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Abstract

Two computationally simple methods are proposed to evaluate the distribution function and
the density of the square of the sample multiple correlation coefficient. No auxiliaty routine
is required. The accuracy of recursive computations can be effectively controlled. The distribu-
tion function and the density can be evaluated concurrently because their computing formulas
are closely related. This property can enhance efficiency of Newton’s method for computing
the quantiles of the distribution. The corresponding algorithms are provided in a step-by-step
form.
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1. Introduction

Let X{,X,, ...,X,, have a multivariate normal distribution with mean vector
i and covariance matrix X, and R be the sample multiple correlation coefficient
between X; and X, ..., X,, based on a sample of size N > m. The density of
Y = R? can be expressed as an infinite weighted sum of central beta densities as
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follows (see, e.g., Anderson, 1984, p. 145):
f(y;m, N, p?)

_ i FZ[(N _ 1)/2 + l] (pz)l(l _ p2)(N—1)/2y(m—1)/2+i—1(1 _ y)(N—m—Z)/z
= I'EN —1/21itFm — 1)/2 + i TN — m)/2]

18

i=0

where 0 <y <1, p is the population multiple correlation coefficient, I'(«) is the
gamma function, a=(m —1)/2, b=(N —m)/2, qs=T(a + b +i)/T'(a + b)i!)
(p?) (1 — p%)**®, and f(y; a, b) is the central beta density with shape parameters
a and b. The distribution function of Y can, similarly, be expressed as an infinite
weighted sum of central beta distribution functions. That is,

P(Y <) = F(y; m N, p?) = ¥ aiF(y;a+ib) @

i=0

where F(y; a, b) is the central beta distribution function with shape parameters
a and b. A recursive algorithm for evaluating F(y; m, N, p?) based on the series
representation in (2) was given by Ding and Bargmann (1991a). The algorithm sums
up the terms in (2) until the derived upper bound for the error of truncation is less
than some predetermined accuracy. Auxiliary routines for evaluating F(y; a, b) and
the natural logarithm of the gamma function are required. Ding and Bargmann
(1991b) also computed the quantile y, such that f(y,; m, N, p?) = p for given values
of m(> 1), N(> m), p?(0 < p? < 1), and p(0 < p < 1) by using the Illinois method.
In this paper, computationally simple methods are proposed to evaluate F(y;
m, N, p?) (based on an alternative series representation) and F(y; m, N, p?) (based
on the series representation in (1)). No auxiliary routine is required. The computa-
tional accuracy can be effectively controlled by using the error bounds obtained.
Moreover, the recurrence formulas for computing F(y; m, N, p?)and f(y; m, N, p?)
are closely related, and therefore F(y; m, N, p?) and f(y; m, N, p?) can be evalu-
ated concurrently. This property can enhance efficiency of Newton’s method
for computing the quantile y,. The corresponding algorithms are provided
in a step-by-step form. Numerical methods and the resultant algorithms basi-
cally follow those given in Ding (1994) for computing the noncentral beta distribu-
tion, which is an infinite weighted sum of central beta distributions with Poisson
weights.

2. Numerical methods

The numerical methods discussed in this section for evaluating F(y; m, N, p?)
and f(y; m, N, p?) is for 0 < y < 1. No computation is needed for y=0or y = 1
since f(0; m, N, p*) = f(1; m, N, p*) = F(0; m, N, p*) = 0, and F(1; m, N, p*) = 1.
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A recursive formula for evaluating F(y; a + i, b) in (2) was given by Ding (1994)
as follows:

. N .
F(y; b e : k+1,b , i=01,.., (3
(ya+l ) Z( +b+k)f(ya+ + ) kz;itk l ()
where
_ T@+d) .
v=rapre )

It follows that F(y; m, N, p*) can be expressed by a new series in term of central
beta densities:

F(y;m N, p*) = i q,-( in)

i=0

= Z U;li, (%)
i=0

where the terms are evaluated recursively by

2)a+b,

vo=qgo=(01—p
V=014 ¢q, qgi=q-la+b+i—10(p*)/i, i>1,
t;,i>0, asin (4). (6)

Since m and N are both integers, the gamma function in (4) is easy to evaluate in
a sense that I'(a) = (o — 1)! if « is an integer, and I'(x) = (« — 1). .. zf if o is
a half-integer. F(y; m, N, p?) can be approximated by the finite sum Y92/ v;t;. Let
EF, denote the error of truncation. Using the facts that Y2 ,4; =1 (see, e.g.,
Abramowitz and Stegun, 1965, p. 556), and Y2, t;<t,_,y(a+b+n—1)/
[@+n)—(@a+b+nmy]lifa+n>(a@+b+n)y(see Dlng, 1994), we have, under
the same condition,

o

EF,=)Y v Z i <tpya+b+n—1/[la+n—-@+b+nyl. ()
I=n i=n

The error bound given above is a decreasing function of n when
a+n>(a+b+n)y. To evaluate F(y; m, N, p?), accumulate the terms in (5),
computed recursively through (6), until the error bound is not greater than a speci-
fied accuracy . In fact, the evaluation of F(y; m, N, p?) requires no auxiliary
routine.

