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Let u and v be any two distinct nodes of an undirected
graph G, which is k-connected. A container C(u,v)
between u and v is a set of internally disjoint paths
{P1,P>,...,Py,) between u and v where 1 < w < k. The
width of C(u, v) is w and the length of C(u, v) {written
as I[C(u,v)]} is max{/(P;) | 1 < i < w}. A w-container
C(u,v) is a container with width w. The w-wide distance
between v and v, dy (u,v), is min{/(C(u,v)) | C(u,v)
is a w-container}. A w-container C(u, v) of the graph G
is a w*-container if every node of G is incident with a
path in C(u, v). That means that the w-container C(u, v)
spans the whole graph. Let S, be the n-dimensional star
graph with n > 5. It is known that S, is bipartite. In
this article, we show that, for any pair of distinct nodes
u and v in different partite sets of S, there exists an
(n — 1)*-container C(u, v) and the (n — 1)-wide distance
d(n-1)(u, v) is less than or equal to - + 1. In addition,
we also show the existence of a 2*-container C(u, v) and
the 2-wide distance d,(u, v) is bounded above by %' +1.
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1. BASIC DEFINITIONS

An interconnection network connects the processors of
parallel computers. Its architecture can be represented as a
graph, in which the nodes correspond to processors and the
edges correspond to connections. Hence, we use graphs and
networks interchangeably. There are many mutually conflict-
ing requirements in designing the topology for computer
networks. The n-cube is one of the most popular topolo-
gies [17]. The n-dimensional star network S, was proposed
in [1] as “an attractive alternative to the n-cube” topology for
interconnecting processors in parallel computers. Since its
introduction, the network S, has received considerable atten-
tion. Akers and Krishnamurthy [1] showed that the star graphs
are node transitive and edge transitive. Jwo et al. [15] showed
that the star graphs are bipartite. Star graphs are able to embed
grids [15]: trees [3, 5, 8], and hypercubes [22]. Cycle embed-
dings and path embeddings are studied in [10-13, 15, 18,23].
The diameter and fault diameters of star graphs were com-
putedin [1,16,24]. Some interesting properties of star graphs
are studied in [7,9,19].

For graph definitions and notation we follow [4]. G =
(V,E) is a graph if V is a finite set and E is a subset of
{(u,v) | (u,v) is an unordered pair of V}. We say that V is
the node set and E is the edge set. A graph G is vertex tran-
sitive if there is an isomorphism f from G into itself such
that f(u) = v for any two nodes u and v of G. A graph G is
edge transitive if there is an isomorphism f from G into itself
such that f ((u,v)) = (x,y) for any two edges (u, v) and (x,y)
of G. For a node u in graph G, Ng(u) denotes the neighbor-
hood of u, which is the set {v | (u,v) € E}. For any node
u of V, we denote the degree of u by deg;(u) = |Ng(u)|.



A graph G is k-regular if deg;(u) = k for all nodes u in G.
Two nodes u and v are adjacent if (u,v) € E. A path P is
a sequence of adjacent nodes, written as (v, va,...,Vk), in
which thenodes vy, vy, . . ., vk are distinct except that possibly
V1 = vg. We use P! to denote the path (i, Vk—1,...,v2,v1).
Let I(P) = V(P) — {v1, vt} be the set of the internal nodes
of P. A set of paths {P,P»,..., Py} is internally node-
disjoint (abbreviated as disjoint) if 1(P;) N I(P;) = ¥ for
any i # j. The length of a path Q, I(Q), is the number
of edges in Q. We also write the path (vi,vo,..., V) as
(v1, 01, Vi, Vi1, - -V, 02, V1, . .., Vi), where Qg is the path
(v1,v2,...,v;) and Qs isthe path (vj, vjy1,...,v;). Hence,itis
possible to write a path as (vi, Q,vi,va,...,vk) if [(Q) = 0.
We use d(u,v) to denote the distance between u and v, that
is, the length of a shortest path joining u and v. The diameter
of a graph G, D(G), is defined as max{d(u,v) | u,v € V}.
A path is a hamiltonian path if it contains all nodes of G.
A graph G is hamiltonian connected if for any two dis-
tinct nodes of G there is a hamiltonian path of G between
them. A cycle is a path with at least three nodes such that
the first node is the same as the last node. A hamilto-
nian cycle of G is a cycle that traverses every node of G
exactly once. A graph is hamiltonian if it has a hamiltonian
cycle.

The connectivity of G, k(G), is the minimum number of
nodes whose removal leaves the remaining graph discon-
nected or trivial. It follows from Menger’s Theorem [21]
that there are k internally node-disjoint paths joining any
two distinct nodes u# and v when k < «(G). A container
C(u,v) between two distinct nodes u# and v in G is a set of
internally disjoint paths {Py, P3,...,P,} between u and v.
The width of C(u,v) is r. A w-container is a container of
width w. The length of C(u,v) = {P1,..., P}, [((C(u,v)), is
max{l(P;) | 1 <i < r}. The w-wide distance between u and
v, dy, (1, v), is min{l(C(u,v)) | C(u,v) is a w-container}. The
w-diameter of G, D,,(G), is max{d,,(u,v) | u,v € V,u # v}.
In particular, the wide diameter of G is D, (G)(G). The wide
diameter is used to measure the performance of multipath
communication in networks [14].

In this article, we are interested in a specific type of con-
tainer. We say that a w-container C (u, v) is a w*-container if
every node of G is incident with a pathin C(u, v). A graph G is
w*-connected if there exists a w*-container between any two
distinct nodes u and v. Obviously, a graph G is 1 *-connected if
and only if it is hamiltonian connected. Moreover, a graph G is
2*-connected if it is hamiltonian. The study of w*-connected
graphs is motivated by the globally 3*-connected graphs pro-
posed by Albert et al. [2]. A globally 3*-connected graph is
a 3-regular 3*-connected graph. Assume that a graph G is
w*-connected. Obviously, w < «(G). A graph G is super
spanning connected if G is w*-connected for any w with
1 <w <k(G).In[19,26], some families of graphs are proved
to be super spanning connected.

Graph containers do exist in engineering designed infor-
mation and telecommunication networks or in biological
and neural systems ([1, 14] and its references). The study
of w-container, w-wide distance, and their w*-versions
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plays a pivotal role in design and implementation of
parallel routing and efficient information transmission in
large-scale networking systems. In biological informat-
ics and neuroinformatics, the existence and structure of
a w*-container signifies the cascade effect in the sig-
nal transduction system and the reaction in a metabolic
pathway.

A graph G is bipartite if its node set can be partitioned
into two subsets V| and V> such that every edge joins nodes
between Vi and V. Let G be a bipartite graph with bipartition
V1 and V; such that |V]| > |V»]|. Suppose that there exists
a w*-container C(u,v) = {P1,P»,..., Py} in G joining u to
v with u,v € Vj. Obviously, the number of nodes in P; is
2t; + 1 for some integer ¢;. There are #; — 1 nodes of P; in V;
other than u and v, and t; nodes of P; in V;. As a consequence,
Vil =Y (t —1)+2and |V2| = > 7, t;. Therefore, any
bipartite graph G with « (G) > 3 is not w*-connected for any
w,3 <w<k(G).

Let G be a w*-laceable bipartite graph with bipartite node
sets Vi and V; and |V U V,| > 2. From the above dis-
cussion, |Vi| = |V3|. For this reason, a bipartite graph is
w*-laceable if there exists a w*-container between any two
nodes from different partite sets for some w, 1 <w < k(G).
A 1*-laceable graph is also known as a hamiltonian laceable
graph [25]. Moreover, a graph G is 2*-laceable if and only
if it is hamiltonian. All 1*-laceable graphs except K; and K>
are 2*-laceable. A bipartite graph G is super spanning lace-
able if G is i*-laceable for all 1 < i < «(G). Recently, Chang
etal. [6] proved that the n-dimensional hypercube Q,, is super
spanning laceable for every positive integer n. It was proved
in [19] that the n-dimensional star graph §,, is super spanning
laceable if and only if n # 3.

We also define the w*-laceable distance between any
two nodes u# and v from different partite sets, d;-(u,v), as
min{l(C(u,v)) | C(u,v) is aw*-container}. The w*. -diameter
of G, denoted by Di:(G), is defined as max{d;:(u,v) | u
and v are nodes from different partite sets}. In particular,
the spanning wide diameter of G is Df(L(G) (G). In this arti-
cle, we evaluate the spanning wide diameter of S, and the
2*._diameter of S,,.
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FIG. 1. The star graphs S>, S3, and S4.
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In Section 2, we give the definition of star graphs and
introduce some basic properties of star graphs. In Section 3,
we prove some hamiltonian path properties of star graphs.
Then we discuss the spanning wide diameter of S, in
Section 4. In Section 5, we discuss the 2*--spanning diameter
of §,,.

2. STAR GRAPHS AND THEIR PROPERTIES

Assume that n > 2. We use (n) to denote the set
{1,2,...,n}, where n is a positive integer. A permuta-
tion on (n) is a sequence of n distinct elements u; € (n),
Uiy ... Uj... Uy An inversion of ujuy ... u;...u, is a pair
(i,7) such that u; < u;j and i > j. An even permutation is a
permutation with an even number of inversions, and an odd
permutation is a permutation with an odd number of inver-
sions. The n-dimensional star network, denoted by S, is a
graph with the node set V(S,) = {wjuo...u, | uj € (n)
and u; # u; for i # j}. The edges are specified as follows:
uuy ... ui... u,isadjacenttovyivy...v;...v, by an edge in
dimension i with2 <i < nifv; = u; forj ¢ {1,i},vi = u;
and v; = u;. By definition, S, is an (n — 1)-regular graph with
n! nodes. Moreover, it is node transitive and edge transitive
[1]. The star graphs S>, S3, and S4 are shown in Figure 1 for
an illustration.

