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Abstract

The hydraulic head distribution in a wedge-shaped aquifer depends on the wedge angle and the topographic and hydrogeological
boundary conditions. In addition, an equation in terms of the radial distance with trigonometric functions along the boundary may be
suitable to describe the water level configuration for a valley flank with a gentle sloping and rolling topography. This paper develops a
general mathematical model including the governing equation and a variety of boundary conditions for the groundwater flow within a
wedge-shaped aquifer. Based on the model, a new closed-form solution for transient flow in the wedge-shaped aquifer is derived via
the finite sine transform and Hankel transform. In addition, a numerical approach, including the roots search scheme, the Gaussian
quadrature, and Shanks�method, is proposed for efficiently evaluating the infinite series and the infinite integral presented in the solu-
tion. This solution may be used to describe the head distribution for wedges that image theory is inapplicable, and to explore the
effects of the recharge from various topographic boundaries on the groundwater flow system within a wedge-shaped aquifer.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Theis [13] developed a solution for evaluating draw-
down during pumping test analysis in a homogeneous,
isotropic and non-leaky aquifer of infinite extent. How-
ever, the well-hydraulic theory cannot cope with the
aquifers with impervious faults as no-flow boundaries
or rivers as constant-head boundaries. In general, the
solution for the hydraulic head distribution in a
wedge-shaped aquifer with various boundaries may be
obtained by adding imaginary wells known as the image
wells. However, the image theory is applicable only
when the angle between the bounding radii expressed
as p/n where n is an integer [11]. Chan et al. [4] devel-
oped an analytic solution for drawdowns in rectangular
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aquifers. For the wedge-shaped aquifer, Chan et al. [5]
applied the finite sine transform and Hankel transform
to obtain the transient-state and steady-state drawdown
solutions with an infinite wedge, and applied the finite
sine transform and Mellin transform to obtain a stea-
dy-state drawdown solution which does not contain an
infinite series term and is much easier to compute. Chan
et al. [5] only considered the case of a zero-drawdown
boundary, i.e., assuming the surface topography along
the boundary is flat. Kuo et al. [8] utilized the image-well
method to predict the drawdown distribution in aquifers
with irregularly shaped boundaries; however, their solu-
tions may diverge if insufficient number and improper
locations of the image wells are employed.

Consider a non-leaky aquifer whose plan view is a
sector of a circle. The groundwater flow in a wedge-
shaped aquifer is analyzed in the polar coordinate sys-
tem. Physically, a groundwater flow system with a
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Fig. 1. The infinite wedge with boundary of time-independent head.
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wedge-shaped aquifer is commonly formed by ancient
alluvial fan. The hydraulic head distribution within
the sector naturally depends on the wedge angle and
boundary conditions. The constant-head and no-flow
boundary conditions are often used to represent the
real-world hydrogeological boundary conditions. An
annual average water level for a stream may be used
as the boundary of time-independent head for a regional
groundwater flow system if the bottom of the stream is
connected with the aquifer. For a valley flank with a
gentle sloping and rolling topography, an equation in
terms of the trigonometric functions of radial distance
along the boundary may be suitable to describe the
water level configuration [14]. The purpose of this paper
is to develop a general mathematical model with a vari-
ety of topographic and hydrogeological boundary con-
ditions to describe the groundwater flow system in a
wedge-shaped aquifer. In addition, the transient-state
and steady-state solutions are derived based on the
mathematical model and simplified to concise forms
for easy computing. Furthermore, new mathematical
formulas for Bessel functions are established in the der-
ivation. These solutions contain integral from zero to
infinity with an integrand comprising of a trigonometric
function for the steady-state solution and a Bessel func-
tion for the transient-state solution. The integrals are
difficult to accurately evaluate because of the oscillatory
nature and slow convergence of the integrand. There-
fore, a numerical approach, including the roots search
scheme, the Gaussian quadrature, and Shanks� method,
is proposed to evaluating the solution. These solutions
seem to be difficult to evaluate, however, the proposed
numerical approach can evaluate the solutions
accurately and quickly. Several case studies are demon-
strated in this paper and those cases may be considered
as the applications of the solutions.

