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Abstract

Let Pp = (v1,v2,v3,...,vn) and P, = (ug, Uz, Uz, ..., Uy) be two hamiltonian paths db. We saythat P;
and P, areindependent if uy = v1, Uy, = vp, andu; # v for 1 < i < n. We saya set ofhamiltonian paths
P1, P2, ..., Ps of G betweentwo distinct vertices arenutually independent if any two distinct paths in the set

are independent. We useto denote the number of vertices and us¢o denote the number of edges in graph
G. Moreover, we use to denote the number of edges in the complemenGofSuppose thaG is a graph with

€ < n—4andn > 4. We prove that there are at least 2 — & mutually independent hamiltonian paths between
any pair of distinct vertices o& exceptn = 5 andé = 1. Assume thaG is a graph with the degree sum of any
two non-adjacent vertices being at least 2. Letu andv be any two distinct vertices @&. We piove thatthere
are deg (u) + degs (v) — n mutually independent hamiltonian paths betwaeandv if (u, v) € E(G) and there
are deg, (u) + deg; (v) — n + 2 muually independent hamiltonian paths betweesndv if otherwise.

© 2005 Elsevier Ltd. All rights reserved.
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1. Definitions and notation

For thegraph definition and notation we follovil]] G = (V, E) is agraph if V is a finite set and
E is a subset of{(u, v) | (u, v) isan unordered pair df }. We saythatV is thevertex set andE is the
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edge set. We usen to denote|V | and uses to denote|E |. The compement of G is denoted byG. We use
eto denote| E(G)|. Herce,e+ & = n(n — 1)/2. For any vertex € V, deg; (x) denotes its degree i@.
Two vetticesu andv areadjacent if (u, v) € E. A path P is repregnted by(vg, v1, v, ..., vk). A path

is ahamiltonian path if its vertices are distinct and spah A graph G ishamiltonian connected if there
exists a hamiltonian path joining any two verticesS&fA cycleis a path with at leashtee vertices such
that the first vertex is the same as the last onba#iltonian cycle of G is a cycle that traverses every
vertex of G exactly once.

There are a lot of studies on hamiltonian connected graphs. In this work, we are interested in anothe
aspect of hamiltonian connected graphs. Bet= (v1, v2, v3, ..., vq) and P2 = (U1, Uz, U3, ..., Up)
be any two hamiltonian paths &. We saythat P, and P, areindependent if uy = vy, Un = vp, and
ui # v for 1l <i < n. We say a set of mailtonian pathsPy, P, ..., Ps of G aremutually independent
if any two distinct paths intte set are independent. ][t is proved that there exigk — 2) mutually
independent hamiltonian paths between any two vertices from different bipartite sets of the star grapt
& if k > 4. The concept of mutually independent hamiltonian arises from the following application. If
there arek pieces of data needed to be sent froto v, and the data needed to be processed at every nhode
(and the processkes times), then we want mutually independent hamiltonian paths so that there will
be no waiting time at a processor. The existence of mutually independent hamiltonian paths is useful
for communication algorithms. Motivated by this result, we begin the study on graphs with mutually
independent hamiltonian paths between every pair of distinct vertices.

In this work, we are interested in two families of graphs. The first family of gr&phs — 4. It was
proved p] that auch graphs are hamiltonian connected. In this work, we strengthen this classical result
by proving that there are at least 2 — e mutually independent hamiltonian paths between every pair of
distinct vertices ofG. The seond family of graphs are those graphs with the sum of the degree of any two
non-adjacent vertices being at least 1. It was poved [3] that such graphs are hamiltonian connected.
We then futher assume thaG is a graph with the sum of any two non-adjacent vertices being at least
n+ 2. Letu andv be any two distinct vertices @&. Then tere are deg(u) + deg;(v) — n mutually
independent hamiltonian paths betweemdv if (u, v) € E(G), and thee are deg (u)+deg; (v)—n+2
mutually independent hamiltonian paths betwaemdv otherwise.

Throughout this work, we will usg] to denotei mod (n — 2).

2. Preliminary

Let G and H be two graphs. We us€ + H to denote the disjoint union o and H. We use
G Vv H to denote the graph obtained fro@ + H by joining each vertex o6 to each vertex oH. For
1 <m < n/2, letCnmn denote the graptKm + Kn_2m) vV Km; seeFig. L The fdlowing theorem is
proved by Chvatald].

Theorem 1 ([2]). Assumethat G isagraphwithn > 3and & < n—3. Then G ishamiltonian. Moreover,
the only non-hamiltonian graphswithé < n — 2areCy , and Cy 5.

The following lemma is obvious.