‘We use boldface to denote nodes in S,,. Hence, uy, up, .. .,
u, denotes a sequence of nodes in S,. We use e to denote
the element 12...n. It is known that S, is a bipartite graph
with one partite set containing those nodes corresponding to
odd permutations and the other partite set containing those
nodes corresponding to even permutations. We will use white
nodes to represent those even permutation nodes and use
black nodes to represent those odd permutation nodes. Let
u = ujuy . ..u, be any node of the star graph S,,. We say that
u; is the i-th coordinate of u, denoted by (u);, for 1 <i < n.
By the definition of S,,, there is exactly one neighbor v of u
such that u and v are adjacent through an i-dimensional edge
with 2 < i < n. For this reason, we use (u)! to denote the
umquez neighbor of u. Obviously, ((u)’)' =u.For1 < i < n,
let S,, denote the subgraph of S, induced by those nodes u
with (u)n = i. Obviously, S, can be decomposed into n sub-
graphs S , 1 <i < n, and each S,, is isomorphic to S,_1.
Thus, the star graph can be constructed recursively. Obvi-
ously, u € S " and w" e S, W0 et 1 C (n). We use
SI to denote the subgraph of S, induced by U,GIV(S“}) For
1 < i # ] < n, we use E' to denote the set of edges between

T and SY'. For 1 <i #j < n, we use S to denote the
subgraph of S, induced by those nodes u with (u),—; = i and

Tllustration for Lemma 3.

(u), =j.Obviously, S, (@) # Sy {00} and S{( W) i isomorphic
to S;_».

Lemma 1 ([23]).
any 1 <i#j< n Moreover, there are
black nodes of S,, to white nodes of S

Assume that n > 4. |[E¥| = (n — 2)! for
=D ,does ivini
5 ges joining

Lemma 2 ([1]). Let u and v be any two distinct nodes of
S with d(u,v) < 2. Then (u); # (v)1. Moreover, {((0)")1 |
2<i=n-1}=n —{i, Wy} ifn=3

3. HAMILTONIAN PATHS OF STAR GRAPHS

Theorem 1 ([11]).
ifn # 3.

Sy is hamiltonian laceable if and only

Theorem 2 ([18]). Suppose that w is any black node of S,,
with n > 4. Then there is a hamiltonian path P of S, — {w}
between any two distinct white nodes u and v.

Lemma3. Letn >5andl = {aj,a,...,a,} be a subset
of (n) for some r € (n). Assume that u is a white node in S,{la'
and v is a black node in S\™. Then there is a hamiltonian
path P ofS,’l Jjoining u tov.

Proof. Let x; = u and y, = v. Obviously, S,{,“’} is
isomorphic to S,—; for every i € (r). By Theorem 1, this
result holds on r = 1. Suppose that r > 2. By Lemma 1,
there are (n — 2)!/2 > 3 edges joining black nodes of Sna’
to white nodes of S,{l = for every i € (r — 1). For every
ie(r—1), we can choose a black node y; € S, 1%} and a white
node xj11 € Sy a1} guch that (¥i, Xj+1) € E“' “i+1, By Theo-
rem 1, there is a hamiltonian path H; of ;" joining x; to y;
for every i € (r). Then (x1, H1,y1,X2,H2,¥2, ..., X¢, Hy, ¥r)
forms the desired hamiltonian path of S/ joining u to v. See
Figure 2 for an illustration. n

Lemmad4. Assume that r and s are any two adjacent nodes
of S, with n > 4. Then, for any white node u in S, — {r, s}
and for any i € (n), there exists a hamiltonian path P of

n — {r,s} joining u to some black node v of S, — {r,s}
with (v)| = L.

Proof. Because S, is node transitive and edge transitive,
we assume that r=eands = (e)2. Obviously, both e and
(e)? are in Sn " We prove this lemma by induction on n.
Suppose that n = 4. The required hamiltonian paths of S4 —
{1234,2134} are listed below.

NETWORKS—2006—DOI 10.1002/net 237



1342,2341,4321,1324,3124,4123,2143,3142,4132,1432,3412,4312,2314,3214,4213, 2413, 1423,3421,2431,4231, 3241, 1243)
1342,2341,4321,1324,3124,4123,2143,3142,4132,1432,3412,4312,2314,3214, 4213, 1243,3241,4231, 2431, 3421, 1423,2413)
1342,2341,4321,1324,3124,4123,2143,3142,4132,1432,2431,4231, 3241, 1243,4213,3214,2314,4312,3412, 2413, 1423, 3421)
1342,2341,4321,1324,3124,4123,2143,3142,4132, 1432, 2431, 3421, 1423,2413,3412,4312, 2314, 3214, 4213, 1243, 3241, 4231)

1423,3421,4321,2341,1342,4312,3412,2413,4213,3214, 2314, 1324,3124,4123,2143,3142,4132, 1432,2431, 4231, 3241, 1243)
1423,3421,2431,4231,3241,1243,4213,3214,2314,4312,1342,2341,4321, 1324,3124,4123,2143,3142,4132, 1432,3412,2413)
1423,3421,2431,4231,3241,1243,4213,2413,3412,1432,4132,3142,2143,4123,3124, 1324,4321, 2341, 1342,4312,2314,3214)
1423,3421,2431,4231,3241,1243,2143,3142,4132,1432,3412,2413,4213,3214,2314,4312, 1342,2341, 4321, 1324,3124,4123)

2143,3142,4132,1432,3412,2413,1423,4123,3124, 1324,4321,3421,2431,4231,3241,2341, 1342,4312,2314,3214,4213, 1243)
2143,3142,4132,1432,2431,4231,3241, 1243,4213,3214,2314, 1324,3124, 4123, 1423, 3421, 4321, 2341, 1342,4312, 3412, 2413)
2143,3142,4132,1432,2431,4231, 3241, 1243,4213,3214,2314, 1324,3124,4123, 1423,2413,3412,4312, 1342,2341,4321, 3421)
2143,3142,4132,1432,2431,3421,4321,2341,1342,4312,3412,2413,1423,4123,3124,1324,2314,3214,4213, 1243,3241, 4231)

2314,3214,4213,1243,3241,4231, 2431, 3421, 1423,2413,3412,4312,1342,2341,4321, 1324,3124,4123,2143,3142,4132, 1432)
2314,3214,4213,1243,3241,4231,2431, 1432,4132,3142,2143,4123,3124, 1324,4321, 3421, 1423,2413,3412,4312, 1342,2341)
2314,4312,1342,2341,4321,1324,3124,4123,2143,3142,4132, 1432,3412, 2413, 1423,3421, 2431, 4231, 3241, 1243,4213, 3214)
2314,3214,4213,1243,3241,4231, 2431, 3421, 1423,2413,3412, 1432,4132,3142,2143,4123,3124, 1324, 4321,2341, 1342, 4312)

2431,4231,3241,1243,4213,3214,2314,4312,1342,2341,4321,3421, 1423,2413,3412, 1432,4132,3142,2143,4123,3124, 1324)
2431,4231,3241,1243,4213,3214,2314,1324,3124,4123,2143,3142,4132,1432,3412,4312, 1342,2341,4321, 3421, 1423, 2413)
2431,4231,3241,1243,4213,3214,2314,4312, 1342,2341,4321, 1324,3124,4123,2143,3142,4132, 1432,3412,2413, 1423, 3421)
2431,3421,4321,1324,3124,4123,1423,2413,3412,1432,4132,3142,2143, 1243,4213,3214,2314, 4312, 1342, 2341, 3241, 4231)

3124,4123,2143,3142,4132,1432,2431,4231,3241,2341, 1342,4312,3412, 2413, 1423,3421,4321, 1324, 2314, 3214,4213, 1243)
3124,4123,2143,3142,4132,1432,2431,4231,3241,1243,4213,3214, 2314, 1324,4321, 3421, 1423,2413,3412,4312, 1342, 2341)

3124,4123,2143,3142,4132,1432,2431, 3421, 1423,2413,3412,4312,1342,2341,4321, 1324,2314,3214,4213, 1243,3241, 4231)

3241,4231,2431,1432,4132,3142,1342,2341,4321,3421, 1423, 2413,3412,4312,2314,3214,4213, 1243,2143,4123, 3124, 1324)
3241,4231,2431,1432,4132,3142,2143, 1243,4213,3214,2314, 1324,3124,4123, 1423,3421,4321,2341, 1342,4312, 3412, 2413)
3241,4231,2431,1432,4132,3142,2143, 1243,4213,3214,2314, 1324,3124,4123, 1423,2413,3412,4312, 1342,2341,4321, 3421)
3241,1243,2143,4123,3124,1324,4321,2341, 1342,3142,4132,1432,3412,4312,2314,3214,4213,2413, 1423,3421, 2431, 4231)

3412,2413,1423,3421,2431,4231, 3241, 1243,4213,3214,2314,4312,1342,2341,4321, 1324,3124,4123,2143,3142,4132, 1432)
3412,2413,1423,3421,4321,1324,3124,4123,2143,3142,4132, 1432,2431,4231,3241, 1243,4213,3214,2314,4312, 1342, 2341)
3412,2413,1423,3421,4321,1324,3124,4123,2143,1243,4213,3214,2314,4312,1342,2341,3241,4231,2431, 1432,4132,3142)
3412,2413,1423,3421,2431,1432,4132,3142,1342,4312,2314,3214,4213, 1243,2143,4123,3124, 1324,4321, 2341, 3241, 4231)

4132,3142,2143,4123,3124,1324,4321,2341,1342,4312,2314,3214,4213, 1243, 3241,4231,2431, 3421, 1423, 2413, 3412, 1432)
4132,3142,2143,4123,3124,1324,4321, 3421, 1423,2413, 3412, 1432,2431,4231,3241, 1243,4213,3214,2314,4312, 1342, 2341)
4132,3142,2143,4123,3124,1324,4321,2341,1342,4312,2314,3214,4213,1243,3241,4231,2431, 1432,3412, 2413, 1423, 3421)
4132,3142,2143,4123,3124,1324,2314,3214,4213,1243,3241,4231, 2431, 1432,3412, 2413, 1423,3421, 4321, 2341, 1342,4312)

