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Vännman (1995) proposed a superstructure Cp�u� v� of capability indices for
processes with normal distributions, which include Cp, Cpk, Cpm, and Cpmk as
special cases. Pearn and Chen (1997) considered a generalization of Cp�u� v�,
called CNp�u� v�, to cover processes with non normal distributions. Pearn and
Chen (1997) also proposed a sample percentile estimator for the generalization
CNp�u� v�. In this article, we investigate the performance of the sample percentile
estimator. We perform some simulation study, which covers the normal distribution
and various non normal distributions including the uniform distribution, chi-square
distribution, student’s t distributions, F distribution, beta distribution, gamma
distribution, Weibull distribution, lognormal distribution, triangular distribution, and
Laplace distribution, with selected parameter values. Extensive simulation results,
comparisons, and analysis are provided.

Keywords Flexible capability indices; Non normal distributions; Relative bias;
Sample percentile estimator; Simulation.

Mathematics Subject Classification Primary 62G05; Secondary 62P30.

1. Introduction

Process capability indices Cp�u� v�, which include the two basic indices Cp and
Cpk (Kane, 1986), and the two more-advanced indices Cpm and Cpmk (Chan
et al., 1988; Pearn et al., 1992) as special cases, have been proposed in the
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658 Wu et al.

manufacturing industry to provide numerical measures on process potential and
process performance. The superstructure Cp�u� v� has been defined as the following
(see Vännman, 1995):

Cp�u� v� =
d − u�� −m�

3
√
�2 + v�� − T�2

�

where � is the process mean, � is the process standard deviation, d = �USL−
LSL�/2 is half length of the specification interval �LSL�USL�, m = �USL+ LSL�/2
is the mid-point between the upper and the lower specification limits, T is the target
value, and u� v ≥ 0. By setting u� v = 0 and 1, we obtain the four indices, Cp�0� 0� =
Cp, Cp�1� 0� = Cpk, Cp�0� 1� = Cpm, and Cp�1� 1� = Cpmk. These four indices, have
been investigated extensively by Kane (1986), Chan et al. (1988), Pearn et al.
(1992, 1998), Kotz et al. (1993), and many others. For thorough discussions of
different capability indices and their statistical properties, see, e.g., the books by
Kotz and Johnson (1993) and Kotz and Lovelace (1998), and the review article
with discussion by Kotz and Johnson (2002). The index Cp only considers the
process variability �, thus provides no sensitivity on process departure from the
target value at all. The index Cpk takes the process mean into consideration but it
can fail to distinguish between on-target processes from off-target processes. The
index Cpm takes proximity of process mean from the target value into account, and
is more sensitive to process departure than Cp and Cpk. The index Cpmk adds an
additional term �� − T�2 in the definition, as a penalty to the process quality due
to the departure of process mean from the target value. This additional penalty will
be more sensitive to departure and therefore is able to distinguish better between
off-target and on-target processes.

The formulae for these indices are easy to understand and straightforward
to apply. In practice, sample data must be collected to calculate these indices
since the process mean � and process variance �2 are usually unknown, while the
sample mean �X = ∑n

i=1 Xi/n, and the sample variance S2 = ∑n
i=1 �Xi −�X�2/�n− 1�,

are the conventional estimators of process mean � and process variance �2. For
normal distributions, these estimators based on �X and S2 are quite stable and
reliable. However, for non normal distributions, they become highly unstable
since the distribution of the sample variance, S2, is sensitive to departures from
normality. Somerville and Montgomery (1996–97) presented an extensive study to
illustrate how poorly the normally based capability indices perform as a predictor of
process fallout when the process is non normally distributed. If the normally based
capability indices are still used to deal with non normal process data, the values
of the capability indices are incorrect and might misrepresent the actual product
quality.

Clements (1989) proposed a conceptually simple method for calculating Cp and
Cpk, for any shape of distribution, using the Pearson family of curves. Pearn and
Kotz (1994–95) adopted Clements’ method to modify normality-based capability
indices into non normality Pearson-based capability indices for the Cpm and Cpmk

indices. The advantage of Clements’ method is that it is easy to understand
and apply. But somewhat limited as not all data distributions can be described
adequately with a Pearson or Johnson curve. Chang and Lu (1994) also applied
Clements’ approach and proposed a percentile method for calculating PCIs without
assuming normal distribution. Moreover, Pearn and Chen (1997) extended their
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Accuracy Analysis of the Percentile Method 659

method to the generalization CNp�u� v� and constructed a superstructure for the
estimators of CNp�u� v�, namely, ĈNp�u� v�. Although they proposed these estimators,
they did not show how good it is, i.e., relative bias. In this article, we first give a
brief introduction to the flexible capability index and then introduce their estimators
based on the percentile method in Sec. 3. Subsequently, in Sec. 4, an extensive
simulation study was conducted to examine the performance of the estimated
CNp�u� v� for 11 distributions (which cover processes with normal and various
non normal distributions). In Sec. 5, the performance analysis of the percentile
estimators P̂0�135, M̂ , P̂99�865 and the estimators of Cp�u� v� are presented based on the
relative bias. In Sec. 6, an illustrative example is presented for demonstrating how
we apply the percentile method to the actual data taken from a factory. Finally,
some concluding remarks are made in Sec. 7.

