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ABSTRACT

Asymptotic solutions are proposed for geometrically-induced magneto-electro-elastic (MEE) singularities
at the vertex of a rectilinearly polarized wedge that is made of functionally graded magneto-electro-elastic
(FGMEE) materials. The material properties are assumed to vary along the thickness of the wedge, and the
direction of polarization may not be parallel or perpendicular to the thickness direction. An eigenfunction
expansion approach with the power series solution technique and domain decomposition is adopted
to establish the asymptotic solutions by directly solving the three-dimensional equations of motion and
Maxwell's equations in terms of mechanical displacement components and electric and magnetic
potentials. Since the direction of polarization can be arbitrary in space, the in-plane components of
displacement, electric and magnetic fields are generally coupled with the out-of-plane components.
The solutions are presented here for the first time. The correctness of the proposed solutions is confirmed
by comparing the orders of MEE singularities with the published results for wedges under anti-plane
deformation and in-plane electric and magnetic fields. The proposed solutions are further employed to
investigate the effects of the direction of polarization, vertex angle, boundary conditions and material-

property gradient index on the MEE singularities in BaTiO3-CoFe,04 wedges.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Magneto-electro-elastic (MEE) materials exhibit mechanical-
electric-magnetic coupling effects and have a wide range of applica-
tions in engineering structures, while functionally graded materials
(FGMs) have the special feature of graded spatial compositions, which
affords freedom in the design and manufacturing of novel structures.
It is interesting and important to investigate geometrically-induced
magneto-electro-elastic singularities in wedges made of functionally
graded magneto-electro-elastic (FGMEE) materials because such
singularities normally initiate cracking and worsen the functioning
of structures.

Numerous studies of geometrically-induced stress singularities
in elastic wedges have been conducted, and most of them were
reviewed by Sinclair [1]. Williams [2,3] was at the forefront of
investigating stress singularities at the vertex of an elastic wedge
under extension or bending. Following his work, various investi-
gations have been carried out on elastic wedges that are made of
single and multiple materials, drawing on plane elasticity theory
[4-12], plate theories [13-16], and three-dimensional elasticity
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theory [17,18]. Huang and Chang [19,20] examined geometrically-
induced stress singularities in FGM plates using classical plate
theory and third-order shear deformation theory.

A few studies of geometrically-induced electroelastic singula-
rities in piezoelectric wedges have been performed, and most of
them make the plane strain assumption or the generalized plane
deformation assumption. Using the plane strain assumption, Xu
and Rajapakse [21] employed Lekhnitskii's complex potential
functions to examine the in-plane electroelastic singularities at
the vertex of a piezoelectric wedge, while Shang and Kitamura
[22] utilized a modified version of the general solution of Wang
and Zheng [23]. Hwu and Ikeda [24] made the generalized plane
strain assumption and proposed an extended Stroh formulation to
investigate the in-plane and out-of-plane electroelastic singula-
rities in wedges. Chu et al. [25-27] adopted the generalized plane
deformation assumption and conducted a series of analytical
studies of geometrically-induced electroelastic singularities. Scherzer
and Kuna [28], Chen et al. [29] and Chen and Ping [30] presented
finite element solutions for in-plane singular electroelastic states at
the vertex of a wedge. Based on the three-dimensional piezoelasticity
theory, Huang and Hu [31] proposed asymptotic solutions at the
vertex of a wedge.

Several studies have addressed magneto-electro-elastic singu-
larities in MEE wedges and all of them considered wedges under
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anti-plane deformation and in-plane electric and magnetic fields
and assumed that all of the physical quantities are independent of
the coordinates along the thickness. Liu and Chue [32] applied the
Mellin transform to analyze the singularities at the vertex of a bi-
material MEE wedge, while Sue et al. [33] employed the complex
potential function with an eigenfunction expansion method. Liu
[34] extended the solution of Liu and Chue [32] to examine the
magneto-electro-elastic singularities at the apex of an MEE
wedge-junction structure, accounting for the air effect.

A review of the literature reveals a complete lack of investigation
of geometrically-induced magneto-electro-elastic singularities in
MEE wedges and FGMEE wedges based on the three-dimensional
magneto-electro-elasticity theory. Accordingly, this paper aims to
derive a three-dimensional asymptotic solution for the MEE singu-
larities at the vertex of an FGMEE wedge with an arbitrary direction
of polarization by extending the solutions of Huang and Hu [31] for
a piezoelectric wedge. The eigenfunction expansion method is
combined with the power series technique and a domain decom-
position scheme to solve the three-dimensional equations of
motion and Maxwell's equations in terms of mechanical displace-
ment components, electric potential and magnetic potential in a
cylindrical coordinate system. The correctness of the proposed
solution is confirmed by comparison with the published results of
Liu and Chue [32] for MEE wedges under anti-plane deformation
and in-plane electric and magnetic fields. The proposed solutions
are further applied to determine the orders of the MEE singularities
in BaTiOs-CoFe,0, wedges whose material properties may vary
along the thickness. The results demonstrate the influence of the
orientation of polarization, vertex angle, material-property gradient
index and boundary conditions on the orders of MEE singularities in
a wedge.

2. Basic equations of 3D magneto-electro-elasticity

Consider an FGMEE wedge with vertex angle g, shown in Fig. 1,
where the X-y-z coordinate system is used to describe the
material anisotropy, and the x-y-z coordinate system is used to
describe the geometry of the wedge. The FGMEE material is
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Fig. 1. Coordinate systems for a wedge.

assumed to be a transversely isotropic material with the polariza-
tion direction along the Zz axis. The material properties are
assumed to vary along the z axis. The Xx-y-Z coordinate system is
not generally coincident with the x-y-z coordinate system, so the
in-plane and out-of-plane physical quantities (mechanical displa-
cement, electric and magnetic fields) are generally coupled.