4213,3214,2314,4312,1342,2341,4321, 1324,3124,4123,2143,3142,4132,1432,3412, 2413, 1423,3421,2431,4231, 3241, 1243)
4213,3214,2314,4312,1342,2341,4321, 1324,3124,4123, 1423,3421,2431,4231,3241, 1243,2143,3142,4132, 1432, 3412, 2413)
4213,3214,2314,4312,1342,2341,4321, 1324,3124,4123,2143,1243,3241,4231, 2431, 3421, 1423,2413,3412, 1432,4132,3142)
4213,3214,2314,4312,1342,2341,3241, 1243,2143,3142,4132, 1432,3412,2413, 1423,4123,3124, 1324, 4321, 3421, 2431, 4231)

4321,1324,3124,4123,2143,3142,4132,1432,3412,2413, 1423,3421,2431,4231,3241, 2341, 1342,4312,2314,3214,4213, 1243)
4321,1324,3124,4123,2143,3142,4132, 1432,3412,2413, 1423, 3421, 2431, 4231, 3241, 1243,4213,3214,2314, 4312, 1342, 2341)
4321,1324,3124,4123,2143,1243,4213,3214,2314,4312, 1342,2341,3241,4231,2431, 3421, 1423,2413,3412, 1432,4132,3142)

(
{
{
{
{
{
(
{
{
(
{
{
(
{
{
{
{
{
{
{
{
{
(3124,4123,2143,3142,4132, 1432,2431,4231,3241, 1243,4213,3214, 2314, 1324, 4321, 2341, 1342, 4312, 3412, 2413, 1423, 3421)
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
(4321,1324,3124,4123,2143,1243,3241,2341,1342,3142,4132, 1432,3412,4312,2314,3214,4213,2413, 1423, 3421, 2431,4231)

Assume that this result holds in S forevery4 < k < n—1.

We have the following cases:

Case 1. u e S™. By induction, there is a hamiltonian
path P of S,{I"} — {e, ()%} joining u to a black node x with
(x);1 = n — 1. Note that (x)" is a white node of S,{,"_l}. We
choose a black node v in S,ﬁ”fz) with (v); = i. By Lemma 3,
there is a hamiltonian path Q of Sﬁ"il) joining (x)" to v.

Then (u, P, X, (x)", Q, v) forms the desired hamiltonian path
of S, — {e, (e)2} joining u to v with (v); = i. See Figure 3(a)
for an illustration.

CASE2. ue S,{,k} for some k € (n — 1). By Lemma 1, there
are (n —2)!/2 > 3 edges joining black nodes of S,ik} to white
nodes of S . We can choose a white node x € S\ —{e, (e)2}
with (x); = k. By Theorem 1, there is a hamiltonian path P
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Sim-{es(ery || S s; S, IO Eaa
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of S, 5 joining u to the black node )", By induction, there
is a hamiltonian path Q of S — {e, (¢)?} joining X to a
black node y with (y)] € (n — 1) — {k}. We choose a black
node vin S, " with (V)] =i By Lemma 3, there
exists a hamiltonian path R of S, == Jommg the white
node (y)" to v. Then (u, P, (x)", X, Q,y, (y)", R, v) forms the
desired hamiltonian path of S,, — {e, (€)%} joining u to v with
(v)1 = i. See Figure 3(b) for an illustration. .

Theorem 3. Letn >5andl = {ay,an,...,a;} be a subset
of (n) for some r € (n). Then Sfl is hamiltonian laceable.

Proof. Letube awhite node and v be a black node of S?.
By Lemma 3, this theorem holds on either» = 1 orr > 2 and
(w), # (v),. Thus, we assume that » > 2 and (u), = (V).
Without loss of generality, we assume that (w),, = (v), = aj.

CASE 1. R € S,11. Without loss of generality, we assume
that (V)” €S, o} . By Theorem 2, there is a hamiltonian path
P of S, lar} — {v} joining u to a white node x with (x); =

az. By Lemma 3, there is a hamiltonian path Q of SI )

joining the black node (x)" to the white node (v)". Then
(u,P,x, (x)",Q, (v)",v) forms the desired hamiltonian path
of S! joining u to v. See Figure 4(a) for an illustration.

CASE 2. (w)" ¢S and (v)" ¢S!. We can, choose a white
node y with y bemg a neighbor of v in S “) and )1 = ay.
Obv1ous1y, #u. By Lemma 4, there is a hamiltonian path P
of Sna‘} {v,y} joining u to a black node x with (x); = ag
By Lemma 3, there is a hamiltonian path Q of S i)
joining the white node (x)” to the black node (y)”. Then
(u, P,x, (x)", 0, (y)",y, v) is the desired hamiltonian path of
Sfl joining u to v. See Figure 4(b) for an illustration. -

Theorem 4. Assume that v and s are two adjacent nodes of
S, with n > 5. Then S,, — {r, s} is hamiltonian laceable.

Proof. Because S, is node transitive and edge transitive,
we assume that r=ecands = (e)2 Obviously, both e and
(e)? are in S . Let u be a white node and v be a black
node of S, — {e, (e)z}. We want to find a hamiltonian path of

— {e, (&)?} joiningutov.

CASELl. u,ve S,{,"}. By Lemma4, there is a hamiltonian path
P ofS,{,"} — {e, (€)%} joining u to a black node y with (y); = 1.
We write P as (u, Q01,X,V,0>,y). (Note that [(Q1) = O if
u=xand/(Qy) =0 1f v = y.) By Theorem 3, there is a
hamiltonian path R of S = joining the black node (x)" to the
white node (y)”. Then (u, Q1, x, ()", R, (¥)", ¥, (Qz)_l, V) is
the desired hamiltonian path of S,, — {e, (€)%} joining u to v.
See Figure 5(a) for an illustration.

CASE 2. u,v € S,{lk} for some k € (n — 1). By Theo-
rem 1, there is a hamiltonian path P of S,{lk} joining u to v. By
Lemma 1, there are (n — 2)‘ /2 > 3 edges joining white nodes
of Sn to black nodes of Sn "} We can choose a white node x
of S,{l , with (x)" being a black node of S,{,"} — {e, (e)2}. We
write P as (u, 01,X,Y, Q2,V). (Note that [(Q1) =0ifu=x
and [(Q») = 0if v =y.) Because d(x,y) = 1, by Lemma 2,
(y)1 € (n — 1) — {k}. By Lemma 4, there is a hamiltonian
path R of S,, " — {e, (€)%} joining (x)" to a white node z with
(z); € (n— 1 g(k} By Theorem 3, there is a hamiltonian
path T of S joining the black node (z)" to the white
node (y)". Then (u, 01, X, (x)",R,z, ()", T, (y)",y, Q2,V) is
the desired hamiltonian path of S,, — {e, (e)z} joining u to v.
See Figure 5(b) for an illustration.

Case 3. uesS" andve S for some k € (n— 1). By
Lemma 4, there is a hamiltonian path P of S — {e, (e)2}
joining u to a black node x with (x)1 € (n—1).By Theorem 3,
there is a hamiltonian path Q of Sn joining the white node
(x)" tov. Then (u, P, x, (x)", Q, v) is the desired hamiltonian
path of S, — {e, (€)%} joining u to v. See Figure 5(c) for an
illustration.

Case4. ue SHandv e SV withk, 7, and n being distinct.
By Lemma 1, there are (n — 2)!/2 > 3 edges joining black
nodes of S{ to white nodes of S{ . We choose a black node
x of S ) with (x)" being a white node of Sn — {e, (e)z} By
Theorem 1, there is a hamiltonian path P of st n o joining uto x.
By Lemma 4, there is a hamiltonian path Q of S\ — {e, (€)%}
joining (x)" to a black node y with (y); € (n — 1) — {k}. By

Theorem 3, there is a hamiltonian path R of S, —H joining
Si7= ey (o)) SH | s feser’)
& ¥ x,p v 0, y, o 0 xo.(x)” R A
§enmtr
@] Ry Lylloy T e
()
S\"-{es(e)} s S,\"i-{e ()}
u P x| fu P x| (x) 9 y
o a of{o
Sn'in-l> S-in-l‘)— {k}
v 0 (x)’ v R (y)
(c) (d)
FIG. 5. Illustration for Theorem 4.
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the white node (y)” to v. Then (u, P, X, (x)", Q,y, (¥)",R, V)
is the desired hamiltonian path of S, — {e, (€)%} joiningutov.
See Figure 5(d) for an illustration. .

Lemma 5. Assume that n > 5. Suppose that p and q are
two different white nodes of S,,, and r and s are two different
black nodes of S,,. Then there exist two disjoint paths Py and
P such that (1) Py joins p to v, (2) P, joins q to s, and (3)
P1 U P> spans S,,.

Proof Because Sn is edge transitive, We assume that
p < S,, and qe Sn 2 . Suppose thatr € Sn ands € S,, .

CAsel. i,je(n—2) withi # j. By Theorem 3, there is a
hamiltonian path P; of Sn S]ommg p to r. Again, there is a
hamiltonian path P of S,, joining q to s. Then P and
P; are the desired paths.

CASE2. i,j € (n—2)withi = j. We can choose a white node
x with x being a neighbor of s in S,{, and (x); € (n — 1) — {i}.
By Lemma 4, there is a hamiltonian path Q of S,,} {s,x}
joining r to a white node y w1th (y)1 = n.By Theorem 3, there
is ahamiltonian path P of S,l " joining p to the black node "
Moreover, there is a hamiltonian path R of S,;" Jommg
q to the black node (x)". Then P; = (p,P, (y)".y,Q !, r)
and P, = (q, R, (x)", X, s) are the desired paths.

