyÞn ð10Þ
where PS means parallel structure and lx,ly are weighting ratio, 0 6 lx 6 1, 0 6 ly 6 1 So at the point n the
parallel structure is responsible for the following feeding
pn;PS ¼ pn�1;PS þ Dpn;PS ð11Þ
while X–Y base is responsible for
pn;XY ¼ pn�1;XY þ Dpn;XY ð12Þ
And the point n is the result of contributions from both parallel and serial structure:
pn ¼ pn;PS þ pn;XY ð13Þ
The question now arises: how to optimize the displacement allocation through lx,ly so that an object (here the
fitness function) is satisfied. In order to feed the multi-axis machine tool efficiently, the summation of square
displacement of each moving axis of parallel structure is chosen as the fitness function:
f ðlx; lyÞ ¼
X6

i¼1

ðDliÞ2
The problem is stated as the following format:
To minimizef ðlx; lyÞ ¼
X6

i¼1

ðDliÞ2; i ¼ 1� 6 ð14Þ
Subject to 0 6 lx 6 1, and 0 6 ly 6 1
The following GA procedure was created for optimum allocation between redundant degrees of freedom.
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1. Assume that the displacement at ith trajectory point is (Dx,Dy,Dz,Da,Db,Dc).
2. Create an random initial design variable pair lx,ly.
3. Calculate the corresponding fitness function f ðlx; lyÞ ¼

P6
i¼1ðDliÞ2.

4. Execute selection, reproduction, crossover, and mutation to produce new generation.
5. Go back to step 3 to calculate the fitness function of the new generation. Repeat this procedure until the

maximum generation is reached.
6. The optimized allocation ratio lx,ly emerged.
7. Repeat steps 1–6 for trajectory point i + 1, until the entire trajectory is finished.
4. Experiments and confirmations

4.1. Experimental setups and ARX model

Fig. 6 shows the multi-axis machine tool with its parallel upper structure and XY-base. The range of par-
allel link is 258 mm 6Li 6 308 mm. Radii of base and upper platform are Rb = 150 mm, Re = 120 mm. And
angles are hi = 18�, /i = 18�. The experimental setup is seen in Fig. 1, in which the motions of parallel and
serial substructure are controlled by a personal control through two PCI-8134 four-axis motion control card.
PCI-8134 send impulse commands to the driving motors every 50 ms. Displacements are monitored and fed-
back by six optical scales of 1 lm resolution.

The parallel upper structure has six identical driving mechanisms and the transfer function of which was
identified and modeled by ARX model (Autoregressive External Input Model) as follows.
Fig. 6. Multi-axis machine tool with parallel upper structure and XY-base.
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LiðSÞ ¼
0:1479S2 þ 3:161S þ 297:8

S3 þ 18:79S2 þ 1142S þ 651:2
; i ¼ 1–6 ð15Þ
Fig. 7 is a comparison between the experimental and modeled movement of the parallel driving axis. It is
seen the ARX model can represent the driving axis satisfactorily.

In a similar way, the transfer function of the XY-base can be identified and modeled as follows:
X ðSÞ ¼ 0:237S2 þ 9:691S þ 462:2

S3 þ 12:79S2 þ 2526S þ 43:27
ð16Þ

Y ðSÞ ¼ 0:2041S3 þ 19:76S2 þ 878:7S þ 18840

S4 þ 48:05S3 þ 2865S2 þ 110900S þ 9507
ð17Þ
Figs. 8 and 9 are the comparisons between experimental and modeled x-axis and y-axis behavior, respectively.
Again the modelings are also satisfactory.

4.2. Basic structure and tool-workpiece orientation

Fig. 10 shows the GA optimized multi-axis pre-compensated cross-coupled system for the hybrid machine
tool. This hybrid machine tool is conceived for servicing as a feeding system with centroid coordinates of its
upper platform in the fixed coordinates system (x,y,z, 0,0,�1).

Let S be a continuous curved surface on which a continuous trajectory Pn is to be tracked. The following
basic orientations describe how the hybrid multi-axis CNC machine maintains tool and workpiece
relationship.

(1) Maintaining trajectory point Pi at the same height z as that of tool tip.
(2) Keeping the normal N to the machined surface parallel to the tool axis by movement of (a,b).
(3) Keeping the tangent T at the machining point collinear with the feeding direction by movement of c.
Fig. 7. Comparison between experimental and simulated displacement of parallel link.



