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Bodies of Revolution

Sharp corner displacement functions have been well used in the past to accelerate the
numerical solutions of two-dimensional free vibration problems, such as plates, to obtain
accurate frequencies and mode shapes. The present analysis derives such functions for
three-dimensional (3D) bodies of revolution where a sharp boundary discontinuity is
present (e.g., a stepped shaft, or a circumferential V notch), undergoing arbitrary modes
of deformation. The 3D equations of equilibrium in terms of displacement components,
expressed in cylindrical coordinates, are transformed to a new coordinate system having
its origin at the vertex of the corner. An asymptotic analysis in the vicinity of the sharp
corner reduces the equations to a set of coupled, ordinary differential equations with

variable coefficients. By a suitable transformation of variables the equations are simpli-
fied to a set of equations with constant coefficients. These are solved, the boundary
conditions along the intersecting corner faces are applied, and the resulting eigenvalue
problems are solved for the characteristic equations and corner functions.

[DOL: 10.1115/1.2178358]

Introduction

Williams [1-3] showed a typical procedure to determine singu-
lar corner functions for the two-dimensional (2D) problems of
plane elasticity and classical plate bending theory. These analyses
have been used for a half century to determine stresses in the
vicinity of sharp corners. The corner functions are either Airy
stress functions (plane elasticity) or transverse displacement func-
tions (plate bending) which are exact solutions of the partial dif-
ferential equations of equilibrium. Satisfying the boundary condi-
tions along the two radial edges which form the sharp corner
results in an eigenvalue problem. Determining the roots (eigenval-
ues) of the characteristic equation and substituting them back into
the boundary conditions yields the corner functions (eigenfunc-
tions). Their second derivatives are the stresses. Extending Will-
iams’ works, numerous researchers used different solution
schemes to determine the characteristic equations for a thin wedge
consisted of two materials [4—7] or for three-dimensional elastic
problems [8—10]. Nevertheless, no corner functions were explic-
itly provided in these works.

Subsequently, the corner functions themselves were used for
plate vibration problems which are solved by the well-known Ritz
[11,12] method. To a series of smooth algebraic polynomials for
the transverse displacement (w) is added a series of corner func-
tions. The latter accelerate the convergence of the solution for the
desired free vibration frequencies and mode shapes because they
represent the behavior well in the vicinity of a sharp corner. Be-
cause of the singularities there, the algebraic polynomials do not.
This approach has been used to obtain accurate (i.e., almost exact)
frequencies and mode shapes for sectorial plates [13], circular
plates with V notches or sharp radial cracks [14], cantilevered
skewed plates [15], and rhombic plates [16]. Three sets of corner
functions (transverse displacement and two bending rotations)
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were also derived for 2D Midlin plate theory [17] and used with
algebraic polynomials to analyze the vibrations of thick, cantile-
vered skewed plates [18]. It was found for many of the plate
configurations, thin and thick, that the use of corner functions to
supplement the algebraic polynomials greatly accelerated the con-
vergence of solutions. In some cases, without them, accurate fre-
quencies could not be reasonably achieved.

Corner functions were used not only in the Ritz method but also
in other numerical approaches. In a finite element approach,
Yosibash and Schiff [19] developed a singular superelement by
using corner functions for plane elasticity and evaluated the stress
intensity factors for a V-notched plate under different in-plane
loading. The singular superelement overcomes the difficulties in
accurately determining the stresses in the neighborhood of the tip
of the V notch by using a traditional finite element approach.
Corner functions or parts of corner functions were also used in the
mesh-free Galerkin method [20,21] and a partition of unity
method [22] to approximate crack tip displacement field and to
determine intensity factors.

