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Abstract. This article focuses on solving the generalized eigenvalue problems (GEP) arising in
the source-free Maxwell equation with magnetoelectric coupling effects that models three-dimensional
complex media. The goal is to compute the smallest positive eigenvalues, and the main challenge is
that the coefficient matrix in the discrete Maxwell equation is indefinite and degenerate. To overcome
this difficulty, we derive a singular value decomposition (SVD) of the discrete single-curl operator and
then explicitly express the basis of the invariant subspace corresponding to the nonzero eigenvalues
of the GEP. Consequently, we reduce the GEP to a null space free standard eigenvalue problem
(NFSEP) that contains only the nonzero (complex) eigenvalues of the GEP and can be solved by the
shift-and-invert Arnoldi method without being disturbed by the null space. Furthermore, the basis of
the eigendecomposition is chosen carefully so that we can apply fast Fourier transformation (FFT-)
based matrix vector multiplication to solve the embedded linear systems efficiently by an iterative
method. For chiral and pseudochiral complex media, which are of great interest in magnetoelectric
applications, the NFSEP can be further transformed to a null space free GEP whose coefficient
matrices are Hermitian and Hermitian positive definite (HHPD-NFGEP). This HHPD-NFGEP can
be solved by using the invert Lanczos method without shifting. Furthermore, the embedded linear
system can be solved efficiently by using the conjugate gradient method without preconditioning and
the FFT-based matrix vector multiplications. Numerical results are presented to demonstrate the
efficiency of the proposed methods.
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1. Introduction. Understanding the eigenstructure of the discrete single-curl
operator V x is key to developing efficient numerical simulations for complex materials
that are modeled by the Maxwell equations. Bi-isotropic and bianisotropic materials
are two important classes of complex materials [31]. They have consistently been
the subject of intensive studies in physical properties and applications. For example,
bianisotropic media are a special type of materials whose properties are characterized
by the magnetoelectric as well as the permittivity and permeability tensors [18, 26].
Due to the strong modulation of the wave that arises from the magnetoelectric cou-
plings, counterintuitive features such as negative refraction and backward waves may
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appear in bianisotropic media [1, 5, 22, 29]. From the mathematical point of view, the
distinctive feature associated with bianisotropic media is the single-curl operator in
addition to the double-curl operator in the wave equation, which essentially changes
the characters of the eigenwaves.

Mathematically, the propagation of electromagnetic waves in bi-isotropic and
bianisotropic materials is modeled by the three-dimensional (3D) frequency domain
source-free Maxwell equations [31] with a set of constitutive relations. In particular,
we have

(1.1a) VxE=iwB, V- -B=0,
(1.1b) Vx H=—iwD, V-D=0,

where w represents the frequency and e represents the permittivity. £ and H are the
electric and magnetic fields, respectively. Based on the Bloch theorem [17], we aim
to find the Bloch eigenfunctions F and H satisfying the quasi-periodic conditions

(1.2) E(x+ay) = 2™ B(x), H(x+ay) = 2™ [ (x)

for £ = 1,2,3 [23]. Here, a;, ag, and ag are the lattice translation vectors. In this
paper, we consider the simple cubic lattice vectors a, = aey, where ey is the £th unit
vector in R? and a is a lattice constant. Without loss of generality, we set a = 1
throughout this paper. Note that all the techniques developed here can be applied to
face-centered cubic lattice media. The Bloch wave vector in the first Brillouin zone is
denoted as 27k [15]. B and D satisfy the constitutive relations

(1.3) B=pH+(E and D =¢FE +¢H,

where p represents the permeability, and £ and ¢ are magnetoelectric parameters [26,
p. 26], [31, p. 44]. Note that e, p, &, and ¢ are 3-by-3 matrices in various forms for
describing different types of materials.

The Maxwell equations (1.1) can be rewritten as the following quadratic eigen-
value problems (QEP), which are separate wave equations in terms of E and H:

(lda) Vxpu 'VxE—iw[Vx (u'(E)—&u 'VXxE] —w® (e —&u'¢) E = 0;
(14b) Vxe 'Vx H —iw[(e"'VxH-Vx (e€H)] —w® (p—¢c'€) H =0.

In the one-dimensional case, we can apply the quasi-periodic conditions (1.2) to (1.4)
and then explicitly define the relations between k and w [2, 3, 4, 6, 19]. For higher
dimensions, however, solving (1.2) efficiently remains an open question. We illustrate
the difficulty by the following example. An explicit eigendecomposition of the discrete
double-curl operator V x Vx is derived in [11]. Applying this eigendecomposition and
assuming p = 1 and ¢ = £ = 0, we can explicitly derive the invariant subspace of all
nonzero eigenvalues corresponding to the (discrete) eigenvalue problem (1.4a). Based
on the invariant subspace, efficient numerical methods can be developed to solve
(1.4a). However, it is not possible to apply this technique to solve the QEPs (1.4)
with ¢ # 0 and £ # 0 due to the following difficulties: (i) The eigendecomposition
of the discrete double-curl operator in [11] cannot be applied to solving the QEP
directly because (1.4) contains both double- and single-curl operators. (ii) In general,
the double- and single-curl operators in (1.4) cannot be diagonalized simultaneously.
Furthermore, should we find the eigendecomposition of the single-curl operator, this
decomposition cannot be applied to solve the QEP directly because the single-curl
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operator terms in (1.4), e.g., Vx (u~1(E) and éu~ 1V x E, are coupled with other terms
such as u~¢ and Eu~1t. (iii) It is difficult to find the invariant subspace corresponding
to the nonzero eigenvalues in the QEPs.

While solving (1.4) is not recommended, we focus instead on the original Maxwell
equations (1.1) and rewrite it as a coupled generalized eigenvalue problem (GEP)

(1.5) A

For the two-dimensional photonic band structure, the electromagnetic transfer matrix
method [8] is applied to the coupled system, similar to (1.5). For the 3D case, to the
best of our knowledge no method has yet been proposed to solve the GEP (1.5)
efficiently.

