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MODELING NONLINEAR RATE DEPENDENT BEHAVIORS OF

COMPOSITE LAMINATES

Jia-Lin Tsai* and Hamvey Wang

ABSTRACT

This study aims to propose a simple explicit model for predicting the nonlinear
rate dependent behaviors of composite laminates.  Using one parameter plastic poten-
tial to describe the flow rule, the viscoplasticity model is expressed as a single master
effective stress-effective plastic strain curve in the form of a power law with a rate
dependent amplitude.  Based on the viscoplasticity model together with the laminated
plate theory, the incremental form of the constitutive formulation is derived to model
the nonlinear rate dependent behaviors of composite laminates.  Symmetric glass/
epoxy and graphite/epoxy composite laminates were tested at three different strain
rates and the experimental results were then compared with the model predictions.  It
was indicated that the proposed constitutive model is effective in characterizing the
nonlinear rate dependent behaviors of composite laminates at strain levels up to 1%.
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I. INTRODUCTION

Unidirectional polymeric composites exhibit non-
linear rate dependent behaviors when subjected to
dynamic off-axis loading.  Similarly, for composite
laminates consisting of plies with different fiber
orientations, the constitutive behaviors may also dem-
onstrate rate sensitivity.  Due to the anisotropic char-
acteristics of composites, it is a challenging task to
develop a constitutive model accounting for the non-
linear rate dependent behaviors.  In past decades, the
rate effect on composite materials has been investi-
gated and characterized by many researchers.  Hosur
et al., (2001) studied strain rate effect on carbon/ep-
oxy composite laminates and found that the stress-strain
curves become stiffening when the strain rate increases.
Gates and Sun (1991) and Yoon and Sun (1991) adopted
one parameter plastic potential in conjunction with the
overstress concept to model the elastic/viscoplastic
behavior of unidirectional fiber composites.  The strain
rate ranges in their analysis were from 10–6/s to 10–3/s.
Sun and Zhu (2000) employed the overstress

viscoplasticity model incorporated with the laminated
plate theory to predict the constitutive relations of sym-
metric balanced laminates at various strain rates.
However, their analysis is pretty cumbersome, since
it is necessary to determine five parameters in the over-
stress viscoplasticity model as well as to solve a non-
linear ordinary differential equation.  The effects of
the residual stress and deformation-induced fiber ori-
entation change on the nonlinear behavior were also
taken into account in their studies.  Thiruppukuzhi and
Sun (2001) characterized the rate dependent behavior
of unidirectional glass/epoxy composites and woven
E-glass fabric using a three parameter viscoplasticity
model.  With the assistance of the finite element method,
the three parameter viscoplasticity model was employed
to predict the stress and strain relation of composite
laminates at various strain rates.  By performing high
strain rate testing on off-axis composite specimens using
a Split Hopkinson Pressure Bar, Tsai and Sun (2002)
indicated that the three parameter viscoplasticity model,
although established based on low strain rate tests, was
suitable for modeling high strain rate responses of uni-
directional composites.  In view of the forgoing, most
efforts were made on the modeling of unidirectional
composites,  while few studies concerning the
nonlinearity rate sensitivity of laminates have been
reported.
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In this research, a simple explicit constitutive
model was proposed for characterizing the rate sen-
sitivity of laminates.  The three parameter viscoplasticity
model was employed in conjunction with the lami-
nated plate theory to establish the stress and strain
relations of composite laminates.  Through a numeri-
cal iteration of the incremental form of constitutive
formulations, the stress and strain relations of com-
posite laminates at various strain rates were generated.
In order to verify the model predictions, symmetric
glass/epoxy and graphite/epoxy laminates were tested
at three different strain rates.  The experimental data
were then compared with the model predictions.