These new solutions are useful and valuable to ana-
lyze the groundwater flow in the wedge-shaped aquifer.
These solutions can be used: (1) to describe the ground-
water flow in a wedge-shaped aquifer under a variety of
topographic and hydrogeological boundary conditions,
(2) to predict drawdown for any wedge angle of the
aquifer that the traditional method of image is not appli-
cable, (3) to evaluate the sensitivity of the parameters in
the mathematical model, and (4) to identify the hydrau-
lic parameters when coupling with an optimization ap-
proach in aquifer data analysis.
2. Mathematical model

2.1. Governing equation and related boundary and

initial conditions

Fig. 1 shows a wedge-shaped aquifer with an angle of
/ and the boundaries of time-independent heads p(r)
and q(r). These equations p(r) and q(r) represent the
lower and upper boundaries with various topographic
conditions, respectively. For a pumping well located at
the point (r0,h0) with a pumping rate Q, the differential
equation governing the hydraulic head h at any point
(r,h) may be expressed as [5]
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where T is the transmissivity (L2/T); S is the storage
coefficient; h is the hydraulic head (L); t is time from
the start of the pumping test (T); r is the radial distance
from the origin (L); and h is the angle (radians) from the
lower boundary. Fig. 2 shows the hydraulic head h(r,h)
along the boundary of time-independent head (e.g. a
stream or a river) consisting of three components: h0,
h1 and h2 for representing a gentle sloping and rolling
configuration where h0 is a constant denoting the depth
from the bottom of the aquifer. In addition, h1 ¼ r tan a
where a is the average slope of the boundary and h2 may
be approximated by [14]

h2 ¼ a
sinðbr= cos aÞ

cos a
ð2Þ

where a is the amplitude of the sine curve, b = 2p/k is
the frequency, and k is the period of the sine wave. Upon
introducing the abbreviations tan a ¼ c0, a= cos a ¼ a0

and b= cos a ¼ b0, the equations representing the hydrau-
lic head of the lower and upper boundaries illustrated in
Fig. 1 may be respectively written as:

hðr; hÞ ¼ pðrÞ ¼ hp þ c01r þ a01 sinðb01rÞ;
h ¼ 0; 0 6 r 6 1 ð3Þ

and

hðr; hÞ ¼ qðrÞ ¼ hq þ c02r þ a02 sinðb02rÞ;
h ¼ /; 0 6 r 6 1 ð4Þ

where hp and hq are the depth to the impervious strata
for the lower and upper boundaries at the origin of
the wedge-shaped aquifer, respectively. Also, the sub-
scripts 1 and 2 denote the lower and upper boundaries
respectively. In reality, hp is generally equal to hq;



Fig. 2. Idealized cross-section of a valley flank in a small drainage basin.
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however, hp and hq may not be the same if there is a fault
located at the origin of the wedge-shaped aquifer. The
initial condition, shown in Appendix A, is assumed as
the solution of solving (1) when omitting oh/ot and set-
ting the pumping rate Q to be zero and with the bound-
ary conditions of (3) and (4).
2.2. Analytical solutions for transient-state and

steady-state problems

Since the governing equation, the initial condition
and boundary conditions are specified, the solution of
hydraulic head in a wedge-shaped aquifer with an infi-
nite radius can be obtained via the finite sine transform
and Hankel transform for (1)–(4). Detailed derivations
for transient-state and steady-state solutions are given
in Appendix A and the results are
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where u and j are the dummy variables, and Jlnð�Þ is the
Bessel function of the first kind with order ln. The first
and second terms (contain X1 and X2 respectively) on
the right-hand side (RHS) of (5) represent the draw-
down due to pumping, and the other terms represent
the hydraulic head arisen from the slopes, curves, and
elevations of the boundaries of the wedge-shaped aqui-
fer respectively.

Notice that the presence of the Bessel functions of
high order and large argument in (5) and (6) may be dif-
ficult to evaluate. Thus (5) and (6) are further simplified.
The procedures of simplifications are presented in
Appendix B, and the obtained transient-state and stea-
dy-state solutions can be respectively written as
hðr; h; tÞ ¼ 2
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Fig. 3. The infinite wedge with impervious boundary at h = /.
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and
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If r > r0, the solution can be obtained by interchanging r

and r0 in both (21) and (22). Like the term in (5), the first
and second terms on the right-hand side (RHS) of (14)
represent the drawdown due to pumping, and the other
terms represents the hydraulic head arisen from the
slopes, curves and elevations of the boundaries of the
wedge-shaped aquifer respectively. Eqs. (14) and (15)
can be evaluatedmore easily and quickly than (5) and (6).