CAse3. Either(i=nandje (n—1)),or(i € (n)—{n—1}
and j = n — 1). By symmetry, we assume that i = n and
J e (n — 1). By Theorem 3, there is a hamiltonian path P; of
Sn (]ommg p to r. Moreover, there is a hamiltonian path P;
of S b joining q to s. Then P and P, are the desired paths.

CASE4. Either(i=n—1landj € (n—2)),0or(i € (n—
2) and j = n). By symmetry, we assume that i = n — 1
and j € (n — 2). By Lemma 1, there exist (n — 2)!/2 > 3
edges joining white nodes of S,{l ! to black nodes of S

We can choose a white node x in S{" I — {q} with (x)1 =
n. By Theorem 3, there is a hamiltonian path R of Sn -
joining q tor. We write R as (q, R1, Y, X, R>, r). By Theorem 3,

there is a hamiltonian path P of Sy, il joining p to the black node
(x)". Because d(x,y) = 1, by Lemma 2, (y)" e Sn By
Theorem 3, there exists a hamiltonian path Q of S,l =2 Jommg
the white node (y)” to s. Then Py = (p, P, (X)",X, Ry, r) and
Py = {(q,R1,y, (y)", Q,s) are the desired paths.

CASES. i=n— land j = n.By Theorem 3, there is a hamil-
tonian path Q of S,l joining p to s. Again, there is a hamilto-
nian path R of Sn 1 joining q to r. We choose a white node
X € S,{1 ) with (x)1 = n— 1. We write Q as (p, Q1,X,Y, 02,S)
and write R as {(q,R,w, (x)",Ry,r). Obviously, y is a
black node and w is a white node. Because d(x,y) =1,
by Lemma 2, (y); € (n — 2). Because d((x)",w) =1, by
Lemma 2, (w); € (n — 2). By Theorem 3, there exists a
hamiltonian path W of Sf,"i ) joining the black node (w)”"
to the white node (y)”. Then P; = (p, 01, X, (X)", Ry, r) and
Py = (q,R,w,(W)", W, (¥)",y, O, s) are the desired paths.

CASE 6. Eitheri = j =nori =j = n— 1. By sym-
metry, we assume that i = ] = n. By Theorem 3, there is
a hamiltonian path P of S joining p to s. We can write
P as (p,R;,r,X Rz, s). By Theorem 3, there is a hamilto-
nian path Q of S,, _]01n1ng q to the black node (x)". Then

= (p,Ry,r) and P, = (q, Q, (X)", X, Ry, s) are the desired
paths. n

4. THE (n — 1)*:-DIAMETER OF S,

Let u be a node of S,, with n > 4 and let m be any integer
with3.§ m<n Weset F,(u) ={w) |3 <i<mjuU
{(wH~ "3 <i<m)

Lemma 6. Assume that u is a white node of S,, and j € (n)
withn > 4. Then there is a hamiltonian path P of S,, — F,(u)
Jjoining u to some black node v with (v); = j.

Proof. We prove this lemma by induction on n. Because
S, is node transitive, we assume that u = e. Suppose that
n = 4. The required hamiltonian paths of S4 — F4(e) are
listed below:

1234,2134,3124, 4123, 1423,3421, 2431, 1432,4132,3142,2143,1243,4213,2413,3412,4312, 1342,2341, 4321, 1324

1234,2134,4132,1432,2431,3421, 1423,4123,3124,1324,4321, 2341, 1342,4312,3412,2413,4213, 1243,2143,3142

=1 )
J =12 (1234,2134,4132,3142,1342,4312,3412,1432,2431, 3421, 1423,2413,4213,1243,2143,4123,3124, 1324,4321, 2341)
( )

( )

1234,2134,3124,1324,4321,2341, 1342,3142,4132,1432,2431, 3421, 1423,4123,2143,1243,4213,2413,3412,4312

Assume that this statement holds on any Sj for every
4 <k <n—1.Wehave F,(e) = F,_1(e)U{(e)", ((e))"~ 1}
By induction, there is a hamiltonian path P of SY _ F,_i(e)
joining e to a black node x with (x)1 1. By Lemma 4,
there is a hamiltonian path Q of S,, —{(e)", ((e)H™ 1
joining the white node (x)” to a black node y with
(y)1 = 2. We can choose a black node z of S h=t
with (z); = (] By Theorem 3, there exists a hamiltonian
path R of S, /' joining the white node (y)" to z.
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Then (e, P,x, (x)",Q,y, (y)",R,z) is a desired hamiltonian
path. .

Lemma 7. Let u = ujupusuy be any white node of Ss.
There exist three paths Py, P>, and P3 such that (1) Py joins
u to the black node urusuiuz with [(P1) =7, (2) P> joins u
to the white node uzusuyuy with I(Py) = 8, (3) P3 joins u to
the white node uguyuzuy with [(P3) = 8, and (4) PiUP,UP3
spans S4.



Proof. Because S; is node transitive, we assume that
u = 1234. Then we set
Py = (1234,3214,4213,1243,2143,4123, 1423, 2413),
= (1234,4231,3241,2341,4321,
3421,2431,1432,3412), and
= (1234,2134,3124,1324,2314,
4312,1342,3142,4132).

Obviously, Py, P, and P3 are the desired paths. n

Lemma 8. Let u = ujuyuzuq be any white node of Ss. Let
i1i2i3 be a permutation of us, uz, and us. There exist four

paths Py, Py, P3, and P4 of S4 such that (1) Py joinsu to a
white node w with (w); = iy and [(P1) = 2, (2) P, joinsu to
a white node x with (x)1 = iy and [(P2) = 2, (3) P3 joins u
to a black node y with (y)1 = iz and [(P3) = 19, (4) P4 joins
u to a black node z. with z # y, (z)1 = i3, and [(P4) = 19,
(5) P1 U Py U P3 spans Sa, (6) P1 U Py U Py spans Sa, (7)
V(P) NV(P) NV (P3) = {u}, and (8) V(P1) N V(P2) N
V(Pyg) = {u}.

Proof. Because S4 is node transitive, we assume that
u = 1234. Because u = 1234, we have {i1,i>} C {2,3,4}
and i3 € {2,3,4} — {i1,i}. Without loss of generality, we
suppose that iy < ip. The required four paths are listed
below.

i =2 = (1234,4231,2431)
ir =3 | Py=(1234,2134,3124)

i3 =4 | P3=(1234,3214,2314,1324,4321,3421, 1423,4123,2143, 3142, 4132, 1432, 3412, 2413, 4213, 1243,3241, 2341, 1342, 4312)

Py = (1234,3214,2314,1324,4321,3421, 1423,2413,4213, 1243,3241, 2341, 1342, 4312, 3412, 1432, 4132, 3142, 2143, 4123)
i =2 | P| = (1234,4231,2431)
ih =4 | Py =(1234,3214,4213)

i3 =3 | P3=(1234,2134,3124,4123,2143,1243,3214,2314, 1342, 4312, 2314, 1324,4321,3421, 1423,2413, 3412, 1432, 4132, 3142)

Py = (1234,2134,3142,1324,2314, 4312, 1342, 3142, 4132, 1432, 3412, 2413, 1423, 4123, 2143, 1243, 3241,2341, 4321, 3421)
i =3 | P| = (1234,2134,3124)
iy =4 | Py =(1234,3214,4213)

i3 =2 | P3=(1234,4231,3241,1243,2143,4123,1423,2413,3412,4312,2314, 1324,4321,3421, 2431, 1432,4132, 3142, 1342, 2341)

Py = (1234,4231,3241,1243,2143,4123, 1423, 3421, 2431, 1432,4132, 3142, 1342, 2341, 4321, 1324, 2314,4312, 3412, 2413)

Thus, this statement is proved. . Wi = (e = 12345,32145,42135, 12435,

Lemma9. Assumethatn > 5andijiy...i,—1isan(n—1)-
permutation on (n). Let u be any white node of S,,. Then there
exist (n—1) paths P1, Py, ..., P,_1 of S, such that (1) P joins
utoablacknode yy with (y1)1 = iy andl(P1) = n(n—2)!—1,
(2) Pj joins u to a white node yj with (yj)l = ijand I(P)) =
nn—2) forevery2 <j<n-—1,(3) U P spans S, and
(4) M2 V(P) = {u).

Proof. The proof of this lemma is rather tedious. The
authors strongly suggest the reader skim over the proof first
and comprehend the details later.

Because S, is node transitive, we assume that u = e
Without loss of generality, we suppose thatip < i3 < --- <

In—1.

CASE 1. n=5.Hence, n(n—2)!=30. We have i, #4, i3 >
2,and iy > 3. Weset x; = (e)° and x; = ((xi_1)")° for
every 2 < i <4, and x5 = ((x4)%)°. Note that x; is a black
node in S U for every i € (4) and X5 is a black node in S b
Obviously, x1 #xs. We set H = (e, Xy, (xl) , X2, (Xz) , X3,
(x3)*, x4, (x4)°,X5).

CAsE 1.1. i; =3.Wehaveir #4,i3 #3,and is # 1. Let
u; = 24135, up = 41325, and uz = 34125. We set

21435,41235,14235,24135 = wy),

W, = (e = 12345,21345,31245, 13245,
23145,43125,13425,31425,41325 = uy), and

W3 = (e = 12345,42315,32415, 23415,
43215,34215, 24315, 14325, 34125 = u3).

Obviously, Wy U W, U W3 spans SéS} and V(W) N V(W) =
{e} for every i,j € (3) with i #* j. By Lemma 4,
there exists a hamiltonian path Q; of S5~ — {xa, (x2)3}
joining the white node (uy)’ to a black node y; with
(Y1? | = i1. Again, there exists a hamiltonian path Q, of
S{4 {X4, (x4)3} joining the black node (uz)> to a white
node y2 with (y2);1 = i. Moreover, there exists a hamil-
tonian path Q3 of S — {xs, (X3)4} joining the black node
(u3)’ to a white node y3 with (y3)1 = i3. Similarly, there
exists a hamiltonian path Q4 of S — {x1, (x1)?} joining
the black node x5 to a white node y4 with (y4)1 = ia.
We set

Py = (e, W, uy, (ur)’, 01, y1),
Py = (e, Wa,uz, (W2)°, 02,¥2),

P3 = (e, W3, u3, (u3)°, 03,y3), and
Py = (e,H,X5,04,¥4).
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FIG. 6. Tllustration of case 1.

