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ABSTRACT  Process capability indices have been widely used in the manufacturing industry for
measuring process reproduction capability according to manufacturing specifications. Properties
of the univariate processes have been investigated extensively, but are comparatively neglected for
multivariate processes where multiple dependent characteristics are involved in quality measurement.
In this paper, we consider two commonly used multivariate capability indices MC,, and MCp,, to
evaluate multivariate process capability. We investigate the statistical properties of the estimated MC ),
and obtain the lower confidence bound for MC,. We also consider testing MC,, and provide critical
values for testing if a multivariate process meets the preset capability requirement. In addition, an
approximate confidence interval for MCpy, is derived. A simulation study is conducted to ascertain
the accuracy of the approximation. Three examples are presented to illustrate the applicability of the
obtained results.

Key WorDs: Multivariate capability index, lower confidence bound, hypothesis testing, critical
value

Introduction

Process capability indices have been widely used in the manufacturing industry for measur-
ing process reproduction capability according to its manufacturing specifications. In current
practice, suppliers are often required to provide their process capability of the product to
the customers in the supply chain partnership. Process capability indices can also be used
as the benchmarking for quality improvement activities. Capability indices, C,, C,; and
C i, have been proposed to evaluate process performance but restricted to cases with single
engineering specification. A large number of papers have dealt with the statistical properties
and the estimation of these univariate indices. Kotz & Lovelace (1998) provided a review
of these indices in their textbook. Kotz & Johnson (2002) provided a compact survey and
commented on some 170 publications on process capability indices during the years 1992
to 2000.

Process capability is defined to be the range over which the measurements of a process
vary when the process variation is due to random causes only. Process capability indices pro-
vide an effective measure of process performance. Engineers can realize whether the product
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meets its specifications using process capability indices. In real applications, manufactured
products often have multiple quality characteristics. That is, the process capability analysis
involves more than one engineering specification. For this reason, multivariate methods for
assessing process capability are proposed. Wang et al. (2000) reviewed three multivariate
methods (Taam ez al., 1993; Chen 1994; and Shahriari ef al., 1995) and compared their capa-
bility for four problems. Although some multivariate capability indices have been proposed,
research on the statistical properties of those multivariate capability indices has received
little attention. It is needed to investigate the statistical properties for the multivariate pro-
cess capability indices for practical purposes. In this paper, the statistical properties for the
multivariate process indices MC, and MC,,, are investigated. The next section describes
the processes with multiple characteristics. The estimator of MC, and its properties are
presented in the third section. Confidence interval, lower confidence bound, and hypothesis
testing for MC, are presented in the fourth section. An approximate confidence interval and
lower confidence bound for MC,,,, and a simulation study to ascertain the accuracy of the
approximate confidence interval for MC,,, are presented in the fifth section. Three exam-
ples are chosen to illustrate the proposed methodology in the sixth section. Conclusions are
made in the final section.

Multivariate Capability Indices

Traditionally, process capability is confined to single characteristic of the product. In many
cases, a manufactured product is described by more than one characteristic. That is, man-
ufactured items are confined to several different characteristics for adequate description of
their quality. Each of those characteristics must satisfy certain specifications. The assessed
quality of a product depends on the combined effects of these characteristics, rather than
on their individual values. For example, automobile paint needs to have a range of light
reflective abilities and a range of adhesion abilities. A paint that satisfies one criterion but
not the other may be undesirable. Those characteristics are related through the compositions
of the paint. It is therefore only natural to consider a bivariate characterization of this paint.

As for the tolerance region about multiple characteristics, we often take an ellipsoidal
region or a rectangular region. For more complex engineering specifications, the tolerance
region will be very complicated. For instance, a drawing of a connecting rod in a combustion
engine consists of crank-bore inner diameter, pin-bore inner diameter, rod length, bore true-
location and so on. In multivariate processes, we usually assume that the observations X
have a multivariate normal distribution N, (i, X), where v is the dimension of variables, i
is the mean vector and X represents the variance—covariance matrix of X. In addition, T is
the target vector, X is the sample mean vector and S is the sample covariance matrix.

We will focus on the multivariate process indices MC,, and MC,, (Taam et al., 1993).
The multivariate capability index MC,, is defined as

_ vol.(modified tolerance region) _ vol.(modified tolerance region)
P70l l(X — WS X — 1) S k@) (TxZg90n) 2 IS (/2 + DI
ey
where k(g) is the 99.73th percentile of the x? distribution with v degrees of freedom, ||
is the determinant of ¥, and I'(-) is the gamma function. Also the multivariate capability
index MC,,, is defined in the following, where D = [1 + (u — T)' ="' (u — T)]"/2.

MC,,, = )
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Note that, MC,,, is less than 1, the process is not close to the specified tolerance region.
On the other hand, MC,, is larger than 1, which only indicates that the process variation is
smaller than the specified range of variation.

Estimation of MC),

An estimator of MC,, can be expressed as

vol.(modified tolerance region) vol.(modified tolerance region)

vol.(estimated 99.73% process region) (7T X2 0.9973) 2SIV [T (v/2 + D]

(3)
where § is the sample variance-covariance matrix and |S| is the determinant of S.
According to the equation (1), MC,, can be expressed as MC, x (S1/1ZD~12. Let
X = (X1, X,, ..., X,) represents an n-dimensional vector of measurements from a mul-
tivariate normal distribution with mean vector u = (w1, 2, ..., wy)’, T is the vector of
target values, X is the process variance-covariance matrix. Using the following theorem,
we can derive the distribution of MC p-

p =

Theorem 1

The distribution of the generalized variance | S| of a sample X, X5, ..., X,, from N, (u, X)
is the same as the distribution of |X|/(n — 1)” times the product of v independent factors,
the distribution of the ith factor being the x 2 distribution with n — i degrees of freedom.