2.3. Special cases

2.3.1. Chan et al.’s transient-state solution [5]

Chan et al. [5] considered the problem with constant
head boundaries at the wedges, and the hydraulic heads
are zero on the boundaries. Thus, the boundary and ini-
tial conditions can be written as:

hðr; h; tÞ ¼ pðrÞ ¼ 0; h ¼ 0; 0 6 r 6 1 ð23Þ
hðr; h; tÞ ¼ qðrÞ ¼ 0; h ¼ /; 0 6 r 6 1 ð24Þ
hðr; h; 0Þ ¼ 0; 0 6 h 6 /; 0 6 r 6 1 ð25Þ

They solved (1) and (23)–(25) using the finite sine
transform and Hankel transform, and the result was:

hðr; h; tÞ ¼ 2

/
Q
T
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sinðlnhÞ sinðlnh0ÞðX1 þ X2Þ ð26Þ

Without accounting for the variety of topographic and
hydrogeological boundary, the second, third and fourth
term on the RHS of (5) become zero, and (5) reduces to
(26). Thus, Chan et al.�s transient-state solution [5] can
be considered as a special case of our solution (5). In
addition, our transient-state solution of (14) becomes

hðr; h; tÞ ¼ 2

/
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Q
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when neglecting the varying topographic and hydrogeo-
logical boundary. The integration of (8) is not straight-
forward to evaluate; on the other hand, the second
term on the right-hand side of (27) is very easy to calcu-
late. Therefore, our solution (27) is superior to Chan
et al.�s transient-state solution in terms of numerical
evaluation.

2.3.2. Chan et al.’s steady-state solution [5]
Based on (1) and (23)–(25), Chan et al. [5] further uti-

lized the Mellin transform to obtain the steady-state
hydraulic head solution as

hðr; hÞ ¼ Q
4pT

ðlog c1 � log c2Þ ð28Þ

Similarly, (28) was derived without accounting for the
varying topographic and hydrogeological boundary.
Eq. (15) can be simplified to (28) by setting the second,
third and fourth term on the RHS of (15) to be zero.
Thus, Chan et al.�s steady-state solution [5] can be also
considered as a special case of our steady-state solution
(15).

2.3.3. Problem with an impervious boundary condition

The problem with an impervious boundary at the
lower wedge is shown in Fig. 3. The solution can be ob-
tained by replacing / with 2/, setting the topographic
parameters at the lower wedge to be zero, and inserting
a second pumping well at the point (r0,2/ � h0) in (14)
and (15). For the time dependent component in (14),
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lnþ1
2
¼ ð2nþ 1Þp=2/ is used to replace ln = np//. Thus,

the transient-state and steady-state solutions for a
wedge-shaped aquifer with an upper boundary of time-
independent head and a lower impervious boundary can
be respectively expressed as
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If r > r0, the solution can be obtained by interchanging r

and r0 in (33)–(36).

2.4. New mathematical formulas for Bessel functions

It is worth noting that three new mathematical for-
mulas for Bessel functions are established in Appendix
B. Based on (B.1) and (B.6), the second term on the
RHS of (5) can be written asX1
n¼1
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Based on (B.2) and (B.9), the third term on the RHS
of (5) can be expressed asX1
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Furthermore, based on (B.10), the fourth term on the
RHS of (5) can be written as
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Eqs. (37)–(39) consist of an infinite series containing
an infinite integral of Bessel functions (or double infinite
integral of Bessel functions). The LHS terms of (37)–(39)
may be obtained when using the Hankel transform to
solve the parabolic equations and are generally difficult
to evaluate due to the oscillatory nature and slow con-
vergence of the Bessel functions. Thus, these three for-
mulas, (37)–(39), may serve as useful mathematical
tools to simplify the results obtained from the Hankel
transform. In addition, (37) can be considered as a for-
mula which proves the equality between the steady-state
solution derived via Hankel transform and the one de-
rived via Mellin transform given in Chan et al. [5].
3. Numerical evaluations

