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Abstract- The microwave propagation-dominated problem in 
the multilayer structure made of a BCS superconducting film 
and a dielectric substrate is investigated theoretically by using 
the modified two-fluid model and transmission line theory. The 
effective microwave surface impedances are studied as functions 
of temperature, frequency, and film thickness, as well as substrate 
thickness. Special attention is paid to the substrate resonance 
phenomenon in the resonant structure. The influence of BCS 
coherence effects on surface impedance and resonant behavior is 
clearly demonstrated. The resonant effect in the stack structure 
is well interpreted with the help of the transverse resonance 
technique in the microwave theory. 

I. INTRODUCTION 

TUDIES of electromagnetic microwave responses of su- 
perconductors are of paramount importance and are ex- 

tensively used to investigate the fundamental physics of both 
conventional and high-T, superconductors. Measurements of 
surface impedance 2, = R, + j X ,  also provide a great deal 
of information about electronic conduction mechanism. On 
the two-fluid model basis, the surface resistance R, reflects 
the loss in the superconductor, which is connected with 
the fraction of unpaired conduction electrons; whereas, the 
surface reactance X ,  is directly proportional to penetration 
depth. The surface impedance is also a key parameter in 
the microwave applications, such as filters, resonators, and 
delay lines. The performance and dissipation of these passive 
microwave devices are closely related to the surface resis- 
tances of superconductors. Experiments are usually performed 
on superconducting thin films deposited on various substrates 
in the microwave regime. The surface impedance of such 
system is thus referred to as the so-called effective surface 
impedance which relies on the film thickness as well as the 
material properties of the dielectric substrates. Furthermore, 
as the film thickness is of the order of the penetration depth, 
the magnitude of the effective surface impedance is strongly 
enhanced. 

The microwave propagation-dominated problem of such a 
multilayer structure has been investigated both experimen- 
tally and theoretically [I]-[7]. In these studies, all efforts 
were made primarily on the high-T, superconducting films, 
the YBa&u307-z system. The very interesting finding was 
the observation of oscillation behavior in the normal-state 
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effective surface resistance [ 11-[4]. Another feature also of 
note was the resonance phenomenon in stacked structures 
[5] .  These observations have been proven to be considerably 
dependent on the thicknesses of film and substrate. All the 
above-mentioned investigations are theoretically interpreted 
within the framework of the traditional two-fluid model (TTF). 
The TTF [8]-[9] together with the Drude theory describes 
well the electrodynamics of superconductors. The microwave 
surface resistance derived in TTF is proportional to operating 
frequency (log-log scale), which is in good agreement with 
experimental results. It, however, fails to correctly describe the 
dependences of surface impedance on temperature, penetration 
depth and some microscopic parameters, such as the coherence 
length and electron mean free path. In conventional BCS 
superconductors, it has been recognized that the electromag- 
netic response is strongly affected by the coherence effect, 
a microscopically quantum mechanical result. In order to 
incorporate the BCS coherence effect, Linden et al. [lo] have 
presented the modified two-fluid model (MTF) for calculation 
of the surface impedance of the conventional low tempera- 
ture BCS superconductor. It was shown that the microwave 
surface impedances of conventional superconductors could be 
accurately described by the MTF. 

The purpose of this paper is to comparatively study the 
multilayer structure made of a conventional low temperature 
BCS superconducting film on dielectric substrates. We are 
concerned with the dependence of the effective microwave 
surface impedance on the BCS coherence factor. We analyzed 
this electromagnetic propagation-dominated problem on the 
basis of TTF, MTF, and conventional transmission line theory. 
The effective surface impedance of the stacked structure in 
MTF is investigated in parallel with that in TTF. The results 
of nonresonant and resonant structures are systematically 
presented and discussed. The intrinsic surface resistance in 
MTF of superconducting half space is shown to be enhanced 
considerably compared with TTF. For a superconducting thin 
film, we find that the intrinsic surface reactance is model- 
independent, while the surface resistance is closely related to 
the model considered. In the nonresonant stacked structure, the 
dielectric substrate at the backside of film only has an effect 
on the effective surface resistance. In addition, the increase in 
the thickness of superconducting film will eventually reduce 
the effective surface impedance to the intrinsic one, namely, 
the effect of the substrate is completely shielded. As for the 
resonant stacked structure, the size of resonant peak height 
in MTF is essentially the same as in TTF. However, the 
effective surface resistance in MTF is greatly enhanced at 
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the nonresonant thickness of the substrate. We successfully 
interpret the interesting resonance phenomenon by making use 
of the transverse resonance technique in microwave theory 
u11. 

