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Abstract— This paper presents an achievable codeword weight
lower bound associated with weight-2 input sequences of a class
of turbo codes. The class of codes has an interleaver structure that
encompasses most practical interleavers used by turbo codes. It
partitions the incoming information sequence into blocks of the
same size and the interleaver performs intra-block and inter-
block permutations. Both pre- and post-permuted blocks are
individually tail-biting encoded. Following [4], we refer to the
codeword associated with a weight-2 input sequence as a weight-
2 error event. We apply a special permutation function that
incorporates the separate encoding concept to derive a lower
bound of the weight-2 error event. This lower bound reveals
that (i) a larger component code period gives better distance for
the weight-2 error events, and (ii} separate encoding results in
improved distance if the block length is suitably chosen and is
large enough.

[. INTRODUCTION

Consider a reasonable good interleaver of size /V. Partition-
ing an N-bit group into L = [N/W] or |N/W|-bit blocks,
we find the interleaving rule renders an inter-block permutation
structure like that shown in Fig. 1. Such a structure can be
found in other codes such as product codes (block turbo codes,
BTCs). Hence both classic convolutional turbo codes {CTCs)
and BTCs can be considered as subclasses of the recently
proposed inter-block permuted (IBP) turbo codes (IBPTCs) [3]
whose interleaver performs consecutive intra- and then inter-
block permutations.

However, an interleaver used in a classic CTC, after the
above virtual partition, usually yields a non-regular local
interleaving structure, i.e., the interleaving relation between a
block and other blocks in the same group does not follow the
same permutation rule. In contrast, product codes and some
IBPTCs have much more regular local mterleaving structures.
An appropriate regular local interleaving (and deinterleaving)
structure makes implementation easier and offers properties
that are useful for parallel deceding, e.g., {memory access)
contention-free and simpler routing requirement.

Another distinction between classic CTCs and other sub-
classes of IBPTCs is that, for a classic CTC with an in-
terleaving size of N bits (in L virtual blocks), encoding of
consecutive blocks is often continuous. On the other hand, a
product code arranges IV information bits in a two dimensional
array and encodes each row and column separately (discon-
tinuously). The class of IBP turbo codes (IBPTCs) can also
encodes each block separately.
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Between the two separate (discontinuous) encoding options,
the tail-biting encoding scheme, since it can do without tail-
bits, gives a higher spectral efficiency. Moreover, it was shown
that [1], [2], as a tail-biting CTC can eliminate some error
events across neighboring blocks, improved distance properties
can be obtained. Weiss er al. [2] proposed a product code
(without the check-on-check part) whose column and row
vectors are tail-biting encoded convolutional codewords and
derived some distance properties.
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Post-Permutation

Fig. 1. The inherent inter-block interleaving structure can b found in most
practical interleavers.

The codeword associated with a weight-2 input sequence
was called a weight-2 error event by Breiling [4] for an
obvious reason. Most CTC interleaver designs [6], [3] take
this class of error events into account, trying to maximize the
minimum weight of these error events. Breiling [4] suggested a
novel partition strategy to derive upper bounds for the weight-
2 error events. Although the upper bound is not as tight as
more general upper bounds [4], [5] which consider other error
events as well, weight-2 error event remains an important
design concern.

As mentioned before, a general IBP interleaver [3] encom-
passes many existing interleavers as special subclasses. It is
built on smaller interleavers and uses some re-permutation
across these interleavers to construct a larger interleaver. By
using a suitable IBP rule, an IBPTC can possess good distance
properties. It is therefore reasonable to conjecture that the dis-
tance spectrum of a CTC using an IBP interleaver and separate
encoding would offer some desired properties. The purpose of
this paper is to validate a part of this conjecture. We derive a
general lower bound for the weight-2 error events associated
with general [BP-interleaved CTCs. By analyzing the effects



of selected particular system parameters on this general bound
we obtain some useful design guidelines. We use a simplified
partition rule presented in [4] and apply a regular permutation
function to derive the bound. We also examine some special
cases and evaluate distance lower bounds of the weight-2 error
events for different block lengths.

The rest paper is organized as follows. The next section
presents our derivation of the achievable weight-2 lower
bound. In section I, we examine some special codes, evaluate
the corresponding distance bounds and discuss the resulting
design constraints. The last section contains some concluding
remarks.

I1. THE ACHIEVABLE WEIGHT-2 INPUT LOWER BOUND

For convenience of subsequent discourse, we need to define
some notations to begin with.

