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Monte Carlo simulations of stress relaxation of entanglement-free Fraenkel
chains. I. Linear polymer viscoelasticity
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Shear stress relaxation modulus GS�t� curves of entanglement-free Fraenkel chains have been
calculated using Monte Carlo simulations based on the Langevin equation, carrying out both in the
equilibrium state and following the application of a step shear deformation. While the
fluctuation-dissipation theorem is perfectly demonstrated in the Rouse-chain model, a quasiversion
of the fluctuation-dissipation theorem is observed in the Fraenkel-chain model. In both types of
simulations on the Fraenkel-chain model, two distinct modes of dynamics emerge in GS�t�, giving
a line shape similar to that typically observed experimentally. Analyses show that the fast mode
arises from the segment-tension fluctuations or reflects the relaxation of the segment tension created
by segments being stretched by the applied step strain—an energetic-interactions-driven process—
while the slow mode arises from the fluctuations in segmental orientation or represents the
randomization of the segmental-orientation anisotropy induced by the step deformation—an
entropy-driven process. Furthermore, it is demonstrated that the slow mode is well described by the
Rouse theory in all aspects: the magnitude of modulus, the line shape of the relaxation curve, and
the number-of-beads �N� dependence of the relaxation times. In other words, one Fraenkel segment
substituting for one Rouse segment, it has been shown that the entropic-force constant on each
segment is not a required element to give rise to the Rouse modes of motion, which describe the
relaxation modulus of an entanglement-free polymer over the long-time region very well. This
conclusion provides an explanation resolving a long-standing fundamental paradox in the success of
Rouse-segment-based molecular theories for polymer viscoelasticity—namely, the paradox between
the Rouse segment size being of the same order of magnitude as that of the Kuhn segment �each
Fraenkel segment with a large force constant HF can be regarded as basically equivalent to a Kuhn
segment� and the meaning of the Rouse segment as defined in the Rouse-chain model. The general
agreement observed in the comparison of the simulation and experimental results indicates that the
Fraenkel-chain model, while being still relatively simple, has captured the key element in energetic
interactions—the rigidity on the segment—in a polymer system. © 2007 American Institute of
Physics. �DOI: 10.1063/1.2431648�

I. INTRODUCTION

It has been shown that many aspects of the linear vis-
coelasticity of an entanglement-free polymer melt is well de-
scribed by the Rouse theory.1–5 In a viscoelastic spectrum,
the agreement between theory and experiment is limited to
the region below the modulus level corresponding to the mo-
lecular weight of a single Rouse segment that can be as-
signed to the polymer system—for instance, below
��RT /m=3.8�107 dyn/cm2, corresponding to the Rouse-
segmental molecular weight m�850 in the case of
polystyrene.6–16 In other words, the agreement occurs only in
the frequency region slower than the motion associated with
a single Rouse segment or equivalently the relaxation rate of
the highest Rouse mode. Because of the entropic-force con-
stant on the Rouse segment, this region may be referred to as
the entropic region and the relaxation processes in it as
entropy-driven dynamics. The entire viscoelastic spectrum in
the entropic region follows the same temperature depen-

dence, indicating that thermorheological simplicity is fol-
lowed in the region. This is expected from the Rouse theory;
namely, the frictional factor associated with the Rouse seg-
ment carries the temperature dependence of the viscoelastic
behavior. In the frequency region faster than the motion of a
single Rouse segment, the modulus of the relaxation process
is much higher—ranging from �4�107 to �1010 dyn/cm2

for polystyrene. The high modulus is due to the strong ener-
getic interactions among segments, both intrachain and inter-
chain; the segmental motions in this region may be properly
referred to as energetic-interactions-driven dynamics, which
has also been referred to in the literature as the glassy relax-
ation or the structural relaxation or the � relaxation. It has
been widely observed that as the temperature approaches the
glass transition temperature Tg from above, the energetic-
interactions-driven dynamics has a temperature dependence
stronger than that of the entropy driven.17–24 Thus, when the
whole range of the viscoelastic response �relaxation modu-
lus, viscoelastic spectrum, or creep compliance� is taken into
consideration, the thermorheological simplicity does not
hold. Recently, the basic mechanism for the thermorheologi-a�Electronic mail: yhlin@mail.nctu.edu.tw
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cal complexity in polystyrene has been analyzed, showing
that the effect as related to Tg behaves in a universal way
within the polystyrene system, entangled or not.15,25 While it
has been extensively shown that the Rouse-segment-based
molecular theories, the Rouse theory1–5 for the entanglement-
free system and the extended reptation theory3,15,26–28 �ERT�
for the entangled system, describe the viscoelastic responses
in the entropic region successfully in a quantitative way, the
structural-relaxation process can only be analyzed phenom-
enologically, often in terms of a stretched exponential form.
In other words, we have a quite limited understanding of the
structural-relaxation process at the molecular level. In this
study, using the Monte Carlo simulation based on the Lange-
vin equation,3,14 we compute the relaxation modulus curves
of the model systems which contain a proper kind of inter-
action potential—the Fraenkel chains,29 shedding light on the
coexistence of and the interrelation between the energetic-
interactions-driven and entropy-driven dynamic processes.

II. MONTE CARLO SIMULATION OF THE LANGEVIN
EQUATION

In the Monte Carlo simulation, the continuous change in
time, dt, in the Langevin equation is replaced by a small time
step, �t. For a chain with the positions of the beads at time
step i denoted by �Rn�i��, the simulation form of the Lange-
vin equation is expressed by

Rn�i + 1� = Rn�i� +
d2

2
	Fn�i�

kT

 + dn�i� , �1�

where Fn�i� is the force on the nth bead at the ith time step
arising from the interaction potential; the random step vector
dn�i� is characterized by the following first and second mo-
ments:

�dn�i�� = 0 �2�

and

�dn�i�dm�j�� = d2I�nm�ij , �3�

with I being a unit tensor.
Then the relaxation modulus can be calculated from the

Monte Carlo simulation after a step shear deformation

E = 
1 � 0

0 1 0

0 0 1
� �4�

is applied to the polymer chain in an equilibrium state at t
=0. Following the application of the step deformation E, the
evolution of �Rn�i�� is calculated according to Eq. �1�, and
the stress relaxation of a chain with N beads, normalized to
per segment, is given by