II. VISCOPLASTICITY MODEL

In order to model the nonlinear rate dependent
behavior of unidirectional composites, the one param-
eter plastic potential

f = 1
2(σ22

2 + 2a66σ12
2 ) , (1)

proposed by Sun and Chen (1989) for modeling 2-D
static nonlinear behavior of composites was employed
to develop the viscoplasticity model.  In Eq. (1), a66

is an orthotropy coefficient, and σij are stress com-
ponents referred to the material principal directions.
For small deformations, the total strain rates can be
decomposed into elastic and plastic parts as

ε·ij = ·εe
ij + ·εp

ij. (2)

Using the one parameter plastic potential to model
the associated flow rule, the explicit form of plastic
strain rate is expressed as

ε11
p

ε22
p

γ12
p

=
0

σ22
2a66σ12

λ , (3)

where  
.
λ  is a proportional factor.

Define the effective stress as

σ = 3 f = 3
2 (σ22

2 + 2a66σ12
2 )1/2 . (4)

Through the equivalence of plastic work rate

wp = σ ijεij
p = σ ε p = 2 fλ , (5)

the effective plastic strain rate is written as

ε p = 2
3 [(ε22

p )2 + 1
2a66

(γ12
p )2]1/2 , (6)

and the proportional factor  
.
λ  is given as

λ = 3
2

ε p

σ = 3
2

σ
H p σ , (7)

where

H p = σ
ε p , (8)

is the rate dependent plastic modulus.
The viscoplasticity model developed by Tsai

and Sun (2002) is expressed in the form

ε p = χ(ε p)m( σ )n , (9)

where χ , m, and n are the material constants in the
viscoplasticity model.  The determination of the ma-
terial constants for S2/8552 glass/epoxy and graph-
ite/epoxy composites will be presented in the next
section.  With this viscoplasticity model, the rate de-
pendant plastic modulus Hp is deduced as

H p = σ
ε p = σ dt

ε pdt
= d( σ )

dε p = 1
nχ( ε p)m( σ )n – 1 .

(10)

It is noted that the rate dependent plastic modulus Hp

is a function of effective stress and effective plastic
strain rate.  According to the definition of the effec-
tive stress given in Eq. (4), 

–σ.  is derived as

σ = 1
σ {3

2σ22σ22 + 3a66σ12σ12} . (11)

By substituting Eq. (11) together with Eq. (7)
into Eq. (3), the plastic strain rates are expressed ex-
plicitly as

ε11
p

ε22
p

γ12
p

=

0 0 0

0
9σ22

2

4H p σ 2
9a66σ22σ12

2H p σ 2

0
9a66σ22σ12

2H p σ 2
9a66

2 σ12
2

H p σ 2

σ11
σ22
σ12

.

(12)

With the inclusion of the elastic parts, the incremen-
tal form of stress and strain relation for unidirectional
composites is given as

ε11
ε22
γ12

=

S11 S12 0

S12 S22 +
9σ22

2

4H p σ 2
9a66σ22σ12

2H p σ 2

0
9a66σ22σ12

2H p σ 2 S66 +
9σ66

2 σ12
2

H p σ 2

σ11
σ22
σ12

= [Sep]
σ11
σ22
σ12

, (13)
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where Sij are elastic compliances of the composite
(Gibson, 1994).  It is noted that the constitutive rela-
tion relies on the current stress states as well as the
effective plastic strain rate and a numerical iteration
is required to compute these stress and plastic strain
variables.