2. Flexible Capability Index CNp�u� v�

The indices Cp�u� v� are appropriate for processes with normal distributions, but
have been shown to be inappropriate for processes with non normal distributions.
Pearn and Chen (1997) considered the following generalization of Cp�u� v�, called
CNp�u� v�, to cover processes with non normal distributions.

CNp�u� v� =
d − u�M −m�

3
√(

P99�865−P0�135
6

)2 + v�M − T�2
�

where P	 is the 	-percentile, M is the median of the distribution, m and T are
defined as before. In developing the generalization CNp�u� v�, Pearn and Chen (1997)
replaced the process mean � by the process median M (a more robust measure
for process central tendency), and the process standard deviation � by �P99�865 −
P0�135�/6 in the definition of the original indices Cp�u� v�. We note that P99�865 − P0�135

covers a probability of 99.73% for any distributions. In the special case where the
underlying distribution is normal, then M = � and P99�865 − P0�135 = 6�. Clearly, the
generalization of CNp�u� v� will reduce to Cp�u� v�. By setting u� v = 0 and 1, we
obtain CNp�0� 0� = CNp, CNp�1� 0� = CNpk, CNpm�0� 1� = CNpm, and CNp�1� 1� = CNpmk,
which can be expressed as the following:

CNp = USL− LSL

P99�865 − P0�135

�

CNpk = min

 USL−M

3
√(

P99�865−P0�135
6

)2 � M − LSL

3
√(

P99�865−P0�135
6

)2
�

CNpm = USL− LSL

6
√(

P99�865−P0�135
6

)2 + �M − T�2
�

CNpmk = min

{
USL−M

3
√(

P99�865−P0�135
6

)2 + �M − T�2
�

M − LSL

3
√(

P99�865−P0�135
6

)2 + �M − T�2

}
�

Pearn and Chen (1997) showed that the generalization CNp�u� v� is more
consistent and more accurate than the original indices Cp�u� v� in measuring process
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660 Wu et al.

Figure 1. Distribution plots of processes A, B, and C.

capability for non normal distributions. To compare the original indices Cp�u� v�

and the generalization CNp�u� v�, we consider an example of three processes A,
B, and C, depicted in Fig. 1. All three processes are distributed as chi-square
distributions with 3 degrees of freedom (heavily skewed with long tails). While
process B is on-target ��B = T�, processes A and C are severely off-target (�A =
LSL and �C = USL�. Table 1 displays the characteristics of processes A, B, and
C, including the process mean, standard deviation, median and percentiles. The
proportion of non-conformity for process A is 61%, which is significantly greater
than that, 39%, for process C. But, both processes A and C obtain the same original
index values, thus the original index Cp�u� v� inconsistently measures the process
capability. On the other hand, the generalization CNp�u� v� clearly differentiates A
and C by giving small value to A and larger value to C. Table 2 summarizes
the value of two generalize indices, Cp�u� v� and CNp�u� v�, for the three processes
A, B, and C. Furthermore, for processes distributed as Weibull, the result is also
the same. In fact, for Weibull distributions W�	� 
� with 	 = 3 and 
 = 1�1, the
percentage comparisons, 61% versus 39%, displayed in Fig. 1 will be replaced by
62% versus 38%.

Table 1
Characteristics of processes A, B, C

Process � � P0�135 M P99�865

A 10�00 2�45 7�73 9�37 22�63
B 18�00 2�45 15�73 17�37 30�63
C 26�00 2�45 23�00 25�37 34�63

Table 2
A comparison between Cp�u� v� and CNp�u� v� for processes A, B, C

Process Cp Cpk Cpm Cpmk CNp CNpk CNpm CNpmk

A 1.09 0.00 0.27 0.00 1.07 −0�08 0.30 −0�02
B 1.09 1.09 1.09 1.09 1.07 0�99 1.04 0�96
C 1.09 0.00 0.27 0.00 1.07 0�08 0.34 0�03
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Accuracy Analysis of the Percentile Method 661

3. Percentile Estimator of CNp�u� v�

Pearn and Chen (1997) considered a sample percentile estimator to calculate the
index CNp�u� v�. The estimator essentially applies the sample percentile method
proposed by Chang and Lu (1994) for calculating P99�865, P0�135, and the median M .
The estimator can be expressed as:

ĈNp�u� v� =
d − u

∣∣∣M̂ −m
∣∣∣

3

√(
P̂99�865−P̂0�135

6

)2 + v
(
M̂ − T

)2
�

P̂99�865 = X�R1�
+

{(
99�865n+ 0�135

100

)
− R1

}
× {

X�R1+1� − X�R1�

}
�

P̂0�135 = X�R2�
+

{(
0�135n+ 99�865

100

)
− R2

}
× {

X�R2+1� − X�R2�

}
�

M̂ = X�R3� +
{
n+ 1
2

− R3

}
× {

X�R3+1� − X�R3�

}
�

R1 =
[
99�865n+ 0�135

100

]
�

R2 =
[
0�135n+ 99�865

100

]
� R3 =

[
n+ 1
2

]
�

In this setting, the notation �R� is defined as the greatest integer less than or
equal to the number R, and X�i� is defined as the ith order statistic. The sample
percentile estimator is easy to understand and straightforward to apply. Since
the calculation does not require any knowledge of the process distribution, then
the estimator may be used on any process regardless of whether the underlying
distribution is normal or non normal. Several other alternatives for estimating
the percentile points and those indices have been proposed, which are described
below. Those alternatives are either inefficient, or require a large amount of data.
Therefore, those alternatives are inferior to the percentile estimator (which is
applicable for any sample size), and are not appropriate for factory applications.

