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In the conventional octree construction method any grey octant is subdivided
recursively until all its descendant octants are no longer grey. The subdivision
process is executed no matter how small the white portion in the grey octant is.
When there are many grey octants, each containing a fairly small white portion,
then the huge increase in the resulting descendant nodes due to the subdivisions
may cause the construction process to terminate due to an insufficient amount of
memory. In such a case the subdivisions made are not worthwhile. In this paper, we
shall make effective use of octant subdivision to improve the overall system per-
formance. A new octree construction method is proposed with a novel subdivision
strategy such that only those octants with a projection error exceeding a pre-speci-
fied error bound will be subdivided. Furthermore, we also present a fast way to
compute the 2D projection of octant vertices and a new intersection test to reduce
overall processing time. Computer simulations are conducted which show that the
new method performs better than the conventional method in terms of memory
space and computation time. Moreover, atheoretical analysis of the performance of
the new method is included.

Keywords: octree construction, subdivision strategy, octant projection, cross ratio,
distance map, construction quality, memory space, computation time

1. INTRODUCTION

An octree is a volumetric representation of 3D object’s geometric model. It is well
known in the field of computer vision that an octree can be constructed from silhouettes
taken from different viewpoints of an object [1, 16]. The constructed object geometric
model finds many applications including robotic system, computer aided design, virtual
reality, and object tracking. The conventional construction methods can be categorized
into two classes: 3D space approach [3, 5] and 2D space approach [6, 16]. Both ap-
proaches recursively subdivide a partially occupied octree octant into smaller octants
until all the generated octants are entirely inside or outside the object. The overlap be-
tween an octant and the object is determined by an intersection test. The above two ap-
proaches differ in their intersection tests. In the 3D space approach the octant under ex-
amination is tested against the conic view volume formed by the individual silhouette
and the center of projection for each viewpoint. In the 2D space approach the projected
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image of the octant is tested against the silhouette for each viewpoint. Generally speak-
ing, the 2D space approach is performed in a space with a lower dimension, and so it is
more efficient than the 3D space approach [6]. Since the number of octants grows expo-
nentially with subdivision level, an upper bound is usually imposed on the number of
levels to avoid the insufficient memory problem. However, alarger value of subdivision
levels leads to a better construction result. It is generally difficult to make a good balance
between memory and construction quality.

A close look at the octant subdivisions reveals that the subdivided octants have
varying projection errors;, some may be very large and some may be rather small. We
shall consider making effective use of the octant subdivisions to improve the overall sys-
tem performance. In this paper, we propose a new subdivision strategy which is governed
by the degree of overlapping between the generated octant and the object. This degree of
overlapping will be measured by the maximum 2D projection error of the projected oc-
tant image relative to the object silhouette for all viewpoints. Those octants with a pro-
jection error exceeding the pre-specified upper bound will be subdivided recursively until
al the octants satisfy the maximum constraint imposed on the projection error. Further-
more, we will also present afast computation of the 2D projection and a new intersection
test to reduce the computer processing time. A summary of contributions of the paper is
given below:

(1) The ultimate octree subdivision level of the new construction method is not fixed.
Instead, it is controlled by a projection error bound.

(2) The construction quality can be evaluated via an exclusive OR projection error.

(3) Fast computation of 2D octant projections to the image planesis provided.

(4) Fast 2D intersection test utilizes the distance maps which were generated for the
multiple silhouettes in advance.

(5) Analysis of the properties of the proposed method reveals its superiority over the
conventional method in terms of memory and computation time.

The paper is organized as follows. Section 2 presents a fast 2D octant projection
computation. Section 3 describes the use of distance maps generated from multiple sil-
houettes and the approximation of an octant projection image by a circle. Section 4 de-
scribes the new subdivision process and the evaluation of the quality of the final octree
constructed for the object. Section 5 presents experimental results. Section 6 analyzes the
new method. Section 7 gives our conclusions.

