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Abstract: Effects of the polarization on subtracted images in fluorescence
emission difference microscopy are numerically investigated based on vec-
tor beam diffraction theory and alteration of Jones matrices. Parameters of
resolution, signal loss, and amplitude of negative sidebands after subtraction
are discussed along with the polarization of excitation beams and sample
sizes. The effects of polarization on the ellipticity and subtraction threshold
are also given.
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1. Introduction

Various types of superresolution techniques have achieved great success in improving the re-
solving power of optical far-field microscopes during last twenty years, such as stimulated
emission depletion (STED) microscopy [1], structured illumination microscopy (SIM) [2],
photoactive localization microscopy (PALM) [3], stochastic optical reconstruction microscopy
(STORM) [4], and others [5–10]. Recently, mathematically calibrated microscopes, such as
fluorescence emission difference (FED) microscopy [11], scanning laser mode microscopy
(SLAM) [12], and others [13, 14], have attracted interests for being able to provide a simple
approach to break the diffraction barrier. The concept is to subtract two fluorescence images
captured by two excitation lasers with the same wavelength but with different spatial intensity
distributions, e.g., solid and donut shapes. Because the quality of subtracted images strongly de-
pends on the spot shapes of the two excitation lasers and the implemented subtraction factors,
the possible problems of nonlinearities and over-process resulting from the subtraction could be
generated. To reduce the distortion and negative sidebands brought by improper illumination,
excitation beams with radial and azimuthal polarizations and with extended solid and hollow
spot shapes have been proposed [15, 16]. Further to achieve appropriate subtraction, concept of
subtraction threshold has also been constructed [17]. However, the imaging quality can be easily
deteriorated by imperfect polarizations in coherent optical microscopes [18–21]. Especially for
fluorescence subtraction microscopy, the resolution enhancement is obtained from direct sub-
traction of fluorescence images, in which the quality of the polarization for excitation should
be considered significantly. However, there has been no report on the detailed study of the ef-
fects of the imperfect polarization on the subtracted parameters in such microscopes until now.
In this paper, a numerical model is built based on the vector beam diffraction theory (VBDT)
and it is applied to investigate the importance of the polarizations in fluorescence difference
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microscopy. The resolution, peak intensity, and further parameters in subtracted images are
quantitatively evaluated by altering the polarization described by the Jones matrices. It is found
that when the wave plate for polarization conversion deviates from normal incidence by 10◦,
the resolution deterioration is about 5%; peak intensity decreases within 3%; the corresponding
amplitude of negative sidebands is reduced by about 5%. The deviation from appropriate polar-
ization conditions lead to easier over-subtraction and the threshold peak intensity decreases for
sample sizes of smaller than 0.1λ . The subtraction factor of 0.6 is found to be able to eliminate
the spot deformation after subtraction caused by the deviation of the polarizations. Simulation
results with a combined radially and azimuthally polarized spots for excitation are also given.

2. Principle and numerical models

Fig. 1. (a) Schematic of polarization conversion for excitation beams in subtraction mi-
croscopy. (b) Two groups of polarization combinations for excitation. (c) Electric field
components with rotated wave plate. (d) Electric field components with fixed wave plate.
PBS: polarization beam splitter; WP: wave plate; Obj: objective lens; QWP: quarter wave
plate; MHWP: mosaic half wave plate.

The schematic of polarization conversion in the subtraction microscope is depicted in Fig.
1(a). To avoid the interference between each other, two orthogonally linear-polarized excitation
beams are combined with a polarization beam splitter and converted into desired polarization
combinations with corresponding wave plates. Two combinations of spots and polarizations
are usually used for excitation, as are shown in Fig. 1(b). The first group is the combination
of a solid-shape spot and a donut-shape spot generated with a vortex phase plate. Then they
are converted into right-handed and left-handed circular polarization after passing through a
quarter-wave plate (QWP). The second group is the combination of radially and azimuthally
polarized spots converted from two solid-shape spots using a mosaic half wave plate (MHWP).
With each of the polarization combinations, the solid and donut focal spots for excitation can
be obtained.
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The mathematical formula of subtracted image can be expressed as [17, 22]:

IRAW (x,y,z,θr,r,γ) = IS(x,y,z,θr)∗Ob(x,y,r)− γ · ID(x,y,z,θr)∗Ob(x,y,r)

I(x,y,z,θr,r,γ) =
{

IRAW (x,y,z,θr,r,γ) IRAW (x,y,z,θr,r,γ)≥ 0
0 IRAW (x,y,z,θr,r,γ)< 0

(1)

where γ is the subtraction factor, ∗ is the convolution, IS and ID are the focused solid and donut
spots, the point spread functions (PSFs) of which can be derived from VBDT [23–25]. Ob is
the sample. They are expressed as:

Ex,y,z(x,y,z,θr) =
iC
λ

∫ 2π

0

∫ arcsin(NA/n)

0
AAMP ·APhase ·AL

⎡
⎣ Px(θr)

Py(θr)
Pz(θr)

⎤
⎦

sinθ · e−ik{zcosθ+
√

x2+y2 sinθ cos[ϕ−arctan(y/x)]}dθdϕ (2)

IS,D(x,y,z,θr) = |Ex|2 + |Ey|2 + |Ez|2 (3)

Ob(x,y,r) =C0e−(4ln2) x2+y2

r2 (4)

Here C and C0 are the normalization constants; λ is the wavelength of incident light; NA is
the numerical aperture of the objective lens; n is the refractive index of the contact medium
between the objective and the cover glass of the sample, the value of which is 1.518 for the
immersion oil; k is the wave number; AAMP is the amplitude factor; APHASE is the phase factor;
r is the preset full width at half maximum (FWHM) of the sample envelope. The AAMP = 1
means the plane wave is used to simulate the intensity distribution of the incident excitation
lasers; the APHASE = eiϕ is the phase distribution of the vortex phase plate. The set values of
AAMP and APHASE for IS and ID are shown in Table 1.

Table 1. Parameter sets for IS and ID.
Group 1 Group 2

IPSF Polarization AAMP APHASE Polarization AAMP APHASE

IS Right Circular 1 1 Radial 1 1
ID Left Circular 1 eiϕ Azimuthal 1 1

AL is the vector weight matrix of the aplanatic objective lens, calculated as follows:

AL =
√

cosθ

⎡
⎣ 1+(cosθ −1)cos2 ϕ (cosθ −1)cosϕ sinϕ −sinθ cosϕ

(cosθ −1)cosϕ sinϕ 1+(cosθ −1)sin2 ϕ −sinθ sinϕ
sinθ cosϕ sinθ sinϕ cosθ

⎤
⎦ (5)

[Px,Py,Pz] is the unit vector matrix of the polarization. According to the Jones Calculus [26,
27],the electric field of s- or p-polarized light has components along the tilted crystal axis
and then they are projected to the horizontal and vertical axes when rotating the wave plate.
The phase delay between the two birefringent optical axes is δ = kd(no − ne), where d is the
thickness of wave plate; no and ne are the refractive indices of ordinary and extraordinary optical
axes, respectively. For a QWP of negative crystal, δ is π/2. From Fig. 1(c), Jones matrices
of the horizontal and vertical electric field components for s- and p-polarized beams after a
negative-type QWP can be written as:

s− p :

⎡
⎣ Px

Py

Pz

⎤
⎦=

⎡
⎣ (1− i)sinθr cosθr

cos2 θr + isin2 θr

0

⎤
⎦ , p− p :

⎡
⎣ Px

Py

Pz

⎤
⎦=

⎡
⎣ sin2 θr + icos2 θr

(1− i)sinθr cosθr

0

⎤
⎦ (6)
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where θr is the angle between the electric field of s-polarized beam and the fast axis. Then
the intensity distributions of focused spots with different angles of the QWP can be calculated.
Because the long and short axes of the focused spots are always along the fast and slow axes
of the wave plates, it is inconvenient to analyzing the resolutions along two perpendicular axes
when the focused spots are tilted. Fixing the wave plate and rotating the polarization can be a
calculation strategy to solve this problem. Then the long and short axes of the focused spots
can be fixed to the horizontal or vertical axes. As is shown in Fig. 1(d), the Jones matrices used
to calculate the sectioning lines can be written as:

s− p :

⎡
⎣ Px

Py

Pz

⎤
⎦=

⎡
⎣ −isinθr

cosθr

0

⎤
⎦ , p− p :

⎡
⎣ Px

Py

Pz

⎤
⎦=

⎡
⎣ cosθr

−isinθr

0

⎤
⎦ (7)

For the radially or azimuthally polarized beams generated from MHWP, the Jones matrices are
[28]:

s− p :

⎡
⎣ Px

Py

Pz

⎤
⎦=

⎡
⎣ cos(ϕ −θr)

sin(ϕ −θr)
0

⎤
⎦ , p− p :

⎡
⎣ Px

Py

Pz

⎤
⎦=

⎡
⎣ sin(ϕ −θr)

−cos(ϕ −θr)
0

⎤
⎦ (8)

where ϕ is the azimuthal angle. Then the focal PSFs and subtracted spots related with the angles
θr for different polarizations can be obtained. In order to quantitatively analyze the quality of
the image, the peak intensity and amplitude of negative sidebands after subtraction are defined
as:

Ipeak =
MAX [I(x,y,z,θr,r,γ)]
MAX [I(x,y,z,θr,r,0)]

(9)

|INeg|=
{

0 MIN[IRAW (x,y,z,θr,r,γ)]≥ 0
|MIN[IRAW (x,y,z,θr,r,γ)]|

MAX [I(x,y,z,θr,r,γ)] MIN[IRAW (x,y,z,θr,r,γ)]< 0
(10)

The subtraction threshold condition, which describe the appropriate subtraction [17], and nor-
malized peak intensity at threshold under the condition, are expressed by Eqs. (11) and (12),
respectively.