For the proof of Theorem 1, see Anderson (2003, p. 268). From the above theorem, we
can have that |S|/X is the distribution of anfl X X372 X oo X X,%_v/(n — D% Lety =
X2y X X2, x -+ x x2_,. Then, we have

2
Mc? y

~

mcx; =1y

Using the transformation method, the probability density function of MC » can be
expressed as

forx >0

“4)
When v = 1, the probability density function of M C,, is equivalent to the pdf of C,. So,
we have

d
F) = frig” 01 x| g ' () = =

. [Mcf,(n - 1)1} 5 2(n — 1)*MC?

c? y

% —
2 =1

From equation (4) and the pdf of y is

where y = x? ;.

(1/2)(n—l)/2y(n—l)/2—1 e—y/2

r(y) = T(n—1/2)
the pdf of c » 1s given by
(n — b Cp —[(—1)/2]x(C, /x)?
1O = erm a3 ) < T frx=0 0
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When v = 2, we have
2
MC,

Y 2 2
~ where y = x,_| X X,_»-
A 2 n_12 n—1 n
mc, @=D

It can be shown that Xj_] X an—z ~( X22n— 4)2 /4 (see Corollary 1 in Appendix). Thus, we

have
Mc; N z
Mcz A —1)?

where z = (x3,_,)°.

Using the transformation method, the pdf of z is

B (1/2)(11—1)Zn/2—26—ﬁ/2

forz >0
I'n—2)

f(@

Similarly, from equation (4) and the pdf of z, the pdf of MC p 1s given by

_ 1\(n—-2)
) = (n—1) X(MC,,

n—1
) x e~ =DXMCy /) po o
MC,T(n—2)

X
When v = 3, we have

2
MC, ,

2 2 2
o T o where y = X, _| X Xp_2 X Xp_3-

Letz; = x2 |, x x>, ~ (x3,_4)*/4and 75 = x2_;. Then, we have

2
McC, 7122

mcz (=17

Letu = z; X zp and v = z;. Using the transformation method, the joint pdf of u x v is

L (1/2) D2 sy 2y (72 o~ (W) 20)
- F'(n—2)T' (n—3/2)

S, v)

Then, the pdf of u is given by

f ( ) B /00 (1/2)("71)/2 X v71/2 X u(nfS)/Z X e*(ﬁ+u/2v)
v = T(n—2)T (n —3/2)

Similarly, from equation (4) and the pdf of u, the pdf of MC p 1s given by

fx)

3 (n/2)—(3/2) n—2 00
_—1¥x(1/2) . (MC, X/ s
MC,T(n—2)T (n —3/2) x 0

% e~ W= MC/x /@] gy for x > 0

foru,v >0

dv foru >0

(6)

@)

Since the hth moment of a x2 distribution with v degrees of freedom is 2"T"(v/2 +
h)/T'(v/2) and the moment of a product of independent variables is the product of the
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moments of the variables, the 2th moment of |S|/|X| can be obtained as

2vh ﬁ ['[1/2(n — i) + h]
E(SI/1Z)" = —=L — (8)
n— 1 [T [1/2(n —i)]
i=l1

Now we can derive the rth moment of MC p» according to the equation (8) and MC » =
MC, x (|S|/E)_1/2. Thus, we have

E(ICY) = EMC, x (ISI/ %)) = MC, x E(|S|/%)™" o

Now, we can substitute r = 1 and & = —1/2 into the equations (8) and (9), respectively.
Then, we have

2-v/2 ﬁ C[1/2(n—i)—1/2]
i=l1
(n—1)—v/2 ﬁ I [1/2(n —i)]
i=1

1\ — ) —
_ MC. x n—1 [1/2(n —v) —1/2] zl « MC (10)
P 2 C[1/2(n —1)] b, p

E(MC,) =MC, x

where b, = (-2 )U/ZF [1/2(n — 1)]T [1/2(n—v) — 1/2] is a correction factor, so that

b, x MC » 18 an unbiased estimator of MC),. Again, we can substitute r =2 and h = —1
into the equations (8) and (9), respectively. Then, we have

270 ﬁ r[1/2(n—1i)—1]

i=1

(n— 1)~ T[T [1/2(n — )]
i=1

E(MC3) = MC, x (11)

From the equations (10) and (11), we have the variance of MC p as

27 [T T [1/20 — i) — 1] | )
Var(MC,) = MC? x = - [— X MCP} (12)
(n—=D7V[T[1/2(n — )]

i=1

When v =1, accordlng to the equations (10) and (12), we can find that the expectation
and variance of M C, are equal to those of C (see Kotz & Lovelace, 1998). That is, the

expectation and variance of C » can be obtained as
A n—1TI1[1/2(n —2)] 1
) PN T T2 by P

~ n—1 1 )
Var(Cp): m—ﬁ X Cp
1

whereAbl =4/2/(n—1)[T[(1/2)(n — 1)]/T [(1/2(n — 2))]] is a correction factor, so that

by x C,, is an unbiased estimator of C,. When v = 2, according to the equations (10) and

and
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(12), the expectation and variance of MC » can be obtained as