Definition 1:
| X|ly = X modY. (1)
Definition 2:
Y, | Xy =0
X = 2
H HY { ‘X|Y |X‘Y750 ()

Definition 3: scrbl(u) is the weight of a length—I tail-
biting convolutional Code output for a input sequence u.
Definition 4:

Wo(L) = scrbk L (u),

min (3)
| —F | #0,| L —itij| 7, #0
where u® is a weight-2 input sequence with nonzero elements
at coordinates ¢ and 7.
Definition 5:
Wi{L) = mmscrb < (uh), 4
where u’ is a weight-1 input sequence with the nonzero
element located at coordinate .
serbl (u¥) is lower-bounded by au +5 or au—u +
5 [4], where T, is the period of the Convolutlonal code
used. Moreover scrb ((u') > Wy(L) if |z — jlr, ;é 0
75 0; otherwise scrbf(u) =
min J%l,@_—:!jc;ill + 3. Furthermore, if no puncturing
is applied, the linearity of the convolutional code implies

2l Bl g g wy(n) < 2l 4 g

A. Partition rule

Systematic recursive convolutional cede used in a CTC is
equivalent to an IIR scrambler whose period has a great impact
on the distance property of the associated CTC. A finite weight
codeword can be generated by a weight-k input sequence,
k> 2. If k = 2, the distance of these two nonzero coordinates
must be divisible by the period. Breiling [4] applies this
property to partition the coordinates of input sequences into
some equivalence classes in which any two coordinates is
associated with a finite weight codeword. He concluded that
a larger component period implies a smaller probability in
generating low weight codewords.
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The simplified partition rule for the éth pre g)ermutatlon

(k = 0) and post-permutation (k = 1) sets F ke =0,1
is given by
F&
i+Tj: 0<j< & |, 0<i<|Lg, -
B itTj: 0<j< &b Ly, <i<T

An exemplary partition of (5) is shown i Fig. 2 where the

integers represent the coordinates of either an pre-permutation

or post-permutation sequence. Each row represents an index
k ; .

set /; and is of size 3 or 7.

0] 9|1 8273 64 35 46 1
L1 Q1 92 83 74 65 36 1
201 1202 93 84 75 §6 1
T=lo [3/1 321303 94 85

40132 23 14 04 95
5142 33 24 15 (5

6 |1 32 43 34 15 16
711 62 33 44 35 26

8 1 72 63 54 45 36 |

Fig. 2. Partition of equivalence classes; L =66, T, = 9.

B. Main Theorem

In this section we establish our main result whose proof
needs the following two lemmas.

Lemma 1: For each integer set Sx = {0,1,2,..., X — 1},
there exists a permutation rule ILx such that min;;eq, (|4 —
Gl o (8) = (G [i= x4+ X =[x (@) —mx () e, X =
7 = dlx + |mx (@) — 7x(5)]x,2X — [0 = jlx — [mx(d) -
mx(f)|x) = r + 1, where r = (\/7 — 1. A permutation
satisfying these constraints is

X

i— 4y g=
X’ ged{X,r)’

ri +

(6)

TT_){(?:) =

Proof: 1t is obvious that the inequality holds if |i—j|x >
rand X — | — j|x > r. Hence we consider |¢ — j|x < r or
X — i — jlx < r only.

When ¢ > jand 0 < i — 7 < v, ged{X,r) < r and r =
VX] -1 < VX implies that g = X/ged(X,r) > =

V



x/)_(>rwhﬂe0<ifj<rleadsto
=3+ 1gly ~ Il
q
i—gtlati—ile _ i gt (i—9) -1

¥ o ’
if [7]g — ||y > 0,
iilizile _imi=limg) _

7

g, g ’
if 4], — I#y < O.
It follows that

|7 (7) - W\}‘{\(j)'){

rit 7= 1ils

X‘X

o+
X
i= 5 +1dls iy

>
X

r(i —

i)+
and
X —|mx () — mx ()l x

. 5l

i
X Xlx
X—rir—D+1ly=X—-ri+r—1

it l—rigr—1=r

AV

Therefore, min; seg (¢ — 7+ |7 (8) — mx(f)|x, e — 7+ X —
|7 (1) = mx(G)|x) = v + 1.
This permutation function is g-invariant in that

Imx(|i —qlx) — 7x(]F — qlx)|x

_ r(i—q)—i—(ziq)ihiq‘q
X
) J—4)—1ji—4g
—T‘(j—q)+( ) ‘ |q
q XIx
_ m-JrZ*Mq 7‘?4j+3*‘3|q ‘
X XX

= |mx(#) —7mx()lx

We now show that both the remaining cases can be converted
into the above case.

{A) For the case ¢ < jand 0 < j—i < r, we have |[i—j|x =
i+X —dlx =1i+X—mg—(j—mg)x =& — 7| and
| ([i+X —ma|x) —mx(|7—mglx)|x = |mx () —7mx () x,
X>¢=1+X—-myglx > j =|j—mg|x > 0 for some
m > 0.