Lemmal. Let u and v be two distinct vertices of G. Then there are at most min{deg; (u), deg; (v)}
mutually independent hamiltonian paths between u and v if (u,v) ¢ E(G), and there are at most
min{deg; (u), deg; (v)} — 1 mutually independent hamiltonian paths between u and v if (u, v) € E(G).
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Flg 1. Cm’n.

Theorem 2. Let n be a positive integer with n > 3. There are n — 2 mutually independent hamiltonian
paths between every two distinct vertices of K.

Proof. Let s andt be two diginct vertices ofK,,. We rehbel the remainingn — 2) vertices ofK, as
0,1,2,...,n—3.ForO<i <n-3,weset? as(s, [i],[i +11,.[i +2],...,[i + (n—3)],t). Itis easy
to see thaPy, Py, ..., Ph_3 form (n — 2) mutually independent hamiltonian paths joinmigndt. O

Theorem 3 ([5]). Assumethat G isagraphwithé& < n—4andn > 4. Then G ishamiltonian connected.

Theorem 4 ([5]). Assumethat G isa graph with the sumof any two distinct non-adjacent verticesbeing
at least n with n > 3. Then G is hamiltonian.

Theorem 5 ([3]). Assumethat G isa graph with the sumof any two distinct non-adjacent verticesbeing
at least n + 1 with n > 3. Then G is hamiltonian connected.

3. Mutually independent hamiltonian paths
The following result strengthens that ieorem 3

Lemma 2. Assume that G is a graph with n > 4 and € = n — 4. Then there are two independent
hamiltonian paths between any two distinct vertices of G except n = 5.

Proof. Forn = 4, G is isomophic to K4. By Theorem 2there are tworidependent hamiltonian paths
between any two distinct vertices Gf. Assume thah = 5. ThenG is isomophic toKs — { f } for some
edgef. Without loss of generality, we assume thaiG) = {1,2,3,4,5} and f = (1, 2). ltis easy to
checkthat; = (3,2,5,1,4) andP, = (3,1, 5, 2, 4) are the only two hamiltonian paths between 3 and
4, butP; and P are not independent.

Now, we assume that > 6. Lets andt be any two distinct vertices @&. Let H be the subgraph of
G induced by the remainingn — 2) vertices ofG. We have thdollowing two cases:

Case 1. H is hamiltonian. We can tabel he vertices ofH with {0,1,2,...,n — 3} so that
(0,1,2,...,n — 3,0) forms a hamilbnian cycle ofH. Let Q denote the sefi | (s,[i + 1]) €
E(G) and(i,t) € E(G)}. Sincee=n—4,|Q| > n—2—(n—4) = 2. There are at least two elements in
Q. Letqg; andgp be the two elements iQ. For j = 1, 2, we setP; as(s, [q; + 11, [qj +2], ..., [qj], ).
ThenP; and P, are two independent hamiltonian paths betwsandt.

Case2: H is non-hamiltonian. There are exac{ly— 2) vertices inH. By Theorem 1there ae exadly
(n — 4) edges in the complement éf andH is isomophic to C1 n_2 or C2 5. Sinceé = n — 4, we
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(b)

Fig.2. (@)Cy,5, (b) Cq n—2.

know that(s, v) € E(G) and(t, v) € E(G) for every vertexv in H. We canconstruct two independent
hamiltonian paths betweerandt as following cases:

Subcase 2.1: H is isomophic to Cy 5. We latel the vertices ofCy 5 with {0, 1, 2, 3, 4} as shown in
Fig. 2(a). LetP; = (5,0,1,2,3,4,t) and P, = (s,2,3,4,1,0,t). ThenP; and P, form the required
independent paths.

Subcase2.2: H is isomophic toCy 2. We lakel the vertices 0€1 n_» with {0, 1, ..., n— 3} as shown
in Fig. 2b). LetP; = (5,0,1,2,...,n—3,ty andP>, = (5,2,3,...,n—3,1,0,t). ThenP; and P,
form the requiredridependent paths. O

We can further strengthehheorem 3

Theorem 6. Assumethat G isa graph withn > 4and & < n — 4. Then therearen — 2 — & mutually
independent hamiltonian paths between every two distinct verticesof G exceptn = 5and é = 1.

Proof. With Lemma 2 the theoem foré = n — 4 holds. Now, we need to prove the theorem for
é=n—-4—-rwithl<r <n-—4. Letsandt be two dstinct vertices ofG. Let H be the subgraph of
G induced by the remainingn — 2) vertices ofG.

