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Chiral Hall effect and chiral electric waves
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We investigate the vector and axial currents induced by external electromagnetic fields and chemical
potentials in chiral systems at finite temperature. Similar to the normal Hall effect, we find that an axial Hall
current is generated in the presence of the electromagnetic fields along with an axial chemical potential,
which may be dubbed as the “chiral Hall effect” (CHE). The CHE is related to the interactions of chiral
fermions and exists with a nonzero axial chemical potential. We argue that the CHE could lead to nontrivial
charge distributions at different rapidity in asymmetric heavy ion collisions. Moreover, we study the
chiral electric waves led by the fluctuations of the vector and axial chemical potentials along with the chiral
electric separation effect, where a density wave propagates along the applied electric field. Combining with
the normal/chiral Hall effects, the fluctuations of chemical potentials thus result in Hall density waves. The
Hall density waves may survive even at zero chemical potentials and become nondissipative. We further
study the transport coefficients including the Hall conductivities, damping times, wave velocities, and
diffusion constants of chiral electric waves in a strongly coupled plasma via the AdS/CFT correspondence.
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I. INTRODUCTION

The anomalous transportinduced by electromagnetic fields
has been widely studied recently. In the presence of an axial
chemical potential, a vector current will propagate parallel to
an applied magnetic field led by triangle anomalies, which is
the renowned chiral magnetic effect (CME) [1-4]. Although
this effect was initially found in the deconfined phase, it may
exist in the hadronic phase as well [5]. Analogous to CME, a
vector chemical potential can generate an axial current along
the magnetic field, which is the so-called chiral separation
effect (CSE) [6]. These effects have been further derived from
varieties of different approaches, including relativistic hydro-
dynamics [7-11], kinetic theory [12-22], and lattice simu-
lations [23-27]. Also they were analyzed in the strongly
coupled plasmas through the AdS/CFT correspondences
[28-34]. However, in the Sakai-Sugimoto (SS) model as a
commonly used model for AdS/QCD [35,36], CME may
disappear when requiring both gauge invariance and con-
servation of the vector current [28,29,31,37]. For a recent
review of CME/CSE and related topics, see, e.g., [38,39] and
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the references therein. The effects are particularly important in
the heavy ion experiments, where the charge separation could
arise from the strong magnetic field produced from the
colliding nuclei and nonvanishing chemical potentials in
the quark gluon plasma (QGP). In light of CME/CSE, it
was proposed that the thermal fluctuations of the vector and
axial chemical potentials in thermal plasmas can further result
in density waves propagating along the magnetic field as the
chiral magnetic waves (CMWs) [3]. In [3], the dispersion
relation of CMWs was investigated in the framework of the
SS model with zero chemical potentials. As shown in [40], the
CMWs could generate a chiral dipole and a charge quadrapole
in QGP, which may contribute to the charge asymmetry of
elliptic flow v, measured in the relativistic heavy ion collider
(RHIC) [41,42]. Further study of CMWs in an expanding
QGP can be found in [43]. In addition to the anomalous
effects, the strong magnetic field also gives rise to profound
phenomena such as the enhanced photon production [44-49],
which could be crucial for the large elliptic flow observed in
RHIC [50] and in the large hadron collider (LHC) [51], the
production of heavy quarkonia [52-54], and the modified
shear viscosity of QGP [55,56].

In addition to the strong magnetic field, a strong electric
field could be produced in heavy ion collisions as well.

© 2015 American Physical Society
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The strong electric field, having the magnitude of m2 with
m,, being the mass of pions, could exist in the asymmetric
collisions such as the Au nucleus to the Cu nucleus in early
times [57]. Furthermore, the electric field can be compar-
ative to that of the magnetic field on the basis of event-by-
event fluctuations even in the symmetric collisions [58,59].
A novel phenomenon called chiral electric effect (CESE)
has been proposed in [60], where an axial current can be
produced parallel to the electric field in the presence of both
vector and axial chemical potentials. The direct-current (dc)
conductivity of the axial charge was found to be propor-
tional to the product of the axial chemical potential and the
vector chemical potential in the weakly coupled QED with
small chemical potentials compared to the temperature of
the medium. Such a relation was later verified in the
strongly coupled scenario in the SS model [61]. Moreover,
the relation is approximately held even for large chemical
potentials. Unlike CME/CSE, since CESE is not contrib-
uted by the Chern-Simons (CS) term related to the axial
anomaly but only by the nonzero vector and axial chemical
potentials, the axial current from CESE in the SS model is
well defined. Besides, in Ref. [62], the studies of electric
conductivities of nonsinglet currents in a weakly coupled
QCD system with multiflavors implies that the similar
behavior of axial conductivities in small chemical poten-
tials could also observed in QCD. Similar to CMWs, the
density fluctuations may induce the propagating waves
along the electric field as the chiral electric waves (CEWSs)
[60]. In phenomenology, the combination of CME and
CESE could possibly generate quadrapole distribution of
charge particles when the electric field and magnetic field
are perpendicular to each other as in the asymmetric
collisions. It is thus imperative to further investigate
CESE and CEWs.

We will continue our study in [61] to further explore the
CESE and CEWs with arbitrary chemical potentials. From
the classical electrodynamics, the presence of both an
electric field and a magnetic field perpendicular to each
other should yield a Hall current perpendicular to both

TABLE 1.
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applied fields. Since the CESE is analogous to the normal
transport process which is governed by the interaction
between the chiral particles, we will find an axial Hall
current similar to the axial current parallel to the electric
field in the absence of the axial anomaly.

In general, we analyze the CESE, classical Hall effect,
and chiral Hall effect (CHE) in chiral systems in the
presence of external electromagnetic fields and also inves-
tigate the propagating waves caused by the density fluc-
tuations with arbitrary chemical potentials. Nevertheless,
we will assume that the interaction between the chiral
particles dominates the topological effect and thus neglect
the CME/CSE. In addition, we will implement the SS
model to compute the transport coefficients including the
damping times, wave velocities, and diffusion constants
of CEWs.

For convenience, we briefly summarize CME, CSE,
CESE, CHE, CMWs, and CEWSs in Table I.

This paper is organized in the following order. In Sec. II,
we review the classical Hall effect and derive the axial Hall
current. In Sec. III, we will discuss the phenomenological
implications of the CESE and CHE. In Sec. IV, we then
generalize both the CMWs and CEWs to the cases with
arbitrary chemical potentials. Also, we analyze the CEWs
on the basis of the CESE and CHE. In Sec. V, we review the
setup of the SS model in a chiral symmetric phase at finite
temperature with chemical potentials and a constant electric
field perpendicular to a constant magnetic field, where we
further derive the axial Hall current. In Sec. VI, we will
analyze the CESE and CHE in different limits and present
the numerical results in the framework of the SS model. In
Sec. VII, we numerically solve for CEWs in the SS model.
In addition, we briefly compare the CEWs at small
chemical potentials in the strongly coupled QCD with that
in the weakly coupled QED. Finally, we make a brief
summary and outlook in Sec. VIII. Throughout the paper,
we will set B = B, X, E = E,§ when we discuss the Hall
and chiral Hall effects, where E and B denote the external
electric and magnetic fields in our systems.

A brief summary of CME, CSE, CESE, CHE, CMWs, and CEWs. Here py, uy are vector and axial vector chemical

potentials, respectively. j, and j, are vector and axial vector currents. o, (5,),,, (6,),, are transport coefficients.