B i> g, X —fi—flx = X +5—ilx = |X +j—
mg— (i—mg)| — |5/~ | and |mxc(|i—mag|) —mx (| X +7—
mylx)lx = |7x (@) = 7x(flx, X > & =i+ X —mglx >
3 = |j —mg|x > 0 for some m > 0. [ |

Lemma 2: Given N distinct n-element sets and N distinct
(n— 1)-element sets, where » > 1. If we arrange all elements
in these Ny + Ng sets into a cycle, the minimum separation
among elements in the same set is lower-bounded by N7 +
Ny — [%] for the n—element sets, and Ny + Nz — [%J for
the (n — 1)—element sets. Moreover, there are at most | Nz,
element pairs with separation Ny + N, — [%H for these n-
element sets.
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Proof:  We place the elements in the jth n-element
set in a cycle by j + é(Nl—i—NQ— L%J), where 0 <
i < mand 0 < 4 < N;. The elements of the
jth (n — 1)-element set are placed at positions indexed
LW—QR}%MJ (N1 + My) + Ny + [iNg — Ny + §|ag,,

Ny +7 < Ms,

Ny |Na|n + Ms + LZN—W#J (Ny + M) + Ny

+[iNg + j — Ny — M|, otherwise,
where 0 <i<n—1, Ny <j< Ny +Ny, My =N, — | 22],
My = Ny — [%W and Mz = Mj|Nz|,,. It is easy to see
that such an arrangement achieve the bounds and no larger
minimum separation can be found. |

N +N, N 4N, -1

——

Fig. 3. Set mapping; Ny =3, Ny = 6 and » = 8.

Fig. 3 shows a exemplary placement for Ny = 3, N; =6
and n = &, The minimum septation in these N; 8-element and
N, 7-element sets is at least 7 and 8, respectively. Moreover,
there are only |[Nz|s = & element pair with separation 7 for
these § element sets.

Since the scrambler output weight of the weight-2 error
events is lower-bounded by the difference of an (¢, ) coordi-
nate pair, the weight of a tail-biting encoded CTC is lower-
bounded by

min (2 + W (i, j, L) + W{n(d), 7(5), L)) (8
i
where 7 is a length L permutation function and
ah’%ﬂﬂ‘+ﬁ :‘iijcZO
Wi, L) =14 a=l=l v g L |ijllr,=0 - O
Wa(L) , otherwise

Based on the above results, we can prove
Theovem 1: There exists a separate tail-biting encoded CTC
of block length L whose minimum codeword weight g p.:p
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for weight-2 input sequences is lower-bounded by
wE,min 2 2 + 2;6 + min (WE(L) + aDmin - !67
oD i i (| /N | 21Nal,. ) +
aDmr.:m madx(’V\/ Nmam—‘ 72‘N2|Nmaxyo)) 3 (10)

where 2W, (L) > 2 + oD, + Wol(L) + 5, Doy, = dTs —

N N
] Do = T — || Ny = AT ]
Nmaa: — GgQL_TS—‘s d=ng(|L Tc)TC) and Ts is the number of

blocks involved in encoding.

Proof: Tail-biting encoding results in low-weight code-
words whose nonzero coordinates are confined to the tail
and the head parts of two consecutive sets. This hap-
pens if one nonzero coordinate of a weight-2 input se-
quence belongs to F ,Ek) and the other one belongs to

(%) (k)
Fl'H“Ta*lLchch' One can then place the set F\z’+Tr|L\r¢\n

right after the set ng) so that they form a cycle. If

ged(|L|7,,T,) = d, we have d cycles with the mth cycle being
kY _ (k] k k&

Fm' = {Fm Pt oLl o F b 2T 2
F(k) , where 0 < m < d.

Ts

(1) (T | L]z,
Mapping the coordinates in ”,(f? sequentially to the integers

in the interval [0,|“£§§)\ —1= %f 1}, we obtain the set
Siper = {012, S
into 47, sets {5}, where |5 = Npoo = [ﬁw for
0<i< N =&y and [Si] = N = | 2] for
df, — Ny = H%HHS < ¢ < df,. According to Lemma 2,
we can maximize the minimum separation of $; to D, =
AT, || and Dy = AT, — || for 0 < i < W,
and 41, — Ny < ¢ < dT; respectively.

We can construct an IBF rule such that p € S; and g € 5;
are permuted to the same block iff ¢ — 4|y, = 0. Since all
blocks can apply the same partition rule for permutation, such
an [BP rule does exist.

Incorporating separate encoding results in that two indexes
in two different blocks produce a codeword weight larger than
the bound, either the pre-permuted or the post-permuted pair
makes the codeword weight 2% (L). Therefore we consider
the case two indexes are permuted to the same block.