In recent years, because of the increase in computer speeds and
storage capability, it has been possible to obtain accurate solutions
for three-dimensional (3D) problems, especially for bodies of
revolution, using algebraic polynomials for the three displacement
components. For example, accurate frequencies have been
achieved for cylinders [23], hollow cones [24], and spheres
[25,26]. Frequencies for a fixed-free cylinder were found to con-
verge much slower than for a free-free one [23], due to the stress
singularities at the fixed end, and the lack of corner functions. For
such shapes there were no abrupt changes in the boundary shapes.
However, shapes with abrupt changes (e.g., a stepped circular
shaft or a cone segment bonded to a circular cylinder (Fig. 1))
cause stress singularities, and adding suitable corner functions to
the analysis can be essential. The purpose of this paper is to derive
these functions.

One analysis of the stresses in the vicinity of boundary discon-
tinuities was summarized by Zak [27] in a Brief Note here four
decades ago, for the special case of axisymmetric loading. His
analysis used a stress function presented by Love [28] for axisym-
metric problems.

The present work approaches the 3D elasticity problem from
the standpoint of displacements, which will ultimately be the cor-
ner functions sought. Beginning with the 3D equations of equilib-
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Fig. 1

rium for elastic bodies of revolution, capable of arbitrary displace-
ments (including axisymmetric ones as a special case), expressed
in cylindrical coordinates, they are transformed to a new axis
system having its origin at the sharp corner. An asymptotic analy-
sis in the vicinity of the sharp corner reduces the equations to a set
of coupled, ordinary differential equations with variable coeffi-
cients. By a suitable transformation of variables the equations are
simplified to a set of equations with constant coefficients. These
are solved, the boundary conditions along the intersecting corner
faces are applied, and the resulting eigenvalue problems are
solved for the characteristic equations and corner functions.

Equilibrium Equations for a Sharp Corner

The 3D equations of equilibrium, expressed in terms of cylin-
drical coordinates (r, 8,z), are (cf. [29])

7ro.9 0~ 0y

Oyt = T+ — =0 (1a)

r r

T 27,4

Tor+ =+ Tot =0 (1b)

Toz.0 Trz
oyt +o..+—=0 (le)

) r

where the o; and 7;; are normal and shear stresses, respectively,
and the subscript ““,3” denotes the differential with respect to the
independent variable B. To express them, instead, in terms of dis-
placement components, one uses the stress-strain equations for an
isotropic material

0;=\e +2Ge;, 7;=Gv; (2)

where the &; and ;; are normal and shear strains, respectively, and
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Body of revolution with a sharp corner boundary discontinuity

__E < 20G 3
T2(1+v)” T

e=¢g,+egte, G
N 1-2v

where \ is the Lamé parameter; G, E, and v are the shear modu-
lus, Young’s modulus, and Poisson’s ratio for the material, respec-
tively, and the strain-displacement relations (cf. [29])

1 u v

N
8r="t,rs 892;(U’0+M), Szzw,z’ Yr0=7+v,r_;s
W
Ve =WetUy, Vo=Vt 4)
r

where u, v, and w are displacement components in the r, 6, and z
directions, respectively. Substituting Egs. (2)—(4) into Eq. (1), one
obtains

2(1 - v 1-2v
2(1-vu,, + ( )M,r— 2(1 - v)i2 +——ugp+ (1 -20u_,
r r
1 3-4v
+ UV, 9= 3 Vetw,=0 (5a)
r r
1 3-4
—U o+ —zvu,g+ (I-2vv,,+(1- 211)h —(1- 211)22
r r r r
2(1 - v 1
+ -y 5 )U’(99+ (I-2vv_,+-w4=0 (5b)
r r
. . 1-2
u, + Lo D, 2(1-vw  +(1-2vw,, + vw’,.
r r
1-2
+ 5 UWﬁgzo (SC)
r

These equations are also found, for example, in the paper by
Chaudhuri and Xie [30].