2. FAST OCTANT PROJECTION COMPUTATION USING CROSS
RATIO AND VANISHING POINT

2.1 Computation of Perspective Projections of Octant Vertices
When a parent octant is subdivided into 8 child octants, the projection images of the

child octantsinvolves 8 x 8 = 64 vertices in the recursive construction process. However,
since each child octant shares some of its 8 vertices with its siblings, there are only 27
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(instead of 64) distinct vertices, as shown in Fig. 1. We shall compute the perspective
projections of the 27 distinct vertices onto the image plane before dividing them into 8
octant projection images.

A7 BlO AG
B, _4______C:_§,!f e 4
AL+ + By e
3 T T T U T Ao
Bul . 4 i |
C :///E/ ----- E--1:/;,:-5------E;/;; 89
S \ S Dq' //T':CZ
Bs [~F-1—-g 1 1By
e TR,
R
AO BO 'Al

Fig. 1. The 27 distinct verticesinvolved in the subdivision of a parent octant including eight A-type
vertices (A, Ay, ..., Ay), twelve B-type vertices (Bg, By, ..., Byy), Six C-type vertices (Co,
Cy, ..., Cs), and one D-type vertex Dy.

There are four types of sub-octant verticesin regard to their parent octant vertices:

(1) A-typevertices{Ag, Ay, ..., A7} belong to the parent octant. Their perspective projec-
tion data will be passed down to the subsequent octant subdivisions.

(2) B-type vertices {Bo, By, ..., By} arelocated on the separate lines defined by pairs of
A-type vertices. Their perspective projections onto the image plane can be calculated
quickly from A-type vertices through the use of the cross ratio and vanishing points,
as described | ater.

(8) C-type vertices{Cy, Cy, ..., Cs} fall on the separate lines defined by pairs of B-type
vertices. Their perspective projections onto the image plane can also be calculated
quickly from B-type vertices through the use of the cross ratio and vanishing points.

(4) D-type vertex D, fals on the line defined by two C-type vertices. Its perspective
projection onto the image plane can be calculated from the C-type vertices through
the use of the cross ratio and vanishing point.

In the following the concepts of cross ratio and vanishing point are used to derive
the 2D projections of the octant vertices onto the image plane.

We only consider the 2D perspective projection computation for a B-type vertex,
since the other types can be computed similarly. Let a B-type vertex be denoted by P,
and its projected point by p,, and assume that it lies on the line between two A-type ver-
tices P; and P3, whose projected points are p; and ps, respectively. Let the point at infin-
ity along the direction from P, to P; be P,, whose vanishing point is denoted by p., Fig. 2
shows the 2D projections of Py, P, P; and P,, onto the image plane. The four collinear
points, p1, P2, Pz and p.,, together with their 3D corresponding vertices Py, P,, P3 and P,
define a common cross ratio [17], which is invariant under the perspective projection.
Namely,
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P1

Fig. 2. Thefour collinear points, py, p, Pz and p.., together with their 3D corresponding vertices Py,
P,, P; and P,,, define acommon crossratio value.

(RP,-PP.)/(RPs-PP.) = (pPs - PsP.) /(PLPs - PoP..)- ()

After some manipulation,

PPo = (r puPs- PP ) /(1 PLPs+ Psp..) With 1= pyp,/ pyps. ()

Let parametric form of the projected linebep, =py +t - (P3 — po), P = Pr + K- (p3 — po).
Then

k=pp./pp;and t=r-k/(r+k-1). 3

Since the side length of the child octant equals one half of the side length of the
parent octant, r = 1/2. It followsthat t = k/(2k — 1).

Thus the projected B-type vertex p, based on two previously computed A-type ver-
ticesisgiven by

Py = P+ K(ps— py)/(2k-1). 4
2.2 Time Complexity Analysis

Before analyzing the time complexity of the computational method for the projec-
tions of octant vertices, recall that in the conventional octree construction method the
projection of a 3D octant vertex onto the 2D image is done via a 3 x 4 projection matrix
[17]. After some operations, the coordinates of the 2D projected point are

U= M X + Y +hisZ +hy
hgy X +hgpY +hgsZ + gy

Ve hp X +hgpY +hpZ +hyy
gy X +hgpY +hgsZ + gy

©)

