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Abstract

The profile minimization problem arose from the study of sparse matrix technique. In terms of graphs, the problem is to determine
the profile of a graph G which is defined as

P(G)=min 3 max (f() = f(),
vev(G)* <N
where f runs over all bijections from V(G) to {1,2, ..., |V(G)|} and N[v] = {v} U {x € V(G) : xv € E(G)}. The main result of
this paper is to determine the profiles of K;;, x K, Ky x K, and Py, x K.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

All graphs in this paper are simple, i.e., finite, undirected, loopless and without multiple edges. For a graph G, we
use V(G) to denote the set of vertices of G and E(G) the set of edges. The profile minimization problem arose from
the study of sparse matrix technique. It can be defined in terms of graphs as follows.

A proper numbering of a graph G of n vertices is a 1-1 mapping f : V(G) — {1,2,...,n}. Given a proper
numbering f, the profile width of a vertex v in G is

wr(v) = max (f () = f(x)),
where N[v] = {v} U {x € V(G) : xv € E(G)}. The profile of a proper numbering f of G is

Pr(G)= Y ws),

veV(G)
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and the profile of G is
P(G) =min{P;(G) : f is a proper numbering of G}.

A profile numbering of G is a proper numbering f such that Py (G) = P(G).

The profile minimization problem is equivalent to the interval graph completion problem described as below. Recall
that an interval graph is a graph whose vertices correspond to closed intervals in the real line, and two vertices are
adjacent if and only if their corresponding intervals intersect. It is well-known that a graph G is an interval graph if and
only if there exists an ordering vy, vy, ..., v, of V(G) such that

i < j<kand vy € E(G) imply vjv, € E(G).

We call this ordering an interval ordering of G. This property can be re-stated as: a graph G of n vertices is an interval
graph if and only if there is a proper numbering f such that

J@x) < f(y) < f(z) and xz € E(G) imply yz € E(G). o))

We call this property the interval property, which will be used frequently in this paper. This property leads to the perfect
elimination property which is also useful in this paper:

f(x) < f(y) with xy € E(G) and f(x) < f(z) with xz € E(G) imply yz € E(G). 2)
The perfect elimination property in turn implies the chordality property which is also useful in this paper:
Every cycle of length greater than three has at least one chord. 3)

Having the interval property (1) in mind, it is then easy to see that for any proper numbering f of G, the graph G ¢
defined by the following is an interval super-graph of G with |E(G )| = Py (G):

V(Gp)=V(G) and E(Gy)={yz: f(X)Sf) < [f(2),xz € E(G)}.

In other words, we have:

Proposition 1 (Lin and Yuan [10]). The profile minimization problem is the same as the interval graph completion
problem. Namely,

P(G)=min{|E(H)| : H is an interval super-graph of G}.

The profile minimization problem has been extensively studied in the literature [2—16], for a good survey see [9].
From an algorithmic point of view, the problem is known to be NP-complete (see [1]). While many approximation
algorithms for profiles of various graphs have been developed, [5,6] gave a polynomial-time algorithm for finding
profiles of trees. Among the non-algorithmic results for profiles, we are most interested in those graphs which are
obtained from graph operations. The classes of graphs in this line include Cartesian product of certain graphs [11,13],
sum of two graphs [10], composition of certain graphs [7], and corona of certain graphs [7].

Fig. 1. The graph P3 x Pe.
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The purpose of this paper is to study the profiles of product of graphs. The product (or tensor product) of two graphs
G and H is the graph G x H with the vertex set V(G) x V(H) such that (x, y) is adjacent to (x’, y') in G x H if
xx' € E(G) and yy’ € E(H). Notice that G x H has |V(G)||V (H)| vertices and 2| E(G)||E (H)| edges.