Transactions of the ASME

Downloaded From: http://appliedmechanics.asmedigitalcollection.asme.or g/ on 04/26/2014 Terms of Use: http://asme.org/terms



e

Fig. 2 Cylindrical (r,z) and sharp corner (p, ¢) coordinates

Because solutions of Egs. (5) will be applied to bodies of revo-
lution subjected to arbitrary static or dynamic loads, it is propi-
tious to assume them as Fourier components in 6

v= E V,(r,z)sinnf and  (6)
n=0,1

u= 2 U,(r,z)cos no,

n=0,1

w= E W, (r,z)cos nf

n=0,1

Substituting them into Egs. (5) yields

2(1 - U,
(l—U) nrr ( U)Un,r_[z(l_U)+n2(l_2v)]_2n
r r
3-4
+(1-20)U, .+ =V, - "(—,L,U)Vn +W,,.=0 (Ta)
r r
3-4 1-2
- Eljn,r_ # (1 - 2U) nr _vVn,r
r r r
) v, n
-[(0-2v)+2n°(1 - V)] + (1 -20)V, . ——W, =0
r r
(7b)
1 1-2v
Un Un 2 Vn,z + 2(1 - U) Wn,zz + (1 - 2“) Wn,rr+ _Wn,r
r
n(1 -2v)

-———W,=0
r

(7c)

To investigate the stress singularities at a sharp corner along the
circumference of the body, (r, z) coordinates are transformed to
(p, ) coordinates as shown in Fig. 2. The relations between the
two coordinate systems are

p=V(r—-R)?>+2% d):tan’l(_—ZR) (8a)
and
r—R=pcos ¢, z=-psindp. (8b)

Utilizing Eqgs. (8) with chain rule differentiation, Egs. (7) be-
come

Journal of Applied Mechanics

[2(1 = v)cos? ¢+ (1 —2v)sin® &1, pp

sin® ¢ cos ¢ cos® ¢
+ (l—)( pcos¢+R>+(1_2U) P ]U,l,p
sin 2¢ 2(1 - v) + (1 -2v)n?
B p mpd (pcos ¢p+R)? "
[ sin ¢ cos ¢:|
2(1- 1-2 U,
+_( v) 7 +(1-2v) 2 |Unse

2(1-v) sin¢g sin2¢ ncos ¢
Ll 2 n d)+— n.p
pcosdp+R p p pcos ¢+ R
nsin ¢ n(3-4v) V. —sin o oW
— —sin ¢ cos
p(pcos ¢+ R) né (pcos p+R)> " PP
sin ¢ cos ¢ cos2¢
t—Wy,- n.pe
P p
i 2
Jamdeosd, 82y o (9a)
p
n sin ¢ n(3-4v)
PR L U,, - U, sl -
p cos ¢+R<COS PUnp p ’d’) (pcos p+R)?
cos ¢
+(1-2 +(1-2 —V,
( U) n,pp ( v)(p pCO§¢+R> n,¢
1-2v 1-2v sin¢
+ o Vigs~ "
p pcosd+R p
(1-2v) +2n%(1 =) n
(pcos ¢+ R)? pcos p+R
cos
X <sin W, , + —¢W,L¢) =0 (9b)
. cos 2¢
— sin ¢ cos ¢U,,,pp— — U, 0
p
+<sin¢cos¢ sin ¢ )
p pcosp+R/) "
sin ¢ cos ¢ cos 2(;5 cos ¢
+ 2 Um¢¢+ 2
P P plpcos ¢+R)
cos
_;<Sln¢ np ¢ n¢>
pcos ¢+ R p
sin 2
+[2(1 — v)sin® ¢+ (1 — 2v)cos? DIW,0 p QW,,.W
cos® & sin® ¢ cos ¢
+ 2(1—v) +(1-2v) + W.p
p pcos ¢+ R ’
+[2(1 = v)cos? ¢+ (1 — 2v)sin? d)] Wb
[ 2
o-20-92 ¢+(1—2v)<sm ¢
sin 2(1-2
_1—¢>] JPRL Lt R
p(pcos ¢+R) 7 (pcos p+R)
Now assume
Wpd) = 2 P U (),

m=0,1
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Vip.d) = D P V().

