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The inter-p-band response function of a single-layer carbon nanotube is calculated within the random-phase
approximation. Such a cylindrical system exhibits rich inter-p-band excitations. The decoupledp plasmons of
different angular momenta~L ’s! strongly depend on the transferred momenta~q’s!. Furthermore, they exhibit
a dimensionality crossover as the nanotube radius is increased. For smallq’s andL ’s, thep plasmon frequency
is ;6–8 eV, which is insensitive to the nanotube geometry such as the radius and chiral angle. Comparison
with recent experiments is discussed.@S0163-1829~96!02823-8#

A system purely made up of carbons, namely, carbon
nanotubes, was recently discovered by Iijima.1 A carbon
nanotube consists either of a single tubule or of several co-
axial tubules with a radius 10–150 Å. Furthermore, carbon
atoms are arranged on each cylindrical tubule in a helical
fashion. Such a cylindrical nanotube represents an interesting
class of quasi-one-dimensional~1D! system, and has stirred
many studies on the electronic structure2–6 and
excitations.7–17 The band property is predicted to be either
metallic or semiconducting, which depends on the radius and
chiral angle.2–6 Studies7–17 of electronic excitations are very
important in understanding the electron interactions in car-
bon nanotubes as well as the characteristics of their band
structure. Electronic excitations due to optical processes
have been studied theoretically for a 3D nanotube bundle by
evaluating the transverse dielectric function.7 In this work
the inter-p-band excitations of a single-layer carbon nano-
tube are further investigated by evaluating the longitudinal
dielectric function within the random-phase approximation
~RPA!.18 We mainly study thep-band plasmons with fre-
quencies larger than 5 eV, and their dependence on momen-
tum (q), angular momentum (L), and nanotube geometry.

The p and s bands in a carbon-basedsp2 system are
formed, respectively, by 2pz and (2s,2px,2py) orbitals.
There have been some experiments8–11 on the electron-
energy-loss spectrum~EELS! of a multilayer carbon nano-
tube. These measurements show that thep plasmon fre-
quency is ;5–7 eV,8–11 the p1s plasmon frequency
;22–27 eV,8–10 and the surface plasmon frequency;15
eV.10 The plasmon frequencies of carbon nanotubes are close
to those@;7 and 25 eV~Ref. 19!# of graphite. On the theo-
retical side, the elementary excitations in a cylindrical nano-
tube are studied within the 1D electron-gas model, either by
neglecting12–16 or including17 ~within the Hartree-Fock ap-
proximation! the electron interactions. These studies, respec-
tively, focus on the conduction12–14 and valence15,17 elec-
trons of thep band, and thes electrons.16 Due to cylindrical
symmetry,q in the axial direction andL about the nanotube
axis are conserved in the electron interactions. Hence there

are many decoupled plasmons, each with a specificL. More-
over, the plasmon frequencies strongly depend onq ~Refs.
12–17! and the applied magnetic flux.12,14,17Thep plasmon
frequency17 is predicted to be;8 or 22–25 eV, and thes
plasmon15 to exhibit a dimensionality crossover when the
number of sheets is increased. It should be noted that the
existence of thep plasmon above 20 eV~Ref. 17! has been
questioned. The real band structure,2–6 however, is not taken
into account in these theoretical studies. Electronic excita-
tions directly reflect characteristics of band structure,7 and,
therefore, should be included in the study.

We use the tight-binding model4,20 to calculate thep
band, and the RPA to evaluate the dielectric function
[ e(q,L,w)]. The band-structure effects are strong, and ap-
preciably affect the characteristics ofe(q,L,w), which is
very different from that of an electron gas.12–17 In fact, our
study shows that thep plasmon, which is the most prominent
peak in EELS, mainly reflects the characteristics of thep
band. Also found is that thep plasmon frequencies for dif-
ferent L ’s steadily increase asq increases. Thep plasmon
frequency is;6–8 eV at smallq’s andL ’s, which is insen-
sitive to the nanotube geometry~e.g., the radii and the chiral
angles!. This finding could essentially explain the;5–7-eV
plasmon observed in EELS.8–11