For convenience, suppose V(G) = {x; : I<i<|V(G)|}and V(H) = {y; : 1<j <|V(H)I|}, we may write (x;, y;)
asv;jandlet R; ={v; j : 1<j<|V(H)|}and C; ={v; ; : 1<i <|V(G)|} represent the ith row and the jth column of
V(G) x V(H), respectively. See Fig. 1 for the example P;3 x Pg.

The main result of this paper is to determine the profiles of K, x K., Ks; x K, and P,,, X K.

2. Profile of K,, x K,,
This section establishes the profile of K,,, x K,,.
Theorem 2. I[fm =1 or n> max{m, 4}, then P(K,, x K,) = %(m — D(mn*+n%—n—4).

Proof. As the case of m = 1 is obvious, we may assume that m >2 and n > max{m, 4}.
First, consider a proper numbering g of K,,, x K, satisfying

J fori=1and 1<j<n — 1,
g j) = {mn fori =1 and j =n,
i+n—2 for2<i<m and j =n,

while the other vertices are assigned numbers arbitrarily, see Fig. 2 for g of K5 x Ko in which the edges are not drawn
for simplicity.
The profile width of vertex v; ; is

0 fori=1land 1<j<n -1,
w,(v; ;) = mn—n—m+1 fori=1and j=n,
g g(vi,j)_2 for 2<i<m and j =1,
g j)—1 for 2<i<m and 2< j <n.
Therefore,

P (K x Kn)gpg(Km x Ky)
mn—1
—(mn—n—m+1)+ Z(k—l)—(m—l)
k=n
= $(m — )(mn* +n* —n — 4).

Next, we shall prove that P(K,, x K;;) > %(m — 1)(mn* 4+ n®> —n — 4). Choose a profile numbering f of K, x K,,.
Notice that P (K x Kn) =|E((Kn x Kp) )|. Without loss of generality, we may assume that f (v; 1) = 1. For positive

integers a and b, let e, p =2 (g) (g) +(a—1) (g) +b-2) (g) +2 (“;l ) We consider the following three cases.

C 2 )

*l 2 3 4 5 6 7 8 45 R,

. . . . . . . . * 9 R,
K5 . . . . . . . . *10 R3
. . . . . . . . *11 Ry

. . . . . . . . *12 Ry
C, C C3 Cy Cs Cg Cp Cg G

Fig. 2. A proper numbering g of K5 x Kg.
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Case 1: f71(2) € Ry, say f(vy,;) =jfor 1<j<rbut f(vs,) =7+ 1withs # 1 for some r >2.

We shall count the number of edges in (K, X Kj) s. Notice that besides the edges in K, X K, extra edges are due
to the following cliques in (K, x K;) f which are independent sets in K, X K.

Eachrow R; with2 <i <misacliquein (K, x Ku) g, since for v; p, vi g € R; with f(v; p) < f(vi 4), we can choose
k € {1,2} — {q}, such that f(vix) =k < f(vip) < f(vig) and vi xvi 4 € E(Kn X Ky) € E((Ki X Kp) ¢), which
imply v; pvig € E((Km X K;) ¢). Notice that we use the interval property (1) in this implication. As the property will
be used frequently, we shall not mention it every time.

Each column C; with 2< j <r is a clique in (K, X Kn)f, since for v, j, v, ; € C; with f(vp ;) < f(vg,j), we
have g >2, and so f(vi1) = 1< f(vp ;) < f(vg.;) and vi 1y j € E(Km X Ky) € E((Kim x Kp) ¢), which imply
Vp.jVq.j € E((Km X Kp) f).

For the case r + 1 <n, any column C; with j >r + 1 but j # ris aclique in (K, X K;) ¢, since for v, j, vy j € C;
with f(vp, ;) < f(vg, ), we canchoose x =v; 1 (Wheng # 1) or vy, (when g =1), suchthat f(x) < f(vp, ;) < f(vg,;)
and xvg ; € E(Ky x Kp) C E((Km X Ky) ¢), which imply v, jv, ; € E(Kn X Kp) 7).