m=0,1

W(p. )= 2 P W), (10)

m=0,1

where \ is a yet-undetermined parameter, which can be a complex
number. The real part of A should be positive to make displace-
ment components finite at p=0. Multiplying through Egs. (9) by
(p cos ¢+R)?, substituting Eqs. (10), and retaining only those
terms with the lowest degree of p, one obtains the following equa-
tions to describe the behavior at the sharp corner:

[N\ = 1)cos ¢+ N2(1 = 20) + N sin® $]U,0— (A = 1)sin 2¢U,0 4

+(sin> @+ 1 = 20) U,y g+ Sin b c0s W, 4+ (1

—\)cos 2¢Wn0’¢ +N(2=N)sin ¢ cos pW,o = (11a)
Voo + A2V, =0 (11b)

A2 = N)sin ¢ cos dU,5 + (1 — N)cos 2q5lA/,,07¢ +sin ¢ cos qﬁlA/anM,

+

[N\ = D)sin® ¢+ N2(1 = 20) + X cos? ¢]W,+ (A = 1)sin 2¢W,,q. 4

+(cos? p+ 1= 20) Wy 45 =0 (11¢)

Equations (11) are independent of n, which means that the stress
singularities at p approaching to zero are expected to be the same
as those for axisymmetric problems (n=0).

The solution of Eq. (11b) is simply

Vio=Acos N+ A,sin A, (12)

where A; and A, are coefficients to be determined from boundary
conditions. Equations (11a) and (11c) are two coupled ordinary
differential equations with variable coefficients.

Equations (11a) and (11¢) are simplified to a set of equations
with constant coefficients by the following transformation. Define

new functions U,y and W, such that

U,io(#) = cos ¢U,(#) — sin pW,0( ) (13a)
Wio() = = sin ¢U,o() — cos sW,o(h) (13b)

Substituting Egs. (13a) and (13b) into Egs. (11a) and (11¢) with
careful rearrangement yields

(1 -2v)cos (;5[7”0’4,(1,— (3+ N\ —4v)sin d)[_]nO,(/)
+2(\2 = 1)(1 = v)cos ¢U,o— 2(1 — v)sin pW, 44
+(=3+ N +4v)cos W, 4+ (1 = \?)(1 - 20)sin pW, =0
(14a)
— (1 -2v)sin ¢l7n0,¢¢>_ (3+ N\ —4v)cos ¢l7n0,¢
=2(\N* = 1)(1 = v)sin ¢U,p— 2(1 = v)cos W, 46— (=3 +\
+ 4v)sin qSV_VnO‘d,
+(1=2\%)(1 - 2v)cos W, =0 (14b)
Multiplying Eq. (14a) by cos ¢, and subtracting Eq. (145) multi-
plied by sin ¢ yields
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(1 =20 U045+ 2N = D1 =) U, + (= 3+ N +40)W,,4,=0
(15a)
Similarly, summing Eq. (14a) multiplied by sin ¢ and Eq. (14b)
multiplied by cos ¢ yields
—(B+N=40)U,0 4= 2(1 =)W, 4+ (1 = N)(1 =20)W,,=0
(15b)

Thus, Egs. (15a) and (15b) are two coupled ordinary differen-
tial equations with constant coefficients. The solutions can be eas-
ily obtained by standard procedures for solving linear differential
equations, and they are

U,o(¢) = Bisin(\ + 1) — Bocos(\ + 1) ¢ + yBssin(A — 1) ¢
— yBycos(A — 1) (16a)

W.o(d) = Bycos(\ + 1)+ Bosin(\ + 1)+ Bycos(A — 1) ¢
+ Bysin(A—1)¢ (16b)

where y=(-3+\+4v)/(3+\-4v), and B; (i=1,2,3,4) are coef-
ficients to be determined from boundary conditions.
In a brief summary, the solutions of Egs. (5) are

M(p, 07 ¢) = E p)\[COS ¢l7)1()(¢) —sin d)Wn()(d))]COS né+ O(PMI)

=iip,6,¢) + 0(p**") (17a)

v(p. 0. ) = >, pMA,cos Np + Assin Np)sin n0+ O(p**)

=0(p,6,¢) + O(p™*") (17b)

w(p, 0,8) = X, pM=sin ¢U,(h) — cos W,o(B)Jcos n6+ O(pM)

n

= W(P, 07 ¢) + O(P)\H)

where U,o(¢p) and W,() are given in Egs. (16a) and (16b), and
O(pM1) are terms of higher order in p.