11. TWO-FLUID THEORY 

The two-fluid theory addresses the microwave property of 
the superconductor by including two noninteracting fluids: 
the normal electrons and superconducting electrons. The su- 
perconducting electrons manifest themselves as an inductive 
channel. The normal electrons, however, can be represented 
by another channel which is both dissipative and inductive. 
In the microwave regime, the interested frequency is below 
the superconducting gap frequency, given by w, = 2A/h, 
where A is the temperature-dependent gap. The complex ac 
conductivity of superconductor in TTF is [12] 

where the cn is the dc normal state conductivity, PO the perme- 
ability of free space (taken to be the same as superconductor), 
w the angular frequency, xn the fraction of normal electrons 
given by 

where T, is the transition temperature of superconductor and 
t the reduced temperature, and XL the temperature-dependent 
penetration depth given by 

In obtaining the key result (l),  we have used the fact of 
w r  << 1, where 7 is the momentum relaxation time of normal 
electron. The TTF (1)-(3) is quite intuitive and analytical 
so that the microwave response can be quickly numerically 
illustrated. 

As described above, in order to study the microwave prop- 
erties of BCS superconductors, we may resort to the MTF 
which encompasses the coherence factor. The MTF combines 
the accurate merit of microscopic BCS theory, and the nature 
of speed and intuition in TTF. The coherence factor is reflected 
on the modification of normal-electron fraction, the result is 
U01 

where gap energy A(T) is approximated by 

( 5 )  

and w1 = 1 rads, Icg the Boltzmann constant, h the Planck 
constant, and material-dependent parameters a, b, c and W O .  

For a typical BCS strong coupling superconductor, Nb (T, = 
9.2 K), we find that U = 0.31, b = 0.474, c = 0 and WO = 25 
GHz [lo]. The temperature and frequency dependences of 
normal-electron fraction expressed in (4) is reminscent of the 
results given by Hinken [ 131 and Kautz [ 141. Furthermore, (4) 
does fit well with the BCS theory. 

Equations (1)-(5) provide two alternatives to calculate the 
microwave surface impedances of superconductors. The TTF 
is widely used in the analysis of microwave response of high- 
T, cuprates []]-[5] .  The MTF, however, is the best candidate 
for easily investigating the electrodynamic response of BCS 
superconductors. 

111. THE INTRINSIC AND EFFECTIVE MICROWAVE 
SURFACE IMPEDANCES OF SUPERCONDUCTING FILMS 

A. Surjface Impedance of a Semi-InJinite Superconductor 

2, is given by 
For a semi-infinite superconductor, the surface impedance 

where complex conductivity g is model-dependent as de- 
scribed in (l), (2) and (4). With the fact of 02 >> c71, (6) 
can be simplified explicitly as 

In Figs. 1 and 2, we separately plot the frequency and 
reduced temperature dependences of R, of Nb (T, = 9.2 K). 
For comparative purpose, the results of TTF [z, in (2)] along 
with MTF (2 ,  in (4)) are displayed simultaneously. Fig. 1 
evidently elucidates the basic difference in R, between TTF 
and MTF. In TTF, the well-known relation of R,5 w2 is 
observed, while R, varies nearly with w1.67 in MTF because 
of the inclusion of coherence factors. The discrepancy between 
MTF and TTF decreases with increasing frequency, especially 
at higher temperature. The discrepancy shown in Fig. 1 arises 
from the basic difference in 5 ,  of MTF and TTF. The direct 
correlation can be seen in the paper of Linden et al. [lo, Fig. 
21. At a fixed temperature, the difference, z,(MTF)-x,(TTF), 
decreases with increasing frequency; however, it essentially is 
a constant at very low frequency regime. The difference in 
zn therefore causes the distinction in R, as displayed in Fig. 
1. Also, the overall surface resistances are enhanced in MTF. 
All of these features of MTF in Fig. 1 are in good agreement 
with the experimental reports [lo]. Fig. 2 demonstrates the 
relationship of R, versus reduced temperature at 10 GHz and 
100 GHz. As can be seen, the R, in MTF is greater than 
TTF at t > 0.2, and eventually coincides at a temperature 
near T,. This again can be verified in Fig. 2 of [lo]. The 
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Fig. 1. Calculated surface resistance and reactance in (7) and (8) as a function 
of angular frequency for both TTF (2) and MTF (4). The material parameters 
used are X(0) = 34 nm, un = (0.31 x lop8)-'  s/m. ; l o  = 1 .97! i~T~ ,  
and T, = 9.2 K for BCS superconductor, iVb [lo]. 