The linear constitutive equations for the FGMEE material in the
X-y-Z coordinate are given by

{6} =[Clfe) —[e]" {E} —[d]" {H}, (1a)
{D} =[elz} +M{E} +[E1{H}, (1b)
{B} =[el{e} +[81{E} +[m{H}. (10)
where (6} ={0x Oy Oz Oy Ox Ox }T and (g} =

e T .

€xy } are the stress and strain vectors,
T
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the electric and magnetic fields, respectively.
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where [¢],[€],[d], [7], [z] and [g] are the elastic stiffness constant,
piezoelectric coefficient, piezomagnetic coefficient, dielectric con-
stant, magnetic permeability, and magnetoelectric coefficient
matrices, respectively, and all of these are functions of z.

The cylindrical coordinate system (r,6,z) (Fig. 1) is used to
investigate the MEE singularities as r approaches zero in the
wedge. Hence, Egs. (1) and (2) have to be transformed to (r,0,z)
from (X,y,Z) and rewritten as

{0} = [clte} —[e] {E} — [d]" (H), (3a)
{D} = [el{e} + [{E} +[gl(H), (3b)
{B} = [d]{e}+IEHE} +[ul(H]}, (o)



244 CS. Huang, C.N. Hu / International Journal of Mechanical Sciences 89 (2014) 242-255

where
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Now the material properties matrices [c], [e], [d], [n], [1] and [g]
are related to [c], [e], [d], [77], [#] and [g], respectively, and are the
functions of ¢, z and the angles between the axes of x-y-z and
x-y-z. These relations are specified in Appendix A.

To develop the asymptotic solutions to examine the geometrically-
induced magneto-electro-elastic singularities as r approaches zero
in a wedge, the body forces, free electric charges and magnetic
charges are ignored, and the equations of motion and Maxwell's
equations are
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where p* is the density of the material, and u} (i=r,6,2) is the
displacement component in the i direction.
Using electric field-electric potential and magnetic field-
magnetic potential relations,
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as well as the strain-displacement relations, Eqs. (4a)-(4e) can be
expressed in terms of mechanical displacement components (u*
u¥ and uf), electric potential (¢*) and magnetic potential (w*) as

follows:
a Ce6 02 02 2C16 02
c c — |—
[ “ar2+< >agz+ 552\ 1 Joroe

02 2Cs6 02 dC16 aC15 [7]
2c — c — r —
* 15araer< r Jagaz \ 1T T ror

Ces | 0Csg) 0 dCs6 | 0Css) 0
+(ﬁ+ri> +(15+ﬁ+ﬁ>—

00 0z ) 1200 00 0z )roz
dCe d0Cys5\ 1 *02 *
— 2 r—=2 ) S —pf—|u
+< 2+ 09+ (32) Patz r
e 02+(C26)6+ 02+(C+ N 0
l6ar2 602 Cy5 2 12 +Ce6 ror 00
2 2
Cia+cC Ca54C
+(C1a+ 56) +( 25+ 46)ra€az
0C65 0C55 7]
C _ | —
+< N T )rar
dCr6 0C25 7}
+( C2=Ce6t 50 15 J1250
0C46 0(-'45
C14—C4 — C56+ > f T—22
+<14 24 —Cs6+ 09+ az)
7] dCgs  0Cs6\ 1 *
— 4 (g ——22 2 u
><raz+< %7%0 oz )r2) 0
0% /Cag\ 0 0%
Ci5— c Cia+cC Ci134cC
+[ 150r2+< )602+ 355,2 +(C14+Cs56)——— arae +(C13+Cs5)
& o dCsg  dCs5\ 0
c C15—Ca5+—2 - 1—2 | —
Xoraz TG+ Cas)gass ( 1555t )rar
@C46 JdCys5 d
Cop+—2 o r—=>
( %50 T )r2aa
6C36 dC35\ 0 *
— O3t —2r—2 ) —|u
<]3 BT 59T az)raz} z
02 2 2
e e
{ “ar2+ r2 0024- 35572 5+ (€16 +e21)——— ror 90
ol
e ey54e
(e1s+ 31)araz+( 25+ 36)r6902
0615 5915 7] 0ey6 0eys5 [7]
e11—epp+—2r—= | — €9y +—2 =2
< ety >rar+( 2t 59 )rzaa
0635 6635 *
€31 —€3p+—2
(31 2t 59 1T az)raz}(ﬁ
& dzﬁ 0 0
d d d d
+[ “0r2+< )692+ 355 2+( 16+ Zl)raraa
2 62
+(dss +d31) +(d25+d36)r69 5z
— ri —d 4D 2
(d” o +750"+ mr+ N
2 ad36 adsg\ 07 .
_ a2 =
“r2a0 " <d31 24750 "0 Jraz) V" =0 6a)

2

c (32+<C25)6 Yo o0 €12+ Cog)—T— 0
160’_2 > 45 72 12 66 ror 00

oC12 0C14\ O
or oz 100 0z

2 2
+(C14+C56)~—-+(Ca5+Ca6) =~ <2C16+526+7+r7 o

ac ac. 0 ac: ac.
+ <C22 +Ces6 +j+ ﬁ>7+ <C24+2C56 +ﬁ+ j)

a0 0z Jr200 a0 0z
EIARE SN
2 2
+ <2er6> araaa+2 afaszzcz“ﬁ
+ <Cee +%+ %) ror <6622 6C24) r;j)H
+ [Cse 7 +<C24) 7’ O35 ’ +(C25+Ca6)——> ik
or2 002 72 ror 00

+(C36+Cas) i o7 T3t Ca) :ga <2C56 +%+T%> rgr
+ <c46 +%+ @>%+ <2c36+a§;3 +r0€34) rZz] u