Clements Method. If the underlying process distribution is of Pearson type,
Clements (1989) proposed a method for estimating capability indices, CNp and CNpk.
The method first utilizes estimates of the mean (�X�, standard deviation (S�, skewness
(sk), and kurtosis (ku), to determine the type of the Pearson distribution curve. The
method then utilizes the tables provided by Gruska et al. (1989) for percentages
of the family of Pearson curves as a function of skewness and kurtosis. Pearn and
Kotz (1994–95) extended the method to the other two indices, CNpm and CNpmk.
The proposed method, however, requires that the underlying process distribution be
Pearson type, and a large number of tables provided by Gruska et al. (1989).

Zwick Method. For non normal process distributions, Zwick (1995) proposed
a method to fit continuous probability distributions for given data. The method
essentially calculates the uniform order statistic medians for the inverse or the
percentile function. Traditional method, the maximal likelihood estimate (MLE),
modified moment estimator (MME) are used for estimating the parameters.
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662 Wu et al.

The percentile points P̂99�865, P̂0�135, and the sample median M̂ , are then calculated
from the fitted continuous probability distribution function.

Schneider et al. Method. Schneider et al. (1995) pointed out that percentiles
are not statistically efficient estimates, and proposed to take a sample of size n ≥
1/0�00135 then use maximum and minimum data values for the percentiles P̂99�865

and P̂0�135. This method is obviously not efficient as it requires a large amount of
data, although may be efficient in supplier certification process where enough data
are usually available.

Sarkar and Pal Method. If the underlying process distribution is of Extreme
Value distribution type whose parameter 	 and � can be estimated from the
sample, Sarkar and Pal (1997) proposed a method for estimating the one-
sided capability index CPU = �USL− M̂�/�P̂99�865 − M̂�, where P̂99�865 and M̂ can
be calculated as the following: P̂99�865 = 	− � ln�−ln�0�99865�� = 	+ 0�3665 �, M̂ =
	− � ln�−ln�0�5�� = 	+ 6�607 �. If the underlying process distribution is not of
extreme value distribution type, the calculation can be misleading.

4. Empirical Distribution of Percentile Estimator

The exact distribution of the percentile estimator, ĈNp�u� v�, is mathematically
intractable even under normality assumption. We therefore use simulation technique
to investigate the accuracy of the estimator ĈNp�u� v� based on the relative bias
for a wide variety of distributions. The relative bias was defined as the bias of
the estimated E�ĈNp�u� v�� divided by the true value of CNp�u� v�, �E�ĈNp�u� v��−
CNp�u� v�/CNp�u� v�. It cannot only provide a measure of the magnitude of the
bias but also facilitate interpretation of the bias on an appropriate scale. The
distributions in our investigation including: (1) the normal distribution N��� �2�;
(2) the uniform distribution U�a� b�; (3) the Laplace distribution L�a� b�; (4)
the Student’s t distribution t�r�; (5) the chi-square distribution �2�r�; (6) the F

distribution F�r1� r2�; (7) the beta distribution B�	� 
�; (8) the gamma distribution
G�	� 
�; (9) the Weibull distribution W�	� 
�; (10) the lognormal distribution
LN��� �2�; and (11) the Triangular distribution T�a� b� c�, with some selected
parameter values.

(1) Normal distribution, N��� �2�, with probability density function f�x� =
��2��1/2��−1 exp�−�x − ��2/�2�2��� for −� < x < �, � > 0. Parameters are set
to � = 0, and � = 1.

(2) Uniform distribution, U�a� b�, with probability density function
f�x� = 1/�b − a�, for a ≤ x ≤ b, −� < a < b < �. Parameters are set to
a = 0, b = 1.

(3) Laplace distribution, L�a� b�, with probability density function f�x� =
exp�−�x − a�/b�/�2b�� for all x. Parameters are set to a = 0, b = 1.

(4) Student’s t distribution, t�r�, with probability density function f�x� = ���r +
1�/2�����r�1/2��r/2��−1�1+ x2/r�−�r+1�/2� for −� < x < �. Degrees of freedom
are set to r = 4, 5, 6, 7, 8.

(5) Chi-square distribution, �2�r�, with probability density function f�x� =
2−r/2x�r/2�−1 exp�−x/2�/��r/2�� for 0 < x < �. Degrees of freedom are set to
r = 3� 4� 5� 6� 7.
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Accuracy Analysis of the Percentile Method 663

(6) F distribution F�r1� r2�, with probability density function f�x� = ���r1 +
r2�/2��r1/r2�

r1/2xr1/2−1���r1/2���r2/2��1+ �r1/r2� x�
�r1+r2�/2−1, for x > 0. Degree

of freedoms are set to r1 = 10, and r2 = 10� 20� 30� 40� 50.
(7) Beta distribution B�	� 
�, with probability density function f�x� =

x	−1 �1− x�
−1 ��	+ 
�/���	���
��� for 0 ≤ x ≤ 1. Parameters are set to 	= 3,

= 2.0, 2.5, 3, 3.5, 4.0.