Sxy��,i� =
1

�N − 1��n=1

N

�Fnx�i�Yn�i�� . �5�

For the simulation, a large number of identical relaxation
processes following a step deformation are repeated and ac-
cumulated for averaging, as denoted by the angular brackets
in Eq. �5�. Before a new cycle is repeated, the system must

run for a sufficiently large number of time steps to reach an
equilibrium state. To prevent some residual memory from
accumulating, the step deformation may be applied in a cy-
clic manner, as done in this study; if the E given by Eq. �4�
is referred to as a deformation in the x direction and denoted
by x, the deformation cycle x→−x→y→−y→z→−z is re-
peated and following each step deformation, the physically
equivalent stress component is collected for averaging. Al-
though the cyclic scheme is used for averaging throughout
the simulation study as reported in this paper and the com-
panion paper,30 to conveniently discuss the anisotropy intro-
duced by the deformation, the obtained results will be dis-
cussed with respect to Eq. �4� as the chosen direction of
deformation—in other words, the shear stress is denoted by
the xy component. Denoting the thus averaged shear stress
relaxation as Sxy�� , i�, the relaxation modulus per segment is
given by

GS�i� = −
Sxy��,i�

�
. �6�

In this study, we are mainly interested in the linear relaxation
modulus. In accordance with the fluctuation-dissipation theo-
rem, the relaxation modulus equivalent to that given by Eq.
�6� in the linear region of � can be calculated from31–33

GS�i� =
1

6�N − 1�kT
�

���

�J���0�J���i��

=
1

6I�N − 1�kT
�
i0=1

I

�
���

J���i0�J���i0 + i� , �7�

with �, � denoting x, y, z, where

Jxy�i� = �
n=1

N

Fnx�i�Yn�i� , �8�

and I represents a large number of iteration �typically �104�.
Although in the simulation we use all the six combinations
of J���t� �with ���� for averaging in calculating the time-
correlation function, in our discussion below, we shall use
the xy component as the representative of the shear stress.
The simulation result as obtained through Eq. �6� is referred
to as the step-strain-simulation GS�t�, as opposed to the
equilibrium-simulation GS�t� obtained through Eq. �7�.

For a Rouse chain, the force on an internal bead is given
by2,3

Fn�i� = −
3kT

�b2�
�2Rn�i� − Rn+1�i� − Rn−1�i�� . �9�

An equivalent equation can be written for the end beads: n
=1 or N. Throughout our calculations we have set �b2�=1.

The relaxation modulus contributed by a single Rouse
chain—averaged in a mean field—with N beads or molecular
weight M is given by2,3

kT�R�t,M� = kT�
p=1

N−1

exp	−
t

	p

 , �10�

where the relaxation time of the pth normal mode, 	p, is
given by

074902-2 Y.-H. Lin and A. K. Das J. Chem. Phys. 126, 074902 �2007�
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	p =

�b2�

24kT sin2�p�/2N�
=

K�2M2

24N2 sin2�p�/2N�
, �11�

with K=
�b2� /kT�2m2 being the frictional factor associated
with the Rouse segment.3 The frictional factor carries the
temperature dependence of the relaxation times of a polymer
in the entropic region of its relaxation modulus, which is
usually described by the Vogel–Fulcher–Tammann equation
or the Williams–Landel–Ferry equation.34–36 In the simula-
tion the time step depends on the step length d chosen; the
relaxation time 	p is expressed in terms of the time step as14

	p

�t
=

�b2�
12d2 sin2�p�/2N�

. �12�

For a chain whose nearest neighboring beads interact
through the Fraenkel potential:

UF =
HF

2 �
n=1

N−1 	 �rn − rn+1�
b0

− 1
2

, �13�

the force on an internal bead is given by

Fn�i� = −
HF

b0
2 �2Rn�i� − Rn+1�i� − Rn−1�i��

+
HF

b0
� Rn�i� − Rn−1�i�

�Rn�i� − Rn−1�i��
+

Rn�i� − Rn+1�i�
�Rn�i� − Rn+1�i��� .

�14�

An equivalent equation can be written for the end beads: n
=1 or N. Throughout our calculations, we have set b0=1 and
HF=400kT.

III. EQUILIBRIUM SIMULATION GS„t…

A. Rouse chains

Equation �12�, expressing the relaxation time in terms of
time steps, allows one to compare the simulation GS�t� curve
based on a Rouse chain with that calculated from the ana-
lytical equation. In Fig. 1, such a comparison is made for
two-bead, five-bead, and ten-bead chains; in the comparison,
both the simulated and theoretical results are normalized to
that corresponding to one single segment with kT set as
1—namely, GS�t�=�R�t� / �N−1� �see Eq. �10��. This way of
normalization will be adopted throughout this paper �note
that kT is shown in equations of this report to indicate the
relationship to entropy or average kinetic energy; however,
throughout the simulation as well as in the shown results, kT
is set to be 1 or equivalently kT is the unit of energy�, except
for the comparison between simulation and experiment,
where the experimental G�t� will be used. The close super-
position without any shift along both the modulus and time-
step coordinates as shown in Fig. 1 supports the validity of
the simulation.

B. Chains consisting of Fraenkel segments

When the entropic force in the Rouse segment is re-
placed by that derived from the Fraenkel potential, the stiff-
ness of the segment is greatly enhanced. Because the Fraen-
kel force is a nonlinear function of the bead positions, an

analytical solution cannot be obtained from the correspond-
ing Langevin equation. In this case, the Monte Carlo simu-
lation becomes very important and useful for illustrating how
enhancing the stiffness of the segment will affect the vis-
coelastic response.

The simulations based on chains consisting of Fraenkel
segments �referred to as Fraenkel chains below� give rise to
two distinct modes in GS�t� as shown in Fig. 2 for a five-
bead chain—the “bead,” as in the Rouse-chain model, is ac-
tually a volumeless point; with this understanding, we still
refer to it as a bead. In Fig. 2, the simulation results obtained
with the step length d chosen at 0.01 and 0.03 are compared,
with each time step for the latter being treated as nine
times—the expected ratio—longer than the one for the
former. The close agreement between the two indicates that
the step length d=0.03 is sufficiently short, causing virtually

FIG. 1. Comparison of the equilibrium-simulation GS�t� curves of two-bead,
five-bead, and ten-bead Rouse chains �� for N=2, � for N=5, and � for
N=10� with the step-strain-simulation GS�t� results �� for N=2, � for N
=5, and � for N=10� and the Rouse theoretical curves �--- for N=2, – – –
for N=5, and — for N=10�.