The improper integrals of (14) and (15) may be diffi-
cult to directly evaluate due to the slow convergence of
the Bessel functions and trigonometric functions. How-
ever, these integrals may be transformed as a sum of infi-
nite series and each term of the series is obtained by
integrating the area under the integrand and between
two consecutive roots along a horizontal axis. Fig. 4
shows plots of the integrand of X1 (Eq. (7)) in (14) ver-
sus u for T = 1000 m2/day, S = 0.0001, r0 = 100 m,
r = 200 m, and ln = 3, 6, or 12, and shows the oscilla-
tory nature of the integrand. This figure displays that
the integrand will converge slowly for the large ln. In
addition, the value of the integrand of X1 approaches
zero for large u. Fig. 5 shows plots of the integrand of
K1 versus u for b01 ¼ 0.0042, h = 10�, / = 60� and
r = 1000, 5000, or 7500 m. For a fixed value of b01, the
integrand of K1 not only has the same roots for various
values of r, but also displays decreasing amplitudes of
the oscillation with increasing r. Since the components
of the integrand of K2 are similar to those of K1, the plot
the integrand of K2 is also similar to that of K1. From



Fig. 5. The integrand of Eq. (16) versus the argument u.

Fig. 4. The integrand of Eq. (7) versus the argument u.

476 H.-D. Yeh, Y.-C. Chang / Advances in Water Resources 29 (2006) 471–480
the curves shown in Fig. 4, one can find the roots of the
integrand of X1 by a root search scheme. These curves
demonstrate persistent oscillations over many cycles,
and the amplitude of oscillation decreases with the hor-
izontal axis. In addition, these formulas are essentially
composed of infinite series and may converge slowly.
Thus, the Gaussian quadrature is utilized to evaluate
the integral, and the Shanks method [12] is employed
to accelerate the convergence when evaluating the series.
The root search scheme employs the Newton�s method
along with suggested increments to find the consecutive
roots of the integrand along the u-axis. For each area
under the integrand and between two consecutive roots,
the Gaussian quadrature [3,6] is chosen to perform
numerical integrations. Finally, Shanks� method [12] is
applied to accelerate the convergence when evaluating
the related Bessel functions, trigonometric functions
and the infinite series in these solutions.

Notably, (14) has an integral composing of Jm(u). The
formulas used to approximate the functions are given in
Abramowitz and Stegun [1] and listed below:

J mðuÞ ¼
1

2
u

� �m X1
k¼0

� 1
4
u2

	 
k
k!Cðmþ k þ 1Þ ð40Þ

This series converges for all u and yet is not compu-
tationally efficient when u � 1. The Bessel functions sat-
isfy the following recurrence relation:

Jnþ1ðuÞ ¼
2n
u
JnðuÞ � Jn�1ðuÞ ð41Þ

However, (41) is unstable in the direction of increasing
n. Indeed, high-order Bessel functions cannot be gener-
ated by forward recurrence using (41) [10]. A practical
strategy for computing the Bessel functions is divided
into two tasks: first, compute J0 and J1, and second,
use the recurrence relations stably to find the other
J ’s. The argument u in these formulas composed of Bes-
sel functions may be divided into two ranges, [0, 8] and
(8,1) for J0(u) and J1(u) for better accuracy. For
0 6 u 6 8, J0(u) and J1(u) are approximated by rational
functions in u. For 8 < u < 1, the following approxi-
mation forms are used for n = 0 and 1
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and C(m) is the Gamma function [10]. As for Jn(u), the
recurrence of (41) can be started upward on n from J0
and J1; however, it remains stable only for n < u. The
Bessel functions for u < n can be obtained using Miller�s
algorithm [10, p. 175].

Because the oscillation of the integrand of X1 is due
to the terms of Bessel function Jm(u), one may find the
roots of the integrand of X1 form the roots of Jm(u);
and the roots of Jm(u) may be found by a conjunctive
use of the following suggested increments for locating
the roots and Newton�s method for iteratively conver-
ging to the root. The asymptotic expansion of the large
positive ith root of Jm(u) for a given m is

jm;i ¼ b� ð4m2 � 1Þ=8b� ½4ð4m2 � 1Þð28m2 � 31Þ�=3ð8bÞ3

ð45Þ
with b = (p/4)(2m + 4i � 1). The increments D1 from the
origin to the first root approximated by jm,1. The remai-
ning increments Di are chosen as jm,i�1 � jm,i�2, and the
remaining roots are approximately equal to jm,i =
jm,i�1 + Di, where i = 2,3, . . . The roots of Jm(u) using
Newton�s method and the suggested increments have
the accuracy of seven significant.