Thus, atotal of 9 multiplications, 2 divisions and 9 additions are needed in the conven-
tional projection method to obtain one 2D projected point in the image plane based on Eq.
(5). On the other hand, atotal of 3 multiplications, 2 divisions and 6 additions are needed
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in the new method based on the cross ratio and vanishing point. This includes 3 subtrac-
tions and 1 division to compute k by Eq. (3), 1 multiplication, 1 division and 1 subtrac-
tion to compute t by Eq. (3), and 2 multiplications and 2 additions to compute the 2D
coordinates of the projected point by Eq. (4). Table 1 compares the new method with the
conventional 3D projection method. Roughly speaking the new method requires less than
half the computation time of the conventional method. In the experimental results, we
will show that the new method does perform better than the conventional 3D-to-2D pro-
jection computation based on the projection matrix H.

Table 1. Comparison of projection computation of octant vertices between the new
method and the conventional method.

Our method Direct 3D projection method
Operation type +/— X[+ +/— X[+
Operation number 6 5 9 11

3.2D INTERSECTION TEST USING PRECOMPUTED DISTANCE
MAPSOF SILHOUETTE IMAGES AND APPROXIMATION OF
AN OCTANT IMAGE BY A CIRCLE

3.1 Distance Maps of Silhouette | mages

After obtaining the 2D projections of the octant, which is generally a hexagon, we
need to test this hexagon against the object silhouette images to determine whether it is
completely inside or outside the object, or if it overlaps the object. The conventional in-
tersection test uses the approximation of each silhouette by a set of convex sub-polygons
and then examining the intersection between two convex polygons. However, rather than
using the conventional method, we generate beforehand the signed distance map for each
silhouette image using a chess board distance given by [18]:

lo(u, v) = I(u, v) and

I (u, V) = lo(u, V)+A(T\i;?j){|k_1(i, i) (@, ) A, v i, ) <D}, (6)

where A(u, v; i, j) isthe distance between (u, v) and (i, j) and I(u, v) is the input image.

Here the map distance value is positive at a pixel located inside the silhouette, nega-
tive at a pixel outside the silhouette, and O at a pixel on the silhouette boundary. The ab-
solute distance value at each pixel in the distance map represents the shortest distance
from the pixe to the silhouette boundary.

3.2 Intersection Test using the Circular Approximation of the Octant Image

Next, we find the center of the 8 projected octant vertices and estimate the radius of
the bounding circle of the projected octant image. The radius is roughly taken to be the
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largest distance from the center to the eight projected octant vertices. The distance map
value at the circle center c in the distance map DistMap and the radius r of the bounding
circle are then used to determine the intersection between the silhouettes and the pro-
jected octant image. Table 2 indicates the relationship between the projected octant im-
age and a silhouette image. The processing must be carried out for all views. However, as
iswell known that if the octant image is outside any single silhouette, then the octant is
definitely outside the object and classified as a white node; no view other is needed for
further examination. Also, an octant is classified as a black node if it is marked black in
al views, and an octant is classified as agrey nodeif it is grey in some view.

Table 2. Relationships between the projected octant image and a silhouette image.

r > DistMap(c) across the silhouette boundary (indicating a grey node)
r < DistMap(c) inside the silhouette (indicating a black node)
r >— DistMap(c) | across the silhouette boundary (indicating a grey node)
r <—DistMap(c) | outside the silhouette (indicating awhite node)

DistMap(c) >0

DistMap(c) <0

4. NEW SUBDIVISION STRATEGY AND CONSTRUCTION
QUALITY MEASURE

4.1 New Subdivision Strategy

Suppose we use N views to construct the octree for the object. Let A; be the projec-
tion image of any grey octant A and S be the object silhouette fori =0, 1, 2, ..., N. Let
DistMap; be the signed distance map of S defined previously. We find the center ¢; and
the radius r; of the bounding circle of A;, as shown in Fig. 3. Then we define the white
portion (or white extent) of agrey octant to be {r; — DistMap;(c;)}.

/-ri
Ton
S
5
Y32 X~ - - 1 — DistMapi(c))
\\ DistMap;(c)
G

Fig. 3. lllustration of octant subdivision strategy based on the spatial relationship between the circle
containing the projected octant and the object silhouette.
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Now we introduce two types of grey nodesin the following:

Let “Error_bound” be a pre-specified projection error upper bound.