Fig. 8. Comparison between experimental and simulated displacement in x-axis.

Fig. 9. Comparison between experimental and simulated displacement in y-axis.
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4.3. Best-fit coordination/allocation by genetic algorithm

The on-line best-fit solution for coordination in Fig. 10 was newly inserted as the 5th step Eqs. (24), (25) in
the following procedures (Lue et al., 2005):



Fig. 10. Block diagram of the GA optimized multi-axis machine tool system.
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(1) Computation, conversion and storage of parameter information S(u,v) for centroid trajectory (P,O)r of
upper platform.

(2) Computation of forward kinematics using actual positions Lt,i=1–6 from optical scales to obtain actual
position and orientation of the centroid (P,O)a and to calculate contour errors Er,Eor.

(3) Formation of new reference position and orientation of the centroid:
P f ðnÞ ¼ P f ðn� 1Þ þ TV ð18Þ
Of ðnÞ ¼ Of ðn� 1Þ þ Tx ð19Þ

From which the feeding errors are calculated as:
EP ðnÞ ¼ EP ðn� 1Þ þ ½P f ðnÞ � P aðnÞ� ð20Þ
EoðnÞ ¼ Eoðn� 1Þ þ ½Of ðnÞ � OaðnÞ� ð21Þ
(4) Creation of driving commands using both contour errors and feeding errors:
U P ðnþ 1Þ ¼ KeEP ðnÞ þ KerErðnÞ ð22Þ
U Oðnþ 1Þ ¼ KoEoðnÞ þ KerEr;oðnÞ ð23Þ
Let Dpn+1 = (Dx,Dy,Dz,Da,D b,Dc)n+1 = (UP(n + 1),UO(n + 1))
(5) Finding best-fit solution for movement coordination/allocation between parallel and serial structure by

genetic algorithm:
Dpnþ1;PS ¼ ðð1� lxÞDx; ð1� lyÞDy;Dz;Da;Db;DcÞnþ1

¼ ðUP ;PSðnþ 1Þ;U O;PSðnþ 1ÞÞ ð24Þ
Dpnþ1;XY ¼ ðlxDx; lyDyÞnþ1 ¼ U P ;XY ðnþ 1Þ ð25Þ
(6) After Inverse Kinematics computation the coordinated commands are calculated and issued to the
respective driving motor.
U Li;i¼1–6 ¼ Inverse�KinematicsðUP ;PSðnþ 1Þ;UO;PSðnþ 1ÞÞ
U P ;XY ðnþ 1Þ ¼ Dpnþ1;XY ¼ ðlxDx; lyDyÞnþ1 ð26Þ
(7) Repeat steps 2–6 until the trajectory is to the end.
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4.4. Tracking with GA-selected system gains but no motion allocation

Three trajectories are used to evaluate the effects of GA best-fit solution. In first phase of evaluation, the
systems are in the optimum gains configuration. But there is no motion allocation and the weighting ratio lx

and ly are both set to 1 which means the XY-base is exploited to its utmost while the parallel structure is
responsible only for (0, 0,Dz,Da,D b,Dc).

Trajectory one evaluates the effects of position-related gains, trajectory two evaluates the effects of orien-
tation-related gains and the trajectory three evaluates the effects of both position- and orientation-related
gains.

4.4.1. Trajectory one (position trajectory)

Trajectory one (see Fig. 11) is of the following mathematical representation:
X(t) = t Æ cos(t);Y(t) = t Æ sin(t); Z(t) = 3t + 260 a(t) = 0; b(t) = 0; c(t) = 0 T = 0–10 s;sampling time =

0.02sec Position = [x(t),y(t),z(t), a(t),b(t),c(t)] Specifications of variables used in GA are listed in Table 2.
Fig. 11. Trajectory one, no orientation variation.

Table 2
Genetic Algorithm parameters for trajectory one

Variables Values

String bits Ke, Ke, Kv are all 20 bits
Population 40
Generations 60
Reproduction strategy Roulette wheel selection
Crossover strategy Uniform
Crossover rate Pc 0.85
Mutation rate Pm 0.006
Range of system parameter Ke 0–5
Range of system parameter Ke 0–5
Range of system parameter Kv 0–2000
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Fig. 12 and Table 3 show the comparison of contour errors produced by US, CCS and CCPM for tracking
trajectory one. Since US system has no cross-coupled compensation, it produces the greatest contour errors.
CCS and CCPM are comparable systems while the latter offers slightly better results. Cross-coupling compen-
sation of CCS and CCPM reduce contour errors but the errors fluctuate.