(8) Gamma distribution G�	� 
�, with probability density function f�x� =

−	x	−1e−x/
/��	�� for x > 0. Parameters are set to 	 = 1�5� 2�0� 2�5� 3�0� 3�5�
and 
 = 1.

(9) Weibull distribution W�	� 
�, with probability density function f�x� =
	
x
−1 exp�−	x
�� for x ≥ 0. Parameters are set to 	 = 1, 
 =
1�4� 1�6� 1�8� 2�0� 2�2.

(10) Lognomal distribution LN��� �2�, with probability density function f�x� =
exp�−�ln x − ��2/�2�2��/��2��1/2�x�� for x ≥ 0. Parameters are set to � = 0,
�2 = l, 1/4, 1/9, 1/16, 1/25.

(11) Triangular distribution T�a� b� c�, with probability density function f�x� =
2�x − a�/��b − a��c − a��� for a ≤ x ≤ c, f�x� = 2�b − x�/��b− a��b− c���
for c < x ≤ b, a < c < b. Parameters are set to a = 0, b = 1, c = 1/4�
1/3� 1/2� 3/4� 5/6.

Figures 2–9 display the probability density function (pdf) plots for simulated
distributions. Figure 2 plots the probability density function for standard normal,
uniform U�0� 1�, Laplace L�0� 1�, and Student’s t�4� distributions. Figure 3 plots
the chi-square distributions �2�r� with selected degrees of freedom � = 3� 4� 5� 6� 7
(from left to right in plot). Figure 4 plots the F distributions F�r1� r2� with selected
degrees of freedom parameters �1 = 10 and �2 = 10� 20� 30� 40� 50 (from bottom to
top in plot). Figure 5 plots the beta distributions B�	� 
� with parameters 	 = 3
and 
 = 2�0� 2�5� 3�0� 3�5� 4�0 (from left to right in plot). Figure 6 plots the gamma
distributions G�	� 
� with parameter 	 = 1�5, 2.0, 2.5, 3.0, 3.5, and 
 = 1 (from left
to right in plot). Figure 7 plots the Weibull distributions W�	� 
� with parameters
	 = 1 and 
 = 1�4� 1�6� 1�8� 2�0� 2�2 (from left to right in plot). Figure 8 plots the
lognormal distributions LN��� �2� for parameters � = 0, and �2 = 1, 1/4, 1/9, 1/16,

Figure 2. The pdf of normal, uniform, Laplace, and t distributions.
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664 Wu et al.

Figure 3. The pdf of �2�r� with r = 3� 4� 5� 6� 7 (from left to right).

Figure 4. The pdf of F�r1� r2� with r1 = 10, and r2 = 10� 20� 30� 40� 50 (from bottom to top).

Figure 5. The pdf of B�	� 
� with 	 = 3, 
 = 2�0, 2.5, 3, 3.5, 4.0 (from left to right).
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Accuracy Analysis of the Percentile Method 665

Figure 6. The pdf of G�	� 
� with 	 = 1.5, 2.0, 2.5, 3.0, 3.5, and 
 = 1 (from left to right).

Figure 7. The pdf of W�	� 
� with 	 = 1, 
 = 1�4� 1�6� 1�8� 2�0� 2�2 (from left to right).

Figure 8. The pdf of LN��� �2� with � = 0, �2 = l� 1/4� 1/9� 1/16� 1/25 (from bottom to
top).
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666 Wu et al.

Figure 9. The pdf of T�a� b� c� with a = 0, b = 1, c = 1/4, 1/3, 1/2, 3/4, 5/6 (from left to
right).

1/25 (from bottom to top in plot). Figure 9 plots the triangular distributions
T�a� b� c� for parameters a = 0, b = 1 and c = 1/4� 1/3� 1/2� 3/4� 5/6 (from left to
right in plot).

We have chosen those distributions with selected parameter values to represent
slight, moderate, and severe departures from normality, as those distributions are
known to have significantly different tail behaviors, which greatly influence the
process capability calculations. The simulation is carried out using 15,000,000 random
numbers generated from the uniform distribution U�0� 1�, applying AS183 generator
(Wichmann and Hill, 1987) with multiple seeds using IBM RISC/6000 workstation.

5. Accuracy Analysis of Percentile Estimator

Parameter values used in our simulation study have been described earlier.
We first perform the simulation for the three percentile estimators, P̂0�135, M̂ ,
P̂99�865, to investigate the accuracy and calculate the relative bias. Next, an
extensive simulation study was conducted to examine the performance of the
estimated CNp�u� v� for the 11 distributions (covering normal distribution and
various non normal distributions), in terms of the relative bias, �E�ĈNp�u� v��−
CNp�u� v�/CNp�u� v�, for various values of d/� and ��� − T�/��.