Similarly, C; — {vy,;} is cliques in (K, x K,,)f for 1< j <n. In particular, this is true for j =1, t.

Therefore, totally the graph (K, x K,) s has atleast e, =2 (%) (5) +m =1 (5)+ (=2 (5) +2 (m2—l> =
%(m —D(mn®+n*—n—4) edges, which gives that P(K,, x K;) > %(m — D(mn® +n%—n—4).

Case2: f~1(2) e Cy.

Since n>m and n -+ m =5, we have eq,n — ema = () = (3) +2 (") = 2("3") = 40+ m = )01 = m) >0,
By an argument similar as Case 1, P(K, X Kp) Zenm = emn = %(m — D(mn?+n%—n—4).

Case 3: f~1(2) ¢ Ry U Cy, say f(v22) =2.

By an argument similar as Case 1, Ry — {v1,1, v12}, Ro — {v2,1}, R; for 3<i<m, C1 — {v1,1, v2,1}, C2 — {v12}, C;
for 3< j <n are all cliques in (K, x K,) s. Let 13 = vs,r. Then, either v ; ¢ Ry U Ca or vs ; ¢ Ry U Cy. We may
assume v, ; ¢ R1UC>. Suppose 3< g <n.Forthe case f(v12) < f(v1,4), wehave f(v22)=2 < f(v12) < f(v1,4) and
V22014 € E(Kin X Kn) € E((Kim X Kn) f) implying vi2v1,4 € E((Kjy X K») f). For the case f(v12) > f(v14), we
have f(vs,t) =3< f(vl,q) < f(vl,Z) and U5, V1,2 € E(Kyy X Ky) © E((Kjy X Kn)f)lmplylng Vl,qV1,2 € E((Km x
Ky) f). So, in any case, vi 2014 € E((Km X Kp) f). Similarly, vi 2vp2 € E((Km x Ky) ¢) for 3< p<m. There are
totally n + m — 4 such edges. So (K, x K,) s has atleast 2 (") (5) + (";2> + (”;1) +m—2)(5) + (’"2_2> +
(mgl) +(n—2)("y) 4+ (n+m — 4) edges. As n >4, this number is greater than e, , by (n — 1)(n —4)/2 >0 edges.
Again, we have P(K,, x K,) = 3(m — D(mn® +n> —n—4). O

The other cases remain are: P(Ky x K>) =2, P(Ky x K3) =9 and P(K3 x K3) =28.

3. Profile of K; ; x K,

This section determines the profile of K5 ; x K.

The notations we use in this section are the same as above except now we letm =s +¢ and V(K ;) =SUT, where
S={x1,x2,....xs}and T = {x541, X542, ..., Xs4¢}. We alsolet S; ={v; ; : x; € S}and T; ={v;; : x; € T} for
1<j<n.Notice that C; = S; UT;.

Theorem 3. Ifr = min{s, t} and n >4, then P(K,,; x K,) = ("Zr) + (n? — 2)st.

Proof. To prove P(K; x K) < (";) + (n? — 2)st, without loss of generality we may assume that = ¢. Consider
the proper numbering g of K ; x K, defined by

i+(—Ds for 1<i<sand 1<j<n—1,
i+mn—1Ds+t for1<i<sand j=n,
i+jt+@n—1s fors+1<i<s+rand I<j<n—1,
i+(n—2s fors + 1<i<s+7and j=n.

g j) =

See Fig. 3 for g of K43 x K9 in which the edges are not drawn for simplicity.
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C 2 )

S Sy S3 Si S5 S¢ St Sz Sy

—~
©1 5 9 13 17 21 <25 *29 <36 R

s ©2 *6 10 *14 *18 *22 26 30 *37 R,

©3 7 11 15 *19 23 27 *31 *38 Ry

Ky ©4 8 12 *16 *20 *24 *28 *32 *39 R,

©40 *43 *46 49 *52 55 *58 *61 *33 Rs

T *41 244 247 50 53 56 *59 <62 34 Rs

*42 45 48 51 54 <57 <60 *63 *35 Ry
T I T3 Th Tsm Tse Tn Tz Ty

Fig. 3. A proper numbering g of K4 3 x Kg.