(1) A grey nodeissaid to be a“grey-grey” nodeif {r; — DistMap;(c;)} > Error-bound for
somei,0<i<N-1

(2) A grey node is defined as a “grey-black” node, if {r; — DistMap;(c)} < Error-bound
forali,0<i<N-1

Based on the new types of grey nodes a new subdivision scheme for grey nodes is
proposed below:

The new subdivision scheme for grey nodes:

(1) If anodeisclassified as“grey-grey” it is subdivided recursively until its descendants
contain no “grey-grey” nodes.

(2) If anodeisclassified as“grey-black” it is retained without the need of subdivision.

4.2 Construction Quality Measure

To measure the quality of the constructed model, we define the Quality Index
which computes the exclusive OR between the binary silhouette image S’ of the con-
structed object C and the actual object silhouette S” for al views(j =0, 1, ..., N-1).

5. EXPERIMENTAL RESULTS

In this section, experiments are conducted to evaluate the performance of the
method we proposed. Fig. 4 shows the setup of our hardware including a CCD, aturnta-
ble and a Pentium 4 3G Hz PC with 768M RAM. The camera s triggered by the PC to
capture images of an object resting on the rotating turntable which is controlled by the
PC. The whole reconstruction program is coded with Borland C++ Builder under the
Windows environment. We tested our method on three objects with different geometric
complexities: a cone, a vase and a sculpture, illustrated in Fig. 5. A number of views of
each object are taken while the turntable is rotated by afixed angle (36°) each time. Fig.
6 gives the new views rendered from the final constructed objects.

Fig. 4. Hardware setup of the system.
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(a) Cone.
Fig. 6. New views generated from the constructed octree models for (a), (b) and (c). The octree
models are converted to VRML format and rendered using Cosmo® player.
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(b) Vase.
Fig. 5. Three objects used in the experiments.

(0) Vese.

7

>

(c) Sculpture.

(c) Sculpture.

We choose an octree construction method recently developed in [9] as the conven-
tional method in order to make comparisons with our new construction method. We list
the numbers of all types of octants generated at each subdivision level, together with the
projection error upper bound value and the quality index of the final constructed models

in Tables 3 to 6.

Table 3. Numbers of black, grey, and white nodes of the vase generated by conventional
octree construction with a fixed subdivision level.

Level =4 Level =5 Level =6 Level =7
XOR = 289493 XOR = 144377 XOR = 68356 XOR = 30069

B |[GB|GG| W | B |GB| GG | W B |GB|GG| W B |GB| GG | W
0| 0 | - 1 00| - 1 0 0 - 1 0 0 - 1 0
110 |-] 8 00| - 8 0 0 - 8 0 0 - 8 0
2 0| -|41|23|]0| -1]41]| 23 0 - | 41| 23 0 - 41 23
3| 1 - 1133|194 | 1| - |133| 194 1 - 1133|194 1 - 133 | 194
4188 | - |532|444|88| - | 532|444 | 88 - | 532|444 88 - | 532 | 444
5|685| - |2074|1497|685| - |2074|1497| 685 | - |2074|1497| 685 | - | 2074 | 1497
6 3811 | - |7482|5299| 3811 | - | 7482 | 5299
7 17526| - |21460|20870
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Table 4. Numbers of black, grey-black, grey-grey, and white nodes of the vase gener ated
by our octree construction method with a specified projection error bound.

Protrusion = 30 Protrusion = 18 Protrusion = 10 Protrusion=5
XOR = 178926 XOR = 118666 XOR = 68365 XOR = 28185

B |GB/GG|W |B|GB|GG| W B| GB |GG | W B |GB |GG | W
0j]0 |0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
1{0| 0 8 0 0 0 8 0 0 0 8 0 0 0 8 0
210 (0|41 |23]0 0 41 23 0 0 41 | 23 0 0 41 | 23
311 (17]1116|194| 1 8 |[125| 194 | 1 1 132194 1 0 | 133|194
4112 (284|188 | 444 (40| 151 | 365| 444 | 81| 76 | 455|444 83 | 32 | 500 | 444
5| 0 [316/ O |1188| 3 |1137|283| 1497 |180| 808 |1155|1497| 441 | 359 | 1703|1497
6 0| 68 0 [2196]| 1 | 3940 | O [5299]|1301|3100 (3924|5299
7 496 | 8233|2489 20174
8 7 0 0 19905