We make the following contributions to solve the discrete 3D GEP based on Yee’s
finite difference discretization scheme [32]:

e We first derive the singular value decomposition (SVD) of the discrete single-
curl operator Vx in (1.5).

e Using the SVD, we explore an explicit form of the basis for the invariant
subspace corresponding to the nonzero eigenvalues of the GEP. Applying
this basis, the GEP can be reduced to a null space free standard eigenvalue
problem (NFSEP). In this eigenvalue problem, the zero eigenvalues of the
GEP are deflated so that the null space does not degrade the computational
efficiency.

e We show that all eigenvalues w of the GEP are real provided the permittivity,
permeability, and magnetoelectric parameters satisfy particular assumptions.
These assumptions are applicable to a couple of important classes of complex
media.

e Under the same assumptions, we can reformulate the NFSEP as a null space
free GEP B,x = w™'A,x, where B, is Hermitian and A, is Hermitian positive
definite. We demonstrate that this problem can be solved efficiently using the
generalized Lanczos method algorithmically and numerically.

This paper is outlined as follows. In section 2, we derive the SVD of the discrete
single-curl operator. In section 3, by applying the SVD, we derive a null space free
eigenvalue problem by deflating the zero eigenvalues and keeping the nonzero eigen-
value unchanged. In section 4, we discuss how to improve the solution performance
while simulating two important types of complex media. In section 5, we demonstrate
numerical results to validate the correctness of proposed schemes and to measure the
performance of the schemes. Finally, we present our conclusions in section 6.

Throughout this paper, we use the superscripts T and * to denote the transpose
and the conjugate transpose of a matrix, respectively. For the matrix operations,
we let ® be the Kronecker product of two matrices. The imaginary number /—1 is
written as i, and the identity matrix of dimension n is written as I,,.

2. SVD of the discrete single-curl operator. In this section, we derive an
explicit expression of the SVD of the discrete single-curl operator. Using this SVD,
an efficient null space free method to solve the target eigenvalue problem (1.5) is
developed in section 3.

We start from the derivation of the matrix representation of the discrete single-
curl operator. By using Yee’s scheme [32], the discrete single-curl operators V x E
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and V x H with a; = aey, £ = 1,2, 3, can be represented in the matrix form C'E and
C*H [13, 14], respectively. Here,

0 —C3 O
(2.1) C=| C3 0 —C | eC3xsn
—Cy 0
with
(2.2a) Cy =0, (Ing @Iy ® Kayn,) € C™*™,
(2.2b) Co =6," (In, ® Kayn, ® In,) € C™™,
(2.2¢) C3 =0,  (Kagny @ In, ® I,,) € C™*™,
and
—1 1
(2.3) Kam = € gmxm,
-1 1
ei27'rk~a -1

We use ni, no, and ng to denote the numbers of grid points in the x, y, and =z
directions, respectively, and we define n = ninons. We use d., d,, and J. to denote
the associated mesh lengths along the x, y, and z axial directions, respectively.

It is worth noting that the divergence free conditions (1.1) and the quasi-periodicity
conditions (1.2) are satisfied in Yee’s scheme [14, sections 5 and 3]. In addition to
Yee’s scheme, there are other approaches to deal with the quasi-periodicity condi-
tions. First, the curl operators can be replaced by the shifted operator, so that the
transformation of the solution leads to a periodic solution [9, 24, 34]. Second, we
can use quasi-periodic basis functions in finite element methods to resolve the quasi-
periodicity conditions explicitly [25].

It is well known that the eigendecompositions of C*C and CC* are closely related
to the SVD of C. Therefore, we start the derivation from the eigendecompositions
of C*C' and C'C*. First, we introduce the notation to be used later. Define 6, ; =

i27i 0a = i2rk-a
(2.4) Dg = diag (1, elam e(m‘l)ea’m),
Um,i = [ 1 69"”’ . e(mfl)em,qi ]T
fori=0,...,m—1 and
(2.5) U,, = [ Um0 - Umm—1 ] ccmxm,
(26) Aa,m = dlag (eem,OJrea,m —1 ... eVmm-1tbam _ 1)

By the definition of K, , in (2.3), it can be verified that
(2.7) Kam (DamUnm) = (DamUnm) Aa,m.-
Denote

(28) T= (Da37n3 ® Daz,nz ® Dal,nl) (Un3 ® Unz ® Un1) ’

1
NG
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where Dap, and U,,, i = 1,2,3, are given in (2.4) and (2.5), respectively. It is
straightforward to check that 7" is unitary. The following theorem, which yields the
eigendecomposition of Cy, for £ = 1,2,3, can be proved with (2.7) and the property

(2.9) (A1 ® Ay ® A3)(Bl ® By ® B3) = (AlBl) & (AQBQ) & (ABBB)'

THEOREM 2.1. C4, Csy, and C5 can be diagonalized by the unitary matriz T in
the forms

(2.10a) C\T =6, (Iny @ Iy @ Aoy my) = T'Ay,
(2.10b) CoT = 6,"T (Iny, @ Naginy ® Inn,) = TAs,
(2.10c) C3T = 6T (Mag.ng @ Iny @ Iy,) = TAs.

We now define two intermediate matrices A, and A, that are used in the eigen-
decompositions of C*C' and CC*.
LEMMA 2.2. Let A1, Ao, and A3 be given in (2.10). Define

BA3 — A
(2.11) Ay = ATA 4 AJAs + ASAs, A, = | Ar — ads
aly — BA

with o, 3 # 0. Assume that the vector k = (kyi,ko,ks)" in (1.2) is nonzero with
0 < ky,ko,kg < % Then, Ag is positive definite, and A, is of full column rank,
provided that ad, # B, and 0, # Bdy.

Proof. See the appendix. O

Using the definitions of C' and A, in (2.1) and (2.11), respectively, and the eigen-
decompositions of C in Theorem 2.1, the null spaces of C*C and CC* are derived as
follows.