C.S. Huang, C.N. Hu / International Journal of Mechanical Sciences 89 (2014) 242-255 245

+(e14+€36)

+le 02+<e22)a +e 02+(e ter5)——
16 3455+ t+ex) o —

or? 062 072

92 0? ode1n o0e14\ 0
e 2e —S4r—
X +( 24+€32)—— 90 9z ( 16+ + )rdr

dexy  0eyq) 0
+ <€25 + 20y i>—+ <2e35+

26 0z ) 1200 00

0€34 02 dzz a 62
r—= d dip+drg)——
* )r02]¢ J{ " aaz+ 345 Tz +d)s 5,

0z Cor2
o ad adi4\ 0
+(d24+d32) <2d15+ ]2+ M)@

ad24> 0

+(d14 +d36)

od
(dz 1522,

rof oz a0 0z

ad ad 0
(2d3 L 34)@}/1*:0)

a0 200 20 0z

(6b)

c ‘)2+(C46)a +c 2+(c +C56)—=— ik +(C134C55)—— i
15 o2 T+ (CuatCoe) g on+ (CiatCss)g =

o C1s+ Cog 10614 4 €13 O
rao oz \ TG0 T T rar

0Ca6 0C35 7] 0Cyqs5 0C35 7]
Cop+— AT | 5+ )3+ Cs5+—— - T—2 | —
+< 2t 50 gz )r269+< N N T )raz

0Coy4 dCa3 1 132 <C24) 62
4= ut+|c

+< a0 oz )|t Searz G2 )52

o) 72 o)
c Co54C. €36+ Ca5)——
TCay s +( 25+ Ca6) ror 69+( 36+ 45)0“)2
52

0Ca6 dC3g\ 0

C3+C =2 ) —

e tea)gas, az+( 0 | oz )rar

ac ac a ac.
+<—C45+£+T£>7+< C36+C45+a;;4
dC34\ O 0C46 dcsg\ 1 %
r—- 2 = u
5 >raz+( 20 0z ) 0
02 Caq az 02 2C45 a
c —)——+2c
+[ 550r2+( ) 902 T B2\ Jorae T
2

) azu+e a+(e24>62
roz " a2 or2 20*
2 2 2

0
+e33 +(914+€25)a 00+(€13+€35) +(923

az 2c 0? ac ac35\ 0
Xt <i> +<c‘ss+ﬁ+ ﬁ)—

+(C36+Ca5)——

Jar oz r )o6 oz 26 0z )ror

0Cyq ()C34 a 0C34 aC33
+< w0 oz >r269+< 5450 oz )

02 oeyy  _oej3z\ 0
e —tr—
+ 34)m€ az+< 15+ + o

0€4 0623 d 0€34 66’33 *
+( 0 " 200\ 50 "oz Jraz)?

92

0  (dy
[dwarz ( >092+d33 +(d]4+d25)rara€}

2 2
+(di3 +d35)0r0 +(dy3+d 34)1,09 oz
ad23> 7]

odys | ody3 odyy
d 0 (o924 0023 O
< 550 Tz >rar+< 0 "oz Jrae
ddsg 5(133 *
+ <d35 +709 +T762 >r02 w* =0, (6¢€)

P rex\ 0 9 9 2
[e“ar2+< >92+63562+(616+321) +(€15+€31)

o + (e +e +—0€21+—ae3‘ 9
ro0 oz \ T2 50 T 0z Jrar

0€6 6635 [7] 0eys5 0635 0
+ (’322+ w0 >r266+ <e15+e32+ o " >raz

0ey) o0esy ] 02 €22 02
[E— ri
+< 0 az) 2| Ut e16@r2+( )()92

+(e25+€36)—=—

2 2 2 o)
e e +e eyy+e ey +e
+ 34az2+( 12+ 26)r0ra€)+( 14+ 36)araz+( 24+ 32)1’@962

0€26 desg\ 0 06 (3632 d
+( 0 oz Jrar T\ T 50 Tz )00

0€24 0de3s\ 0 €6 oese 1 %
14— €36+ —— AT | —+ [ ——=—1—= | |u
+< st o Jraz T\ "0 oz )|t

2 2

*  rex O 0
+ 91561,24-( ) PV RELEER 2+(€14+€25)

20 ror 00

2

e;3+e +(ej3+e
+(e13+ 35)araz (e13+e35)

0 0 oeys 6635 4
e e e —_— —
“oraz Tentea g ( 155 T az)

+ <%+r%>rzaaﬂ+< 13 +0§%+ %)%} u¥

- [’711%"’ (n%)%“"m:z—zz"' (2’77]2)%"‘2'113@3—;
(2'723)0362 ( 1+a¢%+ a%)r%r
(aﬂzz 6'723)r2009+ (1713_’_3%3_'_1.32%)%2} s
{g“arﬁ gzz 592+g3366222+(2gr]2)6r026