temperature dependence of x, shows that the discrepancy, 
x,(MTF) - x,(TTF), increases at t > 0.2 and eventually 
approaches Fer0 at T i T,. However, at t < 0.2, the 
R, in MTF is less than TTF. It is also shown that the 
R, drops to zero more drastically in MTF. The behavior 
in R, for Nb shown in Fig. 2 is essentially in accord with 
that predicted by another new two-fluid model, the covalent 
transfer theory (CET) proposed by Dionne [ 151. According 
to the above discussion, the importance and applicability of 
MTF in interpreting the BCS superconductors should be highly 
stressed. 

B. Intrinsic Surface Impedance of a Superconducting Thin Film 
We now switch our attention to BCS superconducting thin 

film with thickness d. The surface impedance associated to 
the high frequency response is now referred to as the intrinsic 
surface impedance, Zs,int, given by [14] 

where 2, is described in (6). Simple manipulation leads to 

and 

In the limit of d 3 00, both (10) and (1 1) reduces to (7) and 
(8), respectively. Rs,int is again model-dependent (because of 

TTF - - - - - - - - 
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Fig. 2. Calculated surface resistance of bulk superconductor in (7) versus 
temperature at 10 GHz and 100 GHz for both TTF and MTF. The material 
parameters used are .X(O) = 34 nm, crn = (0.31 x lo-')-' s/m and 
l o  = 1.97kBTc [lo]. 

z,) and Xs.int is essentially independent of the model chosen. 
By substituting (4) into (lo), we have the complete form of 
Rs,int in MTF, namely, 

Rs,int 

The expression (12) reminds us of the surface resistance of a 
superconductor in the Mattis-Bardeen theory [ 161. The surface 
resistance is 

where Ax is given by A* = 2 . 3 k ~ T  + 6k:T3/A2. The 
similarity in (12) and (13) is expected because the Mattis- 
Bardeen theory is an approximation of the full BCS theory 
which is valid either in the extremely dirty limit (e << E o )  or 
the extreme anomalous case ( (0  >> XL), whereas the MTF is 
a good fit to the BCS theory over a wide range of parameters. 
However, one should note that the MTF only serves as a good 
tool for fitting the BCS theory but it is not a replacement of 
the BCS theory. The application of a Mattis-Bardeen model 
to a high-Tc superconductor has been considered by Nuss et 
al. [17]. Here, we are concerned with MTF only. 
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Fig. 3. The intrinsic and effective surface resistances in (10) and (16) as a 
function of superconducting film thickness at 7.7 K and 10 GHz for both MTF 
and TTF. The parameters of substrate are described in the text and those of 
film are the same as shown in Figs. 1 and 2. 

C. Effective Sugace Impedance of a Superconductor 
in the Multilayer Structure 

Considering the stacked structure depicted in the inset of 
Fig. 3, the substrate in this structure is assumed to be semi- 
infinite and the thickness of superconducting film is again 
taken to be d. A normal incidence TE wave impinges at 
the plane boundary of a vacuudsuperconductor, x = 0. The 
effective surface impedance at x = 0 can be found according 
to the impedance transformation in transmission line theory; 
that is, 

where Zsuh is the wave impedance of the dielectric substrate 
given by Zsub = Zo/JE,,, where 20 is the impedance of 
vacuum in value of 377 0, and E ~ ,  the relative permittivity 
of substrate IC, is the complex wavenumber of superconductor 
defined as 

and Z,  is wave impedance of superconductor also described 
in (6). For thickness of the film, say 1 nm 5 d 5 10 pm, we 
can further approximate (14) 

The first term in the right of the above equation indicates the 
intrinsic impedance Zs,int of the film as previously described 
in (9), and the second term relies on the properties of the sub- 

strate. Equation (16) clearly reveals that the surface reactance, 
Xs,,ff is equal to Xs,int given in (11). In other words, only 
the surface resistance is influenced by the dielectric substrate. 