N n—1 1
E(MCp) :MCp X m = b_2 XMCP
and
(n — 1) 1

1 2
x—xMC[,

Var(MC,) = MC> =
MGy = M 30— ~n—4 B

where b, = (n — 3)/(n — 1) is a correction factor, so that by x McC » 1 an unbiased esti-
mator of MC,. When v = 3, according to the equations (10) and (12), the expectation and

variance of M C,, can be obtained as

. <n—1>3/2 T[1/2(m—3)—1/2] 1
E(MC,) =MC, x [ — ) x = — x MC,
2 T[1/2(n — 1)] bs
and
S, (n—1)3 =1y r2(1/2n —2) ]
Var(MC)) = MC,, [(n ) —Hn =5 2m-3)2 T2(1/2m—=3/2)
3
=[ (=D —ii|><MC2
(n—3)(n—4Hn—-5) b2 r

wherebs = (n —3)/(n — 1) x J/2/(n — 1) x (I'(1/2n — %))/(F(%n — 2)) is a correction

factor, so that b3 x MC » 1s an unbiased estimator of MC,,.

Confidence Intervals and Hypothesis Testing for MC,
Confidence Interval and Lower Confidence Bound for MC,,

Since MC »=MC, x (IS|/1Z)~ 2, like other statistics, is subject to the sampling varia-
tion, it is critical to compute an interval to provide a range that includes the true MC,, with
high probability. Based on the definition, a 100(1 — )% confidence interval for MC), can
be established as:

A g1\ 12
P{L§MC,,§U}=1—05—>P{L§MCPX<%) <U}l=1—-«

L (|S|>1/2 U
— P {—= <\ = == =l-«a
McC, |2 McC,

L <\/X3_1XX3_2X"'XX’%U < U

— P{ — < < — =1—-«
McC, (n—1)? MC,
L*(n —1)? U*(n — 1)V
— P #Sxiil Xxjizx...xxsil)S#
mc? Mc?
=1—-«

) 2 2 U (n—1)"/MC? _
Lety = x2 | X x* , X -+ X x?_,, then we have sz(nq)v/Mc;,I fridy=1—-«a
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So, we have . .
Fyl'(@/2) = (L*(n — D")/MC? and Fy'(1 —a/2) = (U*(n — 1)*)/MC2, where

Fy(2) = [y f()dy.
Thus, a 100(1 — )% confidence interval for MC, can be obtained as:

e [Fle oo K4 —a/2) 13
o= TN T =1y

Furthermore, a 100(1 — «)% lower confidence bound for MC,, can be obtained as

N I )
MC, e (14)

When v =1, a 100(1 — )% confidence interval and lower confidence bound for C,, are

given by
2 2 2
r | Xn—lLa2 A | Xn—1,1-a/2 A Xn—1,a
C ,C d|C,,| —— 15
”\/(n—l) ”\/ w—0 [T e-1 (13)

When v = 2, we can find that the distribution of 2 | x x> ,isequalto (x3, ,)*/4.Thus,
a 100(1 — )% confidence interval and lower confidence bound for MC,, are given by

~ (X22n—4 a/2)2 ~ (X22n—4 1—a/2)2 ~ (X22n74 o)’
MCyy | 2222 e, |22 ang | BC,, [ bl 16
Naxn—102"""Vaxm—12 | WNaixmo1z | 19

When v = 3, we can find that the distribution of Xf—l X X3_2 X Xf_3 can be expressed
asy = (X22H_4)2/4 X X,%_3'

Now, let y; ~ (x3,_,)*/4and y2 ~ x2 ;. So, we have y = y;y,. Let w = y;. Using the
transformation method, the probability density function of y is given by

fr») =f0 S (1, y2)dyy

00 (1/2)=D/2 5 V2 O=92 (3 /21)
:/ (4/2) N Y2 dy;,0<y < oo
0

T(n—2) x T[(n — 3)/2]

Thus, a 100(1 — o) % confidence interval and lower confidence bound for MC ), are given by
. Fyl(a/2) - Fy'(1—a/2) . F, Y (@)

MC, | t—=" MC, | X———— |and | MC,,| —~ 17

Na—v Mo Ty MY |

R (1/2)(11*1)/2 x x~1/2 % y(n—S)/z % e—X"=(/20)
Fy(y) = / /
" o Jo ['(n—2) xT(n—3)/2]

where

dxdy

Efficient Mathematica programs are developed to obtain equation (17). These programs are
available by sending an e-mail request to Wang.
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Hypothesis Testing for MC),

In hypothesis testing, we determine whether or not a hypothesized value of a parameter is
true or not, based on the sample taken and the parameter estimate derived from it. That is,
we are trying to find out where the estimated capability is relative to either true capability,
hypothesized capability, or how different the estimated and true capabilities are. To do this,
we estimate an index value, compare it to a lower bound ¢y, and compute the so-called
p-value. The quantity p refers to the actual risk of incorrectly concluding that the process is
capable for a particular test. In general, we want p-value to be no greater than 0.05. To test
whether a given process is capable, we may consider the following statistical hypothesis
testing:

Hy : MC,, < co(process is not capable)
H; : MC, > co(process is capable)

where ¢ is the standard minimal criteria for MC,,. The critical value, c, can be determined as:

MC,

\/(XV%—] X Xi%—Z XKoo X an—v)/(n - 1)1)

plsic, > amc, =) =a — p

> c|MC, =co ¢ =a.