0 2823\ & 9812 ag13
+28135 5, ( r Javoz T \811 T a9 1T W

9822 0g23 4 0823 , 0833\ 9 | «_
< oz JrraeT\813 T 0 T g raz vy =0, (6d)

ror

92

+(d15+d31)0r 5z

? [d a
{dn +< 26>662+d35622+(d16+d21)

or? ror 00

ody  odsy\ @
di1+d r— | —
raeaz < Gt T Jrar

0(126 0d36 d d25 0d35
dyp + 2926 2036)) 9 (o4 dyy 499254 p2035) O
+< 24750 Tz Jraet \ et Bty Ty, raz

ody;  odsy ?  (dy 0
+<W+r 0z ) ] ur+ {dmaerr( ) 02+d34

2 2
ror ae+ (cha +d36)ar oz

+(d+dn) 505, 0z+( 0 oz W

( d, +ad22+ 0d32> J +(d147d36+adﬂ+ adj)i

+(ds +d36)——

+(di2+d2e)=——

a0 0z ) 1200 00 roz
0(126 ad35 62 d24 02
_ % _ 903 d d
+< o0 oz )it “’ar2+ 92+ 352
(dratdss )L 1 +d) (A3 — il
1a+das | o4 (dis+dss 2+dia) o -
adys adss 0d24 0d34 7]
d od3s) 0 | (9424
+< 15550 Yoz Jrar T\ oe 200
0(123 ad33 0 820 02
d od23 | ous3 ut
+< 3450 oz Jraz| e g“ar2+(r2 )092 8335,
281\ 9 28,3\ 0
512 2 523
+ ( r )ar a0 ozt \Tr ) 00z
0812 | 0813\ 0 | (082 , 0823\ O
+ <g“+ 00 oz Jrar "\ o0 "oz )r200
082 08
+<g13+ o0 af)@}‘ﬁ*

P | (2 P’ 2/412
- 2
[" ar2+(r2)ag2+ Hs3gat or a«9Jr ”%raz

2 0 9 9 9 a 0
+< M23> +(ﬂn+ 1z M13)7 (Mzz M23>

r )odoz 00 ror 200
0, 0, 0



246 CS. Huang, C.N. Hu / International Journal of Mechanical Sciences 89 (2014) 242-255

3. Construction of asymptotic solution

The eigenfunction expansion approach, which Hartranft and
Sih [7] had used for 3D elastic wedges, is adopted herein. The
mechanical displacements, electric potential and magnetic poten-
tial are expressed as

ui(r,0,z,t) = 221 ) go g™ g, z)} et (7a)
Ui(r,0,z,t) = :mi.;:] nijo pim+ ”V;m)(e, z)} elot, (7b)
Ui(r,0,z,t) = :mozij1 nogjo rim +”Wf,m)(9, z)} et (7¢)
(0.2, = :mg EO pin 1™ (g, z)} e, (7d)
wi(r,0,z,t) = mOZ:j 1 HOE:jO phneng M g z)} et (7e)

The characteristic values 1, may be real or complex for MEE
wedges. For FGMEE wedges, 1, is expected to depend on z because
the material properties are functions of z. To ensure the finite
displacements, electric field and magnetic field at r =0, the real
part of 4, is required to be positive. Notably, when the real part of
Am (Re[Am]) is less than unity, the order of the singularities of
stress, electric displacement and magnetic flux is Re[4,]—1.
Substituting Eqs. (7a)-(7e) into Eqgs. (6a)-(6e), carefully rear-
ranging and considering the terms with the lowest order of r
yields,
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where p;, q;, 13, S; and t; (i=1-14) are functions of ¢ and z and are
defined in Appendix B. Careful examination of Egs. (8a)-(8e)
reveals that when 4, at z=z is sought, the material properties
at z =z, must be used to determine p;, g;, 1y, S; and t;.

Eq. (8) represent a set of ordinary differential equations with
variable coefficients. The three displacement components, electric
potential and magnetic potential are generally coupled in
Egs. (8a)-(8e). The exact closed-form solutions to Eqs. (8a)-(8e)
are intractable, if they exist. The power series method can be
directly applied to establish a general solution to these ordinary
differential equations. Very high-order terms are commonly
needed to obtain an accurate solution and they typically cause
numerical difficulties. To overcome these difficulties, a domain
decomposition technique is applied in conjunction with the power
series method to find a general solution to Egs. (8a)-(8e).

The whole domain of ¢ is divided into numerous sub-domains
(Fig. 2). A series solution for each sub-domain is constructed
directly using the traditional power series method. Then, a general
solution over the whole ¢ domain is obtained by assembling the
solutions in all sub-domains and imposing continuity conditions
between each pair of adjacent sub-domains. Notably, this solution
procedure is also valid for a wedge that has different materials in
different sub-domains of 6.

To develop the series solution for sub-domain i where
0;_1 <60 <0; the variable coefficients at z=z in Egs. (8a)-(8e)
are expressed by Taylor's series with respect to the middle point of
the sub-domain 6;,

K (i) —\k K ) —\k
p; (0 Zl)=k20(ﬂfj)k (0-6))". ;0. Zl):’ZO(Kj)k (0-6:)".

Fig. 2. Sub-domains for ¢ € [0, 5]
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K (i) —\k K (i) Ak
(0, z,):lzo(sj)k (0-6,)", s, Zz)=k20(§j)k RO
K ) —k
40.20= 3 (5)'(0-0)" ®

Similarly, the solutions to Egs. (8a)-(8e) in the sub-domain are
expressed as

PN S N ) S ) B A () R
Uy = XA (0-61), Vo = X B (0-6),
j=0 Jj=0
sy Lo, o am oAb, =
Wy = X G (0-6), &y = X D; (6-6)
j=0 j=0
I i ;
- (m) W, =
P = Y E (0-6). (10)
j=o0

Substituting Eqgs. (9) and (10) into Eqs. (8a)-(8e) yields the
following recurrence relations among the coefficients in Eq. (10):
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(11e)
Careful examination of Egs. (11a)-(11e) reveals that the coeffi-

. A) A) ) Al Y N .
cients A; B;'). C;l). D](-') and E;') with j > 2 are determined from

Egs. (11a)-(11e) ing), /A\(;), 1”33), B(ll), &3), C(;), f)g), f)ﬁl), I:.'g) and I:Z(ll) are

known. As a result, the solutions of Egs. (8a)-(8e) in sub-domain i
can be expressed as

0 0,2)=A) U 0,2+ A 0 6,2+ BY 05 (6, 2)