FIG. 2. Comparison of the equilibrium-simulation GS�t� curves of the five-
bead Fraenkel chain using the step lengths d=0.01 �—� and d=0.03 ���.

074902-3 Stress relaxation in linear polymer viscoelasticity J. Chem. Phys. 126, 074902 �2007�
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no distortion to the obtained GS�t� curve; at the same time,
no additional information particularly significant can be
gained from using the much more time-consuming choice,
d=0.01. Thus, all of our simulations reported in this study
and in the companion paper30 are based on d=0.03. In Fig. 3,
the GS�t� curves for 2-bead, 5-bead, 10-bead, and 20-bead
Fraenkel chains are compared; their line shapes are similar to
what have been typically observed experimentally. We shall
show below that the fast mode is an energetic-interactions-
driven dynamic process while the slow mode is an entropy-
driven one.

In Fig. 3, the GS�t� results of simulation in the equilib-
rium state are compared with the Rouse theoretical curves
each for a chain with the corresponding number of beads. To
obtain the shown close superposition of the Rouse theoretical
curves on the simulation results in the long-time region, we
only need to apply small shifting factors to the Rouse curves
along the modulus coordinate. The multiplication factors rep-
resenting the shifts are 0.7, 0.85, 0.9, and 0.95 for the dumb-
bell, 5-bead chain, 10-bead chain, and 20-bead chain, respec-
tively. The trend indicates that the multiplication factor
approaches the “perfect” value 1 as the number of beads
increases. The shown close agreement of the slow modes
with the Rouse GS�t� curves with only a small shifting factor
in the modulus coordinate strongly indicates that the slow
mode is well described by the Rouse theory; significantly, the
N dependence of the relaxation time as given by Eq. �12� is
well followed. Such agreements mean that the slow mode is
of entropic nature as the Rouse modes of motion. Consider-
ing the fact that the potential function on the Fraenkel seg-
ment represents a strong energetic interaction between two
beads—much stiffer than the Rouse segment—the emer-
gence of the entropic slow mode is indeed very intriguing.
The energetic nature of the fast mode and the entropic nature
of the slow mode are analyzed below in detail. For the sake

of simplicity, we will consider the Fraenkel dumbbell case;
then, the extension of the analysis to a Fraenkel chain with
more than two beads will be discussed.

If there is no attractive interaction potential between two
beads, the thermal fluctuations in an equilibrium state will
eventually separate them far apart. Therefore, at equilibrium
the average distance between the two beads �or the average
distance over a long period of time� is not that corresponding
to the tensionless point of the potential—namely, when the
bond length is equal to b0 in the case of the Fraenkel
segment—but larger. There are different ways to define the
average as will be discussed below; however, this is true in
all cases. Hence, the two beads are each more often than not
under a tension to bring them closer. This is so with a Rouse
segment as well as with a Fraenkel segment. These tensile
forces on the bonds play important roles contributing to the
stress tensor of the chain. Because the Fraenkel potential
rises up sharply with a deviation from the tensionless point,
the average bond length in the equilibrium state should be
larger than b0 by only a small amount �0. Physically, �0

being small is responsible for the existence of the entropy-
driven slow mode; with �0 being small, in an approximate
way, the tensile force on the segment may be expressed as a
linear function of the bond vector as occurring in the Rouse
theory.

For the Fraenkel dumbbell, the Langevin equation in
terms of the bond vector, b�t�=R2�t�−R1�t�, is given by

db�t�
dt

= − 	2




HF

b0
2 �1 −

b0

�b�t���b�t� + g�t� , �15�

where the fluctuation term is given by g�t�=g2�t�−g1�t�, with
g1�t� and g2�t� being the fluctuations on beads 1 and 2, re-
spectively.

Equation �15� can be similarly expressed in the discrete
form for simulation purpose as described in Sec. II. Defining

1 −
b0

�b�t��
=

��t�
b0

, �16�

Eq. �15� is rewritten as

db�t�
dt

= − 	2




HF

b0
3 ��t�b�t� + g�t� . �17�

Corresponding to Eq. �17�, the xy shear stress component is
given by

Jxy�t� = −
HF

b0
3 ��t�bx�t�by�t� . �18�

Hence

GS�t� =
1

kT
�Jxy�0�Jxy�t��

=
HF

2

kTb0
6 ���0�bx�0�by�0���t�bx�t�by�t�� . �19�

As expected, the simulation results obtained for the Fraenkel
dumbbell based on the combination of Eqs. �7� and �8� and
on Eq. �19� are identical. In the simulation, the fluctuation in
��t� as defined by Eq. �16� can be monitored separately al-

FIG. 3. Comparison of the equilibrium-simulation GS�t� curves of 2-bead,
5-bead, 10-bead, and 20-bead Fraenkel chains �� for N=2, � for N=5, �

for N=10, and � for N=20� with the Rouse theoretical curves �short dash
for N=2, medium dash for N=5, long dash for N=10, and solid line for
N=20�. See the text.
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lowing the time-correlation function ���0���t�� to be calcu-
lated. Physically, ��t� approximately represents the deviation
of �b�t�� from b0. Any small change in �b�t�� leads to a large
relative change in ��t�; for instance, a change in �b�t�� from
1.005 to 1.01 doubles the value of ��t�. As a result, compared
to the motion associated with the bond vector b�t� itself
�mainly reorientational motion�, ��t� represents fast fluctua-
tions with large relative fluctuation amplitude, giving rise to
a fast relaxation process in GS�t� as shown below. As ��t�
originates from the particular form of Fraenkel potential, rep-
resenting the fluctuations in the tension on the Fraenkel seg-
ment, the fast relaxation mode may be very well referred to
as an energetic-interactions-driven dynamic process. Because
of the large difference between the fluctuation rate of ��t�
and that associated with bx�t�by�t�, Eq. �19� may be approxi-
mated by

GS�t� �
HF

2

kTb0
6 ���0���t����bx�0�by�0���bx�t�by�t���

=
HF

2

kTb0
6 �����0����t�� + �0

2���bx�0�by�0��

��bx�t�by�t��� , �20�

where formally

��t� = ���t� + �0, �21�

with

����t�� = 0, and ���t�� = �0. �22�

As explained above, �0 is greater than zero. Equation �20�
suggests two distinct relaxation processes in GS�t�, as ob-
served. At long times when ����0����t�� has diminished,
GS�t� as given by Eq. �20� transits into a slow-relaxing re-
gion, which would be described by

1

kT
�Jxy�0�Jxy�t�� =

HF
2

kTb0
6 ��0

2���bx�0�by�0���bx�t�by�t��� .