Fig. 3 displays the R , , e ~  and Rs,int as a function of film 
thickness. Here, we choose SrTiOa as the substrate whose per- 
mittivity is well described by E,, = 2.14 x lo3'  [coth(42/T) - 
0.905]-1 [18]. The numerical results are calculated at the 
conditions of T = 7.7 K and f = 10 GHz. It is indicated in 
this figure that the surface resistances R s , e ~  and Rs,int are not 
only identical but also equal to a constant at film thickness 
larger than about 160 nm ( logd N" -6.8). It equivalently 
means that for film thickness larger than 160 nm, the film 
practically behaves like a bulk material, namely, both Rs,eff 
and Rs,int reduce to R,, in (7). This can be qualitatively 
understood directly from (10) and (16) by taking the limt 
d >> AL. It is also shown in this figure that Rs,eff is greater 
than Rs,int at film thickness less than 100 nm in TTF and the 
discrepancy is considerable in the very thin film. However, 
at intermediate film thicknesses the difference between Rs+ff 
and Rs,int is only appreciable in MTF. Besides, in MTF, the 
R,,,ff is smaller than Rs,int at about d 5 100 nm. 

The semi-infinite substrate considered here is of theoretical 
interest only. Accordmgly, we wish to investigate the multi- 
layer structure with finite thickness of substrate which is more 
useful in the microwave applications. 

D. Investigation of Resonant Behavior on Substrates 

We take the muItiIayer structure with substrate thickness of 
h shown in the inset of Fig. 4 into consideration. By making 
use of the impedance transformation in succession, we have 
the effective surface impedance at z = 0, 

Zd + 2, tanh(jk,d) (17) " 2, + Zd tanh(jk,3d) Zs,eff = 

where the impedance Zd at x = d is given by 

(18) 
2 0  + Zsub tanh(jksubh*) 
Zsub + 2 0  tanh(jbubh) 

z d  = Z s u h  

where ksub is complex wavenumber in the dielectric slab 
(assumed to be lossless) and defined as 

ksub = kLub - jk:ub = w a & ,  (19) 

and the corresponding substrate wavelength is A, = 
27r/k& = A,,/&., where A0 is wavelength of free space. 
Figs 4 and 5 illustrate the effective resistances [real part of 
(17)] of MTF and TTF as a function of substrate thickness 
for two film thicknesses at T = 7.7 K and f = 10 GHz, 
respectively. The substrate material is SrTiOa. It exhibits a 
peak in surface resistance at the substrate thickness which is 
around at the odd multiple of quarter-substrate-wavelength 
as indicated in these figures. This peak height is essentially 
the same for both MTF and TTF, but the magnitude of 
R s , e ~  in MTF is higher than in TTF at the nonresonant 
thicknesses of the substrate. The resonance behavior in the 
stack structure discussed here is equivalent to a short-circuited 
transmission line with length being equal to an odd multiple 
of quarter-substrate-wavelength long or to a parallel lumped 
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Fig. 4. Calculated effective surface resistance in the real part (17) versus 
substrate thickness with MTF at various film thicknesses. The parameter:$ are 
shown inside the figure. 
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Fig. 5. Calculated effective surface resistance in the real part of (17) versus 
substrate thickness with TTF at various film thicknesses. The parameters, are 
shown inside the figure. 

resonant circuit, as depicted in Fig. 6. The relationships 
between these two equivalent circuits are RIL = ROIL, 
and C = C,!/2 where R,, Lo and CO are resistance, 
inductance and capacitance per unit length of the equivallent 
transmission line. In this case, the resonance is usually said 
to be antiresonant [ 191. 