(17¢)

Boundary Conditions, Characteristic Equations, and
Corner Functions

Having solutions to the equilibrium equations, attention is now
turned to the boundary conditions along the edges of the sharp
corner. These surfaces, ¢=0 and ¢=« (see Fig. 2) may each be
either free or fixed. For example, for ¢=a

(a)  Free (traction forces are equal to zero)

T,=o,sina+7.cosa=0,
T,=7,sina+o,cos a=0,

Ty= Tgsin a+ 7g.cos a=0 (18a)

(b) Fixed

u(p,6,a) =v(p,0,0) =w(p,6,a) =0 (18b)
Substituting the displacements (Egs. (17)) into Egs. (2)—(4), as p
approaches to zero, the singular stress components can be asymp-
totically expressed for each Fourier component (1) as

vE E sin ¢ it
= A i _4) o(p*
T A+ u(1-20) +1+u(“”’cos¢ p +0l)

(19a)
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Table 1
intersecting surface

Characteristic equations and corner functions for all combinations of fixed or free

Boundary conditions

=0 b=« Characteristic equations Corner functions
Free Free sin N\a=0 v=prcos N sinnf
sin A==\ sin « u=p*(cos pU,—sin ¢pW,)cos nf
w=pM(=sin ¢pU,—cos ¢pW,)cos nf
Free Fixed cos ha=0 v=p'cos N sin né
Y i
» A= 1+ 92— Nsin® a u=p(cos ¢pU,—sin ¢pW,)cos no
siP h\g= ———————
3-4v w=pM(=sin ¢pU,—cos ¢pW,)cos nf
Fixed Fixed sin N\a=0 v=psin N sinnf
— Meos G .
Asin @ u=p*(cos ¢pU;—sin ¢pW;)cos n6
sin\a= *
3-4v w=pM=sin ¢pU;—cos ¢pW;)cos né
Note:
Uj=—(-1+N)/(B+N=4v)psin(A+1) p+(1+N)/ B+ —4v)cos(N+ 1) p— ymsin(A—1) p—ycos(A— 1) ¢,

Wi==(=1+N)/(3+N-4v)pcos(A+1)p—(1+N)/ (3+N—4v)sin(\+ 1) p— p;cos(A—1) p+sin(A—1) ¢,
Upy=—(=1+N)/(3+A=40) 7osin(A+ 1)+ (1+X)/ 3+ A —4v)cos(A + 1)+ y 7psin(A—1) p— y cos(A 1) b,
Wo==(=1+N)/(3+A—-4Y) pcos(N+1)p—(1+N)/ (B+N—4v)sin(A+1) d+ prcos(N—1) p+sin(A—1) ¢,
Uz=—m3sin(A+1) p+(=3+N+4v)/ (3+N—4v)cos(A+1) p+ ymzsin(A— 1) p— y cos(A = 1) ¢,
Wi==mn3c0s(A+1)p—(-3+N+4v)/(3+N—4v)sin(A +1) p+ 173c08(A = 1) p+sin(A—1) b,

7 =[\sin(A—=2)a—(2+\)sin Na]/[2\ sin a sin(A-1)a],
+2v)sin @ cos Aa+(1-2v)cos asin Aa],

m=[-Hfcos(\+1)a—cos(\—1)a]]/[-sin(A\+ 1)+ ysin(A\—1)a].