�23�

In the short-time region where the process ����0����t�� is
dominant, the approximation as used in Eq. �20� is expected
to be good. By contrast, over a long period of time, as the
nonvanishing residual fluctuations in ��t� are small and more
comparable in �relative� magnitude to the slow fluctuations
in bx�t�by�t�, the separation into the product of �0

2 and
��bx�0�by�0���bx�t�by�t��� as done in Eq. �23� may not be well
justified. Nevertheless, the approximate form as given by Eq.
�20� helps us understand the coexistence of the fast and slow
modes of motion as distinctly observed from the simulation.
To illustrate the results of the approximation form and at the
same time somewhat make up for the deficiency of the ap-
proximation as represented by Eq. �20� in the long-time re-
gion, we set the base line of ���0���t�� in two different ways,
from which an approximate GS�t� curve in each case can be
obtained for comparison with the exact result—such analyses
help reveal the key physical elements that affect GS�t�. One
is determined by the natural base line of ���0���t��, which,
denoted by �0

2=�N
2 , is found to be 4�10−6. The second is the

addition of an adjustable parameter �x
2 on top of the natural

base line �0
2 of the correlation function ���0���t�� such that a

close fitting to the exact GS�t� curve �obtained from using
Eq. �19�� can be obtained. The best �x value is found to be
0.008. The GS�t� curves calculated without and with �x

2

=6.4�10−5 added are compared with the exact result in Fig.
4. The corresponding ���0���t�� and ���0���t��+�x

2 curves
are shown in Fig. 5. With �x

2=6.4�10−5 added, the total base
line becomes �F

2 =�0
2+�x

2=6.8�10−5. It is interesting to note
that �F=0.008 25 is only larger by 10% than the value of
0.0075 �denoted by �V� expected from considering the virial
theorem.37 As described in the Appendix, the virial theorem
is well confirmed in our simulation.

One can notice that the fast declines occurring in the
early parts of GS�t� and ���0���t�� �or ���0���t��+�x

2� have
the same time scale and that there is virtually no difference

FIG. 4. The equilibrium-simulation GS�t� curves of the Fraenkel dumbbell:
exact �using Eq. �19�;—� and approximations ��, using Eq. �20� with �0

2

=�N
2 =4�10−6 as the base line of ���0���t�� and � using Eq. �20� with �x

2

=6.4�10−5 added to the base line�.

FIG. 5. Time-correlation functions ���0���t�� or ���0���t��+�x
2 obtained

from simulation on the Fraenkel dumbbell with ��t� defined by Eq. �16�: �

with �0
2=�N

2 =4�10−6 and � with �x
2=6.4�10−5 added to the base line.
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between the simulation results calculated with and without
�x

2=6.4�10−5 added. Clearly this is due to the mean square
of the fluctuation magnitude,���0���0��, being much larger
than �x

2. For GS�t�, the approximate results are also virtually
indistinguishable from the exact one in most part of the fast-
mode region—the early portion. Clearly, these agreements
occurring in the short-time region are due to the dominant
effect of ����0����t�� and indicates that the fast mode in
GS�t� arises from the segment-tension fluctuation
��t�—therefore an energetic-interactions-driven dynamic
process. In the long-time region, large divergences between
the curves calculated with and without �x

2=6.4�10−5 added
occur in both GS�t� and ���0���t�� �or ���0���t��+�x

2�. Be-
cause the separation of �0

2 from ��bx�0�by�0���bx�t�by�t���
�Eq. �23�� is not a well-justified approximation as explained
above, using the natural base line of ���0���t��—namely,�0

2

=�N
2 =4�10−6, which is much smaller than the value of �V

2 or
�F

2—leads to the poorest result. With �F
2 =6.8�10−5 �i.e.,

with �x
2=6.4�10−5 added�, the simulation result of using the

approximate form gives a GS�t� curve which is virtually in-
distinguishable from that obtained from using the exact form.

We may shift our attention to the long-time approximate
GS�t� functional form �Eq. �23�� itself. Equation �23� repre-
sents the time-correlation function of the stress tensor com-
ponent Jxy�t� in the long-time region described by the Lange-
vin equation:

db�t�
dt

= − 	2




HF�0

b0
3 b�t� + g�t� , �24�

which is linear and of the same form as that of the Rouse
dumbbell:

db�t�
dt

= −
6kT


�b2�R
b�t� + g�t� . �25�

Thus, the slow mode is expected to behave very similarly to
the single mode of motion in the Rouse dumbbell. If the �V

value as obtained from the virial theorem ��V=3kTb0 /HF, as
from Eq. �A1�� is used for �0, Eqs. �24� and �25� become
identical with b0= �b2�R

1/2=1 as set in this study and will lead
to the same time-correlation function of the bond vector as
given by the Rouse dumbbell model:3

�b�0� · b�t�� = �b2�R exp	−
t

	

 , �26�

with

	 =

�b2�R

6kT
=


b0
2

2HF��V/b0�
. �27�

�Note: Obtained from the simulation, the mean square bond
length �b2� of the Fraenkel dumbbell is greater than that of
the Rouse dumbbell �b2�R by only 1.3%—this small differ-
ence will occur in the zero-time value of Eq. �26�; as this
difference is very small, particularly, much smaller than the
difference between �N, �V, and �F, it is neglected here.� The
shape of the �b�0� ·b�t�� curve from the simulation is well
described by the single exponential form just as that of the
Rouse dumbbell model but with a relaxation time longer by
about 45%. In other words, using the relaxation time of

�b�0� ·b�t�� as the criterion for determining �0, the best
value, denoted by �	, should be 0.0052.