THEOREM 2.3. Assume k = (ki,ko,ks) T # 0 with 0 < ky, ko, kg < % Define

Ay
(2.12) Qo=(I3@T) |As| AP = (30 T) Ty, Py = (Is©T)T.
As
Then, Qo and Py form orthogonal bases of the null spaces of C*C' and CC*, respec-
tively.
Next, we apply the techniques developed in [11] to form the orthogonal bases for
the range spaces of C*C' and C'C*. First, by considering the full column rank matrix

Ty = [aTT,BTT, TT]T with nonzero a and 3, and taking the orthogonal projection
of T7 with respect to Qg and Py, respectively, we have

Q1 = (T - Qi) Ty (A;A,0,1) 2
(aAg — BAI)AS — (Al — 04A3)A§ _1/2
= (I;®T) | (BAs — A2)A% — (@h2 — BAL)AT| (AZA,AY)
(A1 — alA3)AT — (BAs — A2)A3

(2.13a) = (3 T)1L,
(213b) Pr=(I - RPy) T (MMM = (I, 0 )T,

Then, @)1 and P; are orthogonal, and (C*C)Q1 = Q1A, and (CC*)P, = PiA,.
Second, to form the remaining part of the orthogonal basis for the range spaces of
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C*C' and CC*, we apply the discrete curl and dual-curl operators on 77, respectively.
That is, we premultiply C* and C' by T} to obtain

o, BA; — A3 e
Qs = C* Ty (A3A,) P = (L@ T) | Af—ahj | (AZA,)
al; — fA}

(2.14b) P, =CTy (A3A,) 2= (Lo T) (-Th).

It holds that (C*C)Q2 = Q2A, and (CC*)P, = P»A,. From (2.12) to (2.14), we
define

(2.15a) Q=[Q1 Q Q]=zeT)[M M, I,
(215b) P = [Pg Pl PQ] = (Ig ®T> [—H_g H_l H_O} .

Then, the eigendecompositions of C*C' and CC* can be summarized as follows.
THEOREM 2.4. Assume that the vector k = (ki,ko,k3) " in (1.2) is nonzero with
0 <kj, ko, ks < % Then, Q and P are unitary, and

(2.16) C*"C = Qdiag (A, Ay,0)Q", CC*" = Pdiag(Ay, Ay,0) P".

Motivated by (2.16), we derive the left and right singular vector matrices P and @
for C' in the following theorem.

THEOREM 2.5 (SVD of C). Let A, and (Q, P) be defined in (2.11) and (2.15).
Assume that the vector k = (kyi, ko, k)T in (1.2) is nonzero with 0 < ki, ko, ks < %
Then, the matriz C in (2.1) has the SVD

(2.17) C = Pdiag (A%, 0)/2,0) Q" = P2,Q1,
where
P =[Py, P, Q= [Qi, Qal, %, = diag (A2, A}2).
Proof. From (2.10) and the definition of C, it follows that

(218) OTy = — (s @ T) Ay, C*Ty = (I3 @ T)R,, CQy =0, and P;C = 0.
Combining (2.18) with (2.13) and (2.14), we have
PyCQy = (ApAy) T TTCHC (I — Qu@Qy) Ty (AsA,ALY)
— (A3A,) P TrCrOT (AAAY) T = AL
PrCQi = (MM A AT (1= PyPy) O (1 — Q@) Th (ASALALY)
— (MM AN TR TrOT (AsAA; ) T
— — (AsAA) AT (s @ T) Ay (ASALALY)
== (A ) ([0 I 1] A,) (80,1 =0,

—1/2 —1/2
—1/2

—1/2

—1/2

PrCQy = (ASAA Y V210 (1= RoPy) Oy (A3A,) ™
— (A A A P TrOCH T (AsA,) TR = AL,
P3CQs = (A2A) T CQs = (M3A,) TP T QoA
— (AzA) P TrCT (A5A,) TP A, =0,
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Therefore, we obtain the SVD of C' described in (2.17). O

Now, we consider the case that k = 0 in Lemma 2.6 and Theorem 2.7. Note that,
in this case, the GEP (1.5) has n + 2 zero eigenvalues [13].

LEMMA 2.6. Ifk =0, then A, and A, in (2.11) have rank n — 1. Furthermore,
Aq(1,1) =0 and the first column of A, is a zero vector.

Proof. If k = 0, it holds that A, (1,1) =0 and Ag m(4,4) # 0 for ¢ # 1 by (2.6).
This fact implies that A;(1,1) = A2(1,1) = A3(1,1) = 0 in (2.10). Therefore, by the
definitions of A, and A, in (2.11), A, and A, have rank n — 1 and the first columns
of A, and A, are zero vectors. o

We define two notations that are used in the following theorem. For a given
matrix F € C**", let F, € C"*(»=Y (or F,. € C(»~D*x("=1) be the submatrices of
F in which the first column is deleted (or both the first column and the first row are
deleted). Combining the results in Theorem 2.5 and Lemma 2.6, the SVD of C with
k = 0 can be obtained in Theorem 2.7.

THEOREM 2.7. Let T, (A1, A2, A3), and (Ag, Ap) be defined in (2.8), (2.10), and
(2.11), respectively. Assume k = 0. Then

C = ﬁriré\:v

where
Q\r = (I3 02 T) [HLC H27c] s ﬁr = (I3 & T) [—Hg c Hl,c ] s
£, = diag (A1 (A)1?)
with
((O[AQ — BAq )A - (Al - OéAB) §)C 1/2
e = | ((BAs = A2)A5 — (ala — BAAT )| (ApAp)re(Ag)d) 7,
| (A1 — ag)AT — (BA3 — A2)A5).
[ (BAS — A3).
oo = | (A7 = ahj). | ((Ap4,)0) .
_(aA* BAT)c

It is worth mentioning the specific choice of the singular vector matrices P and
Q@ in (2.15). The choice of these matrices is not unique because the multiplicities of
the nonzero eigenvalues of C*C' are even and may be large. We have carefully chosen
the P and @ defined in (2.15) to avoid the need to store these two matrices and
the computations involving P and @ can be performed efficiently. We discuss this
computational advantage in section 4.2.