4.4.2. Trajectory two (orientation trajectory)

Trajectory two (see Fig. 13) is described by the following equation:
X(t) = 0; Y(t) = 0; Z(t) = 130 a(t) = 7cos(t) · p/180; b(t) = 7sin(t) · p/180; c(t) = 0 T = 0–10 s; sampling

time = 0.02sec Position = [x(t),y(t),z(t),a(t),b(t),c(t)]
Specifications of variables used in GA are listed in Table 4.
The procedures in the GA computation are similar to those in position trajectory but only the orientation-

related gains (i.e. Kea, Keb,Kea,Keb,KVa, KVb) exist.
Fig. 12. Comparison of position contour errors produced by different leveled control system for tracking trajectory one.

Table 3
System gains and tracking results for trajectory one

Kv Ke Ke IAE jEr,maxj
US x 0 0 0.0004 7.0059 15.0577

y 0.0001
z 0.0001

CCS x 0 1.9197 0.0004 0.1085 0.3994
y 1.9286 0.0001
z 1.8181 0.0001

CCPM x 1967 1.9197 0.0004 0.0972 0.3737
y 1700.2 1.9286 0.0001
z 1237.9 1.8181 0.0001



Fig. 13. Trajectory two, an orientation trajectory.

Table 4
Genetic Algorithm parameters for trajectory two

Variables Values

String bits Ke, Ke, Kv are all 20 bits
Population 40
Generations 60
Reproduction strategy Roulette wheel selection
Crossover strategy uniform
Crossover rate Pc 0.85
Mutation rate Pm 0.006
Range of system parameter Ke 0–5
Range of system parameter Ke 0–5
Range of system parameter Kv 0–100
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Fig. 14 shows the contour errors produced by US, CCS and CCPM for tracking trajectory two. It is seen
the US system produced the greatest contour errors but the there are no error fluctuations. Cross-coupled sys-
tem suppressed the contour errors but the errors fluctuated while the trend of overall error profile remained
the same. Interesting is that CCPM brings about the best contour precision and error profile did not exist. This
is the effect of ‘‘speed pre-compensation’’ which has been proven a curvature cruncher. Table 5 gives numerical
values of gains and errors, which the performance of CCS and CCPM can be readily recognized.

4.4.3. Trajectory three (position and orientation trajectory)
Trajectory three (Fig. 15), which contains both position and orientation variations, is described by the fol-

lowing equation:
X(t) = t Æ cos(t); Y(t) = t Æ sin(t); Z(t) = t + 130 a(t) = t Æ cos(t) · p/180; b(t) = t Æ sin(t) · p/180; c(t) = 0

T = 0–10 s; sampling time = 0.02 s Position = [x(t),y(t),z(t),a(t),b(t),c(t)]



Fig. 14. Orientation contour errors produced by US, CCS and CCPM control system for tracking trajectory two.

Table 5
Optimum system gains and tracking results for trajectory two

Kv Ke Ke IAE jEr,maxj
US a 0 0 0.5 0.0231 0.0444

b 0.595
c 0

CCS a 0 1.9928 0.5 0.0082 0.0193
b 1.8912 0.595
c 0 0

CCPM a 39.583 1.9928 0.5 0.0014 0.006
b 39.991 1.8912 0.595
c 0 0 0
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Specifications of variables used in GA for trajectory three are listed in Table 6.
The procedures in the GA computation are similar to those in trajectory one or two but with all gains pres-

ent (i.e. Kex,Key,Kez, Kex,Key,Kez,KVx,KVy, KVz and Kea,Keb,Kea, Keb,KVa,KVb are all non-zero).
Fig. 16 shows the tracking results of US, CCS and CCPM system. Again the system without cross-coupling

compensation (US) has the greatest yet least dynamic contour errors. Cross-coupling compensation (CCS)
suppressed the magnitude of contours errors but the errors were more dynamic, and the overall error envelope
did not carry any similarity to that of the US system. Table 7 gives detailed information about error index IAE
and the maximum contour error. It is seen that Pre-compensated cross-coupling compensation (CCPM) has
slightly lower IAE for both orientation and position but only slightly lower maximum error for orientation
than CCS. Fig. 17 tells a different story for orientation trajectory, in which all three tracking carried similar



Fig. 15. a. Position trajectory of trajectory three. b. Orientation trajectory of trajectory three.