The close fit of the approximation GS�t� result to the
exact as obtained and shown in Fig. 4 gives �F=0.008 25,
which is only slightly larger than �V=0.0075. As opposed to
giving a slight underestimate in this case, the virial theorem
gives an overestimate of the �0 value when the relaxation
time of the time-correlation function �b�0� ·b�t�� is used as
the criterion. Involving only a very small approximation �see
Eq. �A1�� which is unrelated to the separation into two time-
correlation functions as done in Eq. �20�, �V from the virial
theorem can be regarded as independent and trustworthy. As
opposed to the independence of �V, each of the equations
�Eqs. �20�, �23�, and �24�� as involved in estimating the �N,
�	, and �F values contains an element of approximation,
which naturally distorts the real situation in different ways;
the obtained �N, �	, and �F values are not expected to be the
same. Excluding the �N value, which is apparently based on
a bad approximation, the obtained �	 and �F values are
within 30% of their average, which is very close to the value
�V from the virial theorem. The closeness of these estimated
values to the expectation based on the virial theorem sup-
ports that the approximations involved in the above analyses
are well justified and that the physical picture they present–
the fast mode in GS�t� is an energetic-interactions-driven dy-
namic process and the slow mode is an entropy-driven one as
the Rouse modes of motion–is a valid description. The de-
scribed basic natures associated with the fast and slow
modes, respectively, will be further shown in a different way
in the discussion of the step-strain-simulation GS�t� below.

For a Fraenkel chain with more than two beads, the ex-
tension of the above analysis requires an examination. As
opposed to Eq. �19� for a dumbbell, for an N-bead chain, the
relaxation modulus is given by

GS�t� =
1

�N − 1�kT
�Jxy�0�Jxy�t��

=
HF

2

�N − 1�kTb0
6�	�

i=1

N−1

�i�0�bix�0�biy�0�

�	�

j=1

N−1

� j�t�bjx�t�bjy�t�
� . �28�

As being dynamically correlated, the contributions of the
cross terms in Eq. �28� to GS�t� are not zero. Such dynamic
cross correlation is also expected in the Rouse-chain
model.38 As a result, applying the above conclusions for a
Fraenkel dumbbell to an N-bead chain requires an analysis.
As it turns out, the self-terms of Eq. �28� as given by

GS
self�t�

=
HF

2

�N − 1�kTb0
6 �

i=1

N−1

��i�0�bix�0�biy�0��i�t�bix�t�biy�t��

�29�

are virtually the solely contributing terms to GS�t� in the
short-time region; in other words, the cross terms only con-
tribute to the long-time region. This is illustrated by the com-
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parison of the curves of GS�t� and GS
self�t� for a five bead

chain in Fig. 6. As also shown in the same figure, virtually
the same relative weight between the self- and cross terms in
the long-time region occurs to the Rouse-chain model, fur-
ther supporting the Rouse-chain behavior of the slow mode.
Since there is virtually no difference between GS�t� and
GS

self�t� in the short-time region for the Fraenkel chain, we
may use Eq. �29� to illustrate the effect of fluctuations in
�i�t�, which is dominant in the short-time region. Since the
summation in Eq. �29� just represents a multiple of the single
term in Eq. �19�, the analysis based on the Fraenkel dumb-
bell as presented above can be readily applied to an N-bead
chain. Thus, the conclusions of the analysis based on the
Fraenkel dumbbell as to the energetic-interactions-associated
nature of the fast mode in GS�t� are basically equally appli-
cable to the Fraenkel chains in general with multiple beads.

In the slow-mode region, the contributions of the cross
terms clearly cannot be neglected. This together with the lack
of a good justification for separating ���0���t�� from
��bx�0�by�0���bx�t�by�t��� in the long-time region makes an
analysis for the slow mode similar to that done to the Fraen-
kel dumbbell unwieldy. Nevertheless, the entropic nature of
the slow mode is clearly supported by the fact that the slow
mode is well described by the Rouse theory in all aspects as
shown above. Furthermore, through the fluctuation-
dissipation theorem, it is found from the simulation of GS�t�
following a step strain as discussed below that the slow
mode should arise from fluctuations in the segmental-
orientation anisotropy—an entropic origin.

IV. STEP-STRAIN-SIMULATION GS„t…

Based on the fluctuation-dissipation theorem, the step-
strain-simulation GS�t� in the linear region of the applied
strain is expected to be equivalent to the equilibrium-
simulation GS�t�. In Fig. 1, the step-strain-simulation GS�t�
curves obtained at �=0.5 for two-bead, five-bead, and ten-
bead Rouse chains are also shown. As expected from the

theory, no nonlinear effect can be observed between the
GS�t� curves obtained from the simulations at �=0.5 and 1
for the Rouse-chain model; in other words, the shown step-
strain-simulation GS�t� curves are linear results. These step-
strain-simulation results are in close agreement with the
equilibrium-simulation and Rouse theoretical curves, illus-
trating the working of the fluctuation-dissipation theorem
and confirming the validity of the simulations as presented in
this study.

The equilibrium-simulation GS�t� and the step-strain-
simulation GS�t� curves obtained at �=0.2 and 0.5 for the
2-bead, 5-bead, 10-bead, and 20-bead Fraenkel chains are
compared in Fig. 7. There are clear differences between the
equilibrium-simulation GS�t� and the step-strain-simulation
GS�t� at �=0.2 in the cases of two-bead and five-bead chains,
indicating that the fluctuation-dissipation theorem is not ful-
filled totally as in the Rouse-chain case. This may be due to
�=0.2 being not in the linear region yet as there is some
small difference between the GS�t� results at �=0.2 and 0.5
in the fast-mode region. In fact, the numerically calculated
GS�0� as a function of the strain � as shown in Fig. 6 of the
companion paper30 indicates that rigorously the linear region
should occur below �=0.005. However, further investigation
by decreasing the � value indicates that this is not the main
cause. With the � value decreasing, the number of repeating
cycles required to obtain a well-averaged GS�t� curve in-
creases greatly. Prevented by the overwhelmingly long com-
puter time involved, we limit our study to the Fraenkel
dumbbell system—where the difference from the
equilibrium-simulation GS�t� is also the most obvious—in
comparing the GS�t� results at �=0.004 and 0.2. Although
there are very small differences between the results at �
=0.004 and 0.2, the GS�t� result of the Fraenkel dumbbell at

FIG. 6. Comparison of the equilibrium-simulation GS�t� �� based on Eq.
�28�� and GS

self�t� �� based on Eq. �29�� for the five-bead Fraenkel chain;
also shown are the equilibrium-simulation GS�t� �—� and GS

self�t� �---� for the
five-bead Rouse chain.