Notice that two vertices are adjacent in K ; x K, if and only if one is in S; and the other in T} for some j # j'.
As no vertex in S; is adjacent to a vertex with smaller numbering in K ; x K,, S x V(K,) is an independent set in
(Ks,t % Kn)g-

For any two vertices v; j and vy j»in T x K, with g(v; ;) < g(vi_j), we may choose k from {1, 2} such thatk # j'. So,
g0 <8 i) < gy ) and vy v i € E(Ky x Kn) € E((Kyr x Kn)) imply that vy, jvyr jr € E((Kys % Ky),).
This proves that 7 x V (K,) is a clique in (K, x K,),, which gives (" ) edges.

For any v; ; € Sj and vy ; € T; with 2< j<n — 1, we have g(v1,1) < g(v;,j) <g(vir ;) and v vy j € E(Kg; X
Ky) € E((Ks,: x Kp)g) implying that v; jv;r ;j € E((Ks, X Ky),). It is also the case that no vertex in §; is adjacent
to a vertex in 7 in (K ; X Kn)g for j =1 or n. So, vertices in §; are adjacent to vertices in 7 in (K ; X Kn)g for all
jand j’ except j = j' € {1,n}. These give (n> — 2)st edges.

Therefore, P(Ky; x Kn) <|E((Kyr x K)ol = (") + 0* — st = (y) + (n? — 2)st.

Next, we shall prove that P(K;; x K,) > (”zr) + (n? — 2)st. Choose a profile numbering f of K, ; x K,. Without
loss of generality, assume that f'(vi;1) = 1. Let f(vg,p) =min{f(v; ;) :vi,; € T U---UT,}.

For any vertices v; j € S; and vy € T}, by the definition, v; jvy j € E(K;; x K;) € E((K,r X Kn)y) if j £ j'.
Suppose j=j" ¢ {1, b}.If f(v; ;) < f (v j»),then f(v11) < f(vi ;) < f(vir ) and vy vy jr € E((Ks,r % Ky) p) imply
that v; jvyrj € E((Ks,r X Ky) p). If f(vij) > f(vir j), then f(vap) < f(vi j) < f(vij) and vg pvij € E((Ks ¥
Kn)f) imply that v; jvy ;s € E((Ks,r X Kn)f). So, vertices in §; are adjacent to vertices in 7 for all j and J except
j=j"€{l,b). These give (n> — 2)st edges.

Consider any two vertices v; j and vy j» in Ty U T, U --- U T, such that f(v; ;) < f (v jr). For j'>2, we have
S < fuij) < fQp ) and vy vy o € E((Ks,r x Kp) ) implying v; jvi jo € E((Ksr X Ky) ¢). So, T U Tz U

---UT, isacliquein (K, x K,,) 7. This gives (”’E”’) edges. If T{UT,U- - -UT,, isaclique, then these give () ) = (%)

edges. Therefore, P(K;; x K,) > (”2’) + (n% — 2)st. Now, we may assume that there are two non-adjacent vertices
vpgand v, o in Ty UT U---UT, with f(v,4) < f(v,,)andg’ = 1.

For any two vertices v; ; and vy j in S U S3 U --- U S, such that f(v; ;) < f (v j). If f(vp4) > f(vi;), then
Sij) < fupg) < foyq)and v jvy o € E(Ksi X Ky) p) imply vy vy o0 € E((Ks ¢ X Kp) f), a contradiction.
Therefore, it is always the case that f (v, ) < f(v; ;) < f(vir j»). Except for the case when g = j = b, we have
UpqVirjo € E((Ksr X Ky) ¢), which together with the above inequalities gives that v; jvy jy € E((Ks,r X Kp) r).