Table 5. Node numbers of the sculpture generated by conventional octree.
Level =4 Level =5 Level =6 Level =7

XOR = 366074 XOR = 186064 XOR = 89866 XOR =41534

B |GBIGG|W| B |GB|GG| W B |GB| GG W B |[GB| GG | W
0] 0| - 110 0 - 1 0 0 - 1 0 0 - 1 0
1{0| -(8]|0 0 - 8 0 0 - 8 0 0 - 8 0
21 0| - (51|13 O - 51 | 13 0 - 51 13 0 - 51 13
3| 7| - 232|169 7 - 12321169 7 - 232 | 169 7 - | 232 | 169
41206| - |957|693| 206 | - | 957|693 | 206 | - 957 | 693 | 206 | - | 957 | 693
5 1483 | - |3738|2435|1483| - | 3738|2435 1483 | - | 3738|2435
6 7307 | - |13437| 9160 | 7307 | - [13437| 9160
7 31273| - |40955|35265

Table 6. Node Number s of the sculpture generated by our octree construction method.

Protrusion = 30 Protrusion = 18 Protrusion = 10 Protrusion =5
XOR = 226886 XOR = 156235 XOR = 89872 XOR = 37350
B|GB|GG|W| B |GB|GG|W | B |GB|GG| W B |GB|GG| W
ojol o0 | 1] 0 0 0 1 0 0 0 1 0 0 0 1 0
1{0| O 8 0 0 0 8 0 0 0 8 0 0 0 8 0
2]10| O | 51| 13 0 0 51 | 13 0 0 51 | 13 0 0 51 13
3|7| 46 (186|169| 7 16 | 216 | 169 | 7 10 | 222|169 | 7 4 228 | 169
4119|476 | 300|693 | 103 | 325 | 607 | 693 | 133 | 159 | 291 | 693 | 174 | 69 | 888 | 693
5|0(438| 0 |1962| 6 |[1927| 488 |2435| 415 |1443|2035|2435| 955 | 717 | 2997 | 2435
6 0 |166| 0O |3738] 13 (7107| O |9160|2139 |5531 | 6966 | 9160
7 822 |14814| 5743 |34349
8 54 0 0 [45890
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In addition, the graphical display of the constructed object models and the XOR er-
ror images obtained by the conventional method and the new method are shown in Figs.

710 8.

From Tables 3 to 6 and Figs. 7 to 8 the two methods can be compared in terms of
memory requirements, computation time, and construction quality. Since the object
model is represented by leaf nodes of the constructed octree including black nodes and
grey-black nodes, the amount of memory required to store the constructed object model
is mainly proportional to the total number of black and grey-black nodes. On the other
hand, the computer processing time required is mainly proportional to the size of the en-
tire set of leaf and internal nodes generated. Finally, the construction quality of the result
is evaluated based on the XOR projection error given by the “ Quality Index.”

Conventiona method

Level =4

Level =5

Level =6

Level =7

Image of the
constructed model

XOR error image

1

)|

)|

)|

of theimage
New method Protrusion =30 | Protrusion=18 | Protrusion=10 | Protrusion=5
Image of the

constructed model

XOR error image
of theimage

I

)|

)|

)

Fig. 7.Results for the vase obtained by the conventional method and the new method.
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Fig. 8. Results for the sculpture obtained by the conventional method and the new method.
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The following specific observations can be made from above:

(1) Based on the quality of the constructed object models as expressed by the XOR
value we can rank the construction results obtained by both the conventional and the
new methods.

(2) During the construction process the patterns of the white nodes generated by the two
methods are identical. To be more specific, the white nodes at a lower subdivision
level must be completely generated before any white node can be generated at the
next higher level. For instance, in Table 4 the full set of 7482 white nodes must be
generated at level 6 before any white node at level 7 can be generated as the error
control bound P decreases from 18 to 10 to 5.