Z

Currents Possible phenomena
Chiral magnetic effect Jv =32 14B, Charge separation along B field
Chiral separation effect Ja =5=mvB, Chirality separation along B field
Chiral electric separation Jjo=0,E, Charge and chirality separation
Effect along E field
Chiral hall effect Jvz = (04),Ey, Charge and chirality separation
Jaz = (04)Eys in rapidity direction

Chiral magnetic wave
with CME, CSE

Chiral electric wave Evolution equations

for currents with CESE, CHE

Evolution equations for currents

Density wave induced by magnetic
field and charge separation along B field
Density wave induced by electric field, charge
separation along E field and rapidity direction
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II. HALL EFFECT AND CHIRAL HALL EFFECT

In classical physics, the Hall current is coming from the
balance of two forces in a conductor, i.e., the electric and
magnetic forces,

eE = —ev x B, (1)

where v is the velocity of a single electron or positron and e
is the charge of particles. In a many body system,
multiplying the number density of particle n to the both
sides of above equations yields

neE = —nev x B. (2)

Recalling the charge currents in an equilibrium state,
Jeq0 = My Jeq(x) = n¥, with ¥ the average of the particles’
velocities at point x. Without external fields, the system will
be homogenous and je,(x) = nV — 0 in the local rest
frame. In the presence of external fields, most of the
particles will be accelerated by the E field and become
the normal electric conducting flow, while a few particles,
which move orthogonal to E, B fields and satisfy Eq. (1),
will not feel the external fields and cause a new current j.
Neglecting high order terms of E, B, this new current will
satisfy

joE = —j x B. (3)

Since the current is proportional to the absolute value of the
E field, one can consider it as another conducting flow and
introduce the conductivity tensor as

Ji =o0ijeE;. (4)

If E = E9, B = Bx, then we find

n

Ozy = — e_B > (5 )
which is Hall conductivity. Note that the above discussion
cannot be applied to a small B field case, otherwise, the
balance of two forces will never be reached, if |[E| > ¢|B],
with ¢ the speed of light. Since, if B = 0, there will be no
Hall effect, therefore, we expect that in the small B case, the
Hall conductivity will be

0, = —ntyeB, (6)

where 7y is the parameter with dimension MeV~2.
Physically, 7 is related to the interaction between particles.
Since when B is too weak, the interaction from particles
will give an effective force to each particle and the force
will help to satisfy Eq. (1). As shown in Eq. (A4) in the
Appendix, the 75 can be solved in the weakly magnetic
field limit in the Langevin equations (Al), i.e., 7y = M,

PHYSICAL REVIEW D 91, 025011 (2015)

with £ the drag coefficient related to the interactions and M
the mass of particles. A systematic discussion in both the
strong and weak B limit via the Langevin equation and
Boltzmann equation with relaxation time approaches is
shown in the Appendix.

Although it seems that the normal electric conductivities
o;; vanish in this discussion, for fixing E and B fields, as
we mentioned, only a few particles could satisfy Eq. (1) and
others will still be accelerated by the E field. Therefore, the
normal electric conducting flow is still there. This can be
understood in the language of the Lagevin equations or
Boltzmann equations, as shown in the Appendix.

Now let us extend our discussion to a chiral fermion
system. In this case, the single charge current will become
the right- and left-handed currents, jr and j;. In the
presence of axial chemical potential u,, the Hall conduc-
tivities in Egs. (5) and (6) for jg,, will be different because
of ng # ng,

(jR/L)i = (UR/L)ijEj- (7)

Therefore, the vector and axial vector currents are defined
as

(Jr = Jr)-

N[ =

(Jr + L) Ja =

N =

I =

There will be a CHE caused by the differences of Hall
conductivities of right- and left-handed fermions. If
E=E9 B=B,X we can define the normal Hall
conductivity,

(g +01).)- (8)

| =

(017)zy - _<6ﬂ)yz =

and the chiral Hall conductivity,

(or = 0L).- ©)

—
Q
Q
~—r
)
=
I
|
—
Q
5]
~—
[
]
I
N =

Now we can discuss the property of the normal and
chiral Hall conductivity. The parity transformation,
x — —X, will lead to

(Ga)zy(x) = _(Ga)zy<_x)’ (Gv)zy<x) = (O-v)zy(_x)’

(10)
which implies that o5y « u,, since in the macroscopic
scaling, there is only a pseudoscalar in our system, y4. In a

small 4y and p, limit, from Egs. (5) and (6), we find, in a
weak B field case,

<61))zy = )(eeBxﬂ\h
(Ga)zy :)(5e€Bxl'lA’ (11)
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and in a strong B field case,

(Gv)zy :Z/eTZMV/(eBx)’
(Ga)zy :)(/SeTz/"A/(eBx)7 (12)

with y, s, )(’6’56 a dimensionless function of 7 and E.

A similar effect can be observed in an anisotropic fluid
with the Berry phase. When neglecting the interactions
between particles, at external electric and magnetic fields,
the effective velocity of single right-handed Weyl fermions
reads [14—16]

x—3+ExQ+B<£-Q>, (13)
p| p|

where p is the momentum of that particle and Q =
p/(2|p]?) is the Berry curvature. The right-handed current
is defined by

jR :/(§;1§3 Xf<x’p)

d*p
= E x
VlRV+ /(2”)3

where f(x, p) is the distribution function. The third term
gives the CME. Once f(x, p) is anisotropic in momentum
space, the second term will induce a current perpendicular
to the electric field. However, this current can survive even
if B=0.In a2+ 1 dimensional noninteracting fermion
system, similar effects from Chern-Simions term in an
effective action of 2 + 1 dimensional QED are also appear
[63]. Quite different with above effects, the Hall and chiral
Hall effects depend on interactions and can survive without
topological effects and the Berry phase.

A
Qf(x.p) + 5B, (14)

III. PHENOMENOLOGICAL IMPLICATIONS

The CESE and CHE may have important implications
for the phenomenology of heavy ion collisions. For
simplicity, we consider a system with only u and & quarks
in the following discussion. If uy, > 0 or py, < 0, there will
be more particles or antiparticles, respectively. On the
contrary, if y, > 0 or u, < 0, there are more right- or left-
handed fermions.

In the following discussion, we will assume there is a
small net positive py after the two nuclei collide with each
other since, in total, there are more particles than anti-
particles. For CME and CSE, a finite u, is not necessary,
since the CSE will induce a finite 4, with the evolution.
Nevertheless, to simplify the condition in the presence of
both electric and magnetic fields, we ignore the detail of the
axial charge distribution from CSE and just assume there
exists a net positive 4 as an initial condition when we
discuss CESE and CHE. One can consider the net 4,4 to be
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induced by CSE or by fluctuations or topological transi-
tions of QCD vacuum in each events.

First, we will give a brief review of the scenario caused
by the CME and CSE. In the relativistic noncentral heavy
ion collisions, two nuclei collide with each other through
the z direction as the beam direction shown in Fig. 1 and a
very strong magnetic field B appears perpendicular to the
reaction plane, which is at the x direction in Fig. 1(a).
According to the CSE, because of the nonzero net baryon
chemical potential, the strong magnetic field will induce an
axial current and a local axial chemical potential y4. For
example, assuming the reaction plane is on the y-z plane in
Fig. 1, in the x > 0 or x < 0 region, the CSE will lead
ua > 0orpy < 0. When there exists a local axial chemical
potential, the CME will give rise to the charge separation,
where the positive-charged particles will be pushed away
from the reaction plane as illustrated in the right panel of
Fig. 1(a). These dynamical and reaction-plane-dependent
fluctuations of electric charge are expected not to vanish
when averaged over lots of events. A possible result from
these effects is the charge asymmetry encoded by the v,
difference of z* [40].

In [60], the authors considered a small global axial
chemical potential induced by fluctuations or topological
transitions of QCD vacuum in each event. For example, as
shown in Fig. 1(b), we assume there is a global 4 > Oina
certain event. In the Cu 4 Au collisions, because of geo-
metric asymmetry of the nuclei, there will be a large electric
field from Au to Cu in the early stage [57]; e.g., as shown in
Fig. 1(b), the E field is along the y direction. Because of the
normal electric conduction j, « E, the positive- and
negative-charged particles will be dragged to the y > 0
and y < 0 regions, respectively. However, since the CESE
yields j, o pyusE, the right- and left-handed quarks will
also be pushed to the y > 0 and y < 0 regions, respectively.
Therefore, the electric field enhances the charge and
chirality separation. Now in the y > 0O region, there are
more positive-charged particles and more right-handed
particles, i.e., locally uy > 0, uy > 0. While in the y < 0
region, there are more negative-charged particles and more
left-handed particles, i.e., locally py < 0, py < 0.

Now we can add the CME and CSE to the system. As
shown in the right panel of Fig. 1(b), in the y > 0 region,
since j, x uuB and j, x uyB with puy, py >0, the
positive-charged and right-handed (or negative-charged
and left- handed) quarks will move along (or along
the opposite direction of) the B field and accumulate in
the x > 0 (or x < 0) side. Similarly, in the y < 0 region, the
opposite processes will occur because of uy, p4 < 0. In the
x > 0 side of the y < 0 region, the positive-charged and
right-handed particles will move along the opposite direc-
tion of the B field. Note that, initially there is the net yy, > 0
after the collisions. Therefore, after the evolution in the
x > 0 side there will still be more positive-charged particles
at the y > 0 region than negative-charged particles at the
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FIG. 1 (color online).
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A schematic illustration for (a) CSE and CME, (b) CESE and CME, and (c) Hall and chiral Hall effects. In (b),

(c), for simplicity, we have assumed the system has a u, > 0. In those figures, two nuclei collide through the z direction. The strong
magnetic and electric fields are at x and y directions. The origin of the frame is set to be the center of the fireball. In (c), we find a possible
charge and chirality separation induced by Hall and chiral Hall effects in the z direction.

y < Oregion. Eventually, the combinations of magnetic and
electric fields might cause a quadrupole distribution at a
certain angle W, with respect to the reaction plane.