3. The null space free eigenvalue problem. We have derived the SVD of C
in Theorem 2.5. In this section, we use the SVD to deflate the null space of the GEP
obtained by discretizing (1.5) so that we can develop a new solution process for the
target eigenvalue problem. The discretization of (1.5) based on Yee’s scheme leads to
the following discrete GEP:

(3.1) {(5 co] [g] - (l E:d —Mng [f]ﬂ

Here, C is the discrete single-curl operator defined in (2.1). The four 3n x 3n complex
matrices (g4, &4, €4, pq are the discrete counterparts of the matrices ¢, &, €, and p,
respectively.
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From Theorem 2.5, we can see that the GEP (3.1) has 2n zero eigenvalues. This
null space not only affects the convergence of iterative eigensolvers but also increases
the challenge of solving the eigenvalue problem. In this section, we apply the SVD
of C in (2.17) to reduce the GEP (3.1) to the null space free eigenvalue problem
(3.6) equipped with the following two advantages: (i) The dimension of the coefficient
matrix is dramatically reduced from 6n in (3.1) to 4n in (3.6). (ii) The two eigenvalue
problems share the same 4n nonzero eigenvalues.

To derive the NFSEP, we first rewrite (3.1) as

: . . * o | F _ : gd Hd E
(3.2) diag(P.,Q.) diag(%,,3,) diag (Q), PF) [H] =w <1 |:_5d s %
by applying the SVD of C described in (2.17). We can then explicitly define the
invariant subspace of (3.1) in the following theorem using the matrices P, @, and
3., defined in Theorem 2.5.
THEOREM 3.1. Assume the matrix

|G
(3.3) B 1{_; _SJ

is nonsingular. Then
span {Bil diag (PTET% , Qrzé)}

is an invariant subspace of (3.1) corresponding to all nonzero eigenvalues. Further-
more, it holds that

{w ‘ diag (2* Q.52 P:) B~ diag (Przé , QT&%) y= wy}
(3.4) = {w|diag (C,C*)x = wBz, w#0}.
Proof. From Theorem 2.5, we have

(3.5)
diag (C,C™) {B—ldiag (PrEé , Qrzé) }
= {diag (P,,Q;, Q. )} { B \diag (P57, Q.57 ) |
- {505} s (10352 7) s (154,057

1 1 1 1
From (3.2), (3.5), and the fact that diag(X?Qr, X7 PF)B ldiag(P,X7,Q,%7) €
1 1

C4n>4n s nonsingular, we can see that span{B~ldiag(P.X7?,Q,%?)} is an invari-

ant subspace of the GEP (3.1) corresponding to all nonzero eigenvalues, and therefore
the result in (3.4) holds. O

From Theorem 3.1, the null space free eigenvalue problem is derived straightfor-
wardly in the following theorem.

THEOREM 3.2 (the null space free eigenvalue problem). For any nonsingular
B defined in (3.3), the GEP (3.1) can be reduced to the following null space free
eigenvalue problem:

(3.6) diag (Eé Qr, ET%PT*) B~ !diag (PTET%’ ; QTE'%) Y = wy.
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Furthermore, the GEP (3.1) and the NFSEP (3.6) have the same nonzero
eigenvalues.

We have reduced the GEP (3.1) to the NFSEP (3.6), and the NFSEP can be
solved by the iterative eigensolvers without being disturbed by the null space. Further
computational considerations are discussed in the next section. Finally, we note how
the C3*3" matrices (g, €4, €4, and pg are determined. In Yee’s scheme, E and H are
evaluated at the edge centers and the face centers, respectively. However, C'E and
C*H are evaluated at the face centers and the edge centers, respectively. To match
these evaluation points, we can average the corresponding discrete entry values of (,
&, &, and p on the neighbor grid points to form the matrices (4, &4, €4, pa in (3.1).
Consequently, (¢F + pqgH and egF + {4H are evaluated at the face centers and the
edge centers, respectively.

4. Computational and application considerations. The NFSEP defined
in (3.6) can actually be applied to various complex media settings as long as the
corresponding matrix B is nonsingular. Such media include general and Tellegen
bi-isotropic media [30], lossless and reciprocal bianisotropic media [26], and general
bianisotropic media [16]. To solve the NFSEP, shift-and-invert type iterative eigen-
solvers (e.g., Arnoldi method, Jacobi-Davidson method) can be applied to compute
the desired eigenpairs of (3.1) from (3.6) without being affected by zero eigenval-
ues. Despite the wide applications on complex media, the process for solving the
NFSEP (3.6) can be further accelerated under the mild assumption described in sec-
tion 4.1. It is worth mentioning that two important types of media, i.e., chiral media
[3, 4, 21, 27, 30, 33] and pseudochiral media [2, 5, 6, 16, 28], satisfy this assumption
and can thus be solved by the accelerated eigensolvers. See sections 4.2 and 4.3 for
more details and some computational remarks.

4.1. Sufficient conditions for Hermitian and Hermitian positive definite
GEPs. The coefficient matrix in the NFSEP (3.6) is in a general form, and the
NFSEP can therefore be solved using, for example, the Arnoldi method. However,
under an assumption, we can rewrite the NFSEP (3.6) as a GEP with Hermitian and
Hermitian positive definite coefficient matrices. We can then take advantage of the
matrix structure to accelerate the solution process by solving this rewritten eigenvalue
problem via the invert Lanczos method and the associated conjugate gradient linear
system solver.