FWHMOb(x,y,r0) = FWHMI(x,y,z,θr,r0,γ0) (11)

IP =
MAX [I(x,y,z,θr,r0,γ0)]

MAX [I(x,y,z,θr,r0,0)]
(12)

Then the effects of the polarization on the FWHM resolution, ellipticity, peak intensity, neg-
ative sidebands, subtraction threshold and peak intensity after subtraction can be carried out.

3. Simulation results

3.1. Linear and circular polarizations.

The calculated fluorescence and subtracted spots with polarizations of different circularity are
shown in Fig. 2. The preset sample size is r = 0.1λ . From Fig. 2(a), it can be seen that the
shape of the focused spot varies with different polarization status. The focused solid spot has
elliptical shape when the incident light is linearly or elliptically polarized. Because of the phase
distribution, the center of the donut spot is round and has zero intensity only if θr is −45◦,
where the polarization is left-handed circular. This is the appropriate angle for illumination
in subtraction microscope. As is shown in Fig. 2(b), the subtracted images with θr = −45◦
keep the same circularity while images with this angle ±10◦ have varying circularities after
subtraction. Figures 2(c)–2(e) display the FWHM values of the cross sectioning profiles along
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Fig. 2. (a) Convoluted solid and donut fluorescence images with different rotation angles
of the QWP. The sample has size of r = 0.1λ . (b) Subtracted images with factors of γ=0.3,
0.6, 1.0 for θr = −90◦, −67.5◦, −45◦. (c)–(e) FWHM values of sectioning profiles along
the long and short axes, and ellipticity with different subtraction factors of γ=0, 0.3, 0.6,
1.0 versus different rotation angles (θr).

the long and short axes of subtracted focal spots and corresponding ellipticities with factors
of γ=0, 0.3, 0.6, 1.0. It can be seen that, the FWHM values of subtracted spots are fluctuating
by about 0.1λ when rotating the QWP by π; the FWHM values change within 5% even when
the angles of the QWP deviate from the right angle for 10◦; the ellipticities of the spots after
subtraction with the two critical angles of −45◦ and 45◦ are both unity; with subtraction factors
of larger than 0.6, the long and short axes of the subtracted spots are reversed. The ellipticity
here is defined as the ratio of FWHM values on the primary short and long axes of the focused
spot. What is more, it is interesting to find that the factor of 0.6 can almost eliminate the errors
of ellipticity induced by the misalignments of the polarization. It also indicates that when the
factor of 0.6 is implemented in the subtraction scheme, the problem of polarization aberration
cannot be intuitively found out from the subtracted images.

The evolution of peak intensity, amplitude of negative sidebands and the subtraction thresh-
old are shown in Fig. 3. From Fig. 3(a), it can be seen that the subtracted peak intensities are
maximal when θr =−45◦ even with different subtraction factors. With θr = 45◦, the center of
donut spot is not completely dark, so the peak intensity drops significantly after the convolution
with samples and the following subtraction. The Fig. 3(b) describes that the decreased amount
of peak intensity after subtraction is about 2.5% if the angle of QWP is displaced with 10◦ and
subtraction factor of 1. Thus, the problem of signal loss due to the imperfect polarization for
excitation within 10◦ is not serious. Besides, the negative sidebands are generated inevitably
after subtraction. However, from Fig. 3(c), the values of negative sidebands introduced are sim-
ilar in a wide range from −90◦ to 0◦. The deviation of the polarization may reduce the negative
sidebands by 5% as is shown in Fig. 3(d). It describes that the amplitude of negative sidebands
after subtraction is insensitive to the ellipticity of the polarization, either. Similarly, the calcula-
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Fig. 3. (a) Peak intensity and (c) Negative sidebands versus rotation angles of QWP with
subtraction factors of γ=0, 0.3, 0.6, 1.0. (b) Peak intensity and (d) Negative sidebands
versus subtraction factors with rotation angles of θr =−35◦, −45◦, −55◦. (e) Subtraction
threshold line. (f) Threshold peak intensity curves.