The Hall and chiral Hall effects are expected to play a
role in such strong electric and magnetic fields. However,
the dynamics evolution is very complicated and the
quantitative predictions require numerical studies in hydro-
dynamics. Here, we will only discuss some possible
phenomena in a qualitative description. For simplicity,
we neglect all other chiral effects except Hall and chiral
Hall effects. As illustrated in Fig. 1(c), in heavy ion
collisions, the fireball is approximately boost invariant
along the z direction as the beam direction in Fig. 1(c).
Since both magnetic and electric fields are at the transverse
plane (x, y) in Fig. 1(c), according to (5) and (12), the Hall
and chiral Hall effects will only induce currents antiparallel
or parallel to the z direction. For example, we assume there
is a global net p4 >0 and uy > 0 in the QGP. Since
Jv.z & —n, o —py, the positive-charged particles will move
antiparallel to the z direction, while the negative-charged
particles will move parallel to the z direction. From
Jaz &% —n, < —u,, the chirality separation happens sim-
ilarly. It will further causes the nontrivial charge distribu-
tion with rapidity. Note that an axial Hall current can be
generated by the CHE even at yy, = 0. Furthermore, when
combining the CESE, CME, and CHE, we might find the
difference in charge asymmetry of the flow coefficients v,
of charged pions with different rapidity. For example, we

could expect that the quadrupole distribution will be
enhanced in the backward rapidity but reduced in the
forward rapidity.

In the next section, we will study the propagating waves
coming from the density fluctuations and the above effects,
while we only consider the fluctuations of currents and then
solve the linearized desperation relation and discuss all
possible propagating modes. We will leave the numerical
studies based on hydrodynamic simulations in the future.

IV. DENSITY WAVES WITH FINITE CHEMICAL
POTENTIALS

A. Chiral magnetic waves

We first review the derivation of CMWs from the CME
and CSE in the right-handed and left-handed (R/L) bases
in the presence of an external magnetic field. However, we
will consider the presence of nonzero chemical potentials
and electric conductivities of the medium. The CME and
CSE along with the internal electric fields yield

(15)

where 1 = N.e/(2z*) and o/, denote the electric con-
ductivities for right/left-handed fermions and B denotes a
constant strong background magnetic field. Therefore, the
fluctuations of magnetic fields from the charged particles
could be neglected. For simplicity, we further consider a

Jr = 4B + eogE;y, jv =~ B+ eo Eyp,
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decoupled system, where the right-handed fermions do not
interact with the left-handed fermions. The E;, here
represents an “internal” electric field, which may come
from a charged medium. Given that the right-handed
fermions do not interact with left-handed fermions, we
may assume that ug(cg) and p; (6;) depend on j% and j9,
respectively. By implementing the conservation equation
9, =0and V-B =0, V-E;, = j9, we obtain

dojg +AB - Vg + eopj) + eEyy - Vor = 0,
802 — B -V, + ec 0+ eByy - Vo, =0.  (16)

We then introduce the fluctuations of the charge densities in
R/L bases,

JriL = rL + Sigy- (17)

Inserting the static charge densities ng/;, or n,,, back to
(16) and assuming o/, and ug/; are uniform, we can solve
the charge densities directly, i.e., n, = ng, exp (—eoc,t)+
const, with the n,, constant given by initial conditions.
That implies the nonzero charge density will eventually
damp out with the damping time 7. = 1/(eo,), which was
as well indicated in [60]. Therefore, the time scale of the
fluctuations 6jg/, or j,/, is required to be much smaller
than the damping time 7.. Fortunately, we find in the
following model used in Sec. VI, the damping time scale is
about a few fm/c.

By using the results in our previous study of the dc
conductivities in holography in [61], we get ec, ~ 576,

|

PHYSICAL REVIEW D 91, 025011 (2015)

with 6, being a dimensionless constant depending on the
ratios of vector and axial chemical potentials to temper-
ature. When 7' = 200 MeV as the average temperature in
RHIC, we obtained es, ~26 MeV for puy = u4 =0 and
ec, ~36 MeV for yy = 4T and p, = 0. The correspond-
ing characteristic times are 7.~7.6fm/c and
7.~ 5.5 fm/c, respectively. These values of the damping
times are sufficiently long to compare with the fluctuations
we assumed here. In this case, we can just simply consider
ngs Or n,, as constants in our following discussion.
Similarly, according to the lattice calculations [64—66], the
dc conductivity of a static QGP is es, ~5.8T/T, MeV
with T, the critical temperature. The damping time scale is
about 7, = 1/(ec,) ~ 17-34 fm/c for T ~ T, — 2T as the
temperature of the QGP in RHIC.
From (15), we find

djr = AarSjyB + efrbj % Ein.
djL = —2a.6/)B + €5/ Ein, (18)

where

o N (&“R/L)
R/L — \ 5.0
LT p—

36R/L
) } - a0
/R/L (8]0 )

K1 Jo

(19)

By assuming a uniform charge distribution, where ng,;, are
spacetime independent, (16) becomes

Do0j% + AagB - V§j% + efrn,5j% + eordj% + efrEin - V5% =0,
00010 — 2a; B - V89 + epyn,8j0 + e6,50 + efEin - VS = 0. (20)

Here we assume that ug,; and o/, have no spacial dependence, while their fluctuations do. For E;, << B, we may drop the
last terms explicitly depending on the electric field, whereas we could preserve the terms contributed by nonzero fig,; and
og/L- We may now rewrite (20) in terms of the vector/axial (v /a) bases, which read

9067} + Aa_B - V&) +a B - VEjq) + en,(8,.8]) + f-8j3) + ea,6]) = 0,
00670 + A(a_B - Vi + a, B - V&%) + en, (5% + p.51°) + ec,5j0 = 0, (21)

where

; . ;
5/;/11 ) (8jg £87j1)

1

fr= %(ﬂR j:ﬂL)7 Opla = ) (UR + O'L)- (22)

By taking & j?, Ja = C, /ae‘iW’+ik"‘ with C,/, being constants, we derive the dispersion relation

ieo,

2

0. =la_B -k —ien,f, —

e oy

+ \/(/I(X_,_B -k — ienvﬁ—)(ﬂa+B -k — ie(”vﬂ— + O-a)) - 4 (23)

where C, = £C,. In the hydrodynamic description, we may make a small-momentum expansion of the right-hand side

in (23),
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iaz 2% (02— 62)(B - k)?
(U + 4n,B_c, + )"

wy = —ie <”vﬁ+ + %) :Fie\/n%ﬂ% +n,p_o, + %y /1<a + a, (2n,f- + 04)

- — 2>B K
VAP +4n, o, + o

+ O((B-k)%). (24)

The momentum-independent terms above characterize the damping effect and the prefactors of the terms linear to k
correspond to the wave velocity. The last term proportional to k? is associated with the diffusion.

For a chargeless system (n, = 0), the two modes become

Oq4

2

w, = —ieo, —|—l<a_ +a, —)B -k +i(ec,) a2 A? <1 - 0—;) (B-k)>+ O((B - k)?),
c

4 v

w_ = /1(05_ —a, %> B -k —i(es,) 'a2 A? (1 -

67)

In the limit of n, =0 and o
relation in (23) further reduces to

vja = 0, the dispersion

oy =A(B-K)(a_Fa,) =-AB K)o,

It turns out that there exist two wave velocities
v, = N |eB|ag,,/(27%). For small chemical potentials
(small charge densities), agr = a;, the two velocities
become degenerate. Our result then reduces to what has
been found in [3].

B. Chiral electric waves

Generally, in a QCD plasma, the interaction between
left- and right-handed fermions will play a role to the
propagating modes. However, since we will only inves-
tigate those modes by the SS model, in which there are no
effective interactions between the fermions with different
chiralities, we will neglect this kind of interaction in the
following discussion; i.e., we assume oy (or o) will only
be functions of T and ug (or y; ), respectively.