The acceleration scheme is motivated from the following observations regarding
the matrix B in (3.3). If ug is nonsingular and we let ® represent the matrix e4 —
gduglgd, we have

: 0 Hd I3n 0
B = - .
1{—@ —fd] [udlcd Ign]

Furthermore, if ® is nonsingular, we have

_ | I 0} {—@%dul —@1}
4.1 B™l=—i & Sditd .
(41) =T I

In other words, the properties of B~! are closely related to pg, ®, &4, and (4. In
particular, we consider the assumption

(4.2) pa > 0,® = eq — Eapiy ' Ca > 0, and &) = Ca.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/03/16 to 131.156.224.67. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

212 CHERN, HSIEH, HUANG, LIN, AND WANG

The notation pg > 0 and ® > 0 suggest that g and ® are Hermitian positive definite.
Under this assumption, we show that the GEP (3.1) can be transformed to a standard
Hermitian eigenvalue problem (so that all the eigenvalues are real) in Theorem 4.1. We
then rewrite the NFSEP (3.6) in the new form (4.9) in Theorem 4.2. Consequently, the
corresponding coefficient matrix A, to be defined in (4.10) is Hermitian and positive
definite. We can then use the Lanczos method, which consumes less storage and
computation than Arnoldi-type methods, to solve (4.9).

We begin the derivation from the following theorem.

THEOREM 4.1. Under Assumption (4.2), all eigenvalues w of the GEP (3.1) are
real.

Proof. Let
E¢ L, O0][E
4.3 =| = .
( ) |:HC:| |:,ud 1<d 137L:| |:H:|
Substituting (4.3) into (3.1) and premultiplying (3.1) by [5;;31 1] it holds that
C 0 E . 0 Hd E<:|
4.4 _ _ ¢l = ,
4 {ﬁdudlc—c*ﬂdl@ C*] {Hc] lw [—@ 0] [Hc

where @ is defined in assumption (4.2). By the assumptions that pg > 0 and ® > 0,
we then let

(4.5) fd = pepie, P = PcP;
be the Cholesky decompositions of pg and @, respectively. Define
E

_ %8 O [E;
H| [0 pi] [Hef

Substituting (4.6) into (4.4) and premultiplying (4.4) by Lﬁl 7? 1], we have

(4.6)

(4.7) Az = wz,
where z = [ET, H']T and

o [0 (Gang O = Crig i) (@)1 @10 ()
4.8 A= (- ¢ d d c c c )
- | pto @) 0

Because A is Hermitian, all eigenvalues w of the GEP (3.1) are real. O

We have shown that all eigenvalues of (3.1) are real under assumption (4.2).
However, the coefficient matrix of the NFSEP in (3.6) is not Hermitian. We reformu-
late the NFSEP (3.6) in the following theorem to obtain a Hermitian and Hermitian
positive definite GEP (HHPD-GEP).

THEOREM 4.2. Under assumption (4.2), the GEP (3.1) can be reduced to a null
space free GEP

. 0 PO _
(Lt 5w

where

1 —1 1
— x x| Mg Ca —1I3n P 0 gdﬂd I3n .
@10) 4= dieg(rr.QD) |1 0] %00 ] [ T dins(p0)

is Hermitian and positive definite.
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Proof. Let
y, = diag (E},/g, Ei/g) Y.
Rewrite (3.6) as
diag (QF, P7) B~ 'diag (P, Q,) yr = wdiag (X1, 5, 1) vy,
which is equivalent to

(4.11) diag (P, Q) [—I3n 8 } B~ 'diag (P, Q) yr = w (1 {_E 1 }) Yr-

T

From (4.1), it holds that

0 Bal g [ug'Ca —Isa] [@7Gapg " @7
—Izn 0 Iy 0 —ugt 0
_ ,u;1<d _IB7L (I)il 0 fdﬂ;l IBn
I, 0 0 w'||~Isn 0]

which is Hermitian and positive definite if assumption (4.2) holds. That is, the coef-
ficient matrix on the left-hand side of (4.11) is equal to A,. Therefore, (4.11) can be
rewritten as (4.9). O

We have now asserted the sufficient conditions that lead to the Hermitian and
Hermitian positive definite null space free GEP (HHPD-NFGEP) (4.9). Next, we
discuss some considerations in applying and solving the HHPD-NFGEP.

4.2. The eigenvalue and associated linear system solvers. In the HHPD-
NFGEP (4.9), the coefficient matrix A, is Hermitian and positive definite. We can
use the generalized Lanczos method to solve (4.9) and obtain the smallest positive
eigenvalues that are of interest in complex media. In each step of the generalized
Lanczos method, we must solve the linear systems

* _ —1 *
A N | EAT [

for a given vector b. Because A, is Hermitian positive definite, the linear system
(4.12) can be solved efficiently by using the conjugate gradient method. Furthermore,
the matrix-vector multiplications of the forms (7*p, T'q) for computing (P p1, Q:p2)
and (P.q1, Q,q2), which are the most costly parts of solving (4.12), can be computed
efficiently by the 3D FFT because of the periodicity of T', as shown in (2.8).

4.3. Application remarks. Intensive research has been conducted on chiral
and pseudochiral media. In this section, we assert that the corresponding magneto-
electric matrices satisfy the assumptions given in (4.2), and we can therefore solve the
HHPD-NFGEP using the Lanczos method. This solution procedure can thus act as
a useful numerical tool for simulating 3D chiral and pseudochiral media.