FIG. 7. Comparison of the step-strain-simulation GS�t� curves for the
2-bead, 5-bead, 10-bead, and 20-bead Fraenkel chain at �=0.2 ��� and 0.5
��� with the equilibrium-simulation curve ���. To avoid overlapping of
points for different curves, the results of N=5, 10, and 20 have been shifted
upwards by one, two, and three decades, respectively.
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�=0.004 does not appear to be closer to the equilibrium-
simulation result as shown in Fig. 8. Summarizing the results
shown in Figs. 7 and 8, differences between the equilibrium-
simulation and step-strain-simulation GS�t� curves occurs
mainly in the cases of N=2 and 5, and virtually no differ-
ences can be observed when N=10 and 20 even though �
=0.2 and 0.5 are not really in the linear region. In the case of
N=2, while the whole shapes of GS�t� curves are very simi-
lar, differences can be observed in different regions. In the
case of N=5, the difference begins to appear in an obvious
way in the early part of the slow mode, where an effect
related to the coupling between ��t� and bx�t�by�t�—a subject
discussed in Sec. III—is most likely to occur. The results of
N=5 suggest that the coupling between ��t� and bx�t�by�t�
may occur differently in the two types of simulations. This is
also suggested by the similarity of the trends that can be
observed in Figs. 3 and 7, as explained in the following. The
results shown in Fig. 7 indicate that the agreement between
the equilibrium-simulation and step-strain-simulation GS�t�
curves improves greatly as N increases. Similarly, as shown
in Fig. 3, the shift factor along the modulus coordinate in-
volved in superposing the Rouse theoretical curve on the
equilibrium-simulation GS�t� curve approaches the perfect
value 1 as N increases. As being more removed from the fast
mode, the lower modes �of the slow mode� in an N-bead
chain may improve the overall decoupling of the fast and
slow modes as N increases. In other words, the trend in Fig.
3 suggests that the coupling between ��t� and bx�t�by�t� is
effectively reduced, making the slow mode better described
by the Rouse theory as the number of modes of motion in the
slow mode increases. As the difference in coupling may be
reduced by the decrease in the coupling itself, this leads to
the better agreement between the equilibrium-simulation and
step-strain-simulation GS�t� curves as N increases. When N

=2 or 5, in spite of the visible differences, we still see an
overall agreement between the equilibrium-simulation and
step-strain-simulation GS�t� curves, each revealing clearly
two separate modes. We refer to such an overall agreement
as a quasiversion of the fluctuation-dissipation theorem.

In Fig. 9, we show the mean square segment length
�b2�t�� and its components, �bx

2�t��, �by
2�t��, and �by

2�t��, of a
five-bead Fraenkel chain as a function of time following the
application of the step shear strain �=0.5. Although �=0.5 is
farther away from the linear region than �=0.2, we show
these results because their changes with time are more dis-
cernible and at the same time, the corresponding GS�t� curve
does not differ from the one obtained from the equilibrium
simulation very much. Comparing these results can better
serve our purpose, as discussed below, than showing the re-
sults at �=0.2. As shown in Fig. 9, the segment length is
stretched by the step strain and relaxes back to the equilib-
rium value, as opposed to the segment length fluctuating
around its mean value in the equilibrium simulation. From
comparing the time scales of the dramatic declines in the
early part of GS�t� �Fig. 7� and �b2�t�� �Fig. 9�, it is clear that
the fast mode occurring in the step-strain-simulation GS�t�
clearly reflects the decrease of the average segment length
back to the equilibrium value and the corresponding reduc-
tion of the tension on the segments. This segment-tension
relaxation corresponds to the time-correlation function of
segment-tension fluctuation,���0���t��, as shown in Fig. 5. It
is interesting to note that right after �b2�t�� has completed its
first fast decline, it displays signs of overshooting and oscil-
lation around the equilibrium value before reaching the final
stable �equilibrium� value. The oscillation should be part of
the coupling between ��t� and bx�t�by�t� which is most no-
ticeable in the early part of the slow mode as suggested in
Sec. III.

Following a step strain �=0.5, in the early part of the

FIG. 8. Comparison of the step-strain-simulation GS�t� curves for the Fraen-
kel dumbbell at �=0.004 ��� and 0.2 ��� with the equilibrium-simulation
curve ���.

FIG. 9. The time-step dependences of �b2�t�� and the components �bx
2�t��,

�by
2�t��, and �by

2�t�� for the five-bead Fraenkel chain following a step strain
�=0.5.
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slow mode in GS�t�, the mean square segment length �b2�t��
has declined to a level �including the oscillation zone as can
be noticed in Fig. 9� which has the same average value as
that occurring all the time in the equilibrium simulation. In
the same time region, however, as the differences between
the time dependences of the components �bx

2�t��, �by
2�t��, and

�by
2�t�� indicate, there is some net orientation anisotropy as

opposed to maintaining isotropy in average in the
equilibrium-simulation case. As orientation does not cause a
change in the potential energy on the segment, the anisotropy
of the segmental orientation leads to the entropic nature of
the slow mode. According to the fluctuation-dissipation theo-
rem, corresponding to the randomization of segmental-
orientation anisotropy occurring in the slow-mode region as
revealed from the simulation following a step shear deforma-
tion, fluctuations in segmental orientation should be present
all the time in the equilibrium state, which should be respon-
sible for the entropic slow mode in the equilibrium-
simulation GS�t�. The close correlation between the slow
mode in GS�t� and the segmental-orientation anisotropy as
further revealed in the nonlinear region of strain will be ana-
lyzed in greater detail in the companion paper.30

V. COMPARISON OF SIMULATION WITH EXPERIMENT

Both the Rouse theory and the Monte Carlo simulation
using the Rouse-chain model or the Fraenkel-chain model
are a mean-field representation, meaning that the relaxation
modulus of an entanglement-free polymer system �concen-
trated solution or melt� is the sum of contributions from all
the chains in a unit volume, each being represented by its
statistically averaged time dependence. In comparison with
experimental results of polymer melts,3–5,25 the mean-field
representation works very well in the long-time or entropic
region of the relaxation modulus, as illustrated by the quan-
titative agreement of the measured viscoelastic spectra with
the Rouse theory. Since there is basically no difference in the
entropic region between the Rouse theory and the simulation
result of the Fraenkel chain with N�2, and the overall GS�t�
line shape of the Fraenkel chain is very similar to that typi-
cally observed experimentally, we may compare the simula-
tion result with experiment over the whole time range. Such
a comparison would shed light on how well the key features
of the relaxation modulus in the short-time region—the
structural-relaxation process—can be captured by the
Fraenkel-chain model. Intuitively, the mean-field Fraenkel-
chain model should be an oversimplified representation for
the viscoelastic behavior in the structural-relaxation region
for a polymer in its melt state.

