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Abstract

We present a semi-analytic calculation on the atmospheric tau neutrino flux in the GeV to TeV energy range. The atmospheric ms flux
is calculated for the entire zenith angle range. This flux is contributed by the oscillations of muon neutrinos coming from the two-body p
and K decays and the three-body l± decays, and the intrinsic tau neutrino flux surviving the oscillations. The uncertainties in our cal-
culations are discussed in detail. The implications of our result are also discussed.
� 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The flux of atmospheric tau neutrinos in the GeV to TeV
energy range comes from both the intrinsic atmospheric ms
flux and the flux due to the neutrino flavor oscillation
ml ! ms. The importance of understanding such a flux is
twofold. First, the detection of atmospheric ms flux is
important for confirming the atmospheric ml ! ms oscilla-
tion scenario which is so far established only by the ml dis-
appearance measurement [1]. Second, the atmospheric ms
flux is also an important background for the search of
astrophysical ms fluxes [2,3] or exotic ms fluxes such as those
arising from dark matter annihilations [4], if an effective
tau neutrino astronomy can be developed in the future.
The techniques for identifying the tau neutrinos in the
GeV to TeV energy range are discussed both in the exper-
iments for atmospheric tau neutrinos [5] and in the acceler-
ator-based neutrino experiments [6,7]. Due to growing
attentions on the direct ms detections, it is important to
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doi:10.1016/j.astropartphys.2005.11.003

* Corresponding author. Tel.: +886 3 5731984; fax: +886 3 5720728.
E-mail address: glin@cc.nctu.edu.tw (G.-L. Lin).
investigate closely the flux of atmospheric tau neutrinos
in such an energy range.

The calculation of atmospheric ml and me fluxes has
reached to a rather advanced stage [8]. The upward atmo-
spheric ms flux can be calculated easily from the above ml
flux by multiplying the ml ! ms oscillation probability aris-
ing from neutrino propagation inside the Earth. In such a
case, the ml ! ms oscillations in the atmosphere is generally
negligible. However, the atmospheric neutrino coming with
a zenith angle n less than 90� directly arrives at the detec-
tor. Hence oscillations of these neutrinos in the atmosphere
are precisely the problems one has to deal with. In this
regard, an estimation of the atmospheric ms flux is given
in Ref. [2] for the two-flavor neutrino oscillation frame-
work [9]. A detailed calculation of this flux in the same neu-
trino oscillation framework is given in [10] for zenith angles
0 6 n 6 60�, where the Earth curvature can be neglected in
the calculation. The extension of such a calculation to large
zenith angles is important. First of all, the path-length for
the neutrino propagation in the atmosphere increases dras-
tically from n = 60� to n = 90�. As a result, the atmospheric
ms flux also increases drastically in this zenith angle range
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Fig. 1. The comparison of Zpp obtained by assuming the Feynman scaling
[12] and that obtained by PYTHIA [15]. Our extrapolation of the latter
result is also shown.
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by the enhanced ml ! ms oscillation probabilities. Secondly,
the calculation of upward atmospheric ms flux is also impor-
tant since most of the neutrino telescopes aim at detecting
upward neutrino fluxes. In this paper, we shall extend the
calculation in [10] to the entire zenith angle range.

The calculations of atmospheric ms flux for zenith angles
60� 6 n 6 90� and zenith angles slightly larger than 90� are
much more involved as we shall discuss later. Besides
extending our previous calculation to the entire zenith
angles, we also extend its validity from the energy range
Em P 10 GeV to the energy range Em P 1 GeV. This
improvement is accomplished by including the muon decay
contribution lþ ! �mlmeeþ and l� ! ml�mee� to the intrinsic
atmospheric ml flux, in additional to those arising from
two-body p and K decays. Such a contribution also gener-
ates ms flux by ml ! ms oscillations. This part of ms flux is
non-negligible for Em 6 10 GeV. Furthermore, it contrib-
utes to the total ms flux in a growing percentage as the
zenith angle n increases.

The paper is organized as follows. In Section 2, we intro-
duce the method for calculating the intrinsic muon and tau
neutrino fluxes. Particularly we outline the strategy for
dealing with atmospheric neutrino flux for n > 60�. In Sec-
tion 3, we present the atmospheric tau neutrino flux taking
into account the neutrino flavor oscillations. We discuss
implications of our results in Section 4.