As has been discussed,21 a single-layer carbon nanotube is
a rolled-up graphite sheet, the structure of which is thus fully
specified by a 2D lattice vectorRx5ma11na2, wherea1 and
a2 are primitive lattice vectors of a graphite sheet. The pa-
rameters (m,n), therefore, uniquely define a single-layer car-
bon nanotube. The chiral angle and the radius of a (m,n)
nanotube are, respectively,u5tan21@2A3n/(2m1n)# and
r5uRxu/2p5@bA3(m21mn1n2)/2p#. Here b51.42 Å is
the C-C bond length. Thep band is calculated with the
nearest-neighbor tight-binding Hamiltonian like the one em-
ployed for a graphite sheet,20 but here with the properly pe-
riodical boundary condition along the transverse direction.
The energy dispersions of the (m,n) nanotube, obtained by
diagonalizing the Hamiltonian, are7,21
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Ec,v~kx ,ky!56g0H 114cosS 3b~kycosu1kxsinu!

2 D
3cos@A3b~kysinu2kxcosu!/2#

14cos2SA3b~kysinu2kxcosu!

2 D J 1/2,
~1a!

and the wave functions are

Cc,v~kx ,ky!5
1

A2
HU1~kx ,ky!7

H12* ~kx ,ky!

uH12~kx ,ky!u
U2~kx ,ky!J .

~1b!

The superscriptc (v) represents the conduction~valence!
band. The nearest-neighbor Hamiltonian matrix element is
H1252g0S i51

3 e2 ik•r i , where the resonance integral
g053.033 eV.4 The axial wave vectorky is confined within
the first Brillouin zone. The transverse wave vector is
kx5J/r , whereJ51,2,...,Nu/2; Nu is the atom number in a
primitive unit cell ~details in Ref. 21!. J is the angular mo-
mentum of electrons, and serves as the subband index. The
occupied valence bands are symmetric4,6,2 to the unoccupied
conduction bands about the Fermi levelEF50, as obtained
from Eq. ~1a!. Calling all bands belowEF valence bands
needs some clarification in the metallic case, e.g., in arm-
chair nanotubes~u5630°!. Metallic nanotubes, upon intro-
ducing a magnetic field through the tube, develop a gap at
EF .

6 It is thus convenient to treat them as ‘‘gapless’’ semi-
conductors, since the result can then be easily modified to
include a magnetic field. With this terminology, the inter-p-
band excitations from the valence to the conduction bands
would be the only excitation channel atT50—even for the
metallic nanotubes.

Excitations of the system have a well-defined momentum
(q) and angular momentum (L) transfer, and so does the
dielectric function. To within the RPA,18 the dielectric func-
tion, which includes all inter-p-band excitations, is evaluated
at T50:

e8~q,L,w1 iG!

5e012(
J

3E
1stBZ

dky
~2p!2

2wvc~J,ky ;q,L !

„wvc~J,ky ;q,L !…22~w1 iG!2

3V~q,L !z^J1L,ky1q;cueiqyeiLf8uJ,ky ;v& z2,

~2a!

where22

z^J1L,ky1q;cueiqyeiLf8uJ,ky ;v& z2

5 1
4 $11@q21~L/r !2#/36%26

3U12
H12~J1L,ky1q!H12* ~J,ky!

uH12~J1L,ky1q!H12* ~J,ky!u
U2. ~2b!

wvc(J,ky ;q,L)5Ec(J1L,ky1q)2Ev(J,ky) is the inter-
band excitation energy,e052.4 is the background dielectric
constant,19 V(q,L)54pe2I L(qr)K