5.1. Accuracy Result for P̂0�135, M̂ , P̂99�865

For simplicity of the presentation, detailed results are presented here only for
some selected parameters. Tables 3–11 display the performance results of the
three percentile estimators, P̂0�135, M̂ , and P̂99�865, from the simulation for all 11
distributions, in terms of the relative bias �E�P̂	�− P	�/P	. The sample sizes in
the simulation are set to n = 10, 20, 30, 50, 100, 300, 500, 1,000, and 3,000. It
is clear that for the three percentile estimators P̂0�135� M̂� P̂99�865, the relative bias
decreases as the sample size n increases. This can be understood since the three
percentile estimators are consistent and asymptotically unbiased, hence become
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Accuracy Analysis of the Percentile Method 667

Table 3
Relative bias of P̂0�135, M̂ , and P̂99�865, for normal, uniform,

and Laplace distributions

N�0� 1� U�0� 1� L�0� 1�

n P̂0�135 (%) M̂ P̂99�865 (%) P̂0�135 (%) M̂ (%) P̂99�865 (%) P̂0�135 (%) M̂ P̂99�865 (%)

10 −48�9 ∗ ∗ ∗ −48�9 6705�1 0�0 −9�1 −62�4 ∗ ∗ ∗ −62�4
20 −38�1 ∗ ∗ ∗ −38�1 3510�7 0�0 −4�8 −51�3 ∗ ∗ ∗ −51�3
30 −32�4 ∗ ∗ ∗ −32�5 2378�4 0�0 −3�2 −44�8 ∗ ∗ ∗ −44�8
40 −28�7 ∗ ∗ ∗ −28�7 1800�4 0�0 −2�4 −40�3 ∗ ∗ ∗ −40�3
50 −25�9 ∗ ∗ ∗ −25�9 1445�2 0�0 −2�0 −36�8 ∗ ∗ ∗ −36�8
100 −18�0 ∗ ∗ ∗ −18�0 728�2 0�0 −1�0 −26�2 ∗ ∗ ∗ −26�3
200 −11�4 ∗ ∗ ∗ −11�5 365�9 0�0 −0�5 −16�9 ∗ ∗ ∗ −16�9
300 −8�3 ∗ ∗ ∗ −8�4 243�5 0�0 −0�3 −12�3 ∗ ∗ ∗ −12�4
500 −5�6 ∗ ∗ ∗ −5�7 146�0 0�0 −0�2 −8�2 ∗ ∗ ∗ −8�4
1000 −3�3 ∗ ∗ ∗ −3�4 73�6 0�0 −0�1 −5�0 ∗ ∗ ∗ −5�1
3000 −1�3 ∗ ∗ ∗ −1�4 25�0 0�0 0�0 −2�0 ∗ ∗ ∗ −2�1

more accurate as the sample size increases. If the relative bias is negative, it indicates
that P̂	 underestimates the parameter. On the other hand, if the relative bias is
positive it indicates that P̂	 overestimates the parameter. For the relative bias of
M̂ marked “∗ ∗ ∗” in Tables 3–4, it indicates that the value does not exist because
M is 0. From Tables 3–11, we observe that the relative bias of the three percentile
estimators all exceed 80% for sample size n no greater than 50, except for normal, t,
chi-square, and the Laplace distributions. It is noted that the relative bias is greater
than 100% for U (0, 1), �2�3�, G(1.5, 1), and W (1, 1.4) when the sample size n is 300.
Further, the relative bias of the three percentile estimators, are greater than 10% for
U (0, 1), �2�3�, G(1.5, 1), W (1, 1.4), W (1, 1.6), and W (1, 1.8) when the sample size
n is 3,000. Thus, for non normal distributions, the three percentile estimators are
indeed highly inaccurate.

5.2. Accuracy Result for ĈNp�u� v�

Tables 12(a)–22 display the results from the simulation for the relative bias of
ĈNp�u� v�, for all 11 distributions with various values of d/� = 2, 3, 4, 5, and ��� −
T�/�� = 0� 0�5� 1�0� 1�5, and 2.0. Clearly, the relative bias decreases as the sample
size n increases. It is noted that for the relative bias of ĈNp�u� v� marked “∗ ∗ ∗”
in Tables 12(a)–22, it indicates that the value is meaningless because CNp�u� v� is
0. For instance, if d/� = 2 and �� − T�/� = 2, then the value of relative bias is
meaningless since CNpk = 0 and CNpmk = 0 for Student’s t, normal, uniform, Laplace
distributions. For most cases, direction of the relative bias of ĈNp�u� v� is positive
except for the uniform, beta, and triangular distributions. For beta distribution
B �3�0� 3�0� and triangular distribution T �0� 1� 1/2�, the bias of ĈNpk, and ĈNpmk are
negative for large n when the process is on-target. For uniform distribution, U �0� 1�,
the bias of ĈNpk, ĈNpm and ĈNpmk are negative when the process is on-target. Since
the probability that the process is (or detected to be) on target is zero, the relative
bias can be regarded as positive.
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Ĉ

N
p
m
,
an

d
Ĉ
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Accuracy Analysis of the Percentile Method 683
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Ĉ
N
p
m
k