4. Results and discussion

For the numerical evaluations, Table 1 lists the
approximate roots and the values of Bessel functions
Table 1
Approximated roots and values of Jm(u) for m = 3, 6 and 12

i m = 3 m = 6

Approximated roots (jm,i) Jm(jm,i) Approximated roots (j

1 6.38016 5.42 · 10�8 9.93611
2 9.76102 8.36 · 10�8 13.58929
3 13.015 2.70 · 10�8 17.00382
4 16.22347 1.34 · 10�7 20.32079
5 19.40942 �3.38 · 10�7 23.58608
6 22.58273 1.09 · 10�7 26.82015
7 25.74817 9.72 · 10�8 30.03372
8 28.90835 3.02 · 10�7 33.23304
9 32.06485 2.30 · 10�7 36.42202
10 35.21867 1.44 · 10�8 39.60324
102 314.9308 �3.55 · 10�7 319.6011
103 3142.377 �6.09 · 10�7 3147.085

Table 2
The wedge angle and the topographical parameters of the boundary of time

Case Wedge angle, / Topographical paramet

a1
a/a2

a b

a 60� 10/10 0
b 120� 10/15 0
c 47� 10/15 0

a a represents the amplitude of the sine curve for the boundary.
b b represents the frequency for the boundary.
c a represents the average slope for the boundary.
d h represents the depth for the boundary at the origin of the wedge-shape
using (45) and Newton�s method. It shows that the value
of Bessel functions for the approximate roots approach
zero, which means the approximate roots are fairly close
to the real roots based on the suggested increments when
using Newton�s method to determine roots. The roots of
Jm(u) have the accuracy of seven significant, which en-
sures that the solutions are evaluated with high accu-
racy. Several cases are considered in this paper. Table
2 lists the wedge angle and the topographical parameters
for cases (a)–(c) as the ancient alluvial fans with various
boundaries. Assume that there is a single pumping well
located at r0 = 1000 m and h0 = 30� in these alluvial fans
with a pumping rate 30,000 m3/day for 2 days. These
cases can be regarded as the applications of the analyt-
ical solutions. The configurations of the hydraulic head
distribution for cases (a)–(c) are also shown in Fig. 6(a)–
(c) respectively. Different angles of the wedge-shaped
aquifer and topographic parameters of the rechargeable
boundaries cause significantly different configurations of
the hydraulic head distribution within the wedge-shaped
aquifer.

Fig. 7 demonstrates the transient-state drawdown of
the wedge-shaped aquifer for a pumping well located
at (1000,30�) with the pumping rate 30,000 m3/day
and two observation wells located at (900,30�) and
(1200,45�) respectively with the boundary of time-inde-
pendent head. These curves indicate that the drawdown
increases with time, and the system tends to reach
m = 12

m,i) Jm(jm,i) Approximated roots (jm,i) Jm(jm,i)

�1.84 · 10�8 0.00 0.00
9.07 · 10�8 20.78991 1.06 · 10�7

�1.24 · 10�7 24.49488 1.54 · 10�7

9.52 · 10�8 28.02671 8.14 · 10�8

1.12 · 10�7 31.45996 �1.73 · 10�7

7.27 · 10�8 34.82999 1.06 · 10�7

5.60 · 10�8 38.15638 5.26 · 10�8

�5.93 · 10�8 41.45109 5.25 · 10�8

�2.38 · 10�7 44.72194 �4.01 · 10�8

�9.42 · 10�8 47.97429 2.11 · 10�8

�4.89 · 10�7 328.8633 1.35 · 10�7

6.59 · 10�7 3156.492 2.66 · 10�7

-independent head for various cases

ers for lower and upper boundaries

1
b/b2

b a1
c/a2

c h1
d/h2

d

.004/0.004 1.14�/1.14� 100/100

.004/0.008 1.14�/0.57� 100/85

.004/0.008 1.14�/0.57� 100/85

d aquifer.



Fig. 6. Hydraulic head distributions for cases (a)–(c).