By following the same strategy, we can derive the CEWs
in the presence of an external electric field. We may start
with

Jr = eog(ugr)E = eUR(j(z)e)Ev
jL=eo (u )E = EGL(]'(Z)E‘ (27)
In general, we set E = E¢ + E;,, where E.y and E;,

denote the external and internal electric fields, respectively.
|

906j0 + e(BLE - V59 + p_E - V55 + n,p. 5/ + n,p_5j% + ¢,6j9) =0,
006j5 + e(B_E - V50 + B,E - V&) + n,p_8j0 + n,p,5/% + 0,6/%) = 0.

Z—i) (B-Kk)>+ O((B-k)%). (25)

v

|
We may assume that the external electric field is a constant
field, whereas V - E;, = j. Similarly, we introduce the
fluctuations of the currents,

djr/L = ePr/L6/g L E- (28)
The conservation equation 9, j* = 0 then leads to
80j(l)€/L +eE - Vog) +eog V-E =0. (29)

By further perturbing the above equation and utilizing V -
E = j) and dog), = PrjL8/%,,, we find

8051%/L + eﬁR/LE . V(S]%/L + EﬂR/anéj%/L
+ EGR/Léjg = O (30)

Here E in the above equation is the total electric field. In a
strong external field case, the contribution from E., is
dominant, where the one from E;, can be neglected.
However, in the absence of external fields, E;, becomes
dominant. Actually, in this case, this term plays an
important role to guarantee the conservation of the total
charge number. Especially, in the n, = 0 limit, this term
will be proportional to E;, - k and finally appear in (34).
Although it will be subleading in terms of the fluctuations
in the bulk, it will be in the order linear to & j% ; on the
surface of the medium, which yields the propagation of
density waves outward from the thermal medium. The
argument for the Hall current in (40) is similar.

We may further rewrite (30) in terms of the v/a bases,

(31)

When taking o jg Ja = C, /ae‘iW’+ik'X with C,/, being constants, the dispersion relation reads
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; 2
w, = B, E K —ienf, — 2+ e\/(ﬂ_E k—in,f_)(pE -k —i(nf._+0,)) - %. (32)
By expanding (32) with the momentum in the hydrodynamic approximation, we obtain
. Oy oy ﬁ—(2ntﬁ— + Ua)
wy = —ie| n,f —I——:i:\/n%ﬂ%—&—nvﬂ_aa—l——)—&—e(ﬂ + E -k
: ( T2 TV An o, + o2
ief2 (0y — o3)(E - k)
+ O((E -k)%). 33
(4n2p% + 4n,B_o, + 62)3/? (( y) (33)
Similar to CMWs, for a chargeless system (n,, = 0), we find two modes,
O, 62
w, = —iec, +e <ﬂ+ +p a)E -k +iecy! %(1 - g) (E-Kk)2+O((E-k)%),
01} 61)
O, 02
w_ = e(ﬁ+ - B —")E -k —iec,' B2 <1 —g) (E-k)2+ O((E-k)?). (34)
o, oy
When considering the chargeless case (n, =0, o,,, = 0), the dispersion relation in (32) reduces to
s = e(E-K)(B.Fh) = —e(E - K)f, or e(E-K)p. (35)

This result is very similar to that for CMWs. Although the
wave velocity of CEWs is dictated by the fluctuations of the
conductivities, it implicitly depends on the fluctuations of
the chemical potentials which influence the conductivities.

We may now consider the CEWs in the limit of small
chemical potentials. In light of the assumption in [60] based
on the symmetries, the currents in R/L bases are

ir/L = e(og +Pﬂ%e/L)E7 (36)

where p is a function of temperature. Note that we drop the
interaction between the R/ L sectors, which is interpreted as
the screening in [60]. From (36), the CESE is given by

Jv = e(oo + p(ps + p2) )E,
ja = eXeﬂUﬂaE’ (37)

where y, = 2p. Given that ug;, = agLjy,, [67], which
corresponds to the case with small densities, we obtain

ﬂR/L = 2,00!%3/L’1R/L- (38)

For small chemical potentials, we have ap = a; = a,,
which yields

p. =2pa’n,, p_ = 2pa’in,. (39)

The wave equations in (31) up to O(n,,) now reduce to

[
096j0 + 2epa® (n,E - V&9 + n,E - V5j9) + ecysj% = 0,
06870 + 2epal (n,E - V810 + n,E-V5/0) =0.  (40)

We may compare (40) with the result found in [60]. By
definitions, we find

o O _ 1 (OugOjp  OpL Oy _
o0 2\9/% 059 " 9j0 )9 -
Opg 1 (Oug 8]% Opr 8]2
_ OHa _ 1 (OHROJR _OHL —a, =a, (41
%= 50 73 (61% o0 " apan) = T G

When turning off the magnetic field and taking y, = 2p and
p = o, as defined in [60], we find that (40) is consistent
with the result therein in the absence of a magnetic field.

By further including the Hall effect yet excluding CME
and CSE, the fluctuations of the currents become

(8irsL)i = ¢(PryL)i;07%L E;» (42)
where
a(GR/L)i'
o= (Cg) @
]R/L j%/[‘an/L

The wave equations now take the form

008 + ¢(BryL)iiE0:81% + €(BryL)inoiR).
+ e(og/1)i0j) = 0. (44)

025011-8



CHIRAL HALL EFFECT AND CHIRAL ELECTRIC WAVES

PHYSICAL REVIEW D 91, 025011 (2015)

We can subsequently work in the v/a bases and derive the dispersion relations. By taking & jg Ja = C, /ae"'W‘“k‘X with C,/,

being constants, the dispersion relation reads

. ie(0,); : . e*(0,)i
0y = e(ﬁJr)ijEjki —ien,(f.); — o Te ((ﬁ—)ijE'ki - lnv(ﬂ—)ii)((ﬁ—)ijE'ki —i(n,(B_)y + (04)i)) — 1
(45)
In our setup, we have
(Gv/a)ii - (Gv/a)yy’ (ﬂﬁ:)ii - (ﬁi)yy’ (ﬂi)l]Ejkl = (ﬁi)zyEykZ + (ﬂi)nyyky’ (46)
After making the momentum expansion, the dispersion relation in (45) becomes
oy = =ity + (vy)k = i(D:t)ijkikj’ (47)
where
Oy)ii Oy 121
it =m0+ O o+t + 90,
(B)ij(2n,(B_)ii + (04) 1)
(v = (B £ )£
\/4”1;(,5—)1‘1‘ +4n,(B-)ii(04)ii + (0,)5;
(D.) — % e(B2)i(B-)j1((0)mm = (02)7m) (EXED) (48)
+)ij = :
T (An(Bo ) + A1, () () + (00) 7)Y
[
Here 7., represent the damping times for two modes of the b _ U\3/4 _ 2zN. 1
density wave and (v, ), correspond to the wave velocities. e =9%\7) > YTy, €4 (51)

The diffusion of the density wave is characterized by
(D.);;- In the following sections, we will employ the SS
model in holography to investigate the CESE, CHE, and
CEWs in the strongly coupled QGP.

V. SS MODEL

We will follow the approach in [68,69] to investigate the
currents induced by the external electromagnetic fields at
finite chemical potentials. In the SS model at finite temper-
ature, the induced metric of D8/D8 branes in the chiral
symmetric phase is given by

ds® = (%) P Cpwyar + d)

L\3/? dU? L\
+<5> f(U)+<E> UrdQ;,  (49)

where f(U) = 1 — U3/ U? with Uy being the position of an

event horizon and L = (zg,N.[})'/3 is the curvature
radius. The temperature of the background reads

3 (U2
T=—|—+ .
4 (L3>

There are also background dilaton and form flux

(50)

where V, is the volume of the four-sphere and €, is the
corresponding volume form. The full Dirac Born Infeld

(DBI) action reads
Sper = Sps + Spg- (52)

where

Sps/ps = —Tps / dgxe“/’\/— det(g+27a'Frg).  (53)

Moreover, we have CS terms

cS
SDS/m

N,
/d4de€MNPQR(AL/R)M<FL/R)NP(FL/R)QR'

~ T o6r?
(54)

By turning on the world-volume gauge fields [70],
(ALsr)(U), (Apg) (. U) = (ap k) (U), (Apr), (1, U) =

—Eyt+ (arr),(U), and (Apjr).(t.U)=B,y+(arr).(U),
we obtain

Spg/ps = —C / d*xdUUSVX,
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where
BZL% E2L3 BZLB E2L3 ;2 BZL3 2B XE,L3A, / E2L3
X =1+ a2 ) a1 - tfal + R T e 3
Ul U U fU U CfU
Tps VL2 N.
C=-7 = e (55)
g 96771913/

Here the primes denote the derivatives with respect to U. We also set 2712 = 1 GeV~2 and drop the L/R subscripts above
for simplicity. In our setup, the CS terms read

N,
o 9672 d*xdU(B,(Ad; — a,A)) + Ey(aa; — a.a)). (56)
The full actions take the form
Spa/oe = C( / d'xdUU VX £ 1 / d*xdU (B, (Ad, — a,A}) + E,(a,a, - aza;»), (57)

where r= N_/(122°C) = (2z1,)°L?>?. We may add the boundary terms according to [69], which lead to
r =3/2 x (2zl,)>L*/*. The value of r actually depends on the renormalization scheme. The equations of motion are

273 BE, 3
U5/2((AL/R>;(1 + Bfﬁ )= (ar/r). =)

= (Jr/r) F2rB.(ar k),

= (Jrr) F2r(B(ALr), — Ey(ar/r).)