First, we introduce the magnetoelectric matrices in chiral and pseudochiral me-
dia. For chiral media (also called Pasteur or reciprocal chiral media), the associated
magnetoelectric matrices (4 and &y in (3.1) are of the forms

(4.13) &g = i'yf3n and (4 = —ivfgn.
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Here, 7 is the chirality parameter, and I,,, € R™*™ is a diagonal matrix whose entries
are equal to 0 (outside of the medium) or 1 (within the medium) depending on the
corresponding grid point locations. For pseudochiral media, the associated matrices
are

0 0 ivl, 0 0 —iyl,
(4.14) €¢4=10 0 0 |andG=| 0 0 0
ivl, 0 0 —ivl, 0 0

Now, we analyze these magnetoelectric matrices. For chiral and pseudochiral
media, ¢ are of the form of a 3-by-3 diagonal block matrix where ¢ = diag(e, €, €).
Here, € is a piecewise constant function that is equal to €; and ¢, inside and outside the
medium, respectively. Thus, the associated matrix £4 in (3.1) is a diagonal matrix with
€, or g; on diagonal entries. On the other hand, the permeability u is usually taken as
I3, so the matrix pg in (3.1) is equal to an identity. Combining the diagonal matrices
eq and pg with (&g, Cq) in (4.13) and (4.14), we have that & = ad—gduglgd =cq—E&q4C4
is a diagonal matrix with the entries €, €;, or £; — 2. Because ¢, and ¢; are positive,
® is a positive diagonal matrix, provided v € (0, /&;).

4.4. A short summary. In Table 1, we summarize all the eigenvalue problems
and eigensolver strategies that have been discussed in the previous sections. From
the algorithmic viewpoint, we propose and outline the null space free method in
Algorithm 1.

5. Numerical results. In the numerical experiments, we consider 3D recipro-
cal chiral materials, in which ¢ = —iy. The goals of our numerical experiments are
threefold: to verify the correctness of the proposed algorithms and the code imple-
mentation, to compare the performance of the proposed algorithm with an existing
algorithm, and to study the performance of the proposed method in terms of itera-
tion numbers and execution time. The details of the numerical experiments are as
follows.

TABLE 1
A summary of the eigenvalue problems and solvers considered in this article. The table lists (a)
names of the eigenvalue problems, (b) type of the eigenvalue problems, (c) type of eigenvalues, (d)
problem dimensions, (e) number of zero eigenvalues, (f) eigenvalue solver, (g) choice of shift o for
the smallest eigenvalues, (h) embedded linear systems, (i) linear system solvers, (j) preconditioners
for the linear system solvers, and (k) the applicable complex media.

(a) GEP (1.5) NFSEP (3.6) HSEP (4.7) HHPD-NFGEP (4.2)

(b)  Generalized Standard Standard Generalized
non-Hermitian  non-Hermitian Hermitian Hermitian & HPD

(¢) Complex Complex Real (Thm. 4.1) Real

(d) 6nx6n 4n x 4n 6n x 6n 4dn x 4n

() 2n (Thm. 2.5) 0 (Thm. 3.2) 2n 0

(f) S.I Arnoldi S.I. Arnoldi S.I. Lanczos S.I. Lanczos

(g) Hard to choose  Zero Hard to choose Zero

(h) (5.1) - - (4.12)

() LU or GMRES - - CG with FFT
(not efficient) Mtx-Vec Mult.
Hard to find None (well-cond.)  Harder to find None (well-cond.)

~|—
(=)
=

k) Media without
Assum. (4.2)

Media without
Assum. (4.2)

Media without
Assum. (4.2)

Media satisfying
Assum. (4.2)
(Thm. 4.2)
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ALGORITHM 1. THE NULL SPACE FREE METHOD FOR SOLVING THE GEP (3.1).
1: Compute Ay, Ay, and A3 in Theorem 2.1;

Compute A, and A, in (2.11);

Compute II; and IIy in (2.13a) and (2.14a), respectively;

if y1g and @ are Hermitian positive definite and £ = (4 then
Solve the HHPD-NFGEP

N VD it _
QR P

where A, is defined in (4.10);
6: else
7: Solve the NFSEP

diag (zi/QQ:, ziﬂpj) B~ ldiag (PrZi/Q, QrEiﬂ) y = wy.

8: Update y = diag( },/2, },/Q)y;
9: end if
10: Compute

T = B_ldiag (Pra Qr) Y.

For the medium structure, we consider a simple cubic lattice consisting of spheres
with radius r and circular cylinders with radius s, as shown in Figure 1. In particular,
we assume the lattice constant a = 1, r/a = 0.345, and s/a = 0.11. We use the triplet
(€i,€0,7) to represent the associated permittivity inside the structure, the permittivity
outside the structure, and the chirality parameter, respectively. The perimeter of
the irreducible Brillouin zone for the sample cubic lattice is formed by the corners
G =[0.0.0]7, X = 2[5,0,0]7, M = [}, 1,0, and £ = 2[4, 3. 4]".

For the implementation, the MATLAB function eigs is used to solve the HHPD-
NFGEP (4.9), and pcg (without preconditioning) is used to solve the associated linear

system (4.12). The stopping criteria for eigs and pcg are 10*xe/(2y /6,2 4 0,2 + 6.?)

and 1074 respectively. The constant ¢ (= 2.2 x 10716) is the floating-point rela-
tive accuracy in MATLAB. In eigs, the maximal number of Lanczos vectors for the
restart is 3¢, where ¢ = 10 is the number of desired eigenvalues of the GEP (3.1). The
MATLAB functions fftn and ifftn are applied to compute the matrix-vector prod-
ucts T*p and Tq, respectively. The MATLAB commands tic and toc are used to
measure the elapsed time. All computations are performed in MATLAB 2011b.

For the hardware configuration, we use a HP workstation equipped with two Intel
Quad-Core Xeon X5687 3.6GHz CPUs, 48 GB of main memory, and RedHat Linux
operating system version 5.

5.1. Numerical correctness validation. We validate the correctness of the
proposed algorithm and MATLAB implementation by solving the following three sets
of benchmark problems.

First, we consider a special case (¢;,€,,7) = (13,1,0), whose corresponding band
structures have been reported in [7, 10, 13, 20]. In this case, because of v = 0 and
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Fic. 1. A schema of 3D chiral medium with a simple cubic lattice within a single primitive cell.
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(a) (82'7507’Y) = (137 170) (b) (82'7507'7) = (17 170)

F1G. 2. The band structure with (¢;,€0,7) = (13,1,0) and (1,1,0).