L(qr) is the Coulomb in-
teraction of an electron gas,12 andG is a phenomenological
level broadening parameter.I L (KL) is the first~second! kind
of modified Bessel function of the orderL. The electron
interaction is given by the second term in the integrand of
Eq. ~2a!. It includes two parts:V(q,L), which describes the
Coulomb interaction for an electron gas, and the inter-p-
band matrix element, which is given by Eq.~2b!. The latter
is similar in form to that of a graphite sheet.22 The band-
structure effects due to the latter are found to be very impor-
tant. They modify the Coulomb interaction12 and, conse-
quently, produce noticeable effects on the physical properties
of carbon nanotubes, e.g., EELS and screening properties.23

While calculating EELS, the corrected form of the dielectric
function, suggested by Mermin,24 will be used:

e~q,L,w!5e01 $~11 iG/w!@e8~q,L,w1 iG!2e0#%/$11~ iG/w!@e8~q,L,w1 iG!2e0#/@e8~q,L,0!2e0#% . ~3!

Such a correction does not lead to significant changes in the
final result.

We take the single-layer~23,0! nanotube~a zigzag nano-
tube withu50° andr59 Å! as a model system to study the
basic features of inter-p-band excitations. The dielectric
functions corresponding to theL50 and 1 excitations are
shown, respectively, in Figs. 1~a! and 1~b! at G50 and
q50.2 Å21. The real parte1(q,L,w) is shown by the solid
curve, and the imaginary parte2(q,L,w) by the dashed
curve. They exhibit similar features, namely, many divergent
structures below 10 eV, and a featureless spectrum above
that. The inter-p-band matrix element of Eq.~2b! is very
small for the high-frequency excitations, so thate(w) be-
comes featureless there. The divergent structures arise

mainly from the 1D band effect, which has a divergent joint
density of states~JDOS!. The integration ofdky in Eq. ~2a!
could be expanded asD(J,wvc ;q,L)dwvc , where D
5u[ ]wvc(J,ky ;q,L)]/ ]kyu

21 is the JDOS at differentq’s
and L ’s. The JDOS is divergent at certain frequencies
~wd’s!, e.g., atwd’s corresponding to statesky52q/2 for the
L50 excitations of the (m,0) nanotube. Furthermore, their
divergent forms~not shown! are similar to those of the
DOS.4,7 The dielectric functions thus exhibit rich divergent
structures there.

The band dispersions have other important consequences
as to the form ofe1 and e2. The conduction subbands are
found to concave upwards at the band edge (ky50) for
Ec,g0 , and downwards forE

c.g0 @see Fig. 1~b! in Ref. 7#;

15 494 53BRIEF REPORTS



the valence subbands are symmetric to them aboutEF50. It
is for these basic features that, in general,e1 becomes nega-
tive and divergent only atw.2g0 , which involves excita-
tions related to those concave-downward conduction sub-
bands aboveg0. Since plasmons are found wheree150 and
e2 is small, negative and divergent structures ine1 at above
2g0 cause plasmons at, and only at,w.2g0 . Thesep plas-
mons are found to cause a pronounced peak in EELS.7 Zeros
in e1 at smallw’s are associated with largee2. They merely
modify thee-h excitations.

The EELS, defined as Im@21/e(q,L,w)#, is calculated at
G50.5 eV for a closer study of thep plasmon. The results
for five differentL ’s atq50.2 Å21 are shown in Fig. 2~a!. A
pronounced peak, identified as thep plasmon, exists in each
of the spectra. Thep plasmon frequency (wp) clearly in-
creases asL grows, maybe with the exception of theL50
and 1 modes which are close to each other. TheL-dependent
plasmon excitations also depend onq. The L51 spectra at
different q’s are shown in Fig. 2~b!. Again, wp increases
with q, similar to the case shown in Fig. 2~a!. This result
confirms the early finding12 thatq andL play similar roles in
a smaller nanotube.12 All L-dependent plasmons also exhibit
such a strongq dependence.23 In short, a carbon nanotube
has a set ofL-dependent plasmon modes, and each exhibits a
strongq dependence.