n
d
/�

0.
0

0.
5

1.
0

1.
5

2.
0

0.
0

0.
5

1.
0

1.
5

2.
0

0.
0

0.
5

1.
0

1.
5

2.
0

0.
0

0.
5

1.
0

1.
5

2.
0

10
2

68
�6

68
�6

68
�6

68
�6

68
�6

42
�9

63
�6

68
�3

68
�4

63
�3

37
�4

36
�4

25
�3

14
�3

8.
4

19
�7

40
�6
9

41
�0

36
�9

38
0�
7

3
68

�6
68

�6
68

�6
68

�6
68

�6
51

�5
65

�6
68

�5
68

�5
68

�5
37

�4
36

�4
25

�3
14

�3
8.
4

25
�6

39
�1

33
�3

22
�0

16
�8

4
68

�6
68

�6
68

�6
68

�6
68

�6
55

�8
66

�4
68

�5
68

�6
68

�6
37

�4
36

�4
25

�3
14

�3
8.
4

28
�6

38
�3

30
�6

19
�0

12
�6

5
68

�6
68

�6
68

�6
68

�6
68

�6
58

�4
66

�9
68

�5
68

�6
68

�6
37

�4
36

�4
25

�3
14

�3
8.
4

30
�3

37
�9

29
�3

17
�6

11
�2

20
2

39
�9

39
�9

39
�9

39
�9

39
�9

24
�5

38
�6

39
�8

39
�7

36
�5

26
�5

24
�0

15
�3

8�
7

5.
3

13
�9

27
�4

22
�7

19
�6

19
2�
9

3
39

�9
39

�9
39

�9
39

�9
39

�9
29

�7
39

�1
39

�8
39

�8
39

�8
26

�5
24

�0
15

�3
8�
7

5.
3

18
�2

26
�0

19
�1

12
�5

9�
5

4
39

�9
39

�9
39

�9
39

�9
39

�9
32

�2
39

�3
39

�8
39

�8
39

�8
26

�5
24

�0
15

�3
8�
7

5.
3

20
�3

25
�4

17
�8

11
�0

7�
4

5
39

�9
39

�9
39

�9
39

�9
39

�9
34

�8
39

�5
39

�8
39

�8
39

�8
26

�5
24

�0
15

�3
8�
7

5.
3

21
�5

25
�1

17
�2

10
�3

6�
7

30
2

29
�8

29
�8

29
�8

29
�8

29
�8

18
�3

29
�4

29
�7

29
�7

27
�5

21
�6

18
�7

11
�6

6�
6

4.
1

11
�5

21
�4

16
�3

13
�7

12
9�
2

3
29

�8
29

�8
29

�8
29

�8
29

�8
22

�1
29

�5
29

�8
29

�8
29

�7
21

�6
18

�7
11

�6
6�
6

4.
1

14
�9

20
�3

14
�0

9�
1

6�
9

4
29

�8
29

�8
29

�8
29

�8
29

�8
24

�1
29

�6
29

�8
29

�8
29

�8
21

�6
18

�7
11

�6
6�
6

4.
1

16
�6

19
�9

13
�2

8�
1

5�
5

5
29

�8
29

�8
29

�8
29

�8
29

�8
25

�2
29

�7
29

�8
29

�8
29

�8
21

�6
18

�7
11

�6
6�
6

4.
1

17
�6

19
�6

12
�8

7�
7

5�
0

50
2

20
�8

20
�8

20
�8

20
�8

20
�8

12
�7

20
�7

20
�8

20
�7

19
�3

16
�3

13
�6

8�
2

4�
7

2.
9

8�
8

15
�3

10
�9

8�
9

77
�5

3
20

�8
20

�8
20

�8
20

�8
20

�8
15

�4
20

�8
20

�8
20

�8
20

�8
16

�3
13

�6
8�
2

4�
7

2.
9

11
�3

14
�7

9�
6

6�
1

4�
6

4
20

�8
20

�8
20

�8
20

�8
20

�8
16

�8
20

�8
20

�8
20

�8
20

�8
16

�3
13

�6
8�
2

4�
7

2.
9

12
�6

14
�4

9�
1

5�
6

3�
8

5
20

�8
20

�8
20

�8
20

�8
20

�8
17

�6
20

�8
20

�8
20

�8
20

�8
16

�3
13

�6
8�
2

4�
7

2.
9

13
�3

14
�2

8�
9

5�
3

3�
5

10
0

2
12

�7
12

�7
12

�7
12

�7
12

�7
7�
6

12
�6

12
�6

12
�6

11
�3

10
�6

8�
6

5�
1

2�
9

1.
8

5�
8

9�
4

6�
3

4�
9

38
�3

3
12

�7
12

�7
12

�7
12

�7
12

�7
9�
3

12
�6

12
�6

12
�6

12
�6

10
�6

8�
6

5�
1

2�
9

1.
8

7�
4

9�
1

5�
7

3�
6

2�
6

4
12

�7
12

�7
12

�7
12

�7
12

�7
10

�1
12

�6
12

�6
12

�6
12

�6
10

�6
8�
6

5�
1

2�
9

1.
8

8�
2

8�
9

5�
5

3�
3

2�
2

5
12

�7
12

�7
12

�7
12

�7
12

�7
10

�6
12

�6
12

�6
12

�6
12

�6
10

�6
8�
6

5�
1

2�
9

1.
8

8�
7

8�
9

5�
4

3�
2

2�
1

30
0

2
5�
3

5�
3

5�
3

5�
3

5�
3

3�
0

5�
3

5�
3

5�
3

5�
4

4�
7

3�
7

2�
2

1�
3

0.
8

2�
4

4�
0

2�
6

1�
9

13
�1

3
5�
3

5�
3

5�
3

5�
3

5�
3

3�
7

5�
3

5�
3

5�
3

5�
3

4�
7

3�
7

2�
2

1�
3

0.
8

3�
2

3�
9

2�
4

1�
5

1�
1

4
5�
3

5�
3

5�
3

5�
3

5�
3

4�
1

5�
3

5�
3

5�
3

5�
3

4�
7

3�
7

2�
2

1�
3

0.
8

3�
6

3�
8

2�
3

1�
4

0�
9

5
5�
3

5�
3

5�
3

5�
3

5�
3

4�
4

5�
3

5�
3

5�
3

5�
3

4�
7

3�
7

2�
2

1�
3

0.
8

3�
8

3�
8

2�
3

1�
4

0�
9

10
00

2
2�
0

2�
0

2�
0

2�
0

2�
0

1�
1

2�
0

2�
0

2�
0

2�
7

1�
8

1�
4

0�
8

0�
5

0.
3

0�
9

1�
5

1�
0

0�
7

4�
8

3
2�
0

2�
0

2�
0

2�
0

2�
0

1�
4

2�
0

2�
0

2�
0

2�
0

1�
8

1�
4