Fig. 7. The transient state drawdown for the wedge-shaped aquifer
with rechargeable boundaries.
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steady-state after 100 h at (900,30�) and after 150 h at
(1200,45�).
5. Conclusions

A mathematical model for a wedge-shaped aquifer
with various topographic and hydrogeological bound-
ary conditions is presented. These solutions are derived
via the Fourier finite sine transform and the Hankel
transform. These solutions are further simplified to con-
cise forms for easy computing. This paper extends the
boundary conditions of the problem investigated by
Chan et al. [5] to a more general case. In addition, this
paper also improves the results of Chan et al. and sim-
plifies some of their expressions to allow for easier
numerical evaluation. New formulas (37)–(39) relate
the steady-state solution derived via the Hankel
transform to the solution derived via the Mellin trans-
form in Chan et al. [5]. The transient-state solution con-
sists of an infinite series containing an infinite integral of
Bessel functions and the steady-state solution also con-
sists of an infinite integral of trigonometric functions.
Therefore, a unified numerical method, including the
use of Newton�s method, Gaussian quadrature, and
Shanks� method, is proposed for efficiently evaluating
the analytical solutions. This numerical method utilizes
Newton�s method along with suggested increments to
find the consecutive roots of the integrand along the
horizontal axis. For each roots, the Gaussian quadra-
ture is chosen to perform the numerical integrations. Fi-
nally, Shanks� method is applied to accelerate the
convergence when evaluating the integrals of Bessel
functions and trigonometric functions and the infinite
series.

These newly derived solutions may have advantages
of serving the following purposes: (1) to describe the
groundwater flow in a wedge-shaped aquifer under vari-
ous topographic and hydrogeological boundary condi-
tions, (2) to predict drawdown for any wedge angle of
the aquifer that the traditional method of image is not
applicable, (3) to evaluate the sensitivity of the parame-
ters in the mathematical model, and (4) to identify the
hydraulic parameters when coupling with an optimiza-
tion approach in aquifer data analysis.
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Appendix A. Derivations of (5) and (6)

Taking the finite sine transform of (1), (3) and (4), the
problem becomes:

T
o2�h
or2

þ 1

r
o�h
or

� l2
n

r2
�hþ ln

r2
½pðrÞ � ð�1ÞnqðrÞ�

� 
� S

o�h
ot

¼ �Q
r
dðr � r0Þ sinðlnh0Þ ðA:1Þ

where ln = np// with n = 1,2,3, . . . Next, for elimi-
nating the r coordinate, the Hankel transform f̂ ðuÞ ¼R1
0

rf ðrÞJ mðurÞdr is used to obtain

�u2�̂h� S
T
o�̂h
ot

¼ �Q
T
Jlnður0Þ sinðlnh0Þ

� ln

Z 1

0

pðrÞ � ð�1ÞnqðrÞ½ �JlnðurÞ
dr
r

ðA:2Þ

where Jlnð�Þ is the Bessel function of the first kind of or-
der ln. When t = 0, the term o�̂h=ot is omitted and the
pumping rate Q is set to be zero; thus, the initial condi-
tion can be specified as:

�̂hðu; n; 0Þ ¼ ln

u2

Z 1

0

½pðrÞ � ð�1ÞnqðrÞ�JlnðurÞ
dr
r

ðA:3Þ

Consequently, (A.2) can be solved with (A.3) as

�̂hðu;n; tÞ¼Q
T

1

u2
Jlnður0Þsinðlnh0Þ½1� expð�u2Tt=SÞ�

þln

u2

Z 1

0

pðrÞJ lnðurÞ
dr
r
�ð�1Þn

Z 1

0

qðrÞJlnðurÞ
dr
r

� �
ðA:4Þ

Carrying out the inverse finite sine transform and in-
verse Hankel transform f ðrÞ ¼

R1
0

uf̂ ðuÞJ mðurÞdu to
(A.4), the hydraulic head solution for transient state
can be expressed as (5) with (7)–(13). The steady-state
solution can be solved by omitting o��h=ot term on the
left-hand side of (A.2) and the result is expressed as
(6). Actually (6) reduces to (5) when t approaches
infinity.
Appendix B. Simplification of (5) and (6)