We have also studied the dependence of thep plasmon on
the nanotube geometry, such as its radius and chiral angle.
Thep plasmon frequency is lower at smallerq’s andL ’s. As
shown in Fig. 2,wp is;6–8 eV atq,0.3 Å21, andL<2 for
the ~23,0! nanotube.23 The ;6–8-eV plasmons are also

found in other nanotubes. Figure 3 exemplifies the EELS
from nanotubes of a wide range of chiral angles and radii.
Some of these nanotubes are metallic and some are semicon-
ducting, but they exhibit nearly the same plasmon frequen-
cies atq50.2 Å21 andL51. The insensitivity of the plas-
mon structure to the nanotube geometry is mainly due to the
characteristics of thep-band structure. Essentially, the con-

FIG. 1. The dielectric function of the~23,0! nanotube.
e1(q,L,w) ~solid curve! and e2(q,L,w) ~dashed curve! are calcu-
lated atG50, q50.2 Å21, and~a! L50 and~b! L51. The unit of
q is Å21, here and henceforth.

FIG. 2. The EELS of the~23,0! nanotube are calculated at
G50.5 eV, ~a! q50.2 Å21 and differentL ’s, and ~b! L51 and
differentq’s.

FIG. 3. The EELS of four carbon nanotubes:~23,0!, ~40,10!,
~70,35!, and~78,78!. They are calculated atq50.2 Å21, L51, and
G50.5 eV.

53 15 495BRIEF REPORTS



duction bands are concave-downward only for those with
Ec(ky50).g0 . Such a structure is a consequence of thep
band of a graphite sheet, and is only marginally modified due
to the nanotube geometry.7

For a small nanotube as the one shown in Fig. 2~a!, plas-
mon modes of differentL ’s are easily discernible in the
EELS. However, theL dependence in EELS becomes in-
creasingly insignificant as the radius becomes larger; i.e., it
crosses over from being a 1D nanotube to a 2D graphite
sheet. Figures 4~a! and 4~b!, respectively, show the plasmon

frequency for the zigzag and armchair nanotube atq50.2
Å21 as functions of the radius. Clearlywp’s of differentL ’s
merge together at larger . Roughly speaking, the
r -dependence becomes insignificant atr>L/q; the dimen-
sionality crossover also depends on the momentum transfer.

Our results provide a reasonable explanation for the mea-
sured EELS. The EELS~Refs. 8–11! from a multilayer car-
bon nanotube shows that thep plasmon frequency is;5–7
eV. If the intertube interactions are neglected due to the large
separation between the tubes, the total EELS is only the su-
perposition of the spectra from several independent nano-
tubes. Then the measured plasmon structure agrees with our
predicted 6–8-eV plasmon modes which exist for all carbon
nanotubes at smallq and L. Intertube coupling could en-
hance the plasmon frequency somewhat,23 but is unlikely to
alter the conclusion reached above. It should be noticed that
the predicted plasmon frequency is a function of the reso-
nance integral~hereg053.033 eV is used!,4 since plasmons
lie at w.2g0 as explained earlier. Some estimations2 put
g0;2.4–2.7 eV. Smallerg0’s could then bring down the
plasmon frequency to the measured value at;5–7 eV.23 The
value ofg0 can be independently determined from band mea-
surement, e.g., using photoemission. The effects concerning
the intertube coupling, the resonance integralg0, and the
magnetic field, will be discussed elsewhere.

In conclusion, for carbon nanotubes we have calculated
the longitudinal dielectric function, which is theL depen-
dent. The predicted 6–8-eVp plasmons and their behavior,
e.g., the crossover to 2D plasmons at large radius, could be
experimentally checked with EELS or other optical spectra.
The existence of a prominent 6–8-eV plasmon structure is
the result of the uniquep-band structure, and is supported by
the;5–7-eV plasmons observed in EELS.8–11The predicted
strongL andq dependence have yet to be identified experi-
mentally. The coupling effects in a multilayer nanotube, and
a better determination ofg0, are needed for a closer study of
the problem.
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FIG. 4. The relation between radii~r ’s! andp plasmon frequen-
cies~mp’s! of differentL ’s, calculated atq50.2 Å21 andG50.5 eV
for ~a! zigzag nanotubes, and~b! armchair nanotubes.
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