B0 0,2)+C) U 6.2)

+C1 Uta(0.2)+ Dy Uge(0.2)+ Dy Ugy 0.2)

+Ey Ugg(0,2)+E} Ugie 6,2), (12a)
Voi 0.2 = Ag Voo 0.2+ A4y Vo3 0.2+ B V0.2

+B 50,2+ €5 Vn0.2)

+C1 Vo (60.2)+ Dy Ve (0.2)+ D5 Vo 0.2)

FEDV 0,2+ BV 6. 2), (12b)
WO 0,2) = AY W 6,2+ A Wi 6,2) + BY Wi 6, 2)

FBIWIN 0.2)+ CO Wi 0, 2)+ VWi 6, 2)

1Dy Woig 60.2)+ DY Wop (6.2)+ By Wi 6.2)

+E(1i)ng(9=Z), (120)
3M(0,2) =AY B (0, 2)+ AV B (60, 2)+ BY 6 6, 2)

BV 0,2+ ) 3 0. 2)

+ M 0,2+ DY M 6,2+ DV B (6, 2)

+I:Ig)<i>gg(e, z)+l§(1i)<fﬁf)';g(9, 2), (12d)



248

7,(M) ~ (D)~ (m)

Yoi (0,2)=Aq ¥pin(0.2)+A; ¥i1(0,2)+By Poin (0,2)
A (i) ~ (M)
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~(D) ~ (m)

() ~ (m)

+By ¥gi3(0,2)+Cy ¥14(6.2)

5,(M)

~ (i)
+C; Pois

7,(m)

5,(M)

~ (i)
(0,2)+Dy ¥is(0,2)

G,(M)
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Dividing the overall domain of @ into n sub-domains yields 10n

~(0)

~ ()

2D A A A (D)

~ ()

coefficients Ay, A", B, B, ¢3¢, DY, DY EY and ! for i=1, 2,
...n, which are to be determined. The continuity conditions
between pairs of adjacent sub-domains provide 10(n—1) equa-
tions, which are, at 9 =9; (i=1, 2, ...,n-1)

gk * gk
Uriy = Urir 1) Yooy = Uoi+1)»

% * ® *
Croiy = Oroii+1)>  Coog) = Co0gi+1)

% £ % £ i R & &k
Doiy=Dgiv1y 96 =%G+1) Bowy =Baivr1y Vi =Vir1-

kg%
Uziy = Uzi+ 1)

* %
Oz06) = Ozo(i+ 1)

(13a)

(13b)

(130)

The homogenous boundary conditions at =0 and 0 = p give
another 10 equations. The homogeneous boundary conditions can

be specified as follows:

ory =0y, = o4y =0 (tractionfree) or u} = uj, = uf =0 (clamped),

Consequently, 10n homogeneous algebraic equations are estab-
lished for the 10n coefficients to be determined. To have nontrivial
solutions for the coefficients requires zero determinant of the
10n x 10n matrix that is formed from the coefficients in the
established 10n homogeneous algebraic equations. The values of
Am are the roots of the zero determinant and are determined by
the numerical approach of Miiller [35]; they are ordered as Re[4;]
< Re[/l,-H] (i=1,2,3,...).

4. Verification and comparison

The BaTiO3-CoFe,04 particulate composite is a typical MEE
material and is considered herein. According to the macroscopic
mixture rule, the composite material properties of this MEE
material are related to the material properties of BaTiOs and
CoFe;04 by [36]

Ry =KoV +&G(1-V)), (15)

where fﬁ- and f,-Fj denote the material properties of BaTiOs; and
CoFe,0,4 (Table 1), respectively, and V| is the volume fraction of the

(14a) 1
- 1 BaTiO,-CoFe,0,,V,=50%
D} = B} = 0 (magneto — electrically open) or 4 FOFO_y=ll e COCO_y=t" |
¢* =y* =0 (magneto — electrically closed), (14b) o T i R FOFQ_y=45" ——-— COCO_y=45" |
Table 1 ]
Material properties. 08 —
Parameters BaTiO5 [37] CoFe,04 [37] :
11 (GPa) 166 286.0 = 07 ]
12 (GPa) 77 173.0 k) ]
¢13 (GPa) 78 170.5
33 (GPa) 162 269.5 ]
€4 (GPa) 43 453
e1s (C/m2) 16 0 0.6 o
251 (C/m?) 44 0 ] ~.
€33 (C/m?) 18.6 0 ] . s
dis (NJAm) 0 550.0 05 — i R et
ds; (N/Am) 0 580.3 ]
ds3 (N/Am) 0 699.7 -
i (C2/Nm?) 112.0 x 10~ 1© 0.8x 10710 -
7733 (C2/Nm?) 126.0 x 10~ 1° 093 x 10710 0.4 LI L L LA LI L L L L
i (Ns?/C?) 5.0x 107 590.0 x 1076
Tiss (NSZ/CZ) 10.0 x 10~ 157.0 x 10-6 180 200 220 240 260 280 300 320 340 360
811(Ns/VC) 0 0 Angle B (degrees)
833(Ns/VC) 0 0
Fig. 3. Variation of Re[1;] with vertex angle for MEE wedges.
Table 2
Convergence of Re[r;] for MEE wedges.
Vertex Material Boundary  Number of Terms Published
angle conditions  sub-domains results
6 7 8 9 10 12 14 15
p=360" BaTiO3-CoFe,04V;=50% FOCO 3 0.2482 0.2492 0.2462 0.2489 0.2492 0.2495 0.2499 0.2499 0.2500 [32]
4 0.2504 0.2501 0.2500 0.2498 0.2495 0.2500 0.2500 0.2500
6 0.2500 0.2499 0.2500 0.2500 0.2500 0.2500 0.2500 0.2500
8 0.2500 0.2500 0.2500 0.2500 0.2500 0.2500 0.2500 0.2500
BaTiO3-CoFe,0,V{V V2 =50%/20% FOFO 3 04978 0.4916 04417 0.4980 0.4998 04750 0.5000 04999  0.5000 [32]
4 0.4963 0.4993 0.4999 0.4999 0.4984 0.4999 0.4999 0.4999
6 04993 0.4999 0.4999 0.5000 0.5000 0.4999 0.5000 0.5000
8 0.4999 0.4999 0.4999 0.4999 0.5000 0.5000 0.4999 0.5000
BaTiO3-CoFe,04V\" /V? =90%/10% 3 0.4962 0.4933 04823 04887 0.4978 0.4983 0.4999 0.4999 0.5000 [32]
4 0.4977 0.4972 04986 0.4998 0.4989 0.4998 0.4999 0.4999
6 04993 04996 0.4999 0.5000 0.5000 0.4999 0.5000 0.5000
8 0.4999 0.5000 0.4998 0.5000 0.5000 0.5000 0.5000 0.5000
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inclusion BaTiOs. The material properties in Table 1 were taken
from Wang et al. [37].