III. PARAMETER DETERMINATION

To completely model the rate dependent response
of composites, the orthotropy coefficient a66 in the
plastic potential function and the associated param-
eters in the viscoplasticity model need to be determined.
This can be accomplished by performing tensile tests
on the off-axis coupon specimens at different strain
rates.  Both glass/epoxy composites (S2/8552 prepreg
from Hexcel, USA) and graphite/epoxy composites
(CFA prepreg with Toho HTA graphite fiber from AD
Group, Taiwan) were examined in this study.  Twenty-
four plies unidirectional glass/epoxy composites and
ten plies unidirectional graphite/epoxy composites were
laid up manually and then cured, using the recom-
mended curing process.  Off-axis composite coupon
specimens with fiber orientations of 15° 30°, 45° and
60° were cut from the composite panels using a dia-
mond saw.  Since the 0° specimen generally is not
sensitive to strain rate and the 90° specimen has very
short nonlinear deformation, neither was included in
the parameter determination.  Glass/epoxy end tabs,
25 mm in length, were bounded, resulting in speci-
mens with 100 mm gage length and 17.8 mm width.
The thicknesses measured at the center of the speci-
mens for the glass/epoxy and graphite/epoxy compos-
ites were 1.8 mm and 1.5 mm respectively.  Back to
back axial strain gages were mounted at the centers
of the specimens to measure the strain histories.  Tensile
tests were conducted on a hydraulic MTS 810 testing
machine with stroke control at three different strain
rates of 0.0001, 0.01 and 1/s.  During the tests, the
load and strain histories were recorded using a LabView

data acquisition system with a computer.  Figs. 1 and
2 depict the stress and strain curves of S2/8552 glass/
epoxy composites and graphite/epoxy composites at
a strain rate of 0.0001/s, respectively.  It is noted that
the ending point of each curve represents the failure
of the associated specimen.

For off-axis specimens subjected to uniaxial
monotonic loading, the effective stress and effective
plastic strain can be related to the uniaxial applied
stress σx and plastic strain εx

p as (Thiruppukuzhi and
Sun, 2001)

σ– = h(θ)σx, (14)

ε p =
εx

p

h(θ) , (15)

where h(θ) is an off-axis parameter defined as

h(θ) = 3
2 [sin4θ + 2a66sin2θcos2θ]1/2 , (16)

where θ is the off-axis angle with respect to loading
direction..

It is noted that the axial plastic strain εx
p was ob-

tained by subtracting the elastic part from the total
measured axial strain εx.  With Eq. (14) and Eq. (15),
the effective stress and effective plastic strain can be
obtained from the experimentally determined axial
stress and axial plastic strain.  For a given strain rate,
the effective stress-effective plastic strain relation,
based on the equivalence of plastic work, should be
unique in monotonic loading.  Thus, the proper value
of a66 was chosen by trial and error such that the
stress-plastic strain curves measured from different
fiber orientations collapse into a single effective
stress-effective plastic strain curve.  The master ef-
fective stress-effective plastic strain curves were then
fitted by a power law as

ε–p = A(σ–)n. (17)
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Fig. 1 Stress-strain curves for glass/epoxy composites at strain
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Fig. 2 Stress-strain curves for graphite/epoxy composites at strain
rate 0.0001/s
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Figure 3 illustrates the collapsed effective stress-
effective plastic strain curves and the power law-fit-
ted master curve for glass/epoxy composites at strain
rate 0.0001/s with a66 = 1.4.   Similar procedures were
performed on the experimental data with strain rates
0.01/s and 1/s, and the results are shown in Figs. 4
and 5, respectively.  The master curves correspond-
ing to the three different strain rates are summarized
in Fig. 6.  Experimental observations indicated that
the power n in the power law of Eq. (17) is constant
for all the strain rates considered.  However, the am-
plitude A is a function of the effective plastic strain
rate 

–ε.  p.  Again, a power law is chosen to describe the
rate dependent coefficient A as

A = χ(
–ε. p)m (18)