(3) For the same quality of the construction the total number of leaf nodes of the object
model generated by the conventional method is greater than that generated by the
new method. For instance, in Tables 3 and 4 the total number of leaf nodes of Vg is
smaller than that of VGC. For the same construction quality, the total number of in-
ternal and leaf nodesislessin the new method.

Figs. 9 and 10 illustrate the observations (3). In these plots a linear interpolation of
the discrete set of construction resultsis used.

49 55
-+ Conventional methodwitn] | || | _ | - Conventional method with]|
,,,,,,,,,,,,,,,,,,, L=4,5,6,7 H a4 L=4,5,6,7
= -=- New method with E e T T T T T ==~~~ -= New method with n 45%
Fom e o e = = o> - - — - — P=40.30,20,15.10.8,54 39 £ || | _ _ _ _ o o ] P-40,30,20,15,10,8,5|| , £
— 5 2 2
Fmmmmmm - m— - S A< - ——— - — 343 35%
B - 3 8
——————————————————————————— 29
Ry 25
~u
. 24 2
43 45 47 49 ogterron 51 53 55 57 45 47 49 jogaronpl 53 55
(a) Vase. (b) Sculpture.

Fig. 9. The total number of leaf nodes vs. XOR error plot of the construction results obtained by
the new method and the conventional method.

108 || F—-—&~<——-—-—-————— - —— - - —— - —— - — — — 08
‘\ 103 —_ 03
— 1 — o
4la R N X . O'zg 45 47 = . 'O’ZE
107E|| F- - m - == — e - — - -5 078
|| -+ Conventional method with | 2 -+ Conventional method with
L=4,5,6,7 A2l 4567 12
{—| = New method with = - 17 || = New method with |- — — — — — — — — — — — = — — — — 17
P=40, 30,20, 15,10, 8,5 ~—a P= 40, 30,20, 15,10, 8,5
Tog(erTor) 22 Tog(erTor) 22

(a) Vase. (b) Sculpture.

Fig. 10. Computation time vs. XOR error plot of the construction results obtained by the new
method and the conventional method.

6. ANALYSISOF THE NEW OCTREE CONSTRUCTION METHOD

The conventional method and the new method can be compared in terms of memory
storage, computation time, and visual quality of the construction. First, the object model
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is represented by the black nodes and grey-black nodes, so the memory space required to
store the constructed object model is the total number of black and grey-black nodes.
Next, the computer processing time required is mainly proportional to the entire set of
nodes including the leaf nodes and internal nodes. Finally, the construction quality of the
result is evaluated based on the XOR projection error given section 4.2.

Before the theoretical analysis on the performance of the new octree construction
method we shall first define the notations and symbols used in the analysis:

(1) Vi, Vioor» V&, Ve - the volumes of the true object, the root node of the octree, the
constructed object obtained by the conventional method with a maximum subdivi-
sion level L, and the constructed object obtained by the new method with a specified
projection error upper bound P, respectively.

(2 B®, WS, G°: the sets of black, white, and grey nodes generated at level | in the
conventional method.

3 BY, w", eB", GG" : the sets of black, white, grey-black, and grey-grey nodes
generated at level | in the new method.

4 VN;n (eg., VBE' VB;.“ ): the volume of the set of a particular type of nodes N € {B,

GG, GB, W} generated by the one of the two methods “m’ e {C(conventional
method), N(new method)} with a“parameter” € {L(level value), P(protrusion value)} .
(5) lv: the binary image obtained through the projection of a particular object or a par-
ticular node set onto the image plane in a view, where V € {Vr, Ve V©, Vo',

Va(;, VB|’3\" }

(6) E,c, E,n: thetotal XOR projection errors of e and |, v, respectively, with the
L P L P
true object silhouette over all views.

Next, we begin to derive the useful lemmas for the theoretical analysis of the per-
formance of the two construction methods. These lemmas justify the observations made
in the last section.

Lemmal The new method always halts at a subdivision level with no remaining grey-
grey node, while the conventional method generally terminates at a given maximum sub-
division level with remaining grey nodes.