= vE E ., coS W
z_(1+1J)(1—211)A+1.'_U<_Sm¢w,p_ o >+O(p)‘)
(19b)
vE
T o290 (19¢)
E P
T9= Tor = m(cos P, - HPe fv’ ) +0(p"  (19d)

o= Ty = m(— sin ¢, — %) +0(0") (19)

sin il cos ¢pw é
where A = cos il , — —d)é —sin W ,— o7, :
p

p

Substituting either the displacements of Egs. (17), or the
stresses of Egs. (19), as needed, into the boundary conditions of
either Eq. (18a) or (18b) at the faces ¢=0 and ¢=« yields six
homogeneous, linear algebraic equations in the six coefficients A,
A,, By, By, B3, and B,. For a nontrivial solution the determinant of
the coefficient matrix is set to zero, from which the eigenvalues
(\) are obtained. Moreover, the coefficients A; and A, are un-
coupled from the remaining four, so two sets of \ are determined,
one set from the second order determinant of A; and A,, and one
set from the fourth order (B,,B,,Bs,B,) determinant.

For example, if the surface ¢=0 and ¢=« are both fixed, then
one obtains from the second of Egs. (18b)

Journal of Applied Mechanics

7=[2(~1+v)cos @cos Na+(—1+\+2v)sin a sin Na]/[(-2+\
cos A sin A«

[ Lo Hf\;}zo

Whence sin Aa=0 is the characteristic equation for this set of \.
Applying the first and third of Egs. (18b) at ¢=0 and ¢=« results
in a set of four equations

(20)

0 1 0 y
1 0 1 0
sinA+ 1)a —cos(A+1)a ysinA—1)a —ycos(A—1)a
cosN+1a  sinA+1)a  cos(A\—1)a sin(A — 1)«
B,
B,
X =0 (21)
B;
By

Evaluating the determinant, using some trigonometric identi-

ties, and simplifying it further, one arrives at
. \ sin «
sin\a= + (22)
3-4v

Having the characteristic equations, the eigenvalues N can be
determined from them and substituted into Egs. (20) and (21) to
obtain the eigenvectors A|/A, and B/By, B,/By, B3/By. The re-
sulting eigenfunctions are the desired corner functions, having
arbitrary amplitudes which may be taken as unity.

The characteristic equations for all three combinations of fixed
or free corner surfaces have been obtained. They are given in
Table 1. The equations corresponding to u and w in Table 1 were
obtained by Zak [27] for the axisymmetric (n=0) case only, using
a different approach. These equations are also identical to those
derived by Williams [1] for the sharp corner plane elasticity prob-
lems.
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The corner functions for the three combinations of fixed or free
edges are also presented in Table 1. They have not been found in
the previously published literature.

Equations (19d) and (19¢) show that the shear stresses 7,y
=T7gand 7,,=Ty, depend only on v, whereas the other stresses
depend upon u and w. Because the characteristic equations for v
are different from those for u# and w, the singularities for the
former stresses are different from those for the latter ones.

Concluding Remarks

The objective of this work was to derive corner displacement
functions (u,v,w) which represent well the stresses and deforma-
tion of an elastic body of revolution in the vicinity of a sharp
boundary corner. This was accomplished by means of an
asymptotic analysis, which resulted in the characteristic equations
and their corresponding corner functions summarized in Table 1.

The corner functions will be used in future 3D studies to deter-
mine accurate free vibration frequencies and mode shapes of bod-
ies having such boundary discontinuities. These occur frequently
in practice when rods or bars are machined (e.g., a circumferential
V notch, or an abrupt diameter change). Although other corner
functions have been used to advantage for vibration studies of 2D
continuous systems [13-16,18], and the present ones are expected
to be suitable for 3D vibration problems, they can also be used for
static stress and deformation analysis, especially for determining
the stress intensity factors for a V notch.

The present work deals with single homogeneous bodies. It
would also be useful to have corner functions for bimaterial bod-
ies, such as when a truncated cone is bonded to a cylinder of other
material, as shown in Fig. 1. This will be the subject of a future
study.
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