Lety = x2 |, X x>, X --+ X x2_,, then we have

2
___C _ % 2
P{Jiy/m—l)v >C} e P{y/(n—nv e }
(}’l _ 1)1}6(2) (n—l)”cé/c2
Za—>P{y<c—2}=0‘—>/o Sr(y)dy
_ (n—1)¥c}
a0 — Fyl(a):%.

Thus, the critical value can be expressed as

(n—1yY
= _— ]
c=co| File) (18)

Whenv =1and y = X,%_] , the critical value is equal to

n—1
Co 3 .
anl,()t

Whenv =2andy = x> | x x?_, ~ (x3,_4)*/4, the critical value is equal to

A =12
0 (X22n—4,oz)2'
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Whenv =3andy = x2_, x x>, X x>, the critical value is equal to

—1)3 Y poo (1/2)m=D/2 (-1/2) (n=5)/2 o p—x'2—y/2x
u, where Fy(y) =/ / (1/2) aal b X ¢ dxdy
0 Jo

Fy (@) F'(n—2)xT((n—3)/2)

From the definition of c, it is obvious that the value of MC » must be higher than the
original target value for the true MC,. The amount of difference required depends on the
sample size, n. The power of the test, 8, is given by

B(MC,) = P{MC, > c|MC,}

Mmc,
=P > c|MC,
O x ki x X x)[= 1y
(n—1)"MC,
=Pyy<—— MG, (19)
C

where y is the probability density function of x2 | x x2 , x --- x x>_,. From the above
equation, we can obtain the operating characteristic (OC) curve for MC,,, which plots the
true value of 1 — B(MC,,) against MC), for two situations: (1)n = 30,c¢ = 1.33;(2) n =70,
¢ = 1.46. When v = 1, 2 and 3, several operating characteristic (OC) curves for MC, are
shown in Figures 1-5. From these operating characteristic curves, we found that some
interesting results are as follows.

(i) From these graphs, it is obvious that when the ¢ is larger, the chance of incorrectly
concluding the process is not capable is smaller.
(ii)) When n and c of the two are the same, then their OC curves are similar regardless of
v=1,v=2o0rv=3.
(iii)) When c is smaller, the chance of incorrectly concluding the process is not capable will
be smaller.

=

\
0.8

06 \ n=70=1 =146

OC(Cp) n=30v=1,c=1.33 \

0.4+ \

2] \x\

0% 12 14 cp 16 18 2

Figure 1. Operating characteristic curve for MC,, when v = 1
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1,
08 “
0.6 n=70=2,c=1.46
OCMCp)

0.44

0.21

0.81

0.67
OC(MCp)
0.44

n=70=3,c=1.46

0.21

L 12 Mhye, 165 1B 2

Figure 3. Operating characteristic curve for MC), when v =3

08 130 =1,0-1.33
051 =3 =,0-133
OC(MCp) =30 v=3,0=133
041
02]
e 12 My, 15 18 2

Figure 4. Operating characteristic curve for MCj, when n = 30

Approximate Confidence Intervals for MC,,,
An Approximate Confidence Interval and Lower Confidence Bound for MC ,,,

An estimator of MC,,, can be expressed as

e _MC, _ MC, x (SI/IEDT2 _ MCy x D x (SI/1Z)7
"D D DxD

D N
= MCPW, X B X E (20)
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\\_\7
n=70y=3,c=1.46
0.8
n=710v=2c=146
0.6
ocMCp) n=70y=1,=146
0.4+
0.24
0 12 14 pop 15 18 2

Figure 5. Operating characteristic curve for MCj, when n = 70

where
. n . i 12
D=l1+(— )X -1ys"'X -1
n—
Since
. D S\ 12 S 2 2 g2
MCppy =MCppy X = % u and u Tt X2 Koy
D 2] |z (n— 1)
we have
. 5 (151)"
(MCpu/MCp) x D = D x <E)
S\ . N SN CRD CEPLIR
=>(MC,,,/MCm> xD2=D2x<—>=D x Xn=1Xn
e =] -1y
where

951

D’=[l+u-T)S u-"T), D*= [1 + (Ll) X-T)s'x - T)}
n—

Based on the definition, a 100(1 — «)% confidence interval forMC),, is given as follows:

2 2

L 5 MC,,,

P{L<MC,, <U}=1-a— P e D <|——
pm

2
U
D* < | = D't =1-«a
MCy,




Downloaded by [National Chiao Tung University ] at 00:59 26 April 2014

952 W. L. Pearn et al.

2
L .
—> P (MC ) D*(n—1)" < D* x Xf_anz—z e Xr%—v

2
U
<|\= D'n—1)"¢t =1—-«
MC,,

Letz = D® x x>  x2,...x~ . The above equation can be rewritten as

Ul(n—1)'D*/MC2,
/ fz2()dz=1—a.
L2(n—1)*D2/MC2

pm

So, we have
L2(n — 1)* D2 U2(n — 1)’ D?
Filap2y = 0 DD F (1 — gy = L DT
ne, ne,

where Fz(z) = foz fz(z)dz. Thus, a 100(1 — a) % confidence interval and lower confidence
bound for MC,,, are given by

. | F'(@/2) - [F;7' (1 —a)2) . F; N (@)
MCpm m,Mcpm m and MCpm m (21)

In fact, D and 72 are unknown values, we can use D and 72 to estimate the values of D and
72, where

172
D= [1 + (%) X-T)s"'X - T)} and > =nX-T)S"'X =T)
n—

Thus, an approximate 100(1 — @)% confidence interval and lower confidence bound for
MC,,, are given by

F N a/2) - FE'Q—a)2 . E7!
La/)’ MC,p, M and | MC,, LQ)A (22)
(n — 1)vD? V' - 1) D2 (n — 1)vD?