B.E,L> E2L}
U3 +f(aL/R);(1 _W))

X/

where (J; /) ,, are integration constants. In the AdS/CFT correspondence, the electromagnetic currents correspond to the
boundary currents of the DBI actions. From the definition of boundary currents,

U((Asr)i

= (Jr/r) . F2rEy(ar/r), (58)

. 0Sgom (5Leff>
Ju=Jb = = ) (59)
B # 5A”(oo) 6A;, Usco
we have
US2((A BEL
L/R C< ((AL/r); X ) (aL/r),=75) " er(aL/R)x) ,
V L/R U—-oo
U5/2f aL/R (1 EL;-'—&?)
U U
L/R = C( X ! Fr(Bi(Arr): — Ey(aL/R)z>> ’
L/R U—oo
C( > b
L/R XL/R U—>oo
X \‘ E L
Y US/z((AL/R); N7 +f(aL/R)2(1 fU% )
(JL/R) cl- X :F”Ey(aL/R)x ) (60)
VvV *L/R U—-oco

where L.y is the effective Lagrangian. By comparing (58) and (60), the boundary currents can be rewritten as
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(JL/R) C((Jr/r)FrBe(ar/r)) oo

PHYSICAL REVIEW D 91, 025011 (2015)

E2L3\ E,B
(1 _W)(JL/R)t fU% (JL/R) |

(AL/R); ==+

( L/R)x ( (JL/R) i’"(Bx(AL/R)z—Ey(aL/R)z))U_,oov \/Z '
J
( L/R)V (JL/R))’ (AL/R>; _ j:|( L\//RZ_)X
(U je): = C(=(sr): = rEy(a/r))y o (61) /
(1 + 55 = T Tue),
Following [69], we may define the modified currents, (Ajr)y =+ "z \;_ ,
J 273 ~ 3~
Usm)s = U F2rBy(an ). iy — 2 OO =B Ol (o
(J/r)x = (Jr/r)F2r(Bo(AL/r), — Ey(arr).) LR vz ’
(Jrr)y = (JL/r)ys
(Ji/r). = (Jrm). F2rEy(apr),. (62)
where
By doing some algebra with (58), we find
|
BL® EIL’ ~ (jL/R)2 + (jL R): L’ ~ E,(J1r):\> (Jr/r)?
Z= (1425 =2 (U5 4 (T )7 — R TR B (Jpyr), — R ) R (64
( + U3 fU3)( +( L/R)t f U3 ( L/R)t f f ( )

By requiring that (A, /z),, arereal and well defined, we have to
make both the numerators and denominators on the left-hand
side of (63) vanish at a critical point U = U,.. We thus have

273 3
(1-225) Guswdy - 22 g =0,
(jL/R)x =0,
(1+25) o - 2 G, =0
2(U)=0.  (65)
|
(Jo/r)x = £2r(B(AL/r), — Ey(arr),)u-v, -

3/2773/2
E,L3*U;
BIL? + U}

.= (5

(Jrm)y =—

The boundary currents then become

(JL/R) = C[F2r(B.(AL/r), —

. [ELUY?
(JL/R) B§L3 + Ug

E,(Jyr)L> £2rE,U° (aL/R)x>
U=U,

. =c|(

|
Note that the first equation in (65) is redundant, which can be
obtained from the third and fourth equations therein. In fact,
(65) is equivalent to finding the double zeros of Z(U,.) from
the expression in (64), where all three terms therein have
double zeroes at U,.. From the third equation in (65), we find
the critical point

Ur L
U.= 21/3<1+U3(E2 B2)

4B2L3 < L? 2\ 1/3
+ —+ [ 1+ — (E B2)>> . (66)
\/ Uy Uy

One may now solve the rest of equations in (65) to derive
(Jr/r); fori = x,y, z in terms of (J; /g),. We find

((Jyr)? + BAL3U? + USFArB,(J1jp) (arsr), + 4B3r(ar )2 i,

B2L3 + U3 (67)
Ey(aL/R)z)U:UC + r(Bx(AL/R)t - Ey(aL/R)z)U:oo]’
((Jr/R)? + BIL*U? + UF4ArB, (I r),(ar k), + 4B,%r2(aL/R)§);J/2UC] ;
_BXEV(JL/R)[LB:FZ'rEyU}(aL/R)x)
: £ (rEy(ar/r)s) y—os | - (68)
B)ZCL3 + U3 U=u. y / U=
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In the presence of CS terms, we find that (J,g); not
only depend on (J, ), but also depend on (a; ), and
(apsg), at the boundary and U.. It turns out that the gauge
invariance of the boundary currents is broken by the CS terms.
The nonzero values of (ag,;);(c0) with i = x,y,z corre-
spond to the pion gradient in the chiral-symmetry-broken
phase [71]. In the chiral-symmetry-restored phase,
(agsr)i(o0) become free parameters, which are set to zero
in [69]. For simplicity and preciseness, we focus on
|

PHYSICAL REVIEW D 91, 025011 (2015)

the condition that the particle interaction dominates the
topological effect. The axial Hall current should exist without
the axial anomaly, while it could vary in the presence of the
strong axial anomaly and become non-gauge-invariant in the
SS model.

Considering the gauge-invariant currents from inter-
actions, we may turn off (a;g),(U) and neglect the effect
from the CS terms. By rewriting (67) in terms of vector/
axial bases, we find

(Je, ), = CE}‘LS/QUg/Z
v/ay (B2 + UR)

BXEV(JU/u)lL3

Jb ), =—C——=—
oya): B2L? + U?

(JZ/a)t = C(Jv/a)t‘

Now, both (J7 ), and (J7),)
densities (J? /4); on the boundary as functions of the
chemical potentials. To find the relations between the
charge densities and the chemical potentials, we have to
solve the field equation of (A /g), in (63). By utilizing (67),
this field equation can be further written as

. depend on the charge

1 EIL3U} J
(A ), o |( _fU3(B)2fL3+U§))( L/R)t| (70)
L/R)t — \/—
Z
We will then render the boundary conditions

(Ar/r);(Ur) = 0 and numerically solve the field equation.
The chemical potentials are given by

HL/R = (AL/R)t(OO)v (71)

which are varied by the values of (J, /g),.