Now, if g # b, we have that S,US3U- - -US), isaclique. This gives ((";I)S) edges.Andso P(K; , x K,) > ((";1)S>+

((”;l)l) + (0?2 = 2)st =2 <(";l)r) + (n* = 2)st> (")) + (n* — 2)st as n>4. Hence we may assume that if v, g

and v, o are non-adjacent in Ty U T U --- U T, with f(vp4) < f(vy 4), then g = b and g’ = 1. In this case,
SHUS3U---USp_ 1 USpp1USpypU---USyisacliqueand 77 U Tp U - - - U Ty, is a clique except that vertices in 77
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are not necessarily adjacent to vertices inTp. This gives P(Ky, x K,)> (("_22”) + (”2[) — 12 + (n? — 2)st. Notice

that (§) = 12 = (0% = 21> = 1) /2> (1 = 2 = nr) 2 as 1 =7 Thus, P(Ke x Ko)> (577 + (0% = 21 -
nr)/2 4+ (n® —2)st > () + (n?—2)st. O

4. Profile of P, x K,

Finally, we study the profile of P, x K.
The results in the previous sections cover the case for Py x K, = K| x K,;, P x K, = K> x K,, = K11 x K,; and
P3 x K, = K12 x K. In the following, we consider only for m >4.

Theorem 4. If m,n >4, then P(P, x K,) = (m — 2) (g) + (m—Dn*=1).

Proof. For P(P, x K,)<(m —2) (g) + (m — 1)(112 — 1), consider the proper numbering g of P,, x K, defined by

i—Dn+j forl<i<m—2and I<j<n,
m—1n+j fori=m—1land 1<j<n —1,

g(ij) =14 (m—Dn fori=m—1and j =n,
m—-2m+j fori=mand 1<j<n —1,
mn fori =m and j =n,

see Fig. 4 for g of P; x K9 in which the edges are not drawn for simplicity.
The profile width of vertex v; ; is

0 for i =1 and1 < j <n,

n—1 for2<i<m —2and j =1,

n—1+j for2<i<m —2and 2<j<n,
W (v ) = 2n —1 fori=m—1and j=1,
3BT )1 2n—14j fori=m—1and2<j<n—1,

2n — 1 fori=m—1and j=n,

0 fori=mand 1<j<n — 1,

n—1 for i =m and j =n.

Therefore,
0 fori =1,

. (3)+@* =1 for 2<i <m — 2,
ng(vi;)= n 2 .
— (2)—1—(211 —n—1) fori=m-—1,
= n—1 fori =m,

and s0 P(K,, x K,) < Pg(Knm x Kp) =)7L, 7:1wg(vi,j) =(m—2) ('2’) +(m—1Dm2=1).

C K )

1l 2 3 4 5 6 7 8 9 R

©10 11 12 13 <14 15 16 17 =18 R,
Ps| 19 220 =21 22 23 <24 25 =26 *27 R3

©37 38 39 40 41 42 <43 <44 <36 Ry

©28 29 30 *31 32 33 *34 35 45 R;
Cl Cg Cg C4 C5 CG C7 CS CQ

Fig. 4. A proper numbering g of Ps x Kg.
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To prove that P(K,,, x K,)=>(m —2) (;) + (m — 1)(n® — 1), choose a profile numbering f of P,, x K,. We use the
following notation:

Leta; = minv‘.h/eRi S j)and f(v;p,) =a; for 1 <i<m.

Let A={i :2<i<m — l and R; is not a clique in (P, X Ky) s} and p = [A|.

Let B={i :2<i<m — 1 and ¢; <min{a;_1, a;+1}} and ¢ = | B|.

Let Ai,i’ = {U,',jvl'/’j/ e E((Py, x Kn)f) : 1<], ]/Sl’l} and ii,i’ = |Ai,i’| for 1 <1, i’gm.