Since (5) contains the double integrals of Bessel func-
tions, the evaluation for this equation is not an easy task
for desired accuracy. Thus, the equation should be sim-
plified to a more concise form for ease of computing.
The integrations of (8) can be derived based on formula
(72) of McLachlan [9] as
X2 ¼
1

2ln
r
r0

� �ln
; r0 > r

1
2ln

r0
r

	 
ln ; r > r0

8<
: ðB:1Þ

Likewise, the integrand of (9) and (12) can be ob-
tained based on the formula (6.561-14) of Jeffrey et al.
[7, p. 684] as

X3 ¼
r

l2
n � 1

ðB:2Þ

and

X6 ¼
1

l2
n

ðB:3Þ

Therefore, (5) and (6) can be simplified by substitu-
ting (B.1), (B.2) and (B.3) into (8), (9) and (12) as

hðr;h; tÞ ¼ 2

/

X1
n¼1

sinðlnhÞ
Q
T
sinðlnh0Þ X1þ

1

2ln

r
r0

� �ln
� ��

þ lnr
l2
n�1

ðc01�ð�1Þnc02Þ

þlnða01X4�ð�1Þna02X5Þþ
1

ln
ðhp �ð�1ÞnhqÞ

�
ðB:4Þ

and

hðr; hÞ ¼ 2

/

X1
n¼1

sinðlnhÞ
Q
T

sinðlnh0Þ
1

2ln

r
r0

� �ln
�

þ lnr
l2
n � 1

ðc01 � ð�1Þnc02Þ þ lnða01X4 � ð�1Þna02X5Þ

þ 1

ln
ðhp � ð�1ÞnhqÞ

�
ðB:5Þ

By evaluating the sum, the first term on the RHS of
(B.5) can be derived based on the formula (1.448-2) of
Jeffrey et al. [7] as

2Q
/T

X1
n¼1

sinðlnhÞsinðlnh0Þ
1

2ln

r
r0

� �ln

¼ Q
2pT

X1
n¼0

cos
np
/
ðh�h0Þ

� �
� cos

np
/
ðh�h0Þ

� �� �
1

n
r
r0

� �np=/

¼ Q
4pT

ðlogc1� logc2Þ ðB:6Þ

with (21) and (22).
And the second and fourth terms on the RHS of (B.5)

can be derived based on the formulas (1.445-5) and
(1.445-7) of Jeffrey et al. [7] as

2

/

X1
n¼1

sinðlnhÞ
lnr

l2
n � 1

ðc01 � ð�1Þnc02Þ

¼
X1
n¼1

sin
nph
/

� �
2n
p
ðc01 � ð�1Þnc02Þ

r

n2 � /
p

	 
2
¼ c01

sinð/� hÞ
sin/

r þ c02
sin h
sin/

r ðB:7Þ
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and

2

/

X1
n¼1

sinðlnhÞ
1

ln
ðhp � ð�1ÞnhqÞ

¼ 2hp
p

X1
n¼1

sin nph
/

� �
n

� 2hq
p

X1
n¼1

ð�1Þn
sin nph

/

� �
n

¼ hp þ
h
/
ðhq � hpÞ ðB:8Þ

The third term of (B.5) can be simplified by the Pars-
eval�s relation of Hankel transform [2], i.e.,Z 1

0

f̂ ðuÞĝðuÞudu

¼
Z 1

0

uf̂ ðuÞdu
Z 1

0

gðrÞJ mðurÞrdr

¼
Z 1

0

gðrÞrdr
Z 1

0

f̂ ðuÞJ mðurÞudu

¼
Z 1

0

f ðrÞgðrÞrdr ðB:9Þ

and the result can be obtained based on the formula
(1.447-1) of Jeffrey et al. [7] as:

2

/

X1
n¼1

sinðlnhÞlnða01X4 � ð�1Þna02X5Þ

¼ u½a01K1 þ a02K2� ðB:10Þ

with (16)–(20).
By rearranging (B.6), (B.7), (B.8) and (B.10), the

transient-state solution (5), can be written in a more
concise form as (14). Notice that the first term on the
RHS of (14) is the only term dependent on time in the
equation. This term will reduce to zero when time ap-
proaches infinity. Thus, the steady-state solution for
the hydraulic head within a wedge-shaped aquifer be-
comes as (15).
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