VI. CESE/CHE IN HOLOGRAPHY

A. Weak and strong electromagnetic fields

Although the boundary currents with different chemical
potentials can be solved numerically, we may approximate
their analytic expressions in the limit of weak electromag-
netic fields. In the presence of weak electromagnetic fields,
the induced currents should follow the linear response
theory. When taking E,~ 0 and B, ~0, from (70), the
chemical potentials are given by

KL/R 2 P <3 113 1 )

—:~—2 \TA°~°7n° 75 |

Ur 30937 '\1002710° T 5,
Ur

IR

72
( L/R)t ( )

fJL/R =

(WU, + T2+ B2+ US £/ (,), = U),)* + BLYU2 4 UY),

(69)

|
In the limit of U, /& = 0, which corresponds to high-
density or low-temperature conditions, we find

Fur 2r(QYr(p) 100 Lo ). (T3)
Ur = 3zl 3r(3) L/R/:
T L/R 10

Up to the leading order in the expansion with respect to
Uy g, we obtain

_ (L 3VE NP
UL/R):-(m) T (74)

By expanding the boundary currents in (69), we derive the
relation between the currents and chemical potentials in the
high-density (low-temperature) limit. The currents now
take the form

=5 (5) W o)

CE 3 5/2
=53 3y 3 1\/7_713 P‘?e/z i/‘i/z)’

CB.E, 3V 512 5
I, = = ), (75
( v/a)z 766 <2F(%)F(%)> (:“R 1293 ), (75)

where a = 4r/3. ~

On the contrary, in the limit of U /R = 00, which
corresponds to low-density or high-temperature conditions,
we find

HL/RN2~—5/2 1 F—15/2 71—25/2
U—T~§UL/R _EUL/R +O(UL/R )- (76)

Up to the leading order in the expansion with respect to
UZ}R, we obtain
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3
Usm); =5 U7 bu e (77)

The boundary currents now read

CE Ou?
Jb oy =X o2 (4 R
( v/a)y 2 P (( + 8(612T2L3)2

Iui
+ 14+ —— s
( +8<cﬂT2L3>2>>

3CB,E,
(Tosa): = —W (Mg % pp)- (78)

One may further rewrite (78) in terms of uy/py,

9
(J7), = CE,a®T?L*" (1 + ST (3, + fo)) :
9CE,
b _ y
(J2)y = AR LR HVEA
3CB.E
b _ Xy
(‘]u/a)z = _W”V/A’ (79)
(/%)
Ey /‘AlV I‘AIA
0.1070
0.1065 |
0.1060
0.1055
0.0 02 0.4 06 08 1o M

FIG. 2 (color online). The green, black, blue, and red (from top
to bottom) correspond to py = 0.0027, T, 1.67, and 2T,
respectively. The solid and dashed curves correspond to
(B, E,) = (m%,m%) = (0.135%,0.135%) GeV? and (B,.E,) =
(0.0012,0.01%) GeV?, where fiy/x = py/a/T. ’

("),
E,B.ji,
~040

—042}

~0.44F

—0.46F

—048 |

0.0 0.2 0.4 0.6 0.8 10

FIG. 3 (color online).
in Fig. 2.

The color corresponds to the same cases
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where py /4 = (ug £ p1)/2. The small-chemical-potential
dependence here is consistent with that found in [60,61]
and (11).

In the presence of strong electromagnetic fields, we are
unable to solve (70) analytically with the strong-field
approximation. Nevertheless, it is useful to further inves-
tigate the explicit dependence of the electromagnetic fields

0.0 0.2 0.4 0.6 0.8 1.0

FIG. 4 (color online). The green, black, blue, and red (from top
to bottom) correspond to u, = 0.0027, T, 1.67, and 2T,
respectively. The solid and dashed curves correspond to
(By.E,) = (mi,m2) = (0.135%,0.135%) GeV? and (B,.E,) =
(0.0012,0.01%) GeV?.

("),
E,B.ji,
~040 [

-042

—044 L

—-0.46

-0.48 -

0.0 0.2 0.4 0.6 0.8 10!

FIG. 5 (color online).
in Fig. 4.

("),
E,B. R,
—0.40

The color corresponds to the same cases

—-0.42

044 L

—046

—-0.48 ¢

0.0 0.2 0.4 0.6 0.8 oM

FIG. 6 (color online).
in Fig. 4.

The color corresponds to the same cases
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and charge densities for the boundary currents. When
having large E, and finite B,, we find U} — L*E;. By
doing some algebra with (69), we obtain

(/).
E, B, fi,
~0.40

—042}

—0.44F

—0.46F

—048f

L L L L L

0.2 0.4 0.6

0.0

FIG. 7 (color online).
in Fig. 4.

The color corresponds to the same cases
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(/8), = CLY2E2,
_(D,Uh),

b
Ua)y = CL2EY
(Jb ) N_BX(J?)/LZ)I
v/alz ™~ E :

y

On the contrary, when having large B,

find U? — U3, which gives

UY’E,
(B, ~C ) )
(Jb) ~ Ey(‘]g)t('lﬂb)t
“reooeLiBy
(]b ) N_Ey(‘lf'/a)t.
v/alz Bx

o)
0.038
0.036
0.034

0.032

and finite E,, we

)y

0.0008 |
0.0006 |
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(b) axial charge density, (c) vector current, (d) axial current, (¢) vector Hall current, (f) axial Hall current.
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B. Numerical results

We now numerically solve (70) for the boundary
currents. The numerical values of the relevant coefficients
are

2712 =1 GeV~2, A= ghyN, =117,

My = 0.94 GeV, (82)
which give

L = 2Myx) 7 (3 N:2) = 1.44 GeV3. (83)
We can further set N,.=3, which leads to

C =0.0211 GeV~'%/2, We then choose the temperature
as the average temperature in RHIC,

b
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0.080
0.075
0.070
0.065

B,
100 2

20 40 80
)y
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0.010}
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B,
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0.0002
0.0001F

Bx
100 1,2

40 60 80

(e)

20

FIG. 9 (color online).
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T =200 MeV = 0.2 GeV, (84)

which yields

Ur = 1.02 GeV-'. (85)

We first evaluate the axial currents generated by weak
electromagnetic fields and by the average electromagnetic
fields in RHIC [57,58] with different chemical potentials.
In Fig. 2 and Fig. 3, we fix the vector chemical potentials
and vary the axial chemical potentials by implementing the
shooting method, where the currents are normalized by C.
We find that the axial currents led by the CESE are
approximately proportional to uyu, even with finite
chemical potentials. Our result is consistent with what
has been found by using the Kubo formula in [61].
Moreover, the axial Hall currents are approximately linear
to u,, which match the approximation under weak

)

0.042
0.040
0.038
0.036
0.034
0.032

B
100 /2

20 40 80

%),

0.00003 ¢
0.00002

0.00001 ¢

20 40 60 80 100 1,2

—(J%):

0.00035¢
0.00030¢
0.00025
0.00020¢
0.00015¢
0.00010¢
0.00005 ¢

B,
100 1,2

40 60 80

()

20

Boundary currents normalized by C with E, = m2, u, = 0.2T, and u, = 0.17. (a) vector charge density,

(b) axial charge density, (c) vector current, (d) axial current, (e) vector Hall current, (f) axial Hall current.
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electromagnetic fields and small chemical potentials.
Analogously, the vector Hall currents are also approxi-
mately linear to uy as shown in Fig. 6. It turns out that the
small-chemical-potential approximation could be applied
to the conditions when the chemical potentials are around
the magnitude of the temperature. Also, the average
electromagnetic fields in RHIC only result in minor
corrections. The similar behaviors of the axial and vector
currents can be found in Fig. 4, Fig. 5, and Fig. 7 when we
fix the axial chemical potentials and vary the vector ones.
Next, we may study the electric and Hall currents varied
by electromagnetic fields. The numerical results are shown
in Figs. 8 and 9, where we fix both the vector and axial
chemical potentials to be small compared with the temper-
ature. In Fig. 8, we fix B, to the average value in RHIC and
vary E,. In the regions of the small electric field for
E, < 20m,r, the increase of the charge densities led by E, is
rmld while the currents (J° o)y/. are linear to the electnc
field as expected from (79). In the region with a large E,,
the charge densities are increased by the electric field when
fixing the chemical potentials, while the currents start to
decrease except for (/) ,~ The result could be qualitatively
consistent with the strong-field approximation in (80).
However, the increase of (J° /a), mitigates the decrease
of (J3), and (J% ), In Fig. 9, we then fix E, and vary B,.
We observe the linear increase of (J?, ). as expected from
(79). Also, the decrease of (J ), is mild with small B,, but
the nonlinear effect quickly takes over for (J%),. In the
region with large B,, all currents decrease as ar{ticipated
from (81).
|
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VII. CEWS IN HOLOGRAPHY
A. CEWs in the SS model

In this section, we will investigate the transport coef-
ficients of CEWs in the framework of the SS model. We
may focus on the cases with weak electric fields such that
the boundary currents are linear to the electric fields, while
we may preserve the nonlinear effect from the magnetic
fields encoded in the conductivities. Also, we will neglect
the contributions from the CS terms. From (68), we find

(BL/r) LUy (/R
L/R)yy = 1273 3
BiL +UT\/<JL/ )2 + B2LAU3 —|—U5
-B,L3
(ﬁL/R)zy = B%L:; T U%v (86)

where we take U, ~ Uy for small E,. Since (f,/z),, are
independent of (Jy /g),, we directly obtain (_),, = 0 for
arbitrary chemical potentials. We thus obtain

(5jv) - (( )”5].(1); (ﬁ—)yyéjg)Ey’
(6ja)y = ((B-)yy )5 + (B1)yy0/a)Ey.
(5jv/a)z - ( +)Z)‘5]y/a y- (87)

The transport coefficients in the dispersion relation read

= <n (B)yy + (0;)” + ¢ n3 (B )3y + o
(B)yy (21, (B-),y + (9a)y)

(ﬂh@&+wﬁo,

(), = < \/4;%

)’)’ + 4n (ﬂ—)yy(aa)yy + (0-1;)3),

(vi)z = (ﬂJr)zy v

) (B2, ((60,)2, — (023 (E2)
D) = F G2 (B2, + 4n(B)yy (0a)yy + (0B
(D:i:) (D:t)zv ( )yz 0.