Obviously, I[(P1) = 29 and [(P;) = 30 for every 2 < i < 4.
Apparently, Py, P, P3, and P4 are the desired paths. See
Figure 6(a) for an illustration.

CASE 1.2. ij #3. Wehavei, #4,i3 # 1,and is # 2. Let
uy = 31425, up = 42135, and uz = 21435. We set

Wi = (e = 12345,21345,41325, 14325,
34125,43125,13425,31425 = wy),

W, = (e = 12345,32145, 23145, 13245,
31245,41235, 14235,24135,42135 = up), and

W3 = (e = 12345,42315,24315, 34215,
43215,23415,32415, 12435,21435 = u3).
Obviously, W; uwzuw3 spans S and V(W)NV(W)) = fe}
for every i,j € (3) with i Fé Jj- By Lemma 4, there exists a
hamiltonian path Q] of S5 — {x3, ()(3,)4 } joining the white
node (u1)5 to a black node y1 with (y1)1 = . Agam,
there exists a hamiltonian path Q, of S — {X4, (x4)°}
joining the black node (uz)’ to a wh1te node yp with
(y2)1 = i». Moreover, there exists a hamiltonian path Q3 of
S{ J — {x1, (x1)?} joining the black node X5 to a white node y3
W1th (?'3)1 =1i3. Similarly, there exists a hamiltonian path Q4

of S {x2, (x2)3} ] joining the black node (u3)? to a white
node y4 with (y4)1 = is. We set

Pi = (e, Wi,ug, (1), Q1,y1),
Py = (e, W2, uz, (u2)°, 02, y2),
P3 = (e,H,Xs,03,y3), and

Py = (e, W3, u3, (u3)°, Q4. 4).

Obviously, I[(P1) = 29 and I(P;) = 30 for every 2 < i < 4.
Apparently, Py, Py, P3, and P4 are the desired paths. See
Figure 6(b) for an illustration.

CASE2. n > 6.Becausen — 1 > 5, we have iy # k+ 2
forevery 2 < k < n—4,i,3 # 1, i,0 # 2, and
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in—1 # 3. We setuj = (e/ "2 and v; = ((e)’*z)’“ for every
j € (n—4). Thus, uj. 1s a black node in S ) and vj is
a white node in S,{l( ! for every j € (n — 4). Note that
Foa(@) = {uj|j € (n— MU v | € (n—4)).
By Lemma 6, there is a hamiltonian path P of S,{fn_l’”)} -
F,_>(e) joining e to a black node x; with (x1); = 2. We
recurswely set Xj as the unique neighbor of (xj_1)"~ Uin
S} with (xp)1 = j+ lforevery2 < j < n—4,and
we set Xy 3 as the unique neighbor of (x,_4)"~ -1 in Sy {n=3.m}
with (xp—3)1 = n — 1. It is easy to see that xJ is a black
node for 1 < j < n— 3 and {(x;)""!,xj11} C ST for
1 <j <n—4. Weconstruct Pj forevery 1 <j <n—1as
follows:

1. j € (n —4) — {1}. By Lemma 4, there is a hamiltonian
path Tj of SV™") — {(x;)"~1,xj11} joining the black
node (v )"=1 to a white node zj with (ZJ)l =j+2.
Again, there is a hamiltonian path T/ of S,l 2 joining
the black node (z;)" to a white node | yJ with (yj)1 = i;.
Then we set P; as (e, uj, vj, (VJ)H7 > Zj, (2j)", T ,Yj)-
Obv10usly, l (P ) =n(n —2).

2. j = n — 3. We choose a white node y,_3 in S
with (yn—3)1 = i,—3. Note that there are ((n — 3)!/2)
edges joining some black nodes of S{" > to some
white nodes of S,{l” and there are ((n — 3)!/2) edges
joining some white nodes of Si=2M} 6 some black
nodes of S,{lu. We choose a white node r in S,[,” with
(r)" being a black node in SY"~*" and choose a black
node s in S,{l” with (s)” being a white node in S,{l("fz’")} .
By Lemma 5, there exist two disjoint paths H; and
H, of SV such that (1) H; joins (e)" to r, (2) H»
joins s to yn—3, and (3) H; U H; spans S,,l) By The-
orem 3, there is a hamiltonian path H of S\ *"
joining the black node (r)" to the white node (s)".
We set P,,_3 as (e, (e)",H,r,(r)",H,(s)",s, Hy,yn-3).
Obviously, [(P,—3) = n(n — 2)!.

3. j=n — 1. By Lemma 4, there is a hamiltonian path Q;
of S,{l(z’”)] — {(x1)""!, x2} joining the black node (v{)"~!
to a white node q w1th (q)l = 3. Again, there is a hamil-
tonian path @, of S,, joining the black node (q)" to
a white node y,—; with (yp—1);1 = i,—1. We set P,
as (e,ur, vy, (vD)"', 01,4, (@)", Q2,yn-1). Obviously,
[(Py—1) =n(n—2)\.

4. We construct P} and P,_, dependent on whether i} =
n — 1 or not. We set L as (xq, (x1)" !, X3, (x2)""1,...,
Xn—4, (Xn—4)""!,X4_3, (Xn—3)"). By Theorem 1, there is
a hamiltonian path W of shtmh joining the black node

(e)""! to a white node p with (p); = 2.

Suppose that ij #n — 1. By Theorem 1, there is a
hamiltonian path R of Sn” I joining the white node
(Xp—3)" to a black node y; with (¥1)1 =1iy. Again, there
exists a hamiltonian path Z of S, joining the black
node (p)" to a white node yp_2 w1th (Yn-2)1 = in—2.
We set P; as (e,P,x1,L,(%Xp-3)",R,y1) and P,_p as
(e, (€)', W,p, (p)",Z,yn_2). Obviously, I(P;) = n(n —
2)!—1and l(P,—2) = n(n—2)!. Apparently, Py, P2, ..., Pp_1
are the desired paths. See Figure 7(a) for an illustration for
the case n = 7.
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FIG. 7. [Illustration of case 3 withn = 7.

Suppose that ijy = n — 1. Note that i,y # n — 1. ((P)")n—1 =1, we have (t),—; = 1. Because ((z)"),—1 =n —

Because (xp_3)" is a white node in S,{lnfl} with ((xp—3)")1 =
n and (Xp—3)"), = n — 1, there is a black node z
in S,{,"_ such that z is the unique neighbor of (xp—3)"
with (z); =2. Because ((Xp_3)"),—1=n — 3, we have
(z),—1 = n — 3. Note that (z)" is a white node in S,{f}

3 and (t),—1=1, we have (z)"#t. By Theorem 4,
there is a hamiltonian path W; of S,{Zz} —{(p)"*, t} join-
ing (z)" to a black node y{" with (y1); =i;. Again,
there is a hamiltonian path W, of S,{ln_l} — {(xXp_3)", 2}
joining (t)" to a white node yp—2 with (Yn—2)1 =i—2.

We set P; as (e ,P,x1,L,(Xp—3)",2,(z)",W1,y1) and
P, as (e, ()", W,p, (p)".t, (t)", Wa, yn_2). Obviously,
[(P1)=n(n—2)!—1 and I[(P,—>) =n(n — 2)!. Apparently,
Py, Ps, ..., P, are the desired paths. See Figure 7(b) for an
illustration for the case n = 7. -

with ((z)"),—1 = n — 3. Because (p)" is a black node
in SEZ} with ((p)"); = n and ((p)*), = 2, there is a
white node t in S, such that t is the unique neighbor
of (p)* with (t); = n — 1. Because (p),—1 = 1 and
(p)» = n, we have (p)")n—1 = 1 and ((p)"*); = n. Because

TABLE 1. All Hamiltonian Cycles in Sy.