For simplicity, four letters are utilized to specify the boundary
conditions along the two radial side faces of a wedge with vertex
angle p. The first and third letters indicate mechanical boundary
conditions at # = 0 and @ = g, respectively; C and F specify clamped
and traction-free, respectively. Similarly, the second and fourth
letters represent the magneto-electric boundary conditions at
9=0 and ¢ =p, respectively; C and O denote magneto-electrically
closed and open boundary conditions, respectively.

Since MEE singularities in an MEE wedge that is subjected to the
out-of-plane deformation and in-plane electric and magnetic fields
have been studied, wedges with the direction of polarization along the

0.7
. BaTiO,-CoFe,0,, V,=50%, B=270°
] : FOFQ ~ —————— COCO
Ao d g b b E | eeseseneeene FCFC = comomm cccc |
0.65 —

0.5 T I T I T I T I Ll I L) I T I T l T
0 20 40 60 8 100 120 140 160 180
Angle y (degrees)

Fig. 4. Variation of Re[1;] with polarization direction for MEE wedges with
p=270°.

1
. i BaTiO,-CoFe,0,, V,/V,2=20%/50%
1% FOFO_y=0° €OCO_y=0°
- =) \ T essssssssssssses F0F077=45“ ————— COC07Y=45“
0.9 —{\: :
0.8 —
— i
S 07
M -
0.6 —
0.5 —
04 I l 1 l 1 l 1 I 1 l ] I 1 I 1 I 1

180 200 220 240 260 280 300 320 340 360
Angle B (degrees)

Fig. 5. Variation of Re[1;] with vertex angle for bi-material MEE wedges.

z axis are analyzed herein to verify the proposed solutions. For such
wedges, the out-of-plane deformation and in-plane electric and
magnetic fields are independent of in-plane deformation and out-of-
plane electric and magnetic fields according to Egs. (6a)-(6e). Notably,
Egs. (8a)—(8e) are independent of z for an MEE wedge. Consequently,
the results of Liu and Chue [32], who assumed that all physical
quantities are independent of z, are used for comparison.

Table 2 shows values of Re[/;] that were obtained by the present
approach and by that of Liu and Chue [32] for three wedges with a
vertex angle s = 360°. One wedge is made of BaTiO3 and CoFe,0,4 with
V; =50% under FOCO boundary conditions. The other two are under
FOFO boundary conditions and made of BaTiOs and CoFe,O4 with
V; =50% and 90% for 0° < @ < 180° and with V; =20% and 10% for

0.7
E i BaTiO,-CoFe,0,,VI/V 2=50%/20%, =270°
] FOFQ = COCO
................ FCFC — — - CCCC |

Re[A,]

0.5

1 I ) I T I T I 1 I T I 1 I 1 | T
0O 20 40 60 8 100 120 140 160 180
Angle y (degrees)

Fig. 6. Variation of Re[4;] with polarization direction for bi-material MEE wedges
with g =270°.

0.501
4 BaTiO,-CoFe,0, , V~(z/h)", FOFO, FCFC
m ¥=0°, B=360°
——— 05—
7 ii=1 —_———— =50
0.5005 —
< 0.5
0.4995 —
0.499 1 I Ll I 1 I ) I Ll
0 0.2 0.4 0.6 0.8 1

z/h
Fig. 7. Distribution of 1; along the thicknesses of FGMEE wedges with y =0° and

£ =360°.



250 C.S. Huang, C.N. Hu / International Journal of Mechanical Sciences 89 (2014) 242-255

180° < # < 360°, respectively. Notably, for comparison, z;; = 100 x
107% Ns?/C? for CoFe,0,, as in the work of Liu and Chue [32] was
used for the results in Table 2. The present results were obtained using
different numbers of sub-domains and polynomial terms for each sub-
domain. The convergent results were obtained by increasing the
number of sub-domains or the number of polynomial terms for each
sub-domain. The convergent results agree excellently with the results
of Liu and Chue [32].