Let A7 = {vi jvir jy € E(Pn X Kp)p) : 1<) = Jj'<n}and ij; = | A7/] for 1<, i'<m.

Let A5, = {vi jvi j € E(Pw x Kp) ) 1 1< <j'<nyand A5, = |45, | for 1<i, i <m.

Claim 1. Suppose |i —i'|=1. Then /lfi, >n—2andso l; >n? — 2. Furthermore, if b; = bj:, or fip,) < firp,),
or R; is a clique in (Py x Ky) y with a; <ay, then ifi, >n — landso J; >n?—1.

Proof of Claim 1. Consider any j & {b;, bi/}. It f(v; ;) < f(vir j), then f(vip,) < f(vi,j) < f(v ;) and v; p,vi7 ; €
E(Pn x Ky) S E((Pn X Kn)f) imply v jvr; € E((Pm X Kn)f) If f(vij)> f(vy ), then f(vi/,h,»/)
< f(vir,j) < f(v; ;) and Vi’ b, Vi,j € E(Py x Kn) © E((Pm X Ky) ¢) imply vy jvi j € E((Pm X Kp) ¢). In any case,
v jvir,j € E((Pn x Ky) ) for j ¢ {b;, by}, which give /1;-/ >n — 2. There are already other n(n — 1) edges between
R; and R; in E(P, x K,), so we have 4; >n?—2.

For the case b; = b;/, there are at least n — 1 edges v; jvi j € E((Py X Ky) f) for j & {b;, bi'}. So, iifi/ >n—1and
/Au,"i/ an — 1.

Now suppose b; # b;s. For the case f(vip,) < f(vi'p,), besides the n — 2 edges v; jv;r ; for j ¢ {bi, b}, we
also have the edge v; 5, vi’ p,, since f(vip,) < f(Vip,) < f(Virp,) and vi p,virp, € E(Pp X Ky) S E((Pn X Kp) f)
implying v; p, vi' b, € E((Pn X Ky) ). For the case when f(vip,) > f(vir p,) and R; is a clique with a; < a;/, again
fip)=ai <ap= f(ip,) < f(ip,)and vjp,vip, € E((Pn x Ky) ) imply vy, vib, € E((Pn X Kp) ). Inany
case, v jvir j € E((Pn X Ky)y) for j # b;, which gives /1;-/ >n—1and 4; ;s >n?—1. O

Claim 2. Ifi € A, then 25 ., > ("g‘) >3

Proof of Claim 2. As R; is not a clique in (P, X Ky) r, we may choose ¢ # d such that v; cv; ¢ & E((Py, X Kn)f).
Considerany j, j’ ¢ {c, d} with 1 < j <j’ <n.Inthe4-cycle (vj.c, Vi—1,;, Vi,d, Vi+1, > Vi,c), Wehave v; v g & E((Py X
Ky) ¢) implying v;—y jvi1, 0 € E((Py X K;) ¢) by the chordality property (3). This gives that )f_l’m >(14+2+

..._,_(n_z)):(”;l) >3. O

Claim 3. Ifi € B, then .=, ;> (3) >6.

Proof of Claim 3. For any j, j’ ¢ {b;} with 1 <j <’ <n, since f(vip,) =a; <aj—1 < f(vi—1,j) with v; p,vi_1,j €
E(Py x K,) € E((Py, X Kn)f) and f(vi,b,') =4a; <dj+1 <f(vi+l,j/) with Vi b Vit+1,j’ € E(Py x K,) € E((Py, x
K») r), by perfect elimination property (2), vi—1 jvi+1,js € E((Pn X Ky) ¢). These give )”ig—l,iﬂ >1424-+0m—
H=(1)=6. O