0�
8

0�
5

0.
3

1�
2

1�
5

0�
9

0�
6

0�
4

4
2�
0

2�
0

2�
0

2�
0

2�
0

1�
5

2�
0

2�
0

2�
0

2�
0

1�
8

1�
4

0�
8

0�
5

0.
3

1�
4

1�
4

0�
9

0�
5

0�
4

5
2�
0

2�
0

2�
0

2�
0

2�
0

1�
6

2�
0

2�
0

2�
0

2�
0

1�
8

1�
4

0�
8

0�
5

0.
3

1�
4

1�
4

0�
9

0�
5

0�
3

30
00

2
0�
7

0�
7

0�
7

0�
7

0�
7

0�
5

0�
8

0�
8

0�
8

1�
5

0�
7

0�
5

0�
3

0�
2

0.
1

0�
4

0�
6

0�
4

0�
3

2�
1

3
0�
7

0�
7

0�
7

0�
7

0�
7

0�
6

0�
8

0�
8

0�
8

0�
8

0�
7

0�
5

0�
3

0�
2

0.
1

0�
5

0�
6

0�
3

0�
2

0�
2

4
0�
7

0�
7

0�
7

0�
7

0�
7

0�
6

0�
7

0�
7

0�
8

0�
8

0�
7

0�
5

0�
3

0�
2

0.
1

0�
6

0�
6

0�
3

0�
2

0�
1

5
0�
7

0�
7

0�
7

0�
7

0�
7

0�
6

0�
7

0�
7

0�
7

0�
7

0�
7

0�
5

0�
3

0�
2

0.
1

0�
6

0�
6

0�
3

0�
2

0�
1

D
ow

nl
oa

de
d 

by
 [

N
at

io
na

l C
hi

ao
 T

un
g 

U
ni

ve
rs

ity
 ]

 a
t 0

0:
39

 2
6 

A
pr

il 
20

14
 



684 Wu et al.

T
ab
le

16
(a
)

R
el
at
iv
e
bi
as

(%
)
of

Ĉ
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Ĉ

N
p
k
,
Ĉ
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Ĉ
N
p
�
Ĉ
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Table 23
Example data taken from Polansky (1998)

0.684 0.347 0.527 0.572 0.231 0.388 0.221 0.577 0.660 0.685
0.261 0.345 0.376 0.779 0.624 0.198 0.425 0.513 0.415 0.335
0.557 0.274 0.401 0.447 0.359 0.461 0.486 0.517 0.202 0.388
0.107 0.838 0.414 0.721 0.193 0.423 0.637 0.350 0.390 0.350
0.393 0.626 0.159 0.559 0.321 0.175 0.330 0.503 0.570 0.348
0.512 0.178 0.140 0.408 0.571 0.488 0.271 0.653 0.235 0.543
0.587 0.136 0.520 0.119 0.486 0.330 0.553 0.460 0.422 0.286
0.478 0.374 0.432 0.185 0.550 0.325 0.259 0.221 0.147 0.543
0.290 0.319 0.229 0.165 0.598 0.179 0.199 0.306 0.553 0.374
0.191 0.234 0.715 0.572 0.376 0.648 0.206 0.172 0.641 0.591

For all eight distributions excluding normal, uniform, and Laplace distributions,
each distribution has five combinations of parameters (only two combinations are
tabulated in the tables). The results show that the relative bias of ĈNp�u� v� do
not make much difference when the sample size n is exceeds 100 for the same
distribution. For all 11 distributions, the relative bias of ĈNp�u� v� do not make
much difference when the sample size n exceeds 500, and down to 10% except for
lognormal distributions when sample size n is higher than 1,000. Further, when the
sample size n reaches 3,000, the relative bias of ĈNp�u� v� is down to 2.5% except for
lognormal, F , and t distributions.

6. An Illustrative Example

The example was taken from Polansky (1998) for demonstrating how we apply the
introduced percentile method to estimate the process capability in real applications.
Consider a process with specification limits USL = 1�030, LSL = 0, and T = m =
0�515, the data shown in Table 23 are a sample of size 100 from a stable process.
The mean and the standard deviation of the data are calculated as �̂ = 0�406 and
�̂ = 0�173. Thus, the estimators of Cp and Cpk can be obtained as

Ĉp = USL− LSL

6�̂
= 1�030− 0

6�0�173�
= 0�992�

Ĉpk = min
{
USL− �̂

6�̂
�
�̂ − LSL

6�̂

}
= min

{
1�030− 0�406

6�0�173�
�
0�406− 0
6�0�173�

}
= 0�782�

However, the data appear non normal and a Shapiro-Wilk test for normality
confirms this with a p-value of 0.0121. Thus, to assess the capability of the
process using normal-based estimators could be misleading. Estimators based on
the percentile method for estimating the capability of the non normal process are
considered in this study. Based on the sample percentile estimators P̂99�865 = 0�8301,
P̂0�1355 = 0�1086, and M̂ = 0�3915, we have