Recall that (o,),, > (0,),, in the limit of small chemical
potentials. By further turning off n,, we find that only the
7=! vanishes. Therefore, when n, = 0, the dissipation of
the “—” mode of CEWs only comes from the diffusion.
Although the diffusion constant for the “+” mode here is
negative, the finite damping time should dominate the
dissipation. The same argument can be applied to CMWs
shown in (24) as well. Moreover, the “—" mode of the Hall
CEWs becomes nondissipative when n,, = 0 and k, = 0.
This may be somewhat anticipated since the Hall currents

(88)

|
are not influenced by the collisional effect in the “stationary
state” in the absence of the currents along the electric field,
which is equivalent to the condition with zero drag force or
infinite relaxation time as discussed in the Appendix.

We now evaluate the transport coefficients in (88)
numerically. We first consider the cases with fixed electro-
magnetic fields and different magnitudes of the chemical
potentials. The results are shown in Figs. 10(a)-10(f). As
illustrated in Figs. 10(a) and 10(b), the damping is more
prominent for the “4” mode which mainly stems from the
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respectively. Here we take E,, = B, = 10m;. The unit of 7_ is in GeV~". In (c), the solid and dashed curves represent (v_), and (v, )

nonzero normal conductivity. For both modes, the damping
is increased by the vector chemical potential, while it is less
affected by the axial chemical potential. Similarly, the wave
velocities along the electric field of two modes are
enhanced by the vector chemical potential and degenerate
in the presence of an axial chemical potential as shown in
Fig. 10(c). On the contrary, as expected from (86) and (88),
the Hall velocities of two modes as illustrated in Fig. 10(e)
are degenerate and independent of the chemical potentials.
As shown in Fig. 10(f), the diffusion constant vanishes at
zero axial chemical potentials and increases when the axial
chemical potential is increased. However, the diffusion
constant is reduced by the vector chemical potential due to
the presence of n, in the denominator as shown in (88).
Next, we may fix the chemical and vary the magnitudes
of the constant electromagnetic fields. As shown in
Figs. 11(a)-11(d), we plot the coefficients with puy, =T

ye

and p, = 0. Since (B_),, =0 when u, =0, (v,), and
(v_), are degenerate as illustrated in Fig. 11(c). Also,
(D4),, vanish under this condition. In Figs. 12(a)-12(e),
we take py = 2T and p, = T, where the degeneracy of
(vy), and (v_), is broken and (D..),, are nonzero. Recall
that (D,),, = —(D_),,. In addition, the magnitudes of
(D), will saturate to zero at large B,, which could be
expected from (88) since (f_),, drop to zero at large B,
according to (86). In general, when we increase the
chemical potentials, the wave velocities increase, while
the damping and diffusion contributing to the dissipation of
CEWSs are enhanced as well. Nonetheless, with zero
chemical potentials, the CEWs may only propagate
perpendicular to the applied fields without dissipation.
Although the damping effect is absent only for the “—”
mode here in the SS model due to presence of nonzero
conductivity for the system at zero chemical potentials,
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The transport coefficients for fixed chemical potentials and different electric and magnetic fields. The green

(long-dashed), black (dot-dashed), blue (dashed), and red (solid) correspond to eE, = m2, 5m2, 10m2, and 20m2, respectively. Here we
y

take uy = T and p, = 0. The unit of z_ is in GeV~'.

both “+” modes for the Hall CEWs will be nondissipative
in the system with zero conductivity and zero chemical
potentials.

B. CEWs in the weakly/strongly coupled scenarios
at small chemical potentials

In this subsection, we may focus on the CEWs at small
chemical potentials in the absence of a magnetic field,
where the transport coefficients for CEWs can be derived
analytically in both the SS model and weakly coupled QED
through the conductivities obtained from the hard-thermal-
loop approximation in [60]. For the weakly coupled
scenario, we may consider an ideal gas at finite temperature
and chemical potentials. The bookkeeping result (also see,
for example, the number density for massless particles
quarks in QGP in [72]) shows that

2
fp. Orhr/L <T2+HR/L>’

RIL™ g P

(89)

which results in

3ﬂ§/L) (00)

AR/ = -
/ 2T?

6 N 6 (
32, 2
0,T2(1 + 2y QT
for small chemical potentials, where Q, denotes the
degrees of freedom of the chiral fermions. By definition,
we find

12pug/1 3#‘%? L
BriL = 2PUR LR/ * / - / ) (o1)

QfT3 JTZTZ
where p = pT is dimensionless. We thus have

125
Pijm =g hv/a+ O(ﬂ?g/L/T3)-

o7 52)

In the limit yg = —p; = py and o,/, = 0, from (26), the
dispersion relation for CMWs reads
3415
2T

s = £A(B - Kagy, = + VB K ( 6 ) (1
(93)

272 T? Q_f

Analogously, from (35), the dispersion relation for CEWs is
given by

2pa [ 6 3u3
(94)

The numerical value of p depends on the property of the
medium. In the weakly coupled QED, one can read out o
and p defined in (36) from [60] by turning off the
contributions from the interaction between the right-handed
and left-handed sectors [73], where
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The transport coefficients for fixed chemical potentials and different electric and magnetic fields. The green
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take yy = 2T and py = T. The unit of z_ is in GeV~!. In Fig. 10(c), the solid and dashed curves represent (v2), and (vg),.

6o = 15.6952 5 = 10.2495

1
e*In(1/e)’
(95)

T
e*In(1/e)’

Here we may consider two particular cases for CEWs.
When n, = 0(f, = 0), from (32) and (39), we find

o2 iec
wy ~tey 3E§k§—ZL— 2”
~de 6ﬁ,u/:Ey 2k§ ~ 5_(2) _ leoy ’

T" 4 2

where the contribution from o, is dropped since
N ~(’)(n12,e/L). Here we take Q=2 by summing over

the spins of electrons in QED. The small-momentum
expansions of two modes up to the leading order of k, are

_ <6ﬁﬂAEy>2 K 240.957(eE,)%4
= —ie — =i -

3 =
T Oy

en(l/e)T7
6pusE,\ 2 k2
w_ = —ieao—l-ie( pﬂé y> 2
00
iT 240.957(eE,)*u3
=—————|15.6952 — Y K2,
eIn(l/e) ( e’T8 Y

97)

where both modes do not propagate. On the other hand,
when n, = 0(f_ = 0), we have
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6puvE, 61.4969uy (eE,)
o =e|—5— |k =—7 77 @ K
T In(1/e)T

_ (6ﬂﬂvE )
w_ = k, — ieo

61.4969uy (E,)
in(1/e)T> 7

; 15.9652
en(1/e)’

(98)

where we drop n,f, ~ O(n% /L) In [60], the interaction
between the right-handed and left-handed fermions was
included. When ny, = 0, in our convention, the dispersion
relation of the CEWs reads

w, = *e (vekf,) —(60/2)* —iecy/2,

v, = 0yn /2000 ,ayosE,y, (99)

where

=7.76052 ————,
72 Te*In(1/e)
=20499 —/———.
Ke Te*In(1/e)
3ﬂV/A 3
av/A = —. (100)
o, T

By making the small-momentum expansion, (99) becomes

, v3k§ 182.444(eE,)*uy
o, = —ie —i i —ky,
o In(1/e)T
v2k?
w_ = -
0o
T 182.444(eE, ) 2>
o (156952 - HeE, ) Wiy
e’In(1/e) eT

(101)

where the diffusion is enhanced by the interaction between
the R/L sectors. When n, = 0, two modes read

61.4969uy (eE,)

D+ TV T e
o ok s _46.5631py(¢E,) v_i15.9652T
- v 0 e*In(1/e)T®> Y " eIn(1/e)’
(102)

where

Vg = Yeayaan,Ey, v, =20,a04n,E,. (103)
Similar to (98), the w_ mode will be damped out but the

velocities of these two modes are different in (102) due to the
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interactions between the R/L sectors. When turning off
the interactions, two velocities become degenerate. In [60],
the w_ and w, modes are called the “vector density wave”
and the “axial density wave,” respectively. Here we find that
only the axial density wave is unaffected by the interaction.