Having these three claims in mind, we are ready to prove the theorem. As n >4, there is a bijection from
{{j,k} : 1<j <k<n} to itself such that {j, k} is disjoint from its image {;’, k’}. This can be done by setting
{j,k'} ={(j + d)modn, (k+ 5)modn}, where 6 = 2 when j and k are consecutive under modula n, and 6 = 1
otherwise. We may assume that j’ > k’ for our convenience. Consider the following (m — 2) (’;) disjoint sets:

Si,jke = {vi, jVik, Vi1, jVir1 1}

where 2<i <m — 2 and 1< j <k<n. In the 4-cycle (v; j, vi—1,j/, Vik, Vig1,k'» Vi,j) (see Fig. 5), at least one of the
edge in S; j,x must exist. These give totally at least (m — 2) (5 ) edges.

Among the m —2rows R, R3, ..., R, _1, there are p rows that are not cliques in ( Py, X Kn)f and the otherm —2 — p
rows are cliques. Among the m — 2 — p clique rows, let there be p’ consecutive pairs, that is, cliques R; and R; with
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Vi—1,5/
* Ri
. . Rl
y * R

Vit1,k!

Fig. 5. The 4-cycle (v; , Vi1, Visks Vi1 ks v, j)-

li —i'| = 1. By Claim 1, 2; ;s >n? — 1 for these p’ pairs and 4; ;» >>n> — 2 for the remaining m — 1 — p’ pairs of i and
i’ with |i —i'| = 1. These give totally at least p’(n> = 1) +(m — 1 — pYn> =2)=m — D> = 1)+ (p' + 1 —m)
edges.

By Claim 3, there are at least 6g extra edges from the sets AEM 41
<

extra edges from the sets 4, ; ,, fori € A\B. These give at least 3p 4 3¢ extra edges. So, we have

fori € B.By Claim 2, there are at least 3(p — q)

P(P, x Kn)>(m—2)<§)+(m— D@2 = 1)+ (p' +1—m+3p+39).

In particular, P(P,, x K,)>(m —2) (5) + (m — 1)(n®> — 1) when p’ + 1 —m + 3p + 3¢ >0. So, now assume that
pP+1—m+3p+3¢g< —1lorp'<m-—3p—3q—2.

Notice that there are p non-clique rows R; with 2<i <m — 1. These rows separate the other rows into p + 1 runs.
Each run with o clique rows in Ry, R3, ..., R,;—1 has max{0, « — 1} >« — 1 consecutive pairs of cliques. Therefore,
p'=m—2—p—(p+1)=m—2p — 3 with equality holds if and only if &> 1 for each run of clique rows. Or
equivalently, any two rows in A U {R1, R,,} are not consecutive, which implies that 3<<i <m — 2 fori € A.

Now,m —2p —3< p’ <m —3p—3qg — 2 imply that p + 3¢ < 1. This is possible only when p <1 and g =0. Suppose
p =1, say A = {R;}. Then, the above inequalities are in fact equalities, i.e., m —2p — 3 = p’ and so 3<i<m — 2.
Therefore, R;_1 and R; 4 are clique rows. As g = 0, we have i ¢ B and so either a;_1 <a; or aj+1 <a;. By Claim 1,
either iil’i >n—1or /I; L=zn— 1. So in the above calculation, we in fact have p’ + 1, rather than p’, consecutive
pairs of i and i’ with ; ; >n> — 1. Thus,

P(P, x K,,))(m—Z)(Z)-l—(m—1)(n2—1)+(p/+2—m+3p+3q),

where p' +2 —m+3p+3¢g=>(m —2p—3)+2—-m+3p+3g=p—+3¢g—1=0andso again P(P, x K,) >
(m—2)(5)+ m—1@> - 1.
Now we may suppose that p = g = 0. In other words, R», R3, ..., R, are cliques and

ag<a<---<ar_1<ar and ap >ar41>ary2 > >apy @)
for some r. By Claim 1, we have
11,22112—2, )L,',i_;,_lan—l for 2<i<m — 2, /lm_l,m>n2—2.