5. Numerical results and discussion

Following the confirmation of the correctness of the proposed
solution, the asymptotic solution is further employed to

a
0.51
BaTiO,-CoFe,0, , V~(zh)", FOFO
y=45°, f=360"
. —— 05—
-
<
=
[3)
=
0.51
- BaTiO,-CoFe,0, , V/~(z/h)", FCFC
. y=45°, f=360"
—_—— 05—
7 =1 —_———— =50
05 —

0.47 T I T I T I T I T

z/h

Fig. 8. Distribution of Re[4;] along the thicknesses of FGMEE wedges with y =45°
and p=360": (a) FOFO boundary conditions, and (b) FCFC boundary conditions.

investigate the MEE singularities in the MEE and FGMEE wedges,
taking into account the effects of the polarization direction,
vertex angle, material-property gradient index and boundary
conditions. In the following, only Re[4;] is shown in a graphic
form because the dominant singularity order at the vertex of a
wedge depends on Re[1;]. Notably, the vertical axis of a figure is
labeled 2; when all 4; are real; otherwise, the vertical axis is
labeled Re[4;]. The numerical results were obtained by dividing a
wedge into eight sub-domains in  with 10 polynomial terms per
sub-domain. The X-y-Z coordinate system is formed by rotating
the x-y-z coordinate system counter-clockwise about the y-axis
through an angle y, so the angle between the polariza-
tion direction of an MEE or FGMEE wedge and its thickness
direction is y.

0.52

BaTiO,-CoFe,0, , V=(z/h)", FOFO
¥=90°, B=360°
———— 05—
z fi=1

051 ———— =50

0.5

0.49

Re[2,]

0.48

0.47

IIIIIIIIIIIIIIIIIIIIIIIIIIIII

0.46 | I Ll I ] I | l Ll

=)
<]
)
1N
»
o
o
o
=

0.51

BaTiO,-CoFe,0, , V~(z/h)", FCFC
¥=90°, B=360°
——— 05— i
il —————— =50

0.5

0.49

lIlIIllllI

Re[A]

0.48

0.47

llllllll

0.46 1 I 1 I Ll I Ll I 1

z/h

Fig. 9. Distribution of Re[1;] along the thicknesses of FGMEE wedges with y = 90°
and g=360°: (a) FOFO boundary conditions, and (b) FCFC boundary conditions.
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5.1. MEE wedges

Figs. 3 and 4 show the results concerning Re[1;] for BaTiO3-
CoFe,04 wedges with V;=50% and different polarization direc-
tions and boundary conditions. Fig. 3 plots the variation of Re[1;]
with the vertex angle , whereas Fig. 4 depicts the variation of Re
[21] with the polarization direction for wedges with g=270°.
Notably, some values of 1; in Figs. 3 and 4 are complex. For
example, all 1 values in Fig. 3 for wedges with y =45° and COCO
boundary conditions are complex, and /; values in Fig. 4 for
wedges with y between 28° and 152° under FCFC boundary
conditions are complex. These figures demonstrate that the
strength of MEE singularities in a wedge generally increases with
B, and that free-free mechanical boundary conditions lead to
stronger singularities than clamped-clamped boundary condi-
tions. Fig. 4 indicates that changing the direction of polarization
can change Re[4;] by up to approximately 10%.

The arrangements considered in Figs. 5 and 6 are the same as
those in Figs. 3 and 4, respectively, except that bi-material wedges
are considered in Figs. 5 and 6. The bi-material wedges in Fig. 5 are
made of BaTiO3-CoFe,04 with V;=50% in 0°<#<180° and
BaTiO3-CoFe,0,4 with V; =20% in 180° < 0 < p. Fig. 5 also reveals
that Re[1;] generally decreases as g increases. Notably, not all
values of 1; are complex for wedges with COCO boundary condi-
tions and y =45°, and 4, is real when g is between 212° and 336°.
Fig. 6 considers bi-material wedges with p=270°, made of BaTiOs-
CoFe,04 with V;=20% in 0° <6 < 180° and BaTiOs-CoFe,04 with
V;=50% in 180° <0 < 270°, and indicates that indicates that chan-
ging the polarization direction can change Re[1;] by up to
around 15%.

5.2. FGMEE wedges

As mentioned in Section 1, no investigation of geometrically-
induced singularities in an FGMEE wedge has been published.
The special feature of the graded spatial compositions of FGMEE
materials enables these materials to be used in a very wide range
of applications. The distribution of the singularities at the vertex of
an FGMEE wedge along its thickness is of particular interest.

0.546
| BaTiO,-CoFe,0, , V/~(z/h)", FOFO, FCFC
y=0°, B=270°
. ———— 05—
f=l = —— =50
0.545 —
-
0544 — 5
z
. Y
. E/j;% ________ h. X
0.543 1 I 1 I I I 1 I 1
0 0.2 04 0.6 0.8 1

z/h

Fig. 10. Distribution of 4; along the thicknesses of FGMEE wedges with y =0° and
p=270°.

FGMEE wedges under consideration herein consist of BaTiOs-
CoFe,04 with V| varying along the thickness direction according to
a simple power law

V)= (%)n (16)

where i is the material-property gradient index, which indicates
the degree of variation of the material properties along its thickness
h, and 0 < z < h. The wedges consist of CoFe,04 only at their bottom
surfaces (z=0), and BaTiOs at their top surfaces (z=h).

Figs. 7, 8, and 9 display the variations of Re[1;] or 4; along the
thickness of the FGMEE wedges with y=0°, 45° and 90°, respectively.
The wedges have vertex angle p=360°, free-free mechanical

a
0.55
BaTiO,-CoFe,0, , V,~(z/h)", FOFO
y=45°, B=270°
—_——— 05— i
el ————— =50
z
T
=
5}
=4
0.54 T I T I T I T I T
0 0.2 0.4 0.6 0.8 1
z/h
0.62
. BaTiO,-CoFe,0, , V~(z/h)", FCFC
n =45°, B=270°
061 — ———— 05—
] il ———— =50
06 —
059 —
— .
= 058 —
O] ]
~ 3
0.57 —
056 —:
0.55 —
0.54 T T T T T T T T T
0 0.2 0.4 0.6 0.8 1
z/h

Fig. 11. Distribution of Re[4;] along the thicknesses of FGMEE wedges with y = 45°
and g =270": (a) FOFO boundary conditions, and (b) FCFC boundary conditions.
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boundary conditions and 71 =0.5, 1, 4 and 50. Fig. 7 demonstrates
that for wedges with y = 0° under FOFO and FCFC boundary condi-
tions, the material-property gradient index does not affect the strength
of the singularities at the vertex (4; =0.5), which remains constant
along the thickness direction. Boundary conditions FOFO and FCFC
yield identical results. Figs. 8 and 9 reveal that when y =45° and 90°,
the values of Re[4] vary with z/h and 71 by less than 7%. The values of
Re[4:] for wedges with FOFO boundary conditions generally increase
with an increase of z/h and a decrease in 11, but these trends are not
observed under FCFC boundary conditions.