We may compare the results obtained from weakly
coupled QED with that found in strongly coupled QCD
(SS model). From (69) and (77), we find

3ptyya(eEy)

2asrs 2rE)

Pijfm = 6, = Ca’T*L°*(2xl?)?,

(104)

where we write out the dependence of 2712 explicitly for
dimensional analysis. When n, = 0, we have

9(2al5)*(eEy)uy 5
= =i 2 33212k
ACa2L¥/2T

9(eE. 2,2
w_ = —i(znz§)2<ca2T2L9/2 + S k2>.

4C(112L33/2T12 y

(105)
When n, = 0, we have
 3uy(2al3)* (eE, )k,
o 2a°T5LS ’
_= (2;;1%)2(%— iCa2T2L9/2>. (106)

It turns out that the CEWs in weakly coupled and in
strongly coupled systems have different temperature
dependence. In the weakly coupled QED, the hard-
thermal-loop approximation assumes that the temperature
dominates all other scales in the system. However, the SS
model contains M gx corresponding to the mesonic scale,
which should be also involved in CEWs. We may now
focus on the propagating waves for n, = 0. By using

= (4xMgg)'2, and C = (122°L*?)"'N, from
2712 =1 GeV~2, (106) can be written as
Y — T29M% . (eEy)uy
T8 1
_ 729M% (eEy)ﬂVk _1,2,1,NCT2 (107)
128222 T* T3 Y SdnMyy

In comparison with (102), the diffusion constants for w_ in
the weakly coupled and strongly coupled scenarios have
distinct dependence of both the temperature and coupling
constants.
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VIII. SUMMARY AND OUTLOOK

In this work, we have proposed the CHE generated by
the applied electromagnetic fields and an axial chemical
potential. In the presence of an electric field and a magnetic
field perpendicular to each other, collective excitations of
thermal plasmas with nonzero vector and axial chemical
potentials will result in density waves as the CEWs
propagating along the directions parallel to the electric
field and perpendicular to both applied fields. Although the
CEWs induced by the CESE only exist with nonzero
chemical potentials, the CEWs led by the CHE should
survive even at zero chemical potentials. Such Hall CEWs
become nondissipative at zero conductivity. In phenom-
enology, we have argued that the CHE could lead to
rapidity-dependent charge asymmetry in asymmetric heavy
ion collisions. Combining with the CME and CESE, we
may find different charge asymmetry of flow harmonics v,,
at distinct rapidity.

Nevertheless, we are unable to draw the conclusion upon
the magnitudes of the charge asymmetry of v, since the
axial chemical potential in the QGP is unknown. Moreover,
to describe the practical condition in heavy ion collisions,
numerical simulations based on the wave equations derived
in our work with proper initial charge distributions and
hydrodynamic evolution of the QGP are needed. On the
other hand, the topological effect in the QGP could be
pronounced, we thus have to couple CEWs with CMWs.
Also, in our work, we only consider the density fluctuations
and neglect the fluctuation of the induced electromagnetic
fields. It has been indicated in [74,75] that the induced
electromagnetic fields could further cause chiral-plasma
instabilities in the presence of an external magnetic field.
Such instabilities will reduce the CME. Therefore, it is
tentative to explore the existence of similar instabilities for
CESE and CHE in the future.

In holography, a substantial problem occurs when we try
to compute the all currents generated by CME, CESE, and
CHE, where the currents are not gauge invariant when
incorporating the contributions from the CS terms in the SS
model. Moreover, there exists a persistent debate upon the
presence of the CME in the SS model, where the CME
current cannot be both conserved and gauge invariant.
On the other hand, in [33], the CME is reproduced in
holography via a different definition of the axial chemical
potential in the D3/D7 system, where the axial chemical
potential comes from the rotating D7 branes instead of the
temporal gauge fields in the gravity dual. It is thus
intriguing to investigate the CESE and CHE along with
the CME in the framework of the D3/D7 system.

Furthermore, the Hall and chiral Hall effects can still
survive in nonrelativistic systems, e.g., Weyl semimetal.
Quite different from the spin Hall effect in the Weyl
semimetal induced by axion fields or Berry phase, the
chiral Hall effect in our work is caused by interactions,
which will play a role if there is an effective u,. We will

PHYSICAL REVIEW D 91, 025011 (2015)

leave the applications to condensed matter system in the
future.
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APPENDIX: HALL CONDUCTIVITY FROM THE
LANGEVIN EQUATION AND BOLTZMANN
EQUATIONS

In the presence of quasiparticles, we may incorporate the
drag force coming from the medium. The equation of
motion for the quasiparticles with charge +1 then reads

7 (A1)

<d_p> =E + Vg X B =Epgyi,
R/L

where p is the momentum of the quasiparticles and ¢ is the
drag coefficient. This is basically the Langevin equation in
the absence of noise terms. We then take v = j/j" and p =
Mv with M = M; = My, being the mass of quasiparticles.
We further assume M < T such that the chiral symmetry is
approximately preserved. Here we also assume that & is
same for left/right-handed particles and isotopic. In the
equilibrium state when dp/dt = 0, (A1) can be rewritten as

(Jr/L)i
(Ur/)o

(jR/L)j
UriL)o ©

By solving the coupled equations for i = x,y, z, we find

+ EM

E; = —e€;j (A2)

(rj)x =0, (JrsL)y = (0r/L) 4 Ey,
(rse), = (OrsL )y E- (A3)
where
(Jr/L)o
(UR/L) =
VM + )
(jR L)OBx
(ORpL)ey = =y (Ad)
é M (1 + 521\;[2)
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One may expect that CME and CSE should lead to
nonvanishing (j,)g/,. However, the currents along the
magnetic field should deplete in the presence of the drag
force, while the currents parallel to the electric field and
perpendicular to both the electric and magnetic fields are
steady.

On the other hand, we can express the classical Hall
effects via the Boltzmann equations. In the present of
external E and B fields, the Boltzmann equations can be
written as

%:@f—kv-@xf—e[v-E—kva]-

9 .  f—1o
%f—— -

where v is the velocity of a single particle with the
momentum p, f(x,p) is the distribution function, and
fo is f at an equilibrium state. Here we will drop the R/L
signs in the derivations for simplicity. In the right-handed
side, we use the relaxation time 7 instead of the collision
terms. We can assume the system is very close to an
equilibrium state, which will lead us to expand the f near
the fo,

f=rfo+df, (A6)

with

1

fO = e(Ep_,”)/T + 1 ’ (A7)
where E,, = |p| is the energy of a massless single particle,
is the chemical potential, and 7 is the temperature. Inserting

it back to Eq. (AS) yields

d 0
&5f+v-8x5f—e[E+va]~%5f

E,—n Ofo\ _ _of
+v:|eE-Vu+ T VT}( JE, ==

(A8)

For simplicity, we assume the &f(x,p), ¢ and T are
homogenous in space. In a weak E field and a strong B
field case, i.e., E < 0(0,) < B, we can also neglect the
high order correction, —¢E - %5 f. Finally, we get

afo> _of

0 0
Eéf—EVXB%6f+VeE<—8—E17
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By using the ansatz, 6f = p -G(Ep)ei“’f, E(f) = Ege™i,
the Boltzmann equation can be further simplified as

(t7' —iw)p-G —e(vxB) - V,(p-G) = ev‘Eo%,
8Ep
(A10)
and the solution is
_ dfo
G, = Fj,-' eEOja—Ep’ (A11)

with T" matrix,

Fij = (T_l - la))élj - €ijkeBk'

Then the current induced by the external fields is given by

&p _
5y, = /in5f= eo;;E;(1),

where

&p _ _
oij = /inpll"jll = nFjil’

&Pp
(2x)3/ 0
have assumed 7 as a constant. In the stationary limit,
o — 0, if B = BX, we get

Note that we

. . _ l
and n is the number density, n = { [

. / dp . O BT
& (27)3 "' OE, E2 + (eB)*2

- BLB ) B — 00,
= (A12)
—6110’[2B, B — 0,
which is consistent with Egs. (5) and (6), and
1
110 _ﬁ dEpfO(Ep> (A13)

is a dimension 1 quantity.
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