1234,4231,3241,1243,4213,3214,2314, 1324,4321,2341, 1342,4312,3412,2413, 1423, 3421,2431, 1432,4132,3142,2143,4123,3124, 2134, 1234
1234,4231,3241, 1243,4213,2413,3412, 1432,2431,3421, 1423,4123,2143,3142,4132,2134,3124, 1324,4321,2341, 1342,4312,2314, 3214, 1234
1234,4231,3241, 1243,2143,4123,3124,2134,4132,3142, 1342,2341,4321, 1324,2314,4312, 3412, 1432,2431, 3421, 1423,2413,4213,3214, 1234
1234,4231,3241,2341,1342,4312,2314,1324,4321,3421,2431, 1432,3412,2413,1423,4123,3124,2134,4132,3142,2143,1243,4213,3214, 1234
1234,4231,3241,2341,1342,3142,2143,1243,4213,3214,2314,4312,3412, 2413, 1423,4123, 3124, 1324,4321, 3421, 2431, 1432,4132,2134, 1234
1234,4231,3241,2341,4321,3421,2431,1432,4132,3142,1342,4312,3412,2413, 1423,4123,2143,1243,4213,3214, 2314, 1324,3124, 2134, 1234
1234,4231,2431, 1432,3412,4312,2314,3214,4213,2413, 1423,3421,4321, 1324,3124,4123, 2143, 1243,3241,2341, 1342,3142,4132,2134, 1234
1234,4231,2431, 1432,4132,2134,3124,1324,4321, 3421, 1423,4123,2143,3142, 1342,2341, 3241, 1243,4213,2413,3412,4312,2314,3214, 1234
1234,4231,2431, 1432,4132,3142,2143,1243,3241, 2341, 1342,4312,3412,2413,4213,3214,2314,1324,4321, 3421, 1423,4123,3124,2134, 1234
1234,4231,2431,3421, 1423,2413,3412,1432,4132,2134,3124,4123,2143,3142,1342,4312, 2314, 1324,4321, 2341, 3241, 1243,4213,3214, 1234
1234,4231,2431,3421,1423,4123,3124, 1324,4321,2341,3241, 1243,2143,3142, 1342,4312,2314,3214,4213,2413,3412, 1432,4132,2134, 1234
1234,4231,2431,3421,4321,2341,3241, 1243,4213,2413, 1423,4123,2143,3142, 1342,4312,3412, 1432,4132,2134,3124, 1324,2314, 3214, 1234
1234,3214,4213,1243,3241,4231,2431, 1432,3412,2413, 1423,3421,4321,2341, 1342,4312,2314, 1324,3124,4123,2143,3142,4132,2134, 1234
1234,3214,4213,2413,3412,4312,2314,1324,3124,4123, 1423,3421,4321,2341,1342,3142,2143,1243,3241,4231,2431, 1432,4132,2134, 1234
1234,3214,4213,2413,1423,4123,2143, 1243,3241,4231,2431,3421,4321, 2341, 1342,3142,4132, 1432,3412,4312,2314, 1324,3124,2134, 1234
1234,3214,2314,4312,1342,3142,4132,1432,3412,2413,4213,1243,2143,4123, 1423, 3421,2431,4231,3241,2341,4321, 1324,3124, 2134, 1234
1234,3214,2314,1324,4321,3421,2431,4231,3241,2341, 1342,4312,3412, 1432,4132,3142, 2143, 1243,4213, 2413, 1423,4123,3124, 2134, 1234
1234,3214,2314,1324,3124,4123,2143,1243,4213,2413, 1423,3421,4321,2341,3241,4231,2431, 1432, 3412,4312, 1342,3142,4132,2134, 1234

I D - - D s s o
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Using depth first search, we list all hamiltonian cycles in
S4 in Table 1.

Lemma 10. DY (S3) =
Proof. Let u be any white node in S4, and let v be any

black node in S4. Because S4 is node transitive, we assume
that u = 1234. Suppose that d(u,v) = 1. Because Sy is

edge transitive, we assume that v=2134. Let {Py, P2, P3} be
a 3*-container joining u to v. Because Sy is 3-regular, one of
three paths, say P3, is (u, v). Thus, P; U P, ! forms a hamil-
tonian cycle of S4 not using the edge (u, v). From Table 1,
we obtain d5*(u, v) = 15. Thus, D3 (S4) > 15. Suppose that
d(u,v) #1. Then v e {1324,1243,1432,2413,2341,3142,
4123,4312,3421}. We find the following set of 3*-containers
of S4 between u = 1234 and v:

C(1234, 3421)

v T
LS}
|

= (1234,2134,3124,4123,2143,3142,4132,1432,3412, 2413, 1423,3421)
1234,3214,4213,1243,3241,2341, 1342,4312,2314, 1324, 4321, 3421)

Py = (1234,4231,3241,1243,2143,4123,3124, 1324)

C(1234,1324) | Py = (1234,2134,4132,3142,1342,2341,4321, 1324)
Pz = (1234,3214,4213,2413, 1423,3421,2431, 1432,3412,4312,2314, 1324)
P = (1234,2134,4132,1432,3412,2413,4213, 1243)

C(1234,1243) | P, = (1234,3214,2314,4312,1342,3142,2143, 1243)
P3 = (1234,4231,2431,3421,1423,4123,3124, 1324,4321, 2341, 3241, 1243)
Py = (1234,3214,2314,1324,4321,3421,2431, 1432)

C(1234,1432) | P, = (1234,4231,3241,2341,1342,4312,3412, 1432)
P3 = (1234,2134,3124,4123, 1423,2413,4213,1243,2143,3142,4132, 1432)
Py = (1234,3214,4213,2413)

C(1234,2413) | P, = (1234,4231,2431,3421,4321,2341,3241, 1243,2143,4123, 1423,2413)
P3 = (1234,2134,3124,1324,2314,4312,1342,3142,4132,1432,3412,2413)
Py = (1234,4231,3241,2341)

C(1234,2341) | Py = (1234,3214,2314,4312,3412,2413,4213,1243,2143,3142, 1342, 2341)
P3 = (1234,2134,4132,1432,2431,3421, 1423,4123,3124, 1324, 4321, 2341)
Py = (1234,2134,4132,3142)

C(1234,3142) | P, = (1234,4231,3241,2341,4321,3421,2431, 1432,3412,4312, 1342,3142)
P3 = (1234,3241,2341,4321,3421, 1423,4123,2143, 1243, 4213, 2413, 3412)
Py = (1234,2134,3124,4123)

C(1234,4123) | P = (1234,3214,4213,2413,3412,4312,2314, 1324,4321, 3421, 1423, 4123)
P3 = (1234,4231,2431,1432,4132,3142,1342,2341,3241, 1243,2143,4213)
Py = (1234,3214,2314,4312)

C(1234,4312) | P, = (1234,2134,4132,3142,2143,4123,3124, 1324,4321,2341, 1342,4312)
P3 = (1234,4231,3241,1243,4213,2413, 1423,3421,2431, 1432,3412,4312)
Py = (1234,4231,2431,3421)

(
=

‘From this table, d;L (u,v) < 15if d(u,v) # 1. Hence,
D%L (S4) = 15. .

Lemmall. D' (S, > 25 +1=(@n—D!+2(n—2)!+
2(n—3)z+1ifnzs

Proof. Let u and v be two adjacent nodes of S,.
Obviously, u and v are in different partite sets. Let
{P,P3,...,P,_1} be any (n — 1)*-container of S, joining u
to v. Obviously, one of these paths i is (u, v). Thus, max{l/(P;) |
I<isn—l}=[G51+1 =[5 -+ =+ 1.
nz~|—1anan l(S”)>n2+1 .

Hence, d)" | (u,v) >

Lemma 12. Dy (Ss5) < 41.
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Proof. Letu be any white node and v be any black node
of S5. Obviously, d(u, v) is odd.

CASE 1. d(u,v) = 1. Because S5 is node transitive and
edge transitive, we may assume that u = e = 12345
and v=(e)’ = 52341 By Lemma 7, there exist three paths
P, P>, and P3 of S 3} uch that (1) Py joins 12345 to the
black node 24135 W1th I[(P1) = 17, (2) P, joins 12345 to
the white node 34125 with /(P,) = 8, (3) P3 joins 12345 to
the whlte node 41325 with I(P3) = 8, and (4) P1 U P, U P3
spans S Similarly, there exist three paths Oy, 0>, and O3
of S such that (1) Q; joins 52341 to the white node
24531 with I[(Q1) = 7, (2) Q> joins 52341 to the black
node 34521 with [(Q) = 8, (3) Q3 joins 52341 to the black
node 45321 with [(Q3) = 8, and (4) Q1 U Q> U Q3 spans
S By Theorem 1, there is a hamiltonian path R; of S



joining the white node 54132 to the black node 14532, there
is a hamiltonian path R, of S{3} joining the black node 54123
to the white node 14523, and there is a hamiltonian path R3
of 55 joining the black node 51324 to the white node 15324.
Then we set

T = (e = 12345, P1,24135,54132, R}, 14532, 24531,

(01)71,52341 = (e)%),
T, = (e = 12345, P,,34125,54123, R;, 14523, 34521,

(02)71,52341 = (e)),
T3 = (e = 12345, P3,41325,51324, R3, 15324, 45321,

(03)7',52341 = (e)°), and

Ty = (e = 12345,52341 = (e)°).
Obviously, {T1, T2, T3, T4} is a 4*-container of S5 between e
and (e)°. Moreover, I[(T1) = 39, [(T>) = [(T3) = 41, and
I(T4) = 1. Thus, d;’ (e, (e)°) < 41.

CASE 2. d(u,v)>3.Because d(u,v) >3, there is i € {2, 3,
4,5} such that (w); # (v); and {(w);, (v);} N {(w)1, (V)1} =0
Without loss of generality, we assume that (u); # (v)5 and
{(m)s, (v)5} N {(),(v)1} = @. Moreover, we assume that
(w)s =5,(v)s =4,(m); = 1,and (v); # 5. Because (u); =
1 and (u)s5 = 5, we have {(u);, (0)3, (u)4} = {2,3,4}.

SUBCASE 2.1. (v); = 1. We have {(v)2,(V)3,(V)4} =

{2,3,5}. By Lemma 8, there exist four paths Py, P, P3,
and P4 of S ! such that (1) Py joins u to a white node
w with (w)l = 2 and I(P;) = 2, (2) P, joins u to a
white node x with (x); = 3 and I(P;) = 2, (3) P3 joins

u to a black node y with (y); = 4 and I(P3) = 19, (4)
P4 joins u to a black node z # y w1th (z)1 = 4 and
[(Py) = 19 (5) P1 U P, U P3 spans SS ,(6) PyUPyU Py
spans S5 , () V(P) N V(Py) NV(P3) = {u}, and (8)
V(P1) NV(P2) N V(Py) = {u].

Similarly, there exist four paths Q1, Oz, O3, and Q4 of Sg”
such that (1) Q; joins v to a black node p with (p); = 2 and
1(Q1) = 2, (2) O joins v to a black node q with (q); = 3
and [(Q7) = 2, (3) Q3 joins v to a white node r with (r); = 5
and [(Q3) = 19, (4) Q4 joins v to a white node s # r w1th
(s)1 = 5 and I(Qy) = 19 (5) 01 U Q2 U Q3 spans st
(6) Q1UQ02UQ4 Span555 LD VQDNV©0)NV(Q3) = {V}
and (8) V(Q1) N V(Q2) N V(Q4) = {v}.