The arrangements considered in Figs. 10, 11 and 12 are the same as
those in Figs. 7, 8, and 9, respectively, except that wedges with
B =270° are considered in Figs. 10-12. Fig. 10 reveals that Re[1;] does
not depend on z/h or #i for wedges with y =0° under FOFO or FCFC

a

0.56
- BaTiO,-CoFe,0, , V,~(z/h)", FOFO
B S S e 1290, =270°
1 —_—— 05— =4
4 el ———— =50
055 — i - i i i

Re[A]

0.51 1 l 1 I 1 I ] I I

0 0.2 04 06 08 1
z/h
0.61
E BaTiO,-CoFe,0, , V~(z/h)}, FCFC
] =90°, B=270°
06— | ——— {05 ———— =4
] ] ——e—— =50
050 [ e
= : H e ————r2 o
058 — (_.g/"" :
057 —'I
=< .
et B
[5) -
M os6 |l
0.55 ——l»
053 —
3 7
T s .+ — — . — —\ — — — — — — —— — — — — —-—
0.52 1 I 1 I ] I 1 I 1
0 0.2 04 06 08 1

Fig. 12. Distribution of Re[;] along the thicknesses of FGMEE wedges with y = 90°
and g =270": (a) FOFO boundary conditions, and (b) FCFC boundary conditions.

boundary conditions, and boundary conditions FOFO and FCFC yield
identical results. Figs. 11 and 12 discover that Re[4; | may significantly
depend on z/h and i, and Re[1;] may vary by about 4% and 12% for
FOFO and FCFC wedges, respectively. The values of Re[4,] for wedges

a 06
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< : | 1
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n 4 1
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Fig. 13. Distribution of Re[1;] with along the thicknesses of FGMEE wedges with
B=270° and COCO boundary conditions: (a) y =0°, (b) y =45°, and (c) y =90°.
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with y = 90° generally increase with increasing z/h and decreasing i,
but wedges with y = 45° do not exhibit these trends.

To investigate the effects of mechanical boundary conditions on
Re[4,], Fig. 13 depicts the variation of Re[1;] or i; along the
thickness direction of COCO wedges with p=270° and various
y (y=0° 45° and 90°) and #i(1 =0.5, 1, 4 and 50). The values of
Re[4] generally increase with an increase in z/h or a decrease in i.
The variations of 4; with z/h and 71 are less than 2% for wedges
with y=0° and Re[4;] may vary by up to 7% and 13% for
y=45° and 90°, respectively.

6. Concluding remarks

Based on three-dimensional magneto-electro-elasticity theory,
this study established asymptotic solutions for the geometrically-
induced magneto-electro-elastic singularities at the vertex of a
rectilinearly polarized wedge that is made of functionally graded
magneto-electro-elastic materials. The asymptotic solutions were
developed using an eigenfunction expansion approach with the
power series solution technique and a domain decomposition
technique to solve the three-dimensional equations of motion
and Maxwell's equations in terms of mechanical displacement
components and electric and magnetic potentials in a cylindrical
coordinate system. An arbitrary polarization direction of material
yields coupling among in-plane and out-of-plane physical quan-
tities (mechanical displacement, electric and magnetic fields),
considerably complicates the asymptotic solutions. The correct-
ness of the solutions was confirmed by performing convergence
studies of Re[4;] for BaTiOs-CoFe,04 wedges with polarization in
the thickness direction, and comparing the convergent Re[1;] with
the results published for wedges under anti-plane deformation and
in-plane electric and magnetic fields.

The proposed solutions were further employed to deter-
mine the variations of Re[1;] with the vertex angle (5) and the
position along the thickness (z/h) for MEE and FGMEE wedges
made of BaTiOs-CoFe,04 particulate composite under various
boundary conditions and with various polarization directions
(y=0°, 45° and 90°). For FGMEE wedges, the volume fraction of
the inclusion BaTiO; was assumed to vary in the thickness
direction in a manner governed by a simple power law with the
material-property gradient index, and the effects of the material-
property gradient index (i1 =0.5, 1, 4, and 50) on Re[1;] were
examined.

Numerical results reveal that a larger vertex angle yields stronger
MEE singularities at the vertex of a wedge, and free-free mechanical
boundary conditions lead to stronger singularities than do clamped-
clamped boundary conditions. The polarization direction may signifi-
cantly affect Re[4;]. When FGMEE wedges are polarized along the
thickness direction (y = 0°), fi and z/h have no effect on the orders of
singularities in the wedges with p=270° and 360° under FOFO or
FCFC boundary conditions. When the thickness direction is not the
direction of polarization, the orders of singularities in an FGMEE
wedge may depend significantly on i and z/h. For example, Re[1;]
may vary with fi and z/h by up to about 12% for a wedge with
p=270°, y=90° under FCFC boundary conditions. Notably, the
variation of orders of singularities with z/h substantially complicates
the determination of stress intensity factors for an FGMEE plate with a
V-notch or crack.
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