Fig. 7 shows amplitude A as a function of the effec-
tive plastic strain rate on a log-log scale for the
composite.  The parameters χ and m were determined
from these plots as the intercept and the slope,
respectively.  The values of the parameters in the
viscoplasticity model together with elastic material

constants for S2/8552 glass/epoxy composite are
listed in Table 1.  It is noted that although the coeffi-
cient A is determined based on low strain rate ranges,
it can be extended into high strain rate (Tsai and Sun,
2002).  In the same manner, the master curves for
graphite/epoxy composites at different strain rates
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Fig. 3 Effective stress-effective plastic strain curves for glass/
epoxy composites at strain rate 0.0001/s
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Fig. 4 Effective stress-effective plastic strain curves for glass/
epoxy composites at strain rate 0.01/s
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Fig. 5 Effective stress-effective plastic strain curves for glass/
epoxy composites at strain rate 1/s
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were produced and the results were summarized in
Fig. 8 with a66 =1.6.  Again, a log-log plot was gen-
erated in Fig. 9 for the determination of the param-
eters in the viscoplasticity model.  All material
constants for graphite/epoxy composites are presented
in Table 2.

IV. MODELING COMPOSITES LAMINATES

In order to model the nonlinear rate dependent
behaviors of composite laminates, the incremental
form of the stress and strain relations provided in Eq.
(13) was employed in the analysis.  By inverting Eq.
(13), the incremental form of the constitutive rela-
tions is expressed as

σ11
σ22
σ12

= [Qep]
ε11
ε22
γ12

, (19)

where [Qep] is the elastic-plastic stiffness matrix.  In

general, the coordinate system (x – y system) is set
up, which does not always coincide with the material
principal direction (x1 – x2 system) as illustrated in
Fig. 10. Through the coordinate transformation law,
the constitutive formulations in x – y coordinate sys-
tem become

σ xx
σ yy

σ xy

= [Tσ]– 1[Qep][Tε]
εxx
εyy

γxy

= [Qep]
εxx
εyy

γxy

,

(20)

where

[Tε] =
cos2θ sin2θ sinθcosθ
sin2θ cos2θ – sinθcosθ

– 2sinθcosθ 2sinθcosθ cos2θ – sin2θ
,

(21)

Table 1 Material properties and parameters for
the viscoplasticity model for S2/8552 glass/
epoxy composites

E1(GPa) 55.7
E2(GPa) 21.5

G12(GPa) 6.9
v12 0.29
a66 1.4
n 3.9

χ(MPa)–n 6.50E–12
m –0.125

α1(10–6/°C) 7.0
α2(10–6/°C) 18.3
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for graphite/epoxy composites at strain rates of 0.0001/s,
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Fig. 9 Logarithmic plot of the amplitude A versus effective plas-
tic strain rate for graphite/epoxy composites

Fig. 10  Coordinate Transformation

Table 2 Material properties and parameters for
the viscoplasticity model for CFA graph-
ite/epoxy composites

E1(GPa) 138.5
E2(GPa) 8.1
G12(GPa) 4.2

v12 0.27
a66 1.6
n 4.6

χ(MPa)–n 0.70E–12
m –0.185

α1(10–6/°C) 0.57
α2(10–6/°C) 41.4
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[Tσ] =
cos2θ sin2θ 2sinθcosθ
sin2θ cos2θ – 2sinθcosθ

– sinθcosθ sinθcosθ cos2θ – sin2θ
,

(22)

For composite laminates containing many plies with
various fiber orientations, Eq. (20) can be recognized
as the constitutive formulation of the kth ply and re-
written as

σ xx
σ yy

σ xy k

= [ Q ep]k

εxx
εyy

γxy k

. (23)

It is noted that when the symmetric laminates
are subjected to in-plane loading, the strain compo-
nents on each ply are the same and equal to those in
the mid-plane.  However, the stress states in the lami-
nate are, in general, discontinuous across the ply in-
terfaces due to different material properties resulting
from different fiber orientations.  Summation of Eq.
(23) through the thickness yields the relation between
the resultant force of the whole laminate and the mid-
plane strain as

Nx

Ny

Nxy

= [ Q ep]kh kΣ
k

εxx
εyy

γxy

= [A]
εxx
εyy

γxy

, (24)

where hk is the thickness of the kth ply and {N
.
} is the

incremental form of the resultant force defined as

Nx

Ny

Nxy

= h k

σ xx
σ yy

σ xy k

.Σ
k

(25)

Inverting Eq. (24), we obtained the constitutive equa-
tion for the laminates as

εxx
εyy

γxy

= [A]– 1
Nx

Ny

Nxy

. (26)

Thus, for a given loading history, the associated stress
and strain relation of the laminate can be established
from Eq. (26) using a numerical iteration.