The density f(y; m, N, p?) of Y expressed in (1) is another series in terms of
central beta densities. Its terms can be evaluated recursively, and are related to
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those of (5) as follows:

Ingk]

f(y;m N, p*) =

12

g f(y;a+iby= z qiSi, @®)
i=0

0

where

I'a+b
So =%;Tb)) VL =y = ate/y/(1 — ),

si=siaqyla+b+i—1/(a+i—1)
=tia+b+i-1)/1—-y), i=>1, (9)
q; and t;, i > 0, are those in (6).

Let Ef, be the truncation error at i = n for the series in (8). Since the sequence
{s;}(i = n) is decreasing when a + n>(a + b + n)y, we have, under the same
condition,

© 0 n—1
Efn = Z q;5; < Z qiSn = Sn<1 - z q:) = Sn(1 - Un—l)- (10)
i=n i=n i=0

Likewise, the above error bound is a decreasing function of n, and is used to control
the accuracy of the evaluation of f(y; m, N, p?). Again, the evaluation of f(y;
m, N, p*) requires no auxiliary routine.

Let G(y) = F(y; m, N, p*) — p. The quantile y, is to be obtained by solving the
equation G(y) = 0. Since G(0) = — p, G(1) = 1 — p, and G is strictly increasing in
[0, 1], the solution y, of G(y) =0 is unique. An efficient root-finding method is
Newton’s method, which requires the evaluations of both of F(y; m, N, p?) and
G'(y) = fly; m, N, p*). The process is to repeat computing (see, e.g., Kennedy and
Gentle, 1980, pp. 72-73)

_ [F(yj’ m, Napz) —p]
f(y]; maN’pz) ’

until |y;+1 — y;| < 0y;+,, where 8 is a specified accuracy. It is obvious that v, =0
for p=0and y, =1 for p=1. No computation is needed for these cases. For
0 < p <1, perform iterations (11) with the starting value y, = 0.5. For each iter-
ation, F(y;;m, N, p?) and f(yj; m, N, p?) can be evaluated concurrently rather than
independently because their computing formulas (5) and (8) are closely related. This
property can greatly enhance the computational efficiency of Newton’s method. To
ensure the legality of the iterate y;, ;, use the same adjustments as in Ding (1994): if
Yi+1 <0, replace it by y;/2; if y;., > 1, replace it by (y; + 1)/2. Note that the
evaluations of F(y;; m, N, p?) and f(y;; m, N, p?) should be precise enough so that
the accuracy of Newton’s solution y, can be ensured. Also, the number of iterations
should be controlled.

.Vj+1=yj j=0,1,..., (11)
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3. Algorithms

According to the formulas discussed in Section 2, we provide three effective
algorithms in a step-by-step form for evaluating F(y; m, N, p?),f(y; m, N, p*), and
the quantile y,. The algorithm for computing y, is particularly efficient.

Algorithm A. This algorithm computes the distribution function F(y; m, N, p*) of
Y = R? for given values of y(0 < y < 1), m(> 1), N(>m), and p*>(0 < p? < 1).

A1 (Specify the accuracy). Set EPS « ¢ (some desired accuracy, e.g., 10~9).

A2 (Set the constants). Set a < (m — 1)/2, b« (N —m)/2.

A3 (Initialize). Setn « 1,t « (I'(a + b)/T'(a + )T (b)) y*(1 — )b, g < (1 — p?)**?,
v« q, CDF « ut.

A4 (Comparea+n,(a+b+n)y).lf a+n>(a+ b+ n)y, go to step A6.

AS (Update the term and then accumulate. Then increase n by 1). Set
g—qla+b+n—1)(p*/n, v—v+gq, ttyl@a+b+n—1)/(a+n), CDF+«
CDF +vt, n+n + 1, and return to step A4.

A6 (Find the error bound and check for convergence). Set bound «
tyla+b+n—1)/((a+n)—(a+ b+ n)y). If bound < EPS, terminate the algo-
rithm. (CDF is the answer.)

A7 (Update the term and then accumulate. Then increase n by 1). Set
g—qla+b+n—1)(p*)/n, vev+gq, t—tyla+b+n—1)/(a+n), CDF«
CDF + vt, n+n + 1, and return to step A6.