By Lemma 1, there are exactly three edges j Jommg some
black nodes of S ! to some white nodes of S By the
pigeon-hole pr1nc1ple atleast one node in {y, z} is adjacent to
anode in {r, s}. Without loss of generality, we assume that y
is adjacent to r. Let 7 be the hamiltonian path of Sé Vi joining
the black node (u)5 to the white node (v)°, T be the hamil-
tonian path of S5 joining the black node (W)5 to the white
node (p)°, and T3 be the hamiltonian path of S Jommg the
black node (x)° to the white node (q)5 We set

Hy = (u, (), Ty, (v)°, ),

Hy = (u,P1,w,(W)°, T2, (p)°,p, Oy . V),
Hy = (u,Py,x, (x)°, T3, (9)°,q,0; ', v), and
Hy = (u, P3,y,r, Q;l,v).

Obviously, {Hi,H,,H3,Hs} is a 4*-container of Ss
between u and v. Moreover, [(H) = 25, [(Hy) = I[(H3) =
29, and I(H4) = 39. Thus, djL (u,v) <41.

SUBCASE 2.2. (v); =a€{2,3}. We have {(v)2, (V)3, (V)4}
= {1,2,3,5} — {a}. Let b be the only element in {2, 3} — {a;
By Lemma 8, there exist four paths Py, P», P3, and P4 of S
such that (1) P; joins u to a white node w with (w); = a and
I(P1) = 2, (2) P> joins u to a white node x with (x); = b
and /(Py) = 2, (3) P3 joins u to a black node y with (y); = 4
and [(P3) = 19, (4) P4 joins u to a black node z # y w1th
(z)1 = 4 and I(Py) = 19 (5) P1 U P, U P3 spans S5 ,
(6) P1UP,UP, spans SS ,(DH VPNV (Py)NV(P3) = {u},
and (8) V(P1) NV (P2) N V(Ps) = {u}.

Again, there exist four paths Q1, Q», O3, and Q4 of Sé‘”
such that (1) @ joins v to a black node p with (p); = 1 and
1(Q1) = 2, (2) O joins v to a black node q with (q); = b
and /(Q2) = 2, (3) Q3 joins v to a white node r with (r); = 5
and [(Q3) = 19, (4) Q4 joins v to a white node s # r w1th
()1 =5and I(Qs) = 19 (5) Q1 U Q» U Q3 spans S L6
01U QU Q4 spans 55 ,(DHV@NV(Q2)NV(Q3) = {v},
and (8) V(Q1) N V(Q2) N V(Q4) = {v}.

By Lemma 1, there are exactly three edges joining some
black nodes of S ! to some white nodes of S{4 By the
pigeon-hole pr1n01ple atleast one node in {y, z} is adjacent to
anode in {r, s}. Without loss of generality, we assume that y
is adjacent to r. Let 77 be the hamiltonian path of st 5 Jommg
the black node (u)’ to the white node (p)°, 7> be the hamil-
tonian path of S{a} joining the black node (W)5 to the white
node (v)°, and T3 be the hamiltonian path of S5 joining the
black node (x)° to the white node (q)5 We set

Hy = (u, (), T1,(p)°.p, 07, V),

Hy = (u,P,w,(w)°, T2, (v)°,v),

Hz = (u,P2,x,(x)°, T5,(9)°,q,0, ", v), and
Hy = (u,P3,y,r, Q;l,v).

Obviously, {H,H,,H3,Hs} is a 4*-container of Ss
between u and v. Moreover, [(H) = [(Hy) = 27, [(H3) =
29, and I[(H4) = 39. Thus, dZL (u,v) <41. .

Lemma 13. 4" (w,v) < (n — D! +2(n —2)! +2(n —
)!—i—l—n'i'z—i—lforeverynzé.

Proof. Let u be any white node and v be any black node
of S,,. Obviously, d(u, v) is odd.

CASE 1. d(u,v) = 1. Because the star graph is node tran-
sitive and edge transitive, we may assume that u = e and
v = (e)".
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By Lemma 9, there exist (n — 2) paths P, P2, ..., P,_o of
S{”} such that (1) P; joins e to a black node x; with (x1); = 2
and [(P1) = (n—1)(n—3)! —1,(2) P; joins e to a white node
x; with (xj)1 = i —|— 1 and l(P) =m—-1DMmn-3)for2 <
i<n-—2,3) UL P spansS,, ,and (4) N/ V(P) = {e}.
Again, there exist n — 2 paths 01,0, .. Qn s of Sn such
that (1) Q; joins (e)” to a white node y1 Wlth (y1)1 = 2 and
Q1) =m—1)(n—-3)!—1,(2) Q; joins (e)" to a black node
yi with (yi)1 =i+ 1 and I(Q;) = (n — 1)(n —3)!for2 <
i<n-—2,3)UL IZQ, spans S,{z ) and ) Nz V(Q,-) = {v}.

By Theorem 1 there is a hamiltonian path R] of S, join-
ing the white node (x1)" to the black node (y1)". Again, there
is a hamiltonian path R; of Sn’Jr joining the black node (x;)"
to the black node (y;)" forevery 2 <i <n — 2.

We set H;={e, P;,x;, (xi)", R, (y1)", ylaQ ,(@)") for
every 1 <i<n—2and H,_| = (e, (¢)"). Then {H|,H>, ...,
H,_1}isan (n—1)*-container between e and (e)". Obviously,
I(H) = m-D!+2n-2)!+2(n-3)!-1,I(H;) = (n— D!+
2(n—2D)!4+2(n—3)!+1for2 <i<n-—2,andIl(H,_) = 1.
Hence,d," |(e,(€)") < n—D!+2(n—2)!+2(n—3)! + 1.

CASE2. d(u,v) > 3.Becaused(u,v) > 3,thereisi € (n)—
{1} such that (u); # (v); and {(w);, (v);} N {(w)1, (v)1} = 4.
Without loss of generality, we assume that (u), # (v), and
{(),, V),} N {()1,(v)1} = @. Moreover, we assume that
w,=n,vV),=n—1,); =1,and (v); #5.

SUBCASE 2.1. (v)] = y Lemma 9, there are (n — 2)
paths P, Ps, ..., Py of Sn such that (1) P; joins u to a
black node x1 w1th (x1)1 =1and/(P;)) = (n—1)(n—-3)!—1,
(2) P; joins u to a white node x; with (x;); = z and I[(P;) =
(n—1(n—3)for2 <i<n-—2,3) U P spans S,",
and (4) N/ 2V(P) = {ul} Again, there are (n — 2) paths
01,02,...,0n-2 ofSnn ) such that (1) Q1 joins v to a white
node yp W1th ypr=land (Q)) = (n—1)(n—-3)! -1,
(2) Q; joins v to a black node y; with (yj); = i and [(Q;) =
(n—1)(n—3)!for2 <i<n—2,(3)U'=2Q; spans Sy ",
and (4) N{Z7V(Q) = {v).

By Lemma 5, there are two disjoint paths H; and H, of
Sn such that (1) H; joins the white node (x1)” to the black
node (y1)", (2) H; joins the black node (u)”" to the white node
(v)",and 3) HHUH; s ans S By Theorem 1, there is a
hamiltonian path R; of S,l joining the black node (x;)" to the
white node (y;)” forevery 2 <i < n — 2. We set

Ti = (u,P1,x1, (x1)", Hi, (y1)",¥1. 07 . V),
Ti = (u, Py, xi, (x0)", Ri, ()", ¥i. Q7 ', V)
for2 <i<n-—2, and
Too1 = (W, (W)", Ha, (V)" V).

Obviously, {T1,T>,...,T,—1} is an (n — 1)*-container of
S, between u and v. Moreover, [(T;) < (n—1)!4+2(n—2)!+
2(n —3)! + 1. Thus, & [ (w,v) < (n — D! +2(n — 2)! +
2(n—=3)!+ 1.

SUBCASE 2.2. (V)] =t € (n — 2) — {1} By Lemma 9,
there are (n — 2) paths Py, P>, ...,P,—2 ofS ! such that €))
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P1 joins u to a black node x1 with (x1); = 1 and I(P;) =
(n—1)(n —3)! — 1, (2) P; joins u to a white node x; with
(Xi)1 _landl(P? n—1Dm—-3)for2<i<n—-—2,03)
U 2P spans S,, ,and (4) N2 2V(P) = {u}. Again, there
are (n — 2) paths 01,0»,...,0,-2 of S{ U such that @))
Q1 joins v to a white node y; with (y1); = 1 and I[(Q)) =
(n—1D@m—3)! -1, (2) Q; joins v to a black node y; with
yi)1 = landl(Q) =m—1m-3)for2 <i<n-—2,03)
U'=2Q; spans S, and (4) M- 12V(Q ) = {vl.