(1.4a), we can see that the GEP (3.1) and the eigenvalue problem AE = w?c,FE (for
the photonic crystal as shown in [13]) lead to the same band structure. The computed
band structure due to (3.1) and n; = ny = n3 = 50 is shown in Figure 2(a). The
figure is identical (up to numerical precision) to Figure 1(a) in [13].

Second, we consider (g;,¢,,7) = (1,1,0), for which some theoretical results are
known. In this case, we know that (3.1) and AE = w?E have the same band struc-
ture and, from Theorem 2.4, {A,,A,} are the nonzero eigenvalues of A. That is,
{Aé/ 2, Aé/ ®} are the eigenvalues of (3.1). Comparing the computed cigenvalues shown
in Figure 2(b) (for ny = ng = n3z = 50) with the exact eigenvalues, our numerical

results show that the maximal relative error of all computed eigenvalues in the figure
is 3.65 x 10714,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/03/16 to 131.156.224.67. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

SVD FOR SINGLE-CURL OPERATORS 217
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matrix dimension 4n matrix dimension 4n
(a) (g4,€0,7) = (13,1,0.5) (b) (ei,€0,7v) = (1,1,0.8)

Fi1a. 3. The convergent eigenvalues for (gi,€0,7) = (13,1,0.5) and (g4,€0,7) = (1,1,0.8) with
various matric sizes 4n.

Third, we check the convergence of the eigenvalues in terms of the grid point num-
bers. In particular, we set n; = ny = n3 = 2¥ for k = 3,...,7, and the corresponding
matrix sizes 4n = 4 x 23F of the NFSEP (4.9) range from 2,048 to 8,388,608. The
three smallest positive eigenvalues Ai x, A2k, and A3 for (g;,€0,7) = (13,1,0.5) and
(€i,€0,7v) = (1,1,0.8) are shown in Figure 3 for the wave vector k = [0.5,0,0] . The
figure shows that {A1 x}, {2k}, and {As;} are convergent as k increases.

5.2. Comparison with the shift-and-invert Arnoldi method. The GEP
(3.1) can be solved using the shift-and-invert Arnoldi method. In the shift-and-invert
Arnoldi method, the computational cost is dominated by solving the 6n x 6n linear

system
(5 2]-+[% %)

for a certain vector b and a shift o. In contrast, the performance of the null space
free method (Algorithm 1) is dominated by solving the 4n x 4n linear system (4.12).

We thus compare the performance for solving these two linear systems. Here, we
take (gi,€0,7) = (13,1,1) and k = [0.5,0.5,0]". To solve (5.1), we use (i) a direct
method based on LU factorization and (i) the GMRES with SSOR, preconditioner.
To solve (4.12), we use the MATLAB pcg without preconditioning. Note that the
chirality parameter v = 1 implies that the coefficient matrix is Hermitian and positive
definite. The timing results for solving (5.1) and (4.12) are shown in Figure 4. The
results suggest that the performance of the pcg for solving (4.12) outperforms the two
solvers for solving (5.1) remarkably.

In Table 2, we further compare the performance of the two eigenvalue solvers: (i)
the shift-and-invert Arnoldi method with direct linear system solver and (ii) the null
space free method (Algorithm 1) with pcg. It is clear that Algorithm 1 is much faster.
Consequently, we do not recommend solving the GEP (3.1) by the shift-and-invert
Arnoldi method unless we can develop a good preconditioning scheme for solving
the linear system (5.1). However, it is important to note that, even with a good
preconditioner, the effect of a large null space (with rank 2n) can downgrade the
performance significantly [12].
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Fic. 4. The time for solving (5.1) by left matriz divide and the gmres and solving (4.12) by pcg.

TABLE 2
CPU time in seconds for solving the GEP (3.1). S.I. Arnoldi+LU stands for the shift-and-
invert Arnoldi method with LU based linear system solver. We take n1 = ng = n3 = 32 and
(gi,€0,7v) = (13,1,0.5).
k (100 (3:30 (333 (G33)
S.I. Arnoldi+LU 18,821 10,533 16,628 20,758
Algorithm 1 155 140 198 155

5.3. Performance of Algorithm 1. We now concentrate on the performance,
in terms of iteration numbers and timing, of the null space free method (Algorithm 1)
in finding the 10 smallest positive eigenvalues of the GEP (3.1) with various combi-
nations of the parameters ;, v, and k. We take ny = ny = n3 = 128, and the size of
the coefficient matrix in (4.9) is 4n$ = 8,388,608. The Lanczos method is applied to
solve the HHPD-NFGEP (4.9).

In the first test problem set, we vary the wave vector 27k along the segments
connecting G, X, M, R, and G in the first Brillouin zone to plot the band structure.
In each of the segments, 10 uniformly distributed sampling wave vectors are chosen.
The results are shown in Figure 5 for (g;,€,,7) = (13,1,0.5) or (g4, ,,7) = (1,1,0.8).
In the second test problem set, we change the chirality parameter v from 0.25 to 3
for ¢; = 13 (from v = 0.05 to 0.9 for ¢; = 1). Note that the condition number of
the linear system (4.12) increases from X = 13 to oo (singular) as v varies from 0
to /z; &~ 3.61. We fix k = [0.5,0,0]". The results are shown in Figure 6. Based on
Figures 5 and 6, we highlight the following performance results:

e The iteration numbers are very small. Figures 5(c), 5(d) 6(c), and 6(d) show
the iteration numbers of the Lanczos method for solving (4.9) with different
parameter combinations. In all cases, the iteration numbers are substantially
smaller than the matrix size 8,388,608. Note that some higher iteration num-
bers in Figures 5(c) and 5(d) are due to the corresponding multiplicity of
eigenvalues. The higher iteration numbers in Figures 6(c) and 6(d) are due
to the clustering of the eigenvalues.
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(c) Iteration numbers ranging from 120 to 190 (d) Iteration numbers ranging from 100 to 200
with average 143 for (g4,€0,7) = (13,1,0.5) with average 136 for (g4,€0,7v) = (1,1,0.8)
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(e) CPU time ranging from 2.75 to 4 hours with (f) CPU time ranging from 2.1 to 4.1 hours with
average 3.2 hours for (g4,€0,7) = (13,1,0.5) average 2.8 hours for (g4,€0,7) = (1,1,0.8)