Proof: This is a consequence of the different subdivision strategies adopted by the two
methods. There are only two cases in which the conventional method terminates without
any remaining grey nodes. The first is when the octant resolution becomes so high that
al the octant projections onto the image plane have a unit area. The second is when the
object happens to be so neat that it can be fitted nicely by an octree with only a few
resolution levels.

Lenma2 If GG isnot empty, then WN =WC, I=1,2, ..., L - 1.
Proof: We prove the lemma by contradiction. Assume WM =W, 1=1,2, ...,L~ 1.

Let wi;, 1 < k<L, beanodein the set \Nk‘il, but not in the set Wk'\il. Since Wi is
not in the set V\ﬁl, its parent node gby., should be in the set GBkN_Z. Thus, we havery., —
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|deo] £ P, where ry, and dy, are the radius and the distance map value related to the
bounding circle of the projected image of gby.,.

Since wy.; is within ghy,, its projection should not exceed the white portion of the
projection of its parent node. SO ry.; + [di.q| < r— [dko| < P.

Also, since w1 isawhite node, its entire projection should be outside the silhouette,
SO |d1| > ria. Thus,

P =1y + |Oea] > Mey + M > 2 (7)

given that GGlgl is not an empty set, there exists at least one grey-grey node gg, be-
longingto GG, . There are two possible cases for the location of thisgg,.

Case 1. The centroid of the projection of gg, is outside the silhouette image.

Thenr, + |d.| > P, where r is the radius of the bounding circle of the projection of
ggL, |d| is the shortest distance between the centroid of the projection of gg, and the sil-
houette, and P is the pre-specified projection error upper bound used to control the node
subdivision.

Since gg, partially overlaps the silhouette, we have |d | <r.. Thus, rp +r. > + |d|
>P. Thatis, 2r. > P.

Case 2. The centroid of the projection of gg, isinside the silhouette image.
Thenr,—|d|>P. Thus, 2r, >r. >r —|d|>P.
We conclude in both cases that 2r, > P.
From above equation and Eq. (8), wehaver, >r.;for 1<k<L.

This contradicts the fact that r. < r,.; was assumed, because radius r, of a projected
node at level L should be smaller than the radius ry.; of the bounding circle of its an-
cestor at level k — 1. (Here the distances between the object and the camerain all the
views are nearly constant.) Thus, WN =W°, 1=1,2, ..., L - 1.

Lemma3
(@) 1f |GG | =0and WN =WE, then E,n = Ec and the total number of leaf nodes

L

generated by the conventional method is greater than that of the new method.
(2) Thetotal number of leaf and internal nodes in the conventional method is greater.

Proof:

(1) Since W =W and GG, isnot empty, Lemma 2 implies that WN =WC, | =
2, ..., L — 2. We can then show that WLN 1 =WE, using the same technique used to
prove Lemma2 L
Next, V,© =Vt — ZV ¢ =Vioot — ZV » =Va', which implies that their pro-

1= =1
jected images of the two object models constructed are equal, i.e. Also,

v v =1 c.
vp v
ther XOR imagesareequdl, i.e., | ve ®l, = Ivg“ ®l,, , and so, Ev;,“ = EVL

(2) Fromtheabove WM =W°, 1=1,2, ..., L. Ontheother hand, BN < B, GB" ¢
C forl=1,2, ..., L. To emulate the subdivision result of the conventional method,
imagine that the grey-black nodes generated at any level lower than L are decom-
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posed. Then the leaf nodes generated by the two methods satisfy the following ine-
quality:

L L-1 L L L
IBY [+>°8|GBN |GG |+]|GB] [+Y WM [< DB H|GC [+ IWC |
1 1 1 1 1
Implying
L N L-1 N N L N
SB[+ Y IGBN k- |GB [+ WM |
1 1 1
L L-1 L
<Y 1BV |+> 8|GB" k|GG |+|GB [+ IW" | (Note that |GG | = 0)
1 1 1
L C C L C
<Y IBC HIGT [+2IW
1 1

Therefore, the total numbers of leaf nodes generated by the two methods are not
equal. In addition, because the grey-black nodes are not decomposed in the new method,
the total number of leaf and internal nodes generated by the conventional method is
greater than that generated by the new method.