From Corollary 2 in the Appendix, the pdf of z can be found. When v = 2, an approximate
100(1 — )% confidence interval and lower confidence bound for MC,,,, are given by

— -
MCpp F @) e fld-a2 and | MC,, @ (23)
V=020 "\ (n—1)2D2 (n —1)2D2

where

R B z poo 1/26(—1/2(fz)) ()2 ST
F2@) _/o /1 AT =Dl =2y & e

y i (22/2) (x — D'T'(n/2 + i)
i (i + 1)x!/2nt

dxdz forz >0
i=0



Downloaded by [National Chiao Tung University ] at 00:59 26 April 2014

Multivariate Capability Indices 953

When v = 3, an approximate 100(1 — «)% confidence interval and lower confidence
bound for MC,, are given by

Fl'@p2) - F7'(1—w)2 . [
La/)’ MC,, M and | MC,, ;a{ (24)
(n —1)3D? (n —1)3D? (n—1)3D?

R z 00 00 (1/2)(n—1)/2x—1/26—ﬁ—z/(2wx) e(—(l/Z)f)z(Z/w)(n—S)ﬁ
F —
7@ /0 /1 /0 T(n—2)T[(n — 3)/2] wl[(n — 3)/2]

5 (32/2) (w — 1) V2T ()2 + 0)
* iT( + 3/2)w'/2H

where

dxdwdz

i=0

Simulation Study

In order to ascertain the performance of the confidence interval and the lower confidence
bound in equation (23), a simulation study was conducted. In this study, random samples
of size 25, 45 and 65 were generated from the multivariate normal distribution with a
plethora of combinations of w, ¥ and MC,,. The specification limits were assumed to
be, without loss of generality, LSL; = 10, T; = 13, USL, = 16, LSL, = 12, T, = 13,
USL, = 14. For each combination, 1000 random samples were generated and, for each of
these samples, the corresponding confidence intervals and lower confidence bound were
assessed. The proportion of times that each of these limits contains the actual value of the
index was recorded. The frequency of coverage for the limit is a binomial random variable
with p = 0.95 and N = 1000. Thus, a 99% confidence interval for the coverage proportion
is 0.95 +2.576,/0.95 x 0.05/1000. Hence, the limits from 0.932 to 0.968 are the critical
values for a statistical test at the 99% confidence level of the hypothesis that the p = value
is 0.95.

The obtained results are summarized in Table 1. More specifically, Table 1 presents that
the observed coverage of 95% confidence interval as well as the observed coverage of the
lower confidence bound are within the nominal interval at 99% confidence level. Thus, we
can ascertain the performance of the confidence interval and the lower confidence bound in
equation (23).

Ilustration Examples

Three examples were chosen to illustrate the proposed methodology. The first example
was used to illustrate a process with two variables. The other two examples were used to
illustrate a process with three variables.

Example 1

Chen (1994) discussed a bivariate normal example and employed Sultan (1986) bivariate
process data (n = 25). Of particular interest were the Brinell hardness (H) and the tensile
strength (S) of a process. The specification limits for H and S were set at (112.7, 241.3) and
(32.7,73.3), respectively. The center of the specifications was ] = [177, 53]. The sample
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Table 1. Observed coverage of 95% confidence limits

n=25 n=45 n==65
w ) MC pm CI LCB CI LCB CI LCB
5 4
0-75)(22099 3 0-75X220 9973
[i;} L 7 . 7 075 0968 0959 0965 0969 0952 0.952
2 2
0.75x5.0.9973  0-75%3.0.9973
5 4
2 2
X2,09973  X2,0.9973
[ig} 4 5 1 0968 0.959 0.966 0970 0.952 0.952
2 2
X2,09973  X2,0.9973
5 4
2 2
13 1.25%5 09973 1:25X3.0.9973
13 1 5 1.25 0968 0.959 0.966 0970 0.952 0.952
2 2
1.25%5 09973 1.25%3.0.9973
5 4
13 1'5)(22,0.9973 1~5X22,0.9973
|:13:| 4 5 1.5 0968 0.959 0.966 0970 0.952 0.952

2 2
L5X500973  1:3%3,0.9973

Note: CI = confidence interval; LCB = lower confidence bound.

mean vector and sample covariance matrix were

%7 _ [177.2.52.32] and § = |:337.8000 85.3308:|

85.3308  33.6247

Using the discussion in the second and third sections, we can derive the estimated value,
expectation, variance, confidence interval, lower confidence bound and critical value for
MC,. From the data, we have x3 9973 = 11.829 and | S| = 4077.0782. Then, we have

~ 2413 - 112.7)/2 73.3 —-32.7)/2
MC,,:jTX[( 3 )/]j[(33 3 )/]=1.7282
T X |S|1/2X2,0.9973

Since v =2 and n = 25, the expectation and variance of M C, can be calculated as
(25/22) x MC),, (48/847) x MC?, respectively. According to the equation (16), a 95%
confidence interval for MC, is calculated as

2 2 2 2
1.7282 M 1.7282 Whonors)” | _ [1.0499, 2.3985]
4 % 242 4 % 242

In addition, a 95% lower confidence bound for MC,, is

2 2
17280, | Was0os)” s
4 x 242
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To judge whether this process meets the present capability requirement, we consider a
statistical hypothesis testing for MC,: Hy: MC, < 1 versus H;: MC, > 1. According to
equation (18), the critical value is obtained as