Because (v)" is awhlte node in S{ ! with M1 =W, =
n—1and (v)"), = (v)1 =t # 1, we can choose a black
node w in Ngin 1 (V)™ with (w)| = 1 By Lemma 5, there exist
two disjoint paths H; and Hj of Sn such that (1) H; joins
the white node (x1)” to the black node (y1)", (2) H, joins
the black node (u)” to the white node (w)", and (3) H; U H;
spans S,

By Theorem 4, there exists a hamiltonian path R, of

— {(v)", w} joining the black node (x¢)" to the white node
(yt)" By Theorem 1, there exists a hamiltonian path R; of Sn
joining the black node (x;)" to the white node (y;)" for every
2 <i<n-—2withi#t. We set

Ty = (u, Py, x1, (x1)", Hy, (y1)",y1, 0] . v),
T; = (u,Pi,xi, (x0)", Ri, (v)", yi. Q; ', V)
for2 <i<n-—2, and
Th—1 = (u,(W)", Hy, (W)", W, (V)", V).
Obviously, {T1,T3,...,T,—1}is an (n — 1)*-container of

S, between u and v. Moreover, [(T;) < (n—1)!4+2(n—-2)!+
2(n — 3)! 4 1. Thus, dYL 1@y) < (n—=D!'+2(n—-2)! +

2n—3)+1. .
Theorem 5.
1 if n=2,
5 if n =23,
S_I(Sn) =115 if n =4,and
(n— D! +2(n — 2)!
+2(n—3)!+1 if n > 5.
Proof. Itiseasy tocheck that DY (S) =1 and D3 (S3) =

5. By Lemma 10, D;L (S4) = 15. By Lemmas 11, 12, and 13,
we haveDZﬁl(Sn) =m—-—D)4+20—-2)!'4+2(n-3)!'+1if
n > 5. Hence, this statement is proved. n

5. THE 2*L-DIAMETER S,
Lemma 14. D} (Sy) = 15.

Proof. Let u and v be any two distinct nodes of Sj.
Because S4 is node transitive, we assume that u=1234.
Let {P1, P>} be a 2*-container joining u to v. Thus, P; U
Py !"is a hamiltonian cycle of Ss. In Table 1, we list all
the possible hamiltonian cycles of S4;. From Table 1, we



know di-(1234,v) = 13 if v € {1423,3142,2413,1243,
3421,1432,2341,4123,4312} and d3 (1234,v) = 15if v €
{2134,3214,4231}. Hence, DS (S4) = 15. .

Lemma 15. Assume that a and b are any two distinct ele-
ments of (4) and u is any white node of S4. There exist two
paths Py and Py of S4 such that (1) Py joins u to a black

node x with (X)1 = a and I(P1) = 5, (2) P> joinsu to a
white node y with (y)1 = b and [(P;) = 18, and (3) P1 U P;
spans S4.

Proof. Because Ss is node transitive, we may
assume that u = 1234. The required two paths are listed
below.

Jomlng the

Py = (1234,3214,4213,2413,3412, 1432)
Py = (1234,4231,2431,3421,1423,4123,3124,2134,4132,3142,1342,4312,2314,1324,4321,2341,3241, 1243,2143)
Py = (1234,3214,4213,2413,3412, 1432)
Py = (1234,4231,2431,3421,1423,4123,2143,1243,3241,2341,4321, 1324,2314,4312, 1342,3142,4132,2134, 3124)
Py = (1234,3214,4213,2413,3412, 1432)
Py = (1234,4231,2431,3421,1423,4123,3124,2134,4132,3142,2143, 1243,3241,2341,1342,4312,2314, 1324,4321)
Py = (1234,3214,2314,4312, 1342,2341)
Py = (1234,2134,3124,1324,4321,3421,2431,4231,3241, 1243,4213,2413,3412,1432,4132,3142,2143,4123, 1423)
Py = (1234,2134,4132,3142,1342,2341)
Py = (1234,3214,4213,2413,1423,3421,4321, 1324,2314,4312,3412, 1432,2431,4231, 3241, 1243,2143, 4123, 3124)
Py = (1234,3214,2314,4312,1342,2341)
Py = (1234,2134,4132,3142,2143,4123,3124,1324,4321,3421, 1423,2413,3412,1432,2431,4231,3241, 1243,4213)
Py = (1234,2134,3124,1324,2314,3214)
Py = (1234,4231,3241,2341,4321,3421,2431,1432,4132,3142,1342,4312,3412,2413,4213, 1243,2143, 4123, 1423)
Py = (1234,3214,4213,2413, 1423, 3421)
Py = (1234,4231,3241,1243,2143,4123,3124,2134,4132,3142, 1342,2341,4321, 1324,2314,4312,3412, 1432,2431)
Py = (1234,3214,4213,2413, 1423,3421)
Py = (1234,2134,3124,4123,2143,1243,3241,4231,2431, 1432,3412,4312,2314,1324,4321,2341,1342,3142,4132)
Py = (1234,3214,4213, 1243,3241,4231)
Py = (1234,2134,4132,3142,2143,4123,3124,1324,2314,4312, 1342,2341,4321,3421, 2431, 1432,3412,2413, 1423)
Py = (1234,3214,4213,1243,3241,4231)
Py = (1234,2134,4132,3142,2143,4123,3124,1324,2314,4312, 1342,2341,4321, 3421, 1423,2413,3412, 1432, 2431)
P1 = (1234,3214,4213,1243,3241,4231)
= (1234,2134,4132,3142,2143,4123,1423,2413,3412, 1432,2431,3421,4321,2341,1342,4312,2314, 1324,3124)
Hence, this statement is proved. n B)T1UT, sgans S By Lemma 3, there is a hamiltonian
path R of S joining the white node (x)’ to the black node
Theorem 6. (p)°. Agam there is a hamiltonian path Z of S
. black node (y)5 to the white node (q)5 We set
5 if n =3,
D (S,) =115 if n =4, and
2 L1 ifnzs Li = (u,Hy,x,(x)°,R, (p)°,p, T !, v) and

Proof. It is easy to check that D3 (S3)=5. By
Lemma 14, we have that D;L (S4) = 15. Thus, we assume
that n > 5. Let u be a white node and v be a black node of §,,.
Let Py and P, be any 2*-container of S, joining u to v. Obvi-
ously, max{/(P1),I(P2)} > t > + 1. Hence, d2 (u,v) > n 7 +1
and D Syp) > "— + 1. Hence we only need to show that
d5* (u, V) < " +l BecauseS is edge transitive, we assume
thatu € S andv eS

CASE 1. n = 5. By Lemma 15, there exist two paths H;
and H; of S{S} such that (1) H; joins u to a black node x with
X)) =1 and I(H;) = 5, (2) H, joins u to a white node
with (y); = 3 and /(H>) = 18, and (3) H1 U H» spans S
Again, there exist two paths 77 and T, of S ! such that (1) T1
joins v to a white node p with (p); = 2 and I(T)=5,2)T,
joins v to a black node q with (q); = 3 and I(73) = 18, and

Ly = (u,H,y, (), Z,(q)°,q, T, ', v).

Obviously, {L, L} is a 2*-container. Moreover, [(L;) = 59
and I(L,) = 61. Hence, d;L (u,v) < "7' + 1. See Figure 8(a)
for an illustration.

CASE2. n > 6iseven. Let x be a neighbor ofu in S{ ! with
x)1 € (n—2). Let y be a neighbor of v in Sn Y Letzbea
nelghborofymSn ! with 2)1 € (n=2)—{(vV)1, Y1, X)1}.
Let ajay...a,—p be a permutation of (n — 2) such that

= (x);and a,—» = (z);. Let H = {ay,as,...,an z} By
Theorem 2, there is a hamiltonian path P of S, n — {x} Jommg
u to a white node p with (p) 1= = a,_;. By Theorem 4, there is
a hamiltonian path Q of S,, — {y, z} joining a white node
q with (q); = a; to v. By Theorem 3, there is a hamilto-
nian path R of S joining the white node (x)" to the black
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FIG. 8. Tllustration for Theorem 6.

node (q)”. Again, there is a hamiltonian path W of S, n=2)=

joining the black node (p)” to the white node (z)". We set

L = (u,x,®x)",R,(q)",q,0,v) and
L, = (uw,P,p,(p)".W,(2)",2,y,V).

Obviously, {Li,L»} is a 2*-container of S between u
and v. Because /(L)) = 5 — 1l and I(Lp) = + 1, we have
dsL (u,v) < ” + 1. See Flgure 8(b) for an 1llustrat10n

CASE 3. n > 7isodd. Let x be a neighbor of uin S with
x)1 € (n—2). Let y be a neighbor of v in S,l U Letzbea
nelghborofymS Y with (z);1 € (n—2)—{(v)1,(¥)1, X)1}.
Let ajay...a,—> be a permutation of (n — 2) such that
= (x); and a,—3 = (z)1. Let H = {ai,a»,...,a,s} and
= {ars S R 3}. Weset A = {(i, a,— 22) |ie
HU{n— 1}}and B = {(i,a,_) | i € TU{n}}. Let S* denote
the subgraph of S, induced by UleHU{,,_l}S{(' an-2)) and let B
denote the subgraph of S, induced by Ujcry(Sn (lia,-2)) . By
Theorem 2, there is a hamiltonian path P of S ,[," — {x} joining
u to a white node p with (p); = a,— and (p),— = a,—3. By
Theorem 4, there is a hamiltonian path Q of S;," ' — {y, z}
joining a white node q with (q); = a,—2 and (q),—1 = @1
to v. By Theorem 3, there is a hamiltonian path L of S2 join-
ing a white node s with (s); = a; to the black node (q)".
Again, there is a hamiltonian path M of SZ joining the black
node (p)” to a white node t with (t); = a,_3. By Lemma 3,
there is a hamiltonian path R of S¥ joining the white node
(x)" to the black node (s)". Again, there is a hamiltonian path
W of S,{ joining the black node (t)" to the white node (z)".
We set

Ly = (u,x,x)",R,(s)",s,L,(q)",q,Q,v) and
L2 = <u7 P’ p7 (p)na M’ t5 (t)n7 W7 (Z)n9 Za y’ V)
Obviously, {L,Lp} is a 2* container of S between u

and v. Because /(L)) =% — 1 and I(1) = 2 + 1, we have

d“(u v) < " + 1. See Flgure 8(c) for an illustration. -
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6. CONCLUSION

In this study, we prove that Dn 1Sn) =m—=D!+2(n—
N+2m—=3)+1 = 2+1andD(Sn)—2+1f0r
n > 5. Actually, we prove that dy"(u,v) = 5 + 1 for any
two vertices u and v from different bipartite sets of S,,.

Recently, we have proved that S, is super laceable [19].
Hence, we can study DSL (S, forl <k <n—1. We con-
jecture that D}* (S,) = % + 1 forn > 5 and 3<k<n-—2.
Furthermore, we believe that d;; (a,v) = k + 1 for any two
nodes u and v from different bipartite sets of S, forn > 5
and3 <k <n-2.
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