The nature of the substrate resonance phenomenon can be 
well gained insight with the help of the transverse resonance 
method (TRM) [l 11. At resonance, the microwave field con- 
fined inside the substrate slab behaves as a typical standing 

Zin 

Fig. 6. The equivalent transmission line and lumped circuit resonator. 

wave. The impedances of looking backward and forward at 
z = d can be separately expressed as 

and 

(21) 
20 + 2, tanh(jk,d) 
2, + 20 tanh(jk,d) 

Z f ( W ,  T; d )  = 2, 

According to the TRM, the resonance occurs at 

z b ( w ,  T, h) f zf(W, T, d )  = 0. (22) 

Equation (22) is actually, in view of (20) and (21), a complex- 
valued equation with variables h, d, angular frequency w and 
temperature T. We can self-consistently check the resonance 
behavior discussed in Figs. 4-5. By taking appropriate thick- 
nesses for film and substrate, the solution for w in (22) 
will, in turn, represent the relevant resonant frequency. Some 
examples based on MTF are listed below for the purpose of 
illustrating the solutions for w in (22). 

For d = 10 nm. 
1 
4 
3 
4 

For d = 20 nm, 
1 
4 
3 
4 

For d = 40 nmi 
1 
4 
3 
4 

h = -As  + w = 62.5453 + j0.2872 (GHz), 

h = -As  + w 62.7360 +j0.0905 (GHz). 

h = -A, + w 62.6820 + j0.2771 (GHz) 

h = -A, w 62.7818 + j0.0925 (GHz) 

h = -As  + w = 62.7450 +j0.2723 (GHz) 

h = -A, + w = 62.8028 + jO.0909 (GHz). 

In obtaining the angular frequency, the temperature is taken 
to be 7.7 K. It is interesting to observe that the frequency 
is complex-valued. The complex frequency arises from the 
fact that (22) is mathematically a complex equation mentioned 
previously. Both the real and imaginary parts indicate their 
associated significance. The real part of w listed above rep- 
resents the resonance frequency which has turn out to be 
close to 10 GHz (U = 62.8318 GHz) in good agreement 
with the results shown in Figs. 4 and 5. On the other hand, 
the imaginary part of the frequency denotes the loss of 
the system. The higher it is, the more the loss is. The 
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by (22)] as a function of film thickness at two substrate thicknesses, 
d = 0.25X,, 0.75XS, with A, = 0.2 mm at a fixed temperature T = 7.7 K. 
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overall behaviors of real and imaginary parts of complex 
frequency versus film thickness are plotted in Fig. 7. The 
figure shows that the real part, wT,  drastically decreases 
for very thin films. At film thickness, d 2 10 nm, the 
resonance frequency approaches 62.83 GHz, which again 
reflects the result described previously. The corresponding 
imaginary frequency w, at d 2 10 nm also becomes a 
constant and increases with decreasing film thickness at about 
d < 10 nm. Also shown is that the increase in substrate 
thickness will decrease w,, namely, the losses are lowered. 
This can be attributed to the fact that at resonance the 
dielectric slab acts as a parallel-plate transmission line with 
thickness h,. The transmission line losses are determined by the 
series resistance together with shunt conductance. The series 
resistance is essentially independent of substrate thickness. The 
shunt conductance, however, is inversely proportional to the 
thickness of the dielectric substrate. Accordingly, the loss will 
decrease with increasing the substrate thickness. 

In Fig. 8 we demonstrate the effective surface resistance, 
as well as reactance, as a function of substrate thickness 
around some resonant point. As can be seen, the X,s.eff 
makes an abrupt transition, from maximum to minimum at 
resonance. The phase of the impedance defined as 0 = 
tan-1(X,,,E/R,5,,ff), is also shown in Fig. 8. There is a dip 
around the resonant position. The deep level is an indication of 
the extent of the resonance. Fig. 9 indicates the R s + ~  versus 
h at various film thicknesses near resonant point. The results 
clearly elucidate the dependence of surface resistance on film 
thickness. For thicker films, the corresponding resonance- 
substrate-thickness is closer to quarter wavelength and the 
peak is also heavily suppressed. One can easily again take 
advantage of the TRM to self-consistently check the above 
results. 