425 — 1)2

(Xd6,0.05)

Since MCP = 1.7282 > 1.5268, we can conclude that the MC), is larger than 1 at 95%
confidence level. It implies that this process variation is smaller than the specified range of
variation. From the data, we have D = 1.0228 and 2 = 1.1084. Thus, the MC pm €an be
calculated as 1.7282/1.0228 = 1.6896. According to equation (23), an approximate 95%
confidence interval for MC,,, is calculated as

236.417 1320.09
1.6896 | ——————,1.6896, | —————— | = [1.0583,2.5008]
(24)% x 1.02282 (24)% x 1.02282

Also, according to equation (23), an approximate 95% lower confidence bound for MC,,, is

1.6896 25491 1.1424
' (24)2 x 1.02282

Therefore, we can conclude that the MC,,, is larger than 1 at 95% confidence level. It
implies that this process is close to the specified target.

Example 2

A previous study (Wang & Chen, 1998) presented a trivariate quality control involving the
joint control of the depth (D), the length (L), and the width (W) of a plastic product from
a multivariate normality. Fifty observations were collected from a plastic production line.
The specified limits for D, L, and W were set at [2.1, 2.3], [304.5, 305.1] and [304.5,
305.1], respectively. The 3D tolerance region is illustrated in Figure 6. The specification of
the target value is T7 = [2.2, 304.8, 304, 8].

The sample mean vector and sample covariance matrix for 50 observations were

. 0.0021 0.0008 0.0007
X =1[2.16,304.72,304.77] and S = | 0.0008 0.0017 0.0012
0.0007 0.0012 0.0020

From the data, we have x? = 14.1563 and |S| = 0.3347 x 10~8. Then we have
3.09973

s - 4/37 x (0.2/2) x (0.6/2) x (0.6/2)
PSR x X3 ge973) Y 2T(2.5)] !

06
048403 —» @

0.2
22401 0.6

304.8+03

= 2.9208

Figure 6. Tolerance region for example 2
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Since v = 3 and n = 50, the expectation of McC » can be calculated as 1.0819 x MC), and
0.038805 x MC?,, respectively. According to equation (17), a 95% confidence interval for
MC, is calculated as

29208,/50504'6 29208,/204926 =[1.9136, 3.8547]
’ 493 7 493 T T

In addition, a 95% lower confidence bound is

4.
2.9208 w =2.0329
V498

To judge whether this process meets the present capability requirement, we consider a
statistical hypothesis testing for MC,: Hy: MC,, < 1 versus H;: MC,, > 1. According to the
equation (18), the critical values

493
c=1x, = 1.4367
56994.8

Since MCP = 2.9208 > 1.4367, we can conclude that the MC), is larger than 1 at 95%
confidence level. It implies that this process variation is smaller than the specified range of
variation. From the data, we have D = 2.3408 and 72 = 219.495. Thus, the MC pm €an be
calculated as 2.9208/2.3408 = 1.2478. According to equation (24), an approximate 95%
confidence interval for MC,,, is calculated as

266563 1341790
1.2478 | ——————,1.2478 | —————— | = [0.8024, 1.8002]
(49)3 x 2.34082 (49)3 x 2.34082

Also, according to equation (24), an approximate 95% lower confidence bound for MC,,,, is

304913
12478 | ——— = —0.8582
(49)3 x 2.34082

Therefore, we can conclude that the lower bound for MC,,, is not larger than 1 at 95%
confidence level. It implies that this process is not close to the specified target.

Example 3

Taam et al. (1993) and Karl et al. (1994) discussed a geometric dimensioning and toleranc-
ing (GD&T) drawing that specifies a target value for a pin diameter corresponding to the
midpoint of allowable pin sizes and allowable perpendicularity of the pin depending on its
size. The specifications require a pin diameter between 9 and 11 tenths of an inch (all units
in tenths of an inch) and the center line of the pin to be within a cylinder of diameter 0.5 at
maximum material condition (MMC, i.e., maximum pin diameter), increasing to a cylinder
2.5 diameter at Least Material Condition (LMC, i.e. minimum pin diameter). Therefore,
the tolerance of perpendicularity depends on the pin diameter: for a pin with a diameter
of 9, the allowable perpendicular tolerance zone is a 2.5 diameter cylinder, whereas for a
pin diameter of 11, the allowable perpendicular tolerance is a 0.5 diameter cylinder. A pin
meeting this specification will fit a gage with an 11.5 diameter hole. These GD&T specifica-
tions result in a three-dimensional tolerance region in the shape of a frustum, as illustrated
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&

Sime=11
0.5

\ Mo dified Tolerarce Region

Size=10
Tolerance Fegion
s T |
[ | a5
: }E
T

Figure 7. Tolerance region and modified tolerance region for example 3
in Figure 7. The center of the specificationis 77 = [0, 0, 10]. The sample mean vector and
sample covariance matrix for 70 observations were

. 0.01313 —0.00371 0.00884
X =[-0.0124, —0.0062, 10.0586] and S = | —0.00371 0.01618 —0.01031
0.00884 —0.01031 0.06473

From the data, we have X32’0_9973 = 14.1563 and |S| = 0.00001092. Then we have

G 43T x A1 -9)/2] x (2.5/2) x (0.5/2)

— =1.7752
? IS|M2(7r X X3 0.9973) 2T (2.5)] 7

Now, v = 3andn = 70, the expectation and variance of MC » can be calculated as 1.0570 x
MC, and 0.025685 x MC%, respectively. According to equation (17), a 95% confidence
interval for MC), is calculated as