There are d sets 5; and d sets Slfg)\' All S; C Slﬁi)\
can be permuted to different S @ If two indexes are in two
different 5;’s, either the pre-permuted or the post-permuted
pair makes the codeword weight > W3(L), which is larger
than the bound. Therefore we only have to consider the case
when a coordinate pair belongs to the same 5; before and after
permutation.

According to Lemma I, the separation sum of pre-
permutation and post-permutation for S; with Ny,p. and Ny,
elements can be (\/wa and ( Ninin | respectively. Ac-
cording to Lemma 2, the minimum separation of two adjacent
indexes is D, and there are at most | Ny |y, pairs with

maw

such a separation. The minimum cedeword weight is thus

,% — 1}. We further partition
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lower-bounded by 2 + &D,,,sp, min(2| Nz |y, [wNmm )+
aDma:c Hla.\)(([v Nmaa: - 2‘-Z\'72|f\rmmC 5 0) + 24’6

Finally, we notice that small weight error event occurs when
the two coordinate pair (7, §) € F, is such that |i — j|7, # 0
and |L— |i— j||7, # 0 and the separation of the permuted pair
(7.8, 7z, (7)) is greater than 7. D,,;.. The correspond-
ing codeword weight will be at least 2+ Wa(L)+aDy . + 5.
Therefore, we have

Dy, min (QINzIwa (\/WD *

Dy max U«/Nmm} — 2Ny 0)) .an
[ ]
If L > (T, + 2d)M, we have
TCDmin min(g‘NZ‘Nmamy \/ Nmam)
+TCDmam max( y/ Nmam - 2‘17\"r2|]\fﬂ,,,,IQC :0)
L
< T.dT, —
< 3
[ L
M| —+1+1
< ( T +1+ )
< JTATL+d*M? +dM
< WAL —2dT.T)L +d*M? +dM
< L —2dML+ d*M?+dM = L, (12

where M = T,T.. Then
asz'n min (Q‘NZ‘Nmaxy ’V\/ Nmam—‘)
+ aDmaa: ma*X(’VVNma:c—‘ _2‘N2|Nmam>0) +;8

2L WD) to, (13

s}

<

if no puncturing is applied for the scrambler.

Corollary 1. If the block length I is greater than (T, +
2d)M and no puncturing is applied, then there exists a separate
encoding tail-biting turbo code whose minimum codeword
weight g .4, for weight-2 mput sequences is lower-bounded
by

W3 rmin 2 2+ asz'n min (Q‘NQ‘NM,IE: ’7 Y Nmaa:—‘)

10Dk ([N |~ 2Nz|,..,0) 426, (149

where 2W4(L) > 2 + oD, + Wa(L) + 3, M = 1.T,,
Dinin = dTs — |52 ], Doow = dT, — ||, M2 =
dT, — |

2| Moo = H%} d=ged(|L|z,, T) and T, is
the number of blocks involved in encoding.

ITI. NUMERICAL EXAMPLES

We evaluates lower bounds for the scramblers given in Table
[. Figs. 4-6 plot the lower bounds for various interleaver length
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TABLE 1
(e, 3) FOR SOME SCRAMELERS.

[ Scramblers [ 72 [ (o, 3) ]
(3]
TbnT 3 1G9
1+ D+ D
e |7 ay
D2y
—+1—+$+—D'E— 15 (8,2)

T.L. Larger component code periods generally give better
bounds, as indicated by these curves.

Separate encoding improves the lower bounds for some
interleaver lengths but also imposes constraints on interleaver
lengths. These figures shows 10-50 weight improvements on
the lower bound for long interleaver lengths but W;(L) is
small for short interleaver lengths. Fig. 6 indicates that, the
lower bound is a decreasing function of T, for short block
length. Corollary I says that W5 (L) is not a dominant factor of
the lower bound if the block length constraint L > (1. +2d)M
is satisfied.

Fig. 4 compares the upper bound [4] and the lower bound
we derived. The large “gap” between the upper and lower
bounds is due to the fact that [4] does not consider the weight-2
error events resulted from adjacent partitions but our derivation
does. The gap would be much reduced if these events were
taken into account.

140 o
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100 4

80 o

a0 -

The Weight-2 Bound

40

20

800

Interleaver Length

Fig. 4. The weight 2 lower bound for the Scrambling function 1—_&:%-;.

IV. CONCLUSION

This paper derives a general achievable codeword weight
lower bound for the weight-2 error events when a separate tail-
biting encoded CTC uses two identical scramblers {component
codes) and an IBP interleaver. The bound implies separate
encoding stands a better chance to obtain a weight-2 lower
bound larger than that of the conventional continuous encoding
scheme if the block length is not too small and is properly
chosen. The relationships between these two parameters and
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the lower bound provide useful design guideline for the
separate tail-biting encoded CTCs.
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