Recently the relaxation modulus curves of an
entanglement-free nearly monodisperse polystyrene melt
have been obtained from its creep compliance J�t� measured
by Plazek and O’Rourke19 at different temperatures. J�t� can
be converted to the relaxation modulus G�t� through the ba-
sic equation of linear viscoelasticity:

t = �
0

t

J�t��G�t − t��dt�. �30�

The convolution integral of Eq. �30� can be solved numeri-
cally by the method of Hopkins and Hamming,39,40 as de-
tailed in Appendix A of Ref. 15. The experimental J�t�
curves have been quantitatively fitted by curves calculated
through Eq. �30� using a G�t� functional form which incor-
porates a stretched exponential form for the glassy-relaxation
�structural-relaxation� process into the Rouse theory,25 as ex-
pressed by

G�t� = AG
f �G�t� + �RT� f�M�

M
�R�t,M�dM , �31�

where �R�t ,M� is given by Eq. �10�; �, R, and T are the
density, gas constant, and absolute temperature, respectively;
f�M� represents the molecular-weight distribution of the
sample, and AG

f is the full relaxation strength of the glassy-
relaxation process �G�t�, phenomenologically expressed by

�G�t/	G� = exp�− �t/	G���, 0 
 � � 1. �32�

Note that Eq. �31� represents a scheme of analysis using
the Rouse theory as the reference frame for characterizing
the glassy-relaxation process occurring in the short-time re-
gion. The scheme is equivalent to that using the successful
description of the rubber�like�-to-fluid region by the ERT as
the reference frame for entangled systems �see Eqs. �1� and
�4� of Ref. 15�. Also the separation of the glassy-relaxation
process from the Rouse process �or the ERT processes� as
assumed in Eq. �31� is equivalent to the basic scheme used
by Inoue et al.6–9 in analyzing the dynamic mechanical and
birefringence results together in terms of a modified stress-
optical rule.

In the quantitative J�t� line-shape analyses, the effect of
the molecular-weight distribution f�M� of the studied
samples, even though very narrow, need to be included in the
calculation. The molecular-weight distribution is assumed to
be described by the Schulz function,41 whose distribution
width is characterized by the single parameter Z�Mw/Mn

= �Z+1� /Z�. As a fitting parameter, the Z values obtained
from the quantitative line-shape analyses have always been
within the expected range, giving Mw/Mn�1.05;3–5,25 for
the studied sample Mw/Mn=1.05 �corresponding to Z=20� is
obtained.25 As the Monte Carlo simulation carried out in the
present study is for an ideally monodisperse system, for
making a comparison between experiment and simulation,
we use the parameters obtained for the studied nearly mono-
disperse sample to calculate the G�t� curve expected for the
corresponding ideally monodisperse system. The use of the
Langevin equation in the present study implies that the sys-
tem is ergodic.3,31 Thus, the G�t� line shape at temperatures
sufficiently high above Tg is the one that should be used for
comparison with the simulation result.

The molecular weight for a single Rouse segment, m, is
about 850 for polystyrene;6–16 the studied sample with Mw

=16 400 is equivalent to a chain with 20 beads in average
�see the note in Ref. 42�.42 Shown in Fig. 10 is the compari-
son of the equilibrium-simulation G�t� curve for 20-bead
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Fraenkel chains with HF=400kT and the expected “experi-
mental” curve for the ideally monodisperse polystyrene
“sample” with molecular weight equal to 16 400 at high tem-
peratures. �Note: although the G�t� line shape is for T�Tg

+40 °C, the modulus is that corresponding to T=373 K.� As
shown, the experimental curve is calculated using an arbi-
trary K value: 10-4 �see Eq. �11��, and the simulation curve
has been multiplied by a proper factor in both the modulus
and time coordinates to obtain a close superposition between
the two curves. As the shift factor along the time coordinate
depends on the K value used in the calculation and the step
length d employed in the simulation �see Eq. �12��, its value
is not of particular interest. However, the shift factor along
the modulus coordinate is much related to the entropic nature
of the slow mode as discussed in Sec. III regarding the re-
sults shown in Fig. 3. The vertical multiplication factors used
for obtaining the close superposition is 4.2�107, which is
very near the value of 3.8�107 expected if the entropic re-
gion of the simulation G�t� is in perfect agreement with the
Rouse theory. The ratio of 3.8/4.2 also agrees closely with
the value of 0.95 used to superpose the Rouse theoretical
curve on the simulation GS�t� curve of the 20-bead Fraenkel
chain shown in Fig. 3. Some of the small difference may be
due to the fact that only one adjustable parameter—the shift
along the modulus coordinate is involved in the superposi-
tion made in Fig. 3 while shifts in both the time and modulus
coordinates are allowed in Fig. 10. The agreement in the
general shape between the two G�t� curves is indeed very
encouraging, considering the simplicity of the chain model
used in the simulation. The choice of the HF value mainly
has an effect on the modulus level as well as the relaxation in
the fast-mode region; an increase in HF leads to higher
modulus values in the very short-time region and causes a
faster decline in the later part of the fast mode. As the mean-
field Fraenkel-chain model should be too simple to describe
adequately the viscoelastic behavior of a polymer melt in the

energetic-interactions region, a fine tuning of the HF value
may not serve a particularly meaningful purpose. More im-
portantly, the simulation result indicates that the Fraenkel
chain with a finite HF value can describe the generic coex-
istence of the fast energetic-interactions-driven and slow
entropy-driven modes in the experimental G�t�. This sug-
gests that a Kuhn segment that can be calculated from the
unperturbed mean square end-to-end and fully extended end-
to-end distances—static properties—of a polymer should not
be totally rigid as far as the dynamic properties, such as
viscoelasticity, of the polymer is concerned. Physically, force
constants on the various chemical bonds and bond angles
�responsible for the vibration modes� and the potential barri-
ers impeding the internal rotations in the microstructure of
the polymer may provide such elasticity on a chain domain
of size as that of a Kuhn segment.