ĈNp = ĈNp�0� 0� =
0�515

3
√(

0�8301−0�1086
6

)2 = 1�428� and
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ĈNpk = ĈNp�1� 0� = min

 1�030− 0�3915

3
√(

0�8301−0�1086
6

)2 � 0�3915− 0

3
√(

0�8301−0�1086
6

)2
 = 1�085�

Therefore, there are differences between these two estimators of Cp and Cpk

indices. They indicate that Ĉp and Ĉpk may not be reliable indications of the true
process capability and that the process is likely to have better capability based on
the percentile estimators than the normal-based estimates.

7. Concluding Remarks

Process capability indices Cp�u� v� for normal processes, which include Cp, Cpk, Cpm,
and Cpmk as special cases, have been widely discussed as a means of summarizing
process performance relative to a set of specification limits. Pearn and Chen (1997)
considered a generalization of Cp�u� v�, called CNp�u� v�, to cover processes with non
normal distributions. Pearn and Chen (1997) also applied the popular percentile
method to propose an estimator for the generalization CNp�u� v�. However, the
accuracy of the sample percentile estimator is unproved. Therefore, whether the
PCIs can truly reflect the performance of a process is questionable. In this article, an
extensive simulation study was conducted to examine performance of this percentile
estimator for 11 distributions (which cover processes with normal and various
non normal distributions for selected parameter values). Furthermore, the accuracy
analysis of the percentile estimators P̂0�135, M̂ , P̂99�865 and the estimators of Cp�u� v�
are presented and summarized based on the relative bias.

References

Chan, L. K., Cheng, S. W., Spiring, F. A. (1988). A new measure of process capability Cpm.
Journal of Quality Technology 20(3):162–175.

Chang, P. L., Lu, K. H. (1994). PCI calculations for any shape of distribution with
percentile. Quality World. Technical section (September):110–114.

Clements, J. A. (1989). Process capability calculations for non normal distributions. Quality
Progress 22(9):95–100.

Gruska, G. F., Mirkhani, K., Lamberson, L. R. (1989). Non Normal Data Analysis. St. Clair
Shores, Michigan: Applied Computer Solutions, Inc.

Kane, V. E. (1986). Process capability indices. Journal of Quality Technology 18(1):41–52.
Kotz, S., Johnson, N. L. (1993). Process Capability Indices. London: Chapman & Hall.
Kotz, S., Lovelace, C. (1998). Process Capability Indices in Theory and Practice. London,

U.K: Arnold.
Kotz, S., Johnson, N. L. (2002). Process capability indices – a review, 1992–2000. Journal of

Quality Technology 34(1):1–19.
Kotz, S., Pearn, W. L., Johnson, N. L. (1993). Some process capability indices are more

reliable than one might think. Journal of the Royal Statistical Society C 42(1):55–62.
Pearn, W. L., Kotz, S. (1994–95). Application of Clements’ method for calculation second

and third generation process capability indices for non normal Pearsonian populations.
Quality Engineering 7(1):139–145.

Pearn, W. L., Chen, K. S. (1997). Capability indices for non normal distributions with
an application in electrolytic capacitor manufacturing. Microelectronics and Reliability
37(12):1853–1858.

D
ow

nl
oa

de
d 

by
 [

N
at

io
na

l C
hi

ao
 T

un
g 

U
ni

ve
rs

ity
 ]

 a
t 0

0:
39

 2
6 

A
pr

il 
20

14
 



Accuracy Analysis of the Percentile Method 697

Pearn, W. L., Kotz, S., Johnson, N. L. (1992). Distributional and inferential properties of
process capability indices. Journal of Quality Technology 24(4):216–231.

Pearn, W. L., Lin, G. H., Chen, K. S. (1998). Distributional and inferential properties of
process accuracy and process precision indices. Communications in Statistics: Theory &
Method 27(4):985–1000.

Polansky, A. M. (1998). A smooth nonparametric approach to process capability. Quality
and Reliability Engineering International 14:43–48.

Sarkar, A., Pal, S. (1997). Estimation of process capability index for concentricity. Quality
Engineering 9(4):665–671.

Schneider, H., Pruett, J., Lagrange, C. (1995). Uses of process capability indices in the
supplier certification process. Quality Engineering 8(2):225–235.

Somerville, S. E., Montgomery, D. C. (1996–97). Process capability indices and non normal
distributions. Quality Engineering 9:305–316.

Vännman, K. (1995). A unified approach to capability indices. Statistica Sinica 5:805–820.
Wichmann, B. A., Hill, I. D. (1987). Programming insight: building a random number

generator. Byte 12(3):127–128.
Zwick, D. (1995). A hybrid method for fitting distributions to data and its use in computing

process capability indices. Quality Engineering 7(3):601–613.

D
ow

nl
oa

de
d 

by
 [

N
at

io
na

l C
hi

ao
 T

un
g 

U
ni

ve
rs

ity
 ]

 a
t 0

0:
39

 2
6 

A
pr

il 
20

14
 