V. NUMERICAL PROCEDURE

When composite laminates are subjected to in-
plane loading, the in-plane deformation of each ply
in the global coordinate is the same.  However, in the
material principal coordinate, because of different
fiber orientation, the corresponding strain components
and the strain rates at each ply are different.

Moreover, the effective plastic strain rates calculated,
based on the strain rates in the material principal
directions, are also different.  It is noted that the ply
constitutive formulations given by Eq. (13) are de-
pendent on the effective plastic strain rate and the
stress state.  Therefore, to construct the constitutive
relation of the laminates from the ply constitutive
formulations, it is required to calculate the effective
plastic strain rate and the corresponding stress states
in each ply.

For a given tiny loading increment, the strain
increments of the laminates in the x – y coordinate
were calculated from Eq. (26) and the results were
then recognized as the strain increments in each ply.
Using the ply constitutive equation given in Eq. (23),
the associated stress increments were evaluated.  It
is noted that these components are expressed in the x
– y coordinate system.  Through the coordinate trans-
formation law, the stress and strain increments in the
material principal directions were calculated.  By sub-
tracting the elastic part from the total strain increment,
the plastic strain increments in the individual ply were
obtained and the effective plastic strain rates were
then computed using Eq. (6).  On the other hand, the
stress states were updated by adding all of the previ-
ous calculated stress increments.  The effective stress
was then calculated from Eq. (4).  Once the stress
states and the effective plastic strain rates were
determined, the incremental form of the constitutive
relation in Eq. (13) was generated.  By summing the
individual ply properties over the thickness, the con-
stitutive matrix [A] in Eq. (24) for the laminates was
updated and utilized for the estimation of the strain
increments in the next stage.  The strain increment
with regard to a load increment was evaluated with
Eq. (26) and the total strain was obtained from the
addition of all previous strain increments.  By per-
forming the forgoing numerical iteration together with
the loading histories as input, the stress and strain
curves of the composite laminates at various strain
rates were established.

For unidirectional composites, the Coefficients
of Thermal Expansion (CTE) just like other material
constants are orthotropic.  When composite laminates
containing numbers of plies with different fiber ori-
entations are fabricated, due to the mismatch of CTE,
the thermal residual stresses may be produced in the
laminates.  The process-induced stresses having an effect
on the nonlinear behavior of laminates were included
in the analysis.  By following the experimental proce-
dures proposed in references (Tuttle, 1989; Lanza di
Scalea, 1998), the thermal expansion coefficients, α1

and α2, for glass/epoxy composites and graphite/ep-
oxy composites were measured and addressed in Tables
1 and 2, respectively.  For glass/epoxy and graphite/
epoxy composites, the curing temperatures were 180°C
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and 150°C, respectively and the laminates were as-
sumed to be stress free at these temperatures.  By us-
ing thermal-elastic analysis, the thermal residual stresses
of the composites at room temperature (25°C) were
computed and then input in the numerical procedure
as the initial stress variables for each ply before the
mechanical loading was applied.