Table 6
Genetic Algorithm parameters for trajectory three

Variables Values

String bits Ke, Ke, Kv are all 20 bits
Population 40
Generations 60
Reproduction strategy Roulette wheel selection
Crossover strategy Uniform
Crossover rate Pc 0.85
Mutation rate Pm 0.006
Range of system parameter Ke 0–5
Range of system parameter Ke 0–5
Range of system parameter Kv 0–1000
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error envelope. The US system subjected to the most dynamic orientation errors while the CCPM the least.
This phenomenon is the reverse of the results shown in Fig. 16 for position trajectory.
4.5. Tracking with optimized motion allocation between redundant degrees of freedom

The tracking in the last section were done with optimum system gains and one pre-occupation: all x-, y-
displacement were done by XY-base and the driving activity of parallel structure was hold minimum. This
is based on the idea that conventional serial structure is simple and mature and hence superior in tracking pla-
nar trajectory. However, it is interesting to see if a motion allocation between parallel and serial structure
makes any sense.

Genetic algorithm is newly implemented in Eqs. (24) and (25) to find the optimized motion allocation, i.e.
the optimized lx and ly.

Table 8 lists the variables used in GA implementation for motion allocation.
4.5.1. Trajectory one (position trajectory) tracked with motion allocation

Table 9 is the comparison between tracking without (lx,ly= 1) and with optimum motion allocation for
trajectory one. It shows the motion allocation reduced the maximum contour error, but generated bigger



Fig. 16. Comparison of position contour errors produced by US, CCS and CCPM control system for tracking trajectory three.

Table 7
Optimum system gains and tracking results for trajectory three

Kv Ke Ke IAE jEr,maxj
US x 0 0 0.000498 2.8384 6.9873

y 0.000473
z 0.000130
a 1.999600 0.0355 0.099
b 0.290500
c 0.000000

CCS x 0 1.9701 0.000498 0.0839 0.3345
y 1.6925 0.000473
z 1.7192 0.000130
a 0.0071 1.999600 0.0355 0.093
b 0.0194 0.290500
c 0 0.000000

CCPM x 954.8721 1.9701 0.000498 0.0788 0.4247
y 802.3184 1.6925 0.000473
z 760.4721 1.7192 0.000130
a 2.3056 0.0071 1.999600 0.0154 0.0704
b 3.8527 0.0194 0.290500
c 0 0 0.000000
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IAE. Fig. 18 shows the contour errors obtained without and with motion allocation. It is apparently seen that
the error fluctuation is bigger for not allocated tracking. The IAE of allocated tracking is slightly higher, this is
because of the smaller error fluctuation, i.e., the differences between upward and downward error peaks are
smaller. It can be said that, thanks to the smaller error fluctuation, allocated tracking produced smoother



Fig. 17. Comparison of orientation contour errors produced by US, CCS and CCPM control system for tracking trajectory three.

Table 8
Genetic algorithm variables

Variables Values

String bits lx,ly are 10 bits
Population 20
Generations 10
Reproduction strategy Roulette wheel selection
Crossover strategy Uniform
Crossover rate Pc 0.85
Mutation rate Pm 0.006
Range of system parameter lx 0–1
Range of system parameterly 0–1

Table 9
Contour error comparison between ‘‘without’’ and ‘‘with’’ motion allocation

IAE jEr,maxj
CCPM 0.0972 0.3737
CCPM(GA) 0.11 0.264
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trajectory. Fig. 19 shows the variation of motion allocation with time. It is to note that the calculations of lx

and ly are on-line. Figs. 20, 21 are spatial trajectory tracked without and with motion allocation, respectively.
It is seen that motion allocation produced smoother trajectory.



Fig. 18. Contour errors without (upper) and with (lower) motion allocation.

Fig. 19. Time history of lx,ly.
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4.5.2. Trajectory two (orientation trajectory) tracked with motion allocation

Trajectory two is a pure orientation trajectory with (Dx,Dy) always equal to zero. For trajectory of this
kind, the linear motion allocation is irrelevant.