Then there are exactlyn — 2) vertices inH and there are at most— 4 — r edges in the complement
of Hwith1l <r < n— 4. By Theorem 1 H is hamilonian. We can label the vertices bf with
{0,1,2,...,n—3}sothat(0,1,2,...,n — 3,0) forms a hamilbnian cycle ofH. Let Q denote the
set{i | (s,[i +1]) € E(G)and(t,i) € E(G)}. Sinceé = n—4—r withl <r < n-—4, we
know that|Q] > n—-2—-(n—-4—-r)=n—-2—-¢&forl <r < n-— 4. Hence, there are at least
n—2—éeelementsim. Letqgy, o, ..., dh_2_& be the eementsinQ. Forj =1,2,...,n—2— &, we
setPj = (s, [qj + 1], [g; +2], ..., [qj], t). Itis not difficult to see thaPy, P», ..., P,_2_g are mutually
independent paths betwegandt. O

The following result, in a sense, generalizes thalloéorem 5

Theorem 7. Assumethat G isa graph such that deg; (x) + deg; (y) > n+ 2 for any two vertices x and
y with (x, y) & E(G). Let u and v be two distinct verticesof G. Then thereare deg; (u) + deg; (v) — n
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mutually independent hamiltonian paths between u and v if (u, v) € E(G), and there are deg; (u) +
deg; (v) — n + 2 mutually independent hamiltonian paths between u and v if (u, v) ¢ E(G).

Proof. Let s andt be two dstinct vertices ofG, andH be the subgraph d& induced by the remaining
(n — 2) vertices ofG. Letu’ andv’ be any two distinct vertices ikl. We have deg (u’) + deg, (v') >
n+2—-4=n-2=|V(H)|. By Theorem 4 H is hamilbnian. We can label the vertices Bif with
{0,1,...,n—3},sothat(0,1,2,...,n — 3,0) forms a hamilbnian cycle ofH. Let S denote the set
{i](s,[i +1]) € E(G)} andT denotethe sdi | (i,t) € E(G)}. Clealy, [SUT| < n— 2. We have the
following two cases:

Casel: (s,t) € E(G). Suppose thatSNT| < deg;(s) +deg; (t) —n—1. We have deg(s) +deg; (t) —
2=|9+|T|=|SUT|+|SNT| < deg(s) +deg(t) —n—1+n—2. Thisis a contradiction. Thus,
there areat leastw = deg;(s) + deg;(t) — nelements inSN T. Letqs, g, ..., ¢, be the elements
iNnSNT.Forj =1,2,...,w,wesetP; = (s,[q; + 1], [dj +2],...,[dj],t). SOPy, Py, ..., P, are
mutually independent paths betwesandt.

Case 2: (s,t) ¢ E(G). Assume thaiS N T| < degs(s) + degs;(t) — n + 2 — 1. We obtain
deg;(s)+deg;(t) = S|+ |T|=|SUT|+|SNT| < deg;(s) +deg;(t) —n+2—1+n—2. Thisis a
contradiction. Thus, there are at least deg; (s)+deg; (t)—n+2 elements irBNT. Letqy, Oz, ..., Qu

be the éements inSNT. Forj = 1,2,...,w, we setP; = (s,[q; + 1], [q; + 2], ...,[qj], t), and
P1, P>, ..., P, are mutually independent paths betwsendt. O

Example. Let G be the grapiK1 U Kn_g—1) vV Kq whered is an integer with 4< d < n— 1. So
€=n-1-d < n— 4. Letx be the vertex corresponding ko, y be an arbitrary vertex itKq, and
z be a vertex inKp_q—1. Then deg (x) = d, deg;(y) = n—1,deg(z2) = n—2,(X,y) € E(G),
(Y, 2 € E(G), and(x, 2) ¢ E(G). By Theorem 6therearen—2—-€é=n—-2—-(n—1—-d)=d -1
mutually independent hamiltonian paths between any two distinct vertiddsBy Lemma 1 there are
at mostd — 1 muually independent hamiltonian paths betwaeandy. Herce, the result iTheorem 6
is optimal.

Consider the same example as above; it is easy to check that any two vertaesv in G,
deg;(u) + deg;(v) > n + 2. Letx andy be the same vertices as described aboveTlbgorem 7
there are deg(x) + degz(y) —n=d + (n — 1) — n = d — 1 mutally independent hamiltonian paths
betweerx andy. By Lemma 1 there ae at most — 1 mutally independent hamiltonian paths between
x andy. Herce, the result ilTheorem 7s also optimal.

4. Conjecture

Combiring with Theorems Jand7, we have thdollowing Corollary.

Corollary 1. Letr bea positive integer. Assumethat G is a graph such that deg; (x) +deg; (y) > n+r
for any two distinct vertices x and y. Then there are at least r mutually independent hamiltonian paths
between any two distinct vertices of G.

However, we would like to make the following conjecture. Supposerthatl andG is a graph such
that deg; (u) + deg; (v) > n+r for any two diginct verticesu andv in G. Then here are at least+ 1
mutually independent hamiltonian paths between any two distinct vertidgs of
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