VI. COMPOSITE LAMINATE TESTING

In order to verify the viscoplasticity model in-
corporated with the laminated plate theory suitable
for characterizing the rate sensitivity of the laminates,
tensile tests were carried out on the specimens at dif-
ferent strain rates.  Two composite material systems
were investigated in this study.  One was glass/ep-
oxy composite laminates with stacking sequences of
[±45/902]4s and [752/ – 60/30]4s.  The other was graph-
ite/epoxy composites with stacking sequences of
[± 45]3s and [60/ – 30]3s.  It is noted that since 0 de-
gree ply would significantly diminish the nonlinear
effect, there are no 0 degree plies contained in the
laminates.  Moreover, to be consistent, the curing
process used for unidirectional composites was em-
ployed in the fabrication of the laminates.  Coupon
specimens with gage length of 100 mm and width of
17.6 mm were cut from the composite panels using a
diamond saw.  Back to back strain gages were ad-
hered at the centers of the specimens for the strain
measurements.

Uniaxial tensile tests were conducted, using a
servo-hydraulic MTS machine in stroke control mode
with three different constant nominal strain rates of
10-4/s, 10-2/s and 1/s.  The nominal strain rate was the
stroke rate of the loading frame divided by the origi-
nal specimen length.  During the tests, the true strain
was measured by strain gages directly mounted on
the specimens.  The true strain signals as well as the

load signals were recorded using LabView and then
employed for the generation of the experimental stress
and strain curves.

VII. RESULTS AND DISCUSSION

Figures 11 and 12 depict the experimental stress
and strain curves of [±45/902]4s and [752/–60/30]4s

glass/epoxy composite laminates at three different
strain rates, respectively.  The predictions based on
the viscoplasticity model together with laminated plate
theory are also included in the figures.  It was shown
that the nonlinear portions of the stress and strain curves
are sensitive to the strain rate.  Moreover, when the
strain rate increases, the material becomes stiffer.  At
strain ranges less than 1%, the model predictions dem-
onstrate good agreement with experimental results.
However, at higher strain levels, the predictions de-
viate from the experimental results.  This disparity
could be attributed to the fact that the parameters used
in the viscoplasticity model were determined from the
experimental data for the strain level lower than 1%.
Thus, the predictions in the composite laminates based
on such parameters may disagree with experimental
results for strains higher than 1%.  In addition, at high
strain levels, the matrix cracking/matrix failure gen-
erally occurs in off-axis plies which may also cause
the stiffness degradation of the laminates.

The stress and strain curves of [±45]3s and
[60/–30]3s graphite/epoxy laminates obtained from the
experiments were compared with the model predic-
tions in Figs. 13 and 14, respectively.  It was revealed
that the strain rate effect seems to be considerable,
especially in the nonlinear ranges.  From the comparison,
it was indicated that the viscoplasticity model pro-
vides fairly good prediction for the rate dependent
nonlinearity of the laminate at strain up to 1.2%.  Beyond
this strain value, the experimental results tend to be
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Fig. 11 Comparison of model predictions and experimental stress-
strain curves for [±45/902]4s glass/epoxy laminates at three
different strain rates

Fig. 12 Comparison of model predictions and experimental stress-
strain curves for [752/–60/30]4s glass/epoxy laminates at
three different strain rates
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softer than the model predictions and the degrading
tendency is similar to that in the glass/epoxy composites.
It is noted that in the study, the stacking sequences
of the laminates were decided just by random choice
without any special consideration.

VIII. CONCLUSIONS

A constitutive model was proposed based on the
three parameter viscoplasticity model in conjunction
with the laminated plate theory for modeling the rate
dependent constitutive behaviors of composite
laminates.  Through a numerical iteration of the in-
cremental form of the constitutive formulation, the
stress and strain relations of the composite laminates
at various strain rates were generated.  Symmetric
glass/epoxy composite laminates ([±45/902]4s and
[752/–60/30]4s) and graphite/epoxy composite lami-
nates ([±45]3s and [60/–30]3s) were tested in tension
at three different strain rates.  Experimental results
show that the linear parts of the stress and strain
curves are not sensitive to strain rate, however, the
nonlinear portions quite definitely rely on strain rate.
Comparison of the experimental data with model pre-
dictions indicates that the proposed constitutive model
is capable of predicting the rate dependent behaviors
of the laminates at strain levels up to 1%.
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