These together with the m — 2 clique rows gives at least (m — 2) (g) + (m — 1)(n® — 1) — 2 edges. In the following,
two extra edges, one with an end vertex in R; and the other with an end vertex in R,,, are to be found to make
PP, x K,;)>=(m —2) (g) + (m — 1)(n? — 1). Assume, by symmetric, there is no such extra edge with a vertex in R
which we call an R;-edge, we shall either get a contradiction or find two other extra edges.

First, we may assume that b # by and a; < az and f(v1,p,) > f(v2,5,), for otherwise Claim 1 gives that 4; » >n?—1
rather than only 41 2 > n? — 2 which give an extra Rj-edge, a contradiction. Notice that the two non-edges between R
and R are vy p, V2., and v1 p, V2 p,-

We claim that in fact a; = 1. Suppose to the contrary that a; > 1. By (4), we have a,, = 1. This together with
apm < ay < az<a, implies that there is some i such that a, >a;_| > a; > a; >a,, = 1. Then, for each j # b;, we have
S ip) < fip) < f(ui-1;) and vipvi—1,; € E((Pn X Ky)y) implying vy p,vi—1,; € E((Pm X Ky) ), which
gives n — 1 extra Ry-edges, a contradiction. Thus, a; = 1.

As a; =1 and f(vyp,) > az, without loss of generality, we may assume that f(vy ;) = j for 1<j<£ — 1 but
f‘l(Z) = v;x j* ¢ Ry, where £ <n. Notice that we assume by = 1 now. By the inequalities in (4), we have £ = a,
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or £ = ap. For the case £ = ay,, for any j # 1, we have f(vi,1) =1 <€ =ay = f(Vnp,) < f(v2,j) and vy 102 ; €
E((Py x Ky) ¢), implying vy p,,v2, ;7 € E((Py X Ky) ¢), which are n — 1 >2 extra edges as desired. For the case £ =a,
we may assume that b, = n. If € <n, then for any j <n, we have f(v2n) < f(vi,¢) With vz yv10 € E((Py X Kp) f)
and f(v2,,) < f(v3,;) withva ,v3 ; € E((P X Kn)p), implying vy ¢v3,; € E((Py X K») r)by the perfect elimination
property (2). This gives n — 1 >2 extra edges as desired. So, we may assume that £ = n.

Next, f(vi,)> f(v31), for otherwise, f(vi,) < f(v3,1) gives that f(v2,) < f(vi.n) < f(v3,1), this together
with vz ,v31 € E((Pn X Ky)y) implying vy ,v31 € E((Py X Kn)f), which is an extra Rj-edge, a contradic-
tion. Similarly, for each j with 2< j<n — 1 we have f (v, ;) > f(v31), for otherwise, f(v2 ;) < f(v3,1) gives that
Sfva,;) < f(v31) < f(v1,),this together with vy jvi , € E((Py X Ky) ¢) implying v3 1v1 » € E((Py X K;) ¢), which
is an extra Ri-edge, a contradiction. Also, f(v42) > f(v3.1), for otherwise, f(v42) < f(v3,1) gives that for each j with
2<j<n —1,wehave f(v1,1) < f(vs2) < f(v3,1) < f(v2,}), this together with vy jv2,; € E((Py X Kn)r) implying
V4202 € E((Py X Kn)f~), which are n — 2 >2 extra edges as desired. Now, for each j with 2<j <n — 1, we have
f(v31) < f(vz,;) withvs vz j € E((P X Ky)p), and f(v3,1) < f(va2) with vz jva2 € E((Py X Ky) ¢), implying
V2, jv42 € E((Py X Kn)f), which are n — 2 >2 extra edges as desired. [

5. Conclusion

In this paper, we determine the profiles of K, x K,,, K ; x K, and P, x K,. It is desirable to find the profile of
G x H for general graphs G and H, or at least for a general G with H = K.
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