/164939 1533052
1.7752,) ———, 1.7752,/ ——— | = [1.2579,2.2613]
693 693

In addition, a 95% lower confidence bound is

1.7752,/ 182304 _ 1.3224
' 693

To judge whether this process meets the present capability requirement, we consider a
statistical hypothesis testing for MC,: Hy: MC,, < 1 versus H;: MC,, > 1. According to the
equation (18), the critical values

3
c=1x,/ 69 = 1.3423
182304

Since MCP = 1.7752 > 1.3423, we can conclude that the MC), is larger than 1 at 95%
confidence level. It implies that this process variation is smaller than the specified range of
variation. From the data, we have D = 1.0437 and 72 = 6.1608. Thus, the MC pm €an be
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calculated as 1.7752/1.0437 = 1.7009. According to equation (24), an approximate 95%
confidence interval for MC),, is calculated as

184666
(69)3 x 1.04372°

619698
(69)3 x 1.04372

1.7009

=[1.2219, 2.2383]

204521

T _1.2859
(69)3 x 1.04372

Therefore, we can conclude that the MC,, is larger than 1 at 95% confidence level. It
implies that this process is close to the specified target.

Conclusions

Processes with multiple quality characteristics often occur in manufacturing industries.
Multivariate capability indices such as MC, and MC,,, have been proposed to measure
process reproduction capability according to the corresponding multiple specifications. In
this paper, we obtained the probability density function of the estimated MC »- We con-
structed lower confidence bounds for MC »» and developed the corresponding hypothesis
testing for MC,. In addition, we derived an approximate lower confidence bound for MC,,
for v = 2, 3. A simulation study was conducted to ascertain the accuracy of the approxima-
tion. Three examples are given to illustrate the obtained results. Although we only provided
the distribution of MC),, for v =1, 2, 3, using the variable transformation technique we
could obtain the sampling distribution of MC), for v > 4. Practitioners can use the proposed
procedure to determine whether their process meets the preset capability requirement, and
so make reliable decisions.
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Appendix
Corollary 1

If an_l and Xr%—Z are independently distributed, then X,f_] X X,%_z is distributed as
(X22n_4)2/ 4.

Proof

Let x; ~ x?2_, and x, ~ x2_,. The joint pdf of x; and x, is given by

(1/2)(n—l)/2xil/2—3/2e—x1/2 (1/2)(n—2)/2x;/2—26—x2/2
X
Il(n —1)/2] I'[(n —2)/2]

fX],Xz(-xlv x2) =

Let z; = x; and z; = 2,/x)x;. Using the transformation method, the solution is x| = z;
and x, = z% /4z1, and the Jacobian of the transformation is

1 0 Z
J=| & 2 |= 2—2
4\/5 2z4 “

So, we find that the joint pdf of z;z, is

(1/2)(n—l)/2Z’ll/2—3/Ze—zl/2 (l/2)(n—2)/2(Z%/4Z1)n/Z—Ze—(Z%/4Z1)/2
X
[l(n—1)/2] Il(n —2)/2]

fZ1,Zz(Zlv ZZ) =

22

PR OSZlyZZSOO
2z,

Then, the marginal density function of z; is obtained as follows:

x —dzy

00 (1/2)(n—1)/2zrlz/2—3/2e—zl/2 (1/2)(n—2)/2(Z%/4zl)n/2—2e—(z§/411)/2 %
) = X
fa(2) 0/ Il — /2] Il(n —2)/2] 2

oo
— —-1/2 — —(z%/4z
=C x4 x /zl 12 x e @MAIRGz, 0 <z <00
0

where
_ (1/2)2n79/2
- Tl(n—1)/2] x T[(n — 2)/2]

C

Let h(z) = [;7z,* x e 0/ @424z, Hence, h'(z2) = (—z2/421) x [z, ?
xe~71/2=(3/420/247,  Now, let z3/4z1 = w. Using the transformation method, we find that

, 1 0 1
h(z2) = (—5) X / w2 x e @A 2y, = <—§> x h(z2)
0

The above equation gives h(z;) = e=%/>+¢2) where C, is a constant. Thus, the pdf of z is
given as the following, where C3 = C; x e~ 2. Therefore, we have 7, ~ X22n— 4 [0 (22) =

_ N M-l
Cixe @ xy3xe?=Cyxzd" " xe22,0 <2 < co.
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Theorem 2

Let T2 =n(X — uo)’S‘l()_(— o), where X = (x, xp, ...,x)) be a sample from
N (u, X) with mean vector & = (w1, o, ..., ,uv)’ and covariance matrix X,,, and o
is the vector of target values. The distribution of

T2 n—v
X
n—1 v

is a non-central F' with v and n — v degrees of freedom and non-centrality parameter
> =n(X — o) T(X — po)-

Proof
See Anderson (2003, pp. 174-176).
It can be shown that the pdf of 72 is given by

e_(]/Z)rz 00 (TZ/Z)i [tz/(l’l _ 1)](1/2)v+i71

(n = DU20 =)= ar/2v+i) [1+12/(n — 1]

T'(1/2n + i)
(A/2)n+i

(Al

(See Anderson, 2003, p. 186.)