4.5.3. Trajectory three (position and orientation trajectory) tracked with motion allocation

Table 10 is the comparison between results without and with motion allocation. Again it is seen the motion
allocation produced smaller maximum contour error but slightly bigger average contour error. Table 11 is the
same comparison for orientation. As could be expected, the motion allocation in x, y has no effects on the orien-
tation. Fig. 22 shows the contour errors without and with motion allocation. The optimum motion allocation



Fig. 20. Spatial trajectory tracked without motion allocation.

Fig. 21. Spatial trajectory tracked with motion allocation.

Table 10
Contour errors without and with motion allocation

IAE jEr,maxj
CCPM 0.0788 0.4247
CCPM(GA) 0.0903 0.2343
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brings about quite different results of smaller error fluctuation, although the average error index IAE shows slight
(15%) increase. Fig. 23 shows the fact of irrelevance of linear motion allocation on orientation tracking.

Fig. 24 is the time histories of on-line calculated lx,ly. This figure shows that the optimum motion alloca-
tion does not coincide with the simple idea of exploiting XY-base to its utmost (i.e. set lx,ly=1). Fig. 25 shows
the spatial trajectory without and with optimized lx,ly. Fig. 26 shows the orientation trajectory without and
with optimized lx,ly.



Fig. 22. Contour errors without (left) and with (right) motion allocation.

Fig. 23. Orientation contour error without (left) and with (right) optimized lx,ly.

Table 11
Orientation errors without and with motion allocation

IAE jEr,maxj
CCPM 0.0154 0.0704
CCPM(GA) 0.0154 0.0704
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5. Conclusions

The sophistication of modern multi-axis machine tools increases the number of system gains. Besides, mod-
ern multi-axis machine tools often possess redundant degrees of freedom and the adequate exploitation of dif-
ferent degrees of freedom posts a new challenge. The configuration of system gains and motion allocation of
sophisticated manufacturing machine tools, either mathematically or by trial and error, are often very difficult.
Genetic algorithm has the nature of solving complex, conflicting and mathematically difficult problems.
Although the GA needs longer computation time and has the nature of unpredictability, its potential contri-
bution to modern manufacturing system is still worth investigating.



Fig. 24. Time history of lx(left), ly(right).

Fig. 25. The spatial trajectory without (left) and with (right) optimized lx,ly.

377J.-H. Chin, Y.-C. Chen / Computers & Industrial Engineering 52 (2007) 355–379 377
This work explored the genetic algorithms in finding the best-fit solution of system gains and motion allo-
cation between redundant degrees of freedom for modern multi-axis machine tools. Standard GA was devel-
oped for a hybrid multi-axis system with 18 system gains. The following points can be concluded:

(1) An off-line optimum configuration of system gains by GA is successful and meaningful. The off-line con-
figuration can be seen as a kind of system design which offers a good starting point for further on-line
adaptation.



Fig. 26. Orientation contour errors without (left) and with (right) optimized lx,ly.
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(2) In the best-fit solution of motion allocation, an on-line GA operation to the working frequency of 20 ms
is reached. This time depends on the population size, string length, maximum number of generations,
etc. By suitably configuring these factors, a reduction of selection time while maintaining an acceptable
motion allocation quality is thinkable.

(3) The operation of redundant degrees of freedom of modern multi-axis machine tools is an algorithm
dependant problem which does not coincide with the instinct idea of exploiting the best part of machine
structure.

(4) A GA-selected best-fit motion coordination/allocation results in smaller absolute contour error but
slightly bigger average errors, which reflects smaller error fluctuation and smoother tracked profile. A
GA-selected best-fit motion coordination/allocation may require less finishing after machining.

In the experience gathered in this work, the unpredictability was not observed and the overall results are
encouraging. An illustrating future is the integration of genetic algorithms with fuzzy logic system or neural
networks. The two weakness of GA, longer computation time and the unpredictability of evolution, may be
relieved or even removed if combined with fuzzy logic system or neural networks. The combination could lead
to emerging new technology for machines used in manufacturing. It should also be noted that the problem of
unpredictability, stability and safety of GA requires tremendously extensive studies in the future before it
becomes fail-proof. This can be of future interests of studies.
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