As a final consideration, let the vacuum at the backside of 
substrate be replaced by some metal, referred to as ground 
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Fig. 8. Calculated effective surface resistance and reactance around the 
resonant point, h,/X,s = 0.25. The related parameters are given inside the 
figure. 
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Fig. 9. The effective surface resistance as a function of substrate thickness 
around the resonant point for various film thicknesses, at T = 7.7 K, f = 10 
GHz. 

metal. The resonance-substrate-thickness will become an inte- 
ger multiple of a half wavelength of the substrate instead of 
an odd multiple of a quarter wavelength. The shift in substrate 
thickness can be roughly understood by combining (17) and 
(18) along with 20 = 0; namely, the metal is treated as a 
perfect conductor. The discussion can be found in the work of 
Hartemann [5].  After substitution of (18) in (17) together with 
20 = 0, the effective surface impedance can be expressed as 
151 

tan(kL,,h) + 9 tanh(d/XL) 
Zs,eff = .jZSUb 1 + & tanh(d/XL) tan(kL,,,h) . (23) 
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The resonance occurs when the denominator is equal to 
zero, namely, 

27rXL 1 X 2  

A, tanh(d/XL) U 
tan(k;,,h) = -- M - 2 . i r L .  (24) 

With the approximation tanx NN x for small x, we can find 

h nA,/2 - Xi/d, n = integer. (25) 

The resonance of substrate thickness h is then near an integral 
multiple of half wavelengths [5].  However, the argument of 
Hartemann appears to be questionable. A careful look at (23) 
reveals that Zs,eff is purely imaginary (if the substrate is 
lossless) which means a purely reactive behavior in Zs,eff. The 
resonance in surface resistance (resistive behavior) expected 
by (23) is thus unreasonable. To consider more generally, the 
complete expression for Z s , e ~  in (17) can be written as 

Zs,eff = 

(26) 

where A is given by A E 2 7 r X ~ / X ~ ,  and the function f ( d ;  h )  
is f (d ,  h)  = tanh(d/XL) tan(k;,,h). Equation (26) obviously 
reduces to (23) in the limit of 20 + 0. In the case of 20 # 0, 
the direct understanding of resonance behavior from (26) is not 
so obvious. We therefore suggest that this resonance behavior 
in multilayer structure is best understood from the viewpoint 
of the transverse resonance method. 

IV. SUMMARY 

We have systematically examined the surface impedances 
of superconductors. For BCS superconductors, the coherence 
effect on microwave response should be taken into account 
carefully. The simplest fit for a fully microscopic BCS theory 
within the two-fluid framework is the modified two-fluid 
model used in this article. Results show considerable en- 
hancement in the surface resistance in MTF but the surface 
reactance remains the same as TTF. In the layered structure 
with semi-infinite substrate, the effective surface impedance of 
the superconductor is decomposed as an intrinsic impedance 
of finite film thickness and one term related to substrate 
properties. The effect of a dielectric substrate is only observed 
in the effective surface resistance instead of effective surface 
reactance. The inclusion of the BCS coherence effect in MTF 
evidently increases the intrinsic microwave surface resistance 
and the effective microwave surface resistance as well. For 
film thickness greater than some value, such as 160 nm, at T = 
7.7 K and f = 10 GHz, the substrate influence on the structure 
is fully shielded. The effective surface impedance then reduces 
to the surface impedance of a bulk superconductor. 

In the study of resonance structures, we find the size 
of resonance peak in surface resistance essentially remains 
unchanged in MTF and TTF. Nevertheless, the resistance 
raises to some extent in MTF in the nonresonant region. The 
resonance point is determined not only by the finite thickness 
of the dielectric substrate, but also the ground metal. The 

existence of ground metal at the backside of a dielectric sub- 
strate makes the resonance-substrate-thickness be an integral 
multiple of a half-wavelength instead of an odd multiple of 
a quarter-wavelength. The resonance result is analyzed by 
the impedance transform technique and well interpreted with 
the transverse resonance method. The transverse resonance 
method introduces a complex frequency. The real part of com- 
plex frequency indicates the corresponding resonant frequency 
which drastically decreases for very thin films, d 5 10 nm. 
However, the imaginary part of complex frequency, increases 
for d 5 10 nm. The imaginary frequency corresponds to 
the microwave loss of the system and qualitatively consists 
with the prediction from parallel-plate transmission line. The 
investigation in multilayer structure presented here provides 
some possible useful information for the application of a BCS 
superconducting film in the microwave regime. 
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