tions on the resolution, peak intensity and negative sidebands with different sample sizes have
been carried out. The curves give the similar evolutions as present ones which will not be illus-
trated in further details. For a sample size of 0.4λ , the variation of FWHM values of subtracted
spots is by about 0.1λ versus the rotation angles of the QWP. The peak intensities or negative
sidebands are affected by less than 1% with 10◦ deviation from the right angle. The subtraction
threshold lines are shown in Fig. 3(e). It can be seen that the threshold subtraction factors for
θr = −45◦ are a little larger than the cases of −35◦ and −55◦ with sample sizes of smaller
than 0.1λ . It means the polarization-deviated excitation is vulnerable for over-subtraction and
it mainly acts on the fine structures in the sample. Meanwhile, from the Fig. 3(f), it can be
seen that the threshold peak intensity factors slightly drop when increasing the subtraction fac-
tors. It means that the deviation of polarization will not introduce significant signal loss at the
subtraction threshold for sample sizes larger than 0.1λ .

3.2. Radial and azimuthal polarizations.

The calculation results with radially and azimuthally polarized excitation spots are shown in
Fig. 4. The focused PSFs with different rotation angles of MHWP are shown in Fig. 4(a).
Because the evolutions of the subtracted spot shapes are periodical appearing, only the angles
between −45◦ and 45◦ are analyzed here. From Fig. 4(b), it can be seen that the subtracted
spot shapes are not deformed with displaced polarization angles while the resolutions are a
little worse than the case of 0◦ for MHWP. Figures 4(c)–4(e) depict the FWHM values, peak
intensities, and the values of negative sidebands when changing the angles of the MHWP. It
can be found that when the angle of MHWP is 0◦ and subtraction factor keeps the same, the
resolved FWHM values are smaller than them with other angles. Meanwhile, the peak intensity
is also maximal at the angle of 0◦. It is possible to use these two parameters to calibrate the
angles of the used MHWP. When rotating the plate, the angle with maximal peak intensity
and minimal FWHM values correspond to the appropriate angle for MHWP in subtraction
microscope scheme. The amplitude of negative sidebands is insensitive to the rotation angles
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Fig. 4. Simulation results with radial and azimuthal polarization. (a) Excitation spots versus
different angles of wave plate. (b) Subtracted images with factors of 0.3, 0.6 and 1.0 for the
rotation angles of -22.5◦, 0◦, 22.5◦.

of the plate, as is shown in Fig. 4(e). From Fig. 4(f), it can be seen that the peak intensity
decrease is about 5% when the angle is deviated with 10◦ and subtraction factor of 1. The
subtraction threshold lines and the threshold peak intensity lines are shown in Figs. 4(g) and
4(h), respectively. Similar to the results in the case of circular polarization, the threshold lines
show that the right angle of 0◦ can stand the over-subtraction than the incorrect polarizations.
Meanwhile, the threshold peak intensity factors are a little smaller for the displaced angles.
It means that when get the appropriate subtraction, the peak intensity is slightly decreased,
especially for the sample sizes of smaller than 0.1λ .

4. Conclusion.

In summary, we have built a numerical model to evaluate the effects of polarization for subtrac-
tion microscope based on the vector beam diffraction theory. By modulating the Jones matri-
ces, the effects of different polarization status on the parameters of resolution, ellipticity, peak
intensity, negative sidebands and subtraction threshold in fluorescence emission difference mi-
croscopy are quantitatively investigated. The resolution deterioration, signal loss and intensity
reduction of negative sidebands are all within 5% for both of the polarization combinations for
excitation even that the angles of wave plates are deviating from the normal incidence by 10◦.
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The corresponding threshold peak intensity curve finds that the signal loss at appropriate sub-
traction is negligibly small for sample sizes of larger than 0.1λ . The rotating angle of polarizer
being 45◦ must be critically avoided, since it can generate serious signal intensity loss and reso-
lution deterioration. The subtraction factor of 0.6 is found to be a specially behaving parameter
for the case when the polarization is modified with a quarter wave plate. With this factor, the
ellipticity is always unity even the excitation beams are linearly or elliptically polarized. To
calibrate the polarization, ellipticity variation, or peak intensity after subtraction can be used.
Furthermore, the simulation here is carried out based on the model in ideal conditions. How-
ever, calculations in this paper can basically describe and evaluate the effects of polarization
on the parameters for fluorescence subtraction microscopy even though the confocal detection
parameter or noise effect is not included in the model. The improved model including them is
to be presented in future work. Sensitive fluorescence detection with high signal to noise ratio
is necessary for experimental demonstration of present calculation. Our related experiments are
in progress.
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