Fia. 5. The band structures of 3D chiral media, iteration number of the Lanczos method,
and the elapsed times of the NSF (Algorithm 1) for solving (3.1) associated with various wave
vectors k.

e The timing is satisfactory. Figures 5(e) and 5(f) show the CPU times for
solving (3.1). These results suggest that our approach is efficient for comput-
ing 10 (interior) eigenvalue problems as large as 8,388,608. This efficiency is
mainly due to the highly efficient linear system solver for (4.12).
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F1G. 6. The band structures of 3D chiral media, the average of iteration number of pcg, the iter-
ation numbers of the Lanczos method, and the elapsed times of the NSF for solving (3.1) associated
with various chirality parameters ~y.
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e The linear systems in the form of (4.12) are well-conditioned for the tested
~’s. We take a close look of the behavior of pcg for solving the linear systems
(4.12) with various 7’s. As shown in Figures 6(g) and 6(h), the (average) pcg
iteration numbers for solving linear system (4.12) in the tested eigenvalue
problems increase from 39 to 90 for €; = 13 and increase from 9 to 59 for
¢; = 1. This behavior is parallel to the increase in the condition number
of the linear system (4.12) from Z* = 13 to oo (singular) as v varies from
0 to \/z; ~ 3.61. We fix k = [0.5,0,0]". A more important observation
is that the timing results are quite satisfactory in the following sense. For
problems as large as 8.4 million and a stopping tolerance as small as 10714,
these small iteration numbers suggest that the coefficient matrix in (4.12) is
quite well-conditioned.

6. Conclusions. In this paper, we focus on the GEPs arising in the source-free
Maxwell equation with magnetoelectric coupling effects in the 3D chiral media. Solv-
ing the GEP is a computational challenge. We have proposed a promising theoretical
framework for efficiently solving the eigenvalue problem. First, we derive the SVD
of the discrete single-curl operator. Using this SVD, we explore an explicit form of
the basis for the invariant subspace corresponding to nonzero eigenvalues of the GEP.
By applying the basis, the GEP is reduced to an NFSEP, which involves only the
eigenspace associated with the nonzero eigenvalues of the GEP and excludes the zero
eigenvalues so that they do not degrade the computational efficiency. Next, we show
that all nonzero eigenvalues of the GEP are real if pig and €4 — @m;lgd are Hermitian
positive definite and £ = (4. Based on this property, we reformulate the NFSEP to a
null space free GEP whose coefficient matrices are Hermitian and Hermitian positive
definite (HHPD-NFGEP). We can then use the invert Lanczos method to solve the
HHPD-NFGEP and the CG method to solve the embedded linear systems. The nu-
merical results validate the correctness of the proposed algorithms and the computer
code implementation. The results also suggest that the proposed methods are efficient
in terms of iteration and timing.

Appendix. Proof of Lemma 2.2.

(a) For the sake of contradiction, it is assumed that A, is singular. By the
definition of A, A, is singular if and only if Ag, p,, Aas n,, and Ag, 4, are singular if
and only if

89n1,71+9a1,n1 —1=0,
eInaitbazny _ 1 — 0,

ena e tlagng _ 1 —

for some i € {0,...,n1 — 1}, 7 €{0,...,no — 1}, and k € {0,...,n3 — 1}. That is

i+k-al _i+k1 j+k'ag _]+k2 k+k'a3 _k+k3

ni ni UP) UP) ns ns

are integers for some i, j, k. By the assumption 0 < ki, ko, kg < %, we have i = 0,

j =0,k =0, and k; = ko = k3 = 0, which contradict k # 0. Therefore, A, is
nonsingular.

(b) By the definitions of Ay, Ag, and Az in (2.10), the ((k—1)nina+(j—1)ni+i)th
elements of A1, A, and A3 are
o el —1), o7t —1), o7 —1),

Yy z
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respectively, where

91:27T<Z+k1), 9j:27r(j+k2), 9k:2ﬂ(k+k3)a
ny N9 ns

fori=0,...,n1—1,j=0,...,no—1,and £k =0,...,n3 — 1. Assume that A, does
not have full column rank. Then there exists some ¢, 7, and k such that
Bo (™ —1) = 6,1 (e% ~ 1),
o M —1) = ad (e — 1),

65*1(6“)7' -1)= aé;l(eief - 1),

x

which implies that

[3sin 0y, __sin 0; sin 6; asin 0y, [sin6; asin

J. 5, = 0 5, O dy
and
Blcosby — 1) cosf; —1

d, 6y
cost —1  a(costy —1)
o [ ’
B(cost; —1)  afcosf; —1)
0z B dy

or equivalent to

Bsinf; sinf;  Bsinby

(6.1) ady Oy 0
and
6.2) B(cosl; — 1) _ cosf; —1 _ B(cos by — 1).

ady dy J-
From (6.1) and (6.2), it holds that

Bsinb; 2+ B(cosl; — 1) 2_ sin 0, 2+ cosf; —1\°
a&w a(sm B 61/ 5y

Bsin b\ > B(cos b — 1) 2
(F5%) + (=)

and then
B2(2—2cos;) 2—2cosl;  [%(2—2cosby)
aro; % 6z
Therefore,
(6.3) Bleosts — 1) _ ady cost; — 17 Bleosbp —1) _ 9. cosf—1
ad, B5, 0, 5. B 5,

From (6.2) and (6.3), we can see that if ad, # 89, and 0, # 5J,, then

cosf; = cosf; = cos by, = 1.

That is %7 %, and k:ﬁ“ must be integers. This contradicts the assumption for

k. Therefore, A, has full column rank.
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