Algorithm B. This algorithm computes the density f(y; m, N, p?) of Y = R? for
given values of y(0 < y < 1), m(> 1), N(> m), and p?(0 < p* < 1).

B1 (Specify the accuracy). Set EPS « ¢ (some desired accuracy, e.g., 107°).

B2 (Set the constants). Set a « (m — 1)/2, b — (N — m)/2.

B3 (Initialize). Set n 1,5 < (I'(a + b)/T(@ (b)) y*1(1 — yP~ L, g (1 — p?)**?,
v+ q, PDF < gs.

B4 (Compare a +n, (a+ b + n)y). If a+ n>(a + b + n)y, go to step B6.

BS (Update the term and then accumulate. Then increase n by 1). Set
g—qla+b+n—1)(p*)/nvev+gq, sesyla+b+n—1)/(a+n—1), PDF «
PDF + gs, n+<n + 1, and return to step B4.

B6 (Find the error bound and check for convergence). Set bound «
sy@a+b+n—1)(1 —v)/(a+n—1). If bound < EPS, terminate the algorithm.
(PDF is the answer.)

B7 (Update the term and then accumulate. Then increase n by 1). Set
geqa+b+n—-10)p*)/nvev+gq s—syla+b+n—1)/(a+n—1), PDF «
PDF + gs, n«<n + 1, and return to step B6.

Algorithm C. This algorithm computes the quantile y, of the distribution of Y = R?
such that F(y,; m, N, p*) = p for given values of m(> 1), N(>m), p*(0 < p*> < 1),
and p(0 <p < 1).

C1 (Specify the accuracy and the maximum number of Newton’s iterations al-
lowed). Set EPS « ¢ (some desired accuracy, e.g., 10~ °, for computing F(y; m, N, p?)
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and f(y; m, N, p*)), DELTA « é (some desired accuracy, e.g., 10~ 4, for computing
Vp), ITRMAX < N, (an integer, e.g., 10, for controlling the number of Newton’s
iterations).

C2 (Set the constants). Set a<«m—1)/2, be(N—m)2, coeff
Ia+b)/T(@+ 1)I'D), go (1 —p*)*.

C3 (Loop on k, Newton’s iteration). First initialize y by setting y « 0.5. Then perform
steps C4-C10for k = 1,2, ... ,ITRMAX. (Steps C4-C10 constitute one iteration.)

C4 (Initialize within each iteration). Set n « 1, t « coeff y*(1 — y)%, s «at/y/(1 — y),
g« qo, V< g, CDF «vt, PDF « gs.

C5 (Compare a +n,(a + b+ n)y). If a+n>(a+ b + n)y, go to step C7.

C6 (Update the term and then accumulate for both of F(y; m, N, p?) and f(y;
m, N, p?). Then increase n by 1). Set g«—q(a+b+n—1)(p?)/n, vev+q,
s—tla+b+n—-1)/1—-y), tetyla+b+n—1)/(a+n), CDF« CDF + ot,
PDF « PDF + gs, n«<n + 1, and return to step C5.

C7 (Find the corresponding error bounds). Set bndcdf <« ty(a+ b +n—1)/
(@+n) —(a+b+ny),bndpdf —t(a+b+n— 1)1 —v)/(1 —y).

C8 (Check for convergence). If bndcdf < EPS and bndpdf < EPS, go to step C10.

C9 (Update the terms and then accumulate for F(y; m, N, p?) and/or f(y;
m, N, p?). Then increase n by 1). Set g<qla+ b +n— 1)(p?)/n, v=v+gq. If
bndcdf < EPS, set sesy(@a+b+n—1)/(a+n—1), PDF« PDF +gs,
n<n-+ 1, bndpdf —sy(a+ b +n— 1)(1 —v)/(a +n — 1), and return to step C8;
otherwise if bndpdf < EPS, set t —ty(a+ b +n — 1)/(a + n), CDF « CDF + ut,
nen+ 1, bndcdf — ty(a+ b +n—1)/((a + n) — (a + b + n)y), and return to step
C8; otherwise set s—tla+b+n—1)/(1—y), t<tyl@a+b+n—1)/(a+ n),
CDF « CDF + vt, PDF « PDF + gs, n+n + 1, and return to step C7.

C10 (Find new y and check for convergence of Newton’s process). Set
diff « (CDF — p)/PDF. If y — diff <0, set y « y/2; otherwise if y —diff > 1, set
y < (y + 1)/2; otherwise set y « y — diff. If |diff|/y < DELT A, terminate the algo-
rithm. (y is the answer.)

C11 (Output error message). Terminate the algorithm with the message “No
convergence after N, iterations”.

FORTRAN codes based on the above algorithms are available upon request.
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