Lemma4
1) If |GGL+1| —Oand |WL |<|W|_ |<[(|WL+1|/8)+|WL I, then0< Evc EVN

(2) Additionally if ZlGa |>|GGL | holds, then the total number of leaf nodes gener-

ated by the conventlonal method is greater than that generated by the new method.
(3) The total number of leaf and internal nodes generated by the conventional method is
greater.

Proof:

(1) Since |GG, lisnot zero, WN =W, 1 =1,2, ..., L - 1 due to Lemma 2. Since the
volume of each node in WY, is one eighth of that of W, the condition [(|W", |/
8) + |WN [ >|WC | indicates that the total volume of W}, and W is greater than

the volume of V\4C. Therefore, the object volume obtained by the new method is
smaller than that obtained by the conventional method. Namely,

L+1
VP _VRoot ZV N <VRoot ZV c _VL

Consequently, the area of IVN is smaller than that of IVC Also, the area of |,

Iv is smaller than that of 1, c V . It can be readily shown that the XOR prOJect—

tion errors of the two methods satisfy the inequality I v ®I, < I c® I
T

That is, EVN < EVC
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(2) Asbefore, comparing the subdivision processes of the two methods reveals
 nC C L e AC STV TTPR SIPRY N | N c
DUBTHIGE [+ IWE > D)W [+8)°|GB™ |+ |GB [+ IW" |+ |GG |
1=1 1=1 1=1 1=1 1=1

L N L-1 N L-1 N N L N
=2 1B [+ X IGBY [+ 7 IGBY H+|GB [+ W™ |
1 1 1 1
+1B |+ 1GBL [+ IW( -71GG |
C N L O~ N L N N N N
>DIBY [+ 1GBY - [GBY [+ W™ H [ By |+ GBy |+ W |,
1 1 1
L-1
it Y |GB" |>|GG |.
=1

Therefore, the total number of leaf nodes generated by the conventional method is
greater than that generated by the new method.

A remark isin order here. When the subdivision level L islarge enough, most nodes
in the set of grey-grey nodes GG' are occupied mainly by the white space due to
the fact that the sets of black and grey-black nodes, B and GB,' have been al-
ready extracted from GG|',. Thus, the nodes in GG will likely be decomposed

into white nodes belonging to W, with [W,|/8~|GG |. Under this circum

stance when the subdivision level is high enough, then the size of GGLN generaly
L-1

becomes small and the condition Z|GE£1|>|GG|[\l | islikely to hold.

(3) Next, because the grey-black nod&é are not decomposed in the new method, the total
number of internal grey nodes generated by the conventional method is greater than
the number of the internal grey-grey nodes generated by the new method. Further-
more, the total number of leaf nodes generated by the conventional method is already
shown to be greater than that generated by the new method. Consequently, the total
number of leaf and internal grey nodes generated by the conventional method is
greater than that of the new method.

7. CONCLUSIONSAND FUTURE WORK

In this paper we proposed a fast and efficient method to construct an octree repre-
sentation of an object from the multiple silhouettes. The computation of the projection of
3D octants onto the 2D image planes is reduced by using the invariant property of the
cross ratio. A maximum projection error is specified to decide whether an octant needs
subdivision. Experiments were conducted on three real objects to demonstrate the per-
formance of the new method. The results demonstrate the improvement of the new
method over the conventional method in terms of computer memory, computation time,
and quality of the constructed result. Theoretical analysis of the new method was pre-
sented.



656 HONG-LONG CHOU AND ZEN CHEN

In the future, we shall convert the constructed object model into a polygonal repre-
sentation and extract textures from the real object images so that we can map textures
onto the object surface to obtain a photo-redistic effect. And, further investigations of
other effective octant subdivision strategies are underway. Preliminary results show that
using both grey-black and grey-white nodes yields additional reduction in the required
memory as well as the computation time. Also, the replacement of the recursive con-
struction process by a progressive octree construction process with a visual quality up-
grading is also under study.
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