VI. DISCUSSION

In contrast to the glassy-relaxation process being incor-
porated phenomenologically into the Rouse theory as ex-
pressed in Eq. �31�, the segment-tension relaxation process
emerges naturally on top of the slow mode in the simulated
GS�t� curves for the entanglement-free Fraenkel chains as
presented in this study. Very significantly, as the curves cal-
culated from the Rouse theory which individually describe
very well the slow modes of chains with different numbers of
beads, N, are each based on a chain with the corresponding
N, the close agreement between simulation and theory indi-
cates that the size of the Fraenkel segment is the same as that
of the Rouse segment. In other words, this result strongly
suggests that the chain domain that can be properly assigned
as a “Rouse segment” for describing the linear viscoelastic
behavior in the entropic region actually has a considerable
degree of rigidity. Such a conclusion is also supported by the
study in the nonlinear region of strain as reported in the
companion paper.30 As shown in the present and companion
papers, the fluctuation in or randomization of the segmental-
orientation anisotropy is responsible for the entropic nature
of the slow mode; thus, in the modeling one does not need to
put the entropic-force constant into the segments in order to
obtain the modes of motion as occurring in the Rouse theory.
The close correlation of the segmental orientation with the
entropic nature of the segment is ultimately related to the
virial theorem as detailed in the Appendix. This conclusion
provides an explanation resolving a long-standing fundamen-
tal paradox in the success of modern molecular theories of
polymer viscoelasticity developed based on the Rouse seg-
ment as the most basic structural unit. The paradox becomes
apparent when the entropic-force constant on the Rouse seg-
ment is shown to be too soft from considering the persistence
length or the Kuhn segment length of a polymer chain. As
listed in Table I of Ref. 8, the Rouse segment size m for
various polymers is of the same order of magnitude as that of
the Kuhn segment MK. In Ref. 8, based on the observation
m�MK, Inoue and Osaki have suggested that the Rouse seg-
ment likely includes contributions from complicated mo-
tions, not included in the Rouse chain as originally
developed.1–3 As one may regard each Fraenkel segment as

FIG. 10. Comparison of the equilibrium-simulation G�t� curve ��� for the
20-bead Fraenkel chain with HF=400kT and the expected “experimental”
curve �—� for an “ideally monodisperse polystyrene sample” with the mo-
lecular weight equivalent to N=20; also shown are the points ��� represent-
ing the relaxation times of the 19 Rouse normal modes. See the text.
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basically equivalent to a Kuhn segment, the analyses of the
results obtained from the present Monte Carlo simulation
have given a detailed picture answering the question raised
by Inoue and Osaki.

VII. SUMMARY

In this study, based on the entanglement-free Rouse-
chain and Fraenkel-chain models we have carried out Monte
Carlo simulations of relaxation modulus for chains with dif-
ferent numbers of beads, N, in the equilibrium state and fol-
lowing a step shear deformation. In the case of the Rouse
chain, the validity of the simulation is confirmed by the
agreement with the analytical results; the fluctuation-
dissipation theorem is also perfectly illustrated by the com-
parison of results from both kinds of simulations. In the case
of the Fraenkel chain, a quasiversion of the fluctuation-
dissipation theorem is illustrated when N=2 and 5; virtually
perfect agreements between the two kinds of simulations
have been obtained when N=10 and 20 �although the strains
�=0.2 and 0.5 are not really in the linear region�. In all
cases, two distinct modes of dynamics in the simulated re-
laxation modulus curves are revealed, which describe the
basic features as typically observed in an experimentally ob-
tained relaxation modulus G�t�. The physical natures of the
two modes are analyzed in detail: The fast one corresponding
to the segment-tension fluctuation or relaxation is classified
as an energetic-interactions-driven process, and the slow one
well described by the Rouse theory is regarded as entropy
driven. As indicated by the close agreements observed in the
comparisons of the Rouse theory with the slow mode ob-
tained from the simulation for different chain lengths, N,
basically one Fraenkel segment substitutes for one Rouse
segment. A very important conclusion derived from this
study is that the segmental-orientation anisotropy is respon-
sible for the entropic nature of the slow mode; in other
words, the entropic-force constant is not a required element
in the Rouse segment. This conclusion resolves a long-
standing fundamental paradox in the success of the Rouse-
segment-based molecular theories of polymer viscoelasticity,
which is best indicated by the result obtained by Inoue and
Osaki8 that the sizes of the Rouse and Kuhn segments are of
the same order of magnitude. Furthermore, the general agree-
ment as observed in the comparison of the simulation and
experimental results strongly suggests that, even though still
being a simple mean-field single-chain model—without con-
tributions from intermolecular interactions—the Fraenkel
chain has captured the key element of energetic interactions
in a polymer system and may serve as a more realistic sub-
stitute for the Rouse model.
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APPENDIX: APPLICATION OF THE VIRIAL THEOREM
TO THE FRAENKEL DUMBBELL

The average kinetic energy for each degree of freedom
being kT /2 is a built-in element of the Langevin equation.32

For simplicity, we consider the Fraenkel dumbbell case;
however, the analysis as presented here can be extended to a
Fraenkel chain with any number of beads. For a dumbbell,

according to the virial theorem37 T̄=−�1/2��i=1
2 Fi ·Ri

= �HF /2b0
3���t�b�t� ·b�t�, where T̄=3kT /2 is the average in-

ternal kinetic energy. This relation is well confirmed by our
simulation as shown in Fig. 11. Since as indicted by the
simulation b�t� ·b�t� does not fluctuate more than 10% from
its mean value, which is larger than b0

2 only by less than
1.3%, the virial theorem for the Fraenkel dumbbell can be
well represented by

HF

b0
��t� = 3kT . �A1�

For HF=400kT, ��t�=0.0075. In the main text, this ��t� value
is denoted by �V.
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