Corollary 2

(1) For v=2, if z = x2 | x x>, x D? where D* = [1 4+n/n — 1(X — o) ™' (X —
1o)], then the pdf of z is

e (1/2)e=(1/27 (n—4)/2 =20
f2@) = / Wl — 2T =22 /™ e

o]

s (t2/2) (w — DT (n/2 + i)

ArG o+ Dwape w fere=0

i=0

(2) For v=3, if z=yx2, xx2,x x> 3xD* where D*=[1+n/n—1(X —
uo)’S_l()_( — o)), then the pdf of z is

00 oo (l/2)("—1)/2x1—l/2e_ﬁ—z/(2wx1) e_(l/Z)rz (z/w)(”—S)/z
fz(2) _/1 /0 C(n—2)T[(n —3)/2] Tl(n —3)/2]

y Z (t2/2)'(w — DT (n/2 + i)
iI0G + 3/2)w!/2i

dx;dw forz>0

Proof

(1) FromD? =[1 4+ n/(n — D(X — o) S~ (X — o)1 and Theorem 2, we find that D? =
1+ (1/(n—1)T?
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Lety = 1+ (1/(n — 1))T?. Using the transformation method and the equation (A1),
the pdf of y is obtained as follows:

fr) = fra (= Dy = 1) x |(n = D)
_ et i (/D' = DT (/2 +1)
C (= DIl =2)/21 5 iTG + Dyt/ons
_ e K@/ - DTw/2+0)
STl —=2)/21 % i@ A+ Dyd/2m

X (n—1)

fory > 1

Letx = Xf—l X X3_2. From Corollary 1, we find that x = (Xzzn_4)2/4- That is, the pdf
of x is
(1/2)x=H/2e=Vx
fx(x) = T2 for x > 0
Now, let z = xy and w = y. Using the transformation method, the solution 2is x=z/w
1/w —z/w
6 { =1/w.

and y = w, and the Jacobian of the transformation is J =

So, we find that the joint pdf of zw is
(1/2)(z/w) "9/ VZm
wl'(n —2)

e*(1/2)12 0 (12/2)i(w _ 1)’F(n/2 + l)
Tl =224 G+ hw/2

fzw(z, w) = fxy(z/w, w) x (I/w) =

forz>0,w>1

Then, the marginal density function of z is obtained as follows:
* (1/2)(z/w)"=H2e=VEIw o127
fz(2) = / <
! wh(n —2) Il —2)/2]
o0

(t2/2) (w — 1T (n/2 + i)
> i + D!/

dw

i=0

_ fm 1/267(1/2)” (Z/w)(niél)/zeim
1 wl(n=2)I'[(n —2)/2]

oo

(t2/2)!(w — 1)'T(n/2 + i)
<2 i + Dw /D

dw forz>0
(2) FromD? =[1 4 n/(n — 1)(X — o) S~ (X — po)] and Theorem 2, we find that D? =
1+ (1/(n—1)T?
Lety=14+({/(n — DT)>. Using the transformation method and the equation (A1),
the pdf of y is obtained as follows:

fr = fr2 (n =Dy = 1) x |(n = D)
_ e~ (/27 o (/2 (v = DT (/2 + i)

" (n— DI'[(n —3)/2] ; iI\C(i + 3/2)y1/2n+i

x(n—1)

_ e_(l/z)tz [ee) (1,2/2)1()} _ 1)i+|/2r‘(n/2 + l)
C T'[(n—3)/2] P iT(@i 4 3/2)yl/2n+i

fory > 1
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Letx; = x2_; x x>, and x, = x2_5. From Corollary 1, we find that x; = (x3,_,)*/4.
That is, the pdf of x; is

(1/2)x\" PPV

. = for 0

S Gen) T —2) x| >

Now, let x = x1x, and u = x;. Using the transformation method, the solutionis x; = u
. .. 0 1

and x, = x/u, and the Jacobian of the transformation is J = Vu —xj? |~ 1/u.

So, we find that the joint pdf of xu is

1
fxu(x,u) = fx,x,(u, x/u) x -

(1/2)@=D/2 5 =12 5 x(1=5)/2 5 g=Vu=x/2u
- T(n—2) x Tl(n — 3)/2]

0<x,u<o©
Then, the marginal density function of x is

du ,0<x

o (1/2)01_1)/2 x u~ V2 5 x(1=5/2 y o—~u—x/2u
) = /
0 F'n—2)xT'[(n—23)/2]

Again, letz = xy and w = y. Using the transformation method, the solutionis x = z/w
1w —z/w?
=1/w.

and y = w, and the Jacobian of the transformationisthe J = 0 1

So, the joint pdf of zw is obtained as follows:

fzw(z, w) = fxy(z/w, w) x (1/w)
o0 (1/2)(1171)/2 x u71/2 X (Z/w)(nfs)/Z X ef\/ﬁfz/Zwu
:/0 T(n—2) x T[(n — 3)/2]
e 127 I (12w — DT (/2 +10) 1
X " X —
Tl(n —3)/2] &~ iC (i 4 3/2)w1/2n+i w

du

oo (]/2)(11—1)/2u—l/26—ﬁ—z/(2wtz) 6_1/2T2 (z/w)(”—5>/2

5 i (t2/2) (w — DIV (n/2 + i)

iIT(@i 4 3/2)w!/2n+i forz>0,w>1

i=0

Then, the marginal density function of z is

o oo (1/2)(n_1)/2u_1/2e_ﬁ—z/(2wu) e—1/2fz (Z/w)(n—S)/Z
fz(z) = /1 /0 T'(n—2)T[(n — 3)/2] wl'[(n —3)/2]

‘3 (t2/2) (w — DI+ (/2 + i)

i (i + 3/2)w1/2nti dudw for z > 0.

i=0