2. The intrinsic atmospheric neutrino fluxes

2.1. Intrinsic atmospheric muon neutrino flux

We follow the approach in [11] for computing the flux of
intrinsic atmospheric muon neutrinos which could oscillate
into tau neutrinos. This approach computes the flux ofmuon
neutrinos coming from pion and kaon decays. The method
for computing muon neutrinos arising from muon decays
will be discussed later. The mlflux arising from pdecays reads

d2N p
ml
ðE; n;X Þ

dEdX
¼

Z 1

E
dEN

Z EN

E
dEp

H Ep � E
1�rp

� �
dpEpð1� rpÞ

�
Z X

0

dX 0

kN
P pðEp;X ;X 0Þ � 1
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F NpðEp;EN Þ
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� �
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where E is the neutrino energy, n is the zenith angle in the
direction of incident cosmic-ray nucleons, rp ¼ m2

l=m
2
p, dp is

the pion decay length in units of g/cm2, kN is the nucleon
interaction length while KN is the corresponding nucleon
attenuation length, and /N(EN) is the primary cosmic-ray
spectrum. For the simplicity in discussions, we only con-
sider the proton component of /N, which is given by [8]

/pðEpÞ ¼ 1:49 � Ep þ 2:15 � expð�0:21
ffiffiffiffiffi
Ep

p
Þ

� ��2:74
; ð2Þ

in units of cm�2 s�1 sr�1 GeV�1. Since our concerned en-
ergy range for the primary cosmic ray flux is between
101 GeV and 105 GeV per nucleon (corresponding to
roughly a neutrino energy range between 100 GeV and
104 GeV), the contribution by the heavier nuclei on the
neutrino flux is between 25% and 40% according to
Fig. 7 of Ref. [8]. Hence one expects the eventual atmo-
spheric ms flux is underestimated by 25% to 40% by consid-
ering only the proton component of the primary cosmic ray
flux. The function Pp(Ep, X, X

0) is the probability that a
charged pion produced at the slant depth X 0 (g/cm2) sur-
vives to the depth X (>X 0), FNp(Ep, EN) is the normalized
inclusive cross section for N + air ! p± + Y given by [11]:

F NpðEp;EN Þ �
Ep

rN

drðEp;EN Þ
dEp

¼ cþð1� xÞpþ þ c�ð1� xÞp� ;

ð3Þ
where x = Ep/EN, c+ = 0.92, c� = 0.81, p+ = 4.1, and
p� = 4.8. We remark that cþð1� xÞpþ corresponds to the
p+ production while c�ð1� xÞp� corresponds to the p� pro-
duction. The kaon contribution to the atmospheric ml flux
has the same form as Eq. (1) with an inclusion of the
branching ratio B(K! lm) = 0.635 and appropriate
replacements in kinematic factors and the normalized
inclusive cross section. In particular, FNK(EK, EN) can be
parameterized as Eq. (3) with c+ = 0.037, c� = 0.045,
p+ = 0.87, and p� = 3.5. Finally the nucleon interaction
length, kN, and the nucleon attenuation length, KN, are
both model dependent. A simplified approach based upon
the Feynman scaling renders both kN and KN energy inde-
pendent and Zpp � 1 � kp/Kp = 0.263 [12,13], whereas a
PYTHIA [14] calculation give rise to an energy dependent
Zpp [15]. Both results on Zpp are compared in Fig. 1 where
we have extrapolated the energy dependent Zpp(E) in Ref.
[15] down to E = 1 GeV. The above two approaches for
calculating the hadronic Z moments also give rise to differ-
ent results for Zpp, ZKK, ZNp and ZNK, where the last two
Z-moments are related to the productions of pions and
kaons by the nucleon-air collisions. In this paper, we shall
only study the Zpp dependence of the atmospheric ml flux
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(and consequently the atmospheric ms flux) since the depen-
dencies of this flux on ZNp and ZNK have been studied in
[16]. Furthermore, compared to the Zpp case, the values
of Zpp and ZKK obtained by the Feynman scaling do not
differ significantly from those obtained by the PYTHIA
calculations, as seen from [15].

To proceed for calculating d2N p
ml
ðE; n;X Þ=dEdX , we

note that Pp(Ep, X, X
0) is given by [13]

P pðEp;X ;X 0Þ ¼ exp �X � X 0

Kp

� �
� exp �mpc

sp

Z X

X 0

dT
qðT Þ

� �
;

ð4Þ
where Kp = 160 g/cm2 is the pion attenuation constant, sp
is the pion lifetime at its rest frame, while q(T) is the atmo-
sphere mass density at the slant depth T. For n 6 60�, the
curvature of the Earth can be neglected so that
qðT Þ ¼ T cos n=h0 with h0 = 6.4 km the scale height for an
exponential atmosphere. In this approximation, the above
survival probability can be written as [11]

P pðEp;X ;X 0Þ ¼ exp �X � X 0

Kp

� �
� X 0

X

� ��p=Ep cos n

; ð5Þ

where �p = mpc
2h0/csp is the pion decay constant. Depend-

ing on the zenith angle, we apply either Eq. (4) or Eq. (5) to
perform the calculations. The kaon survival probability
PK(EK, X, X

0) has the same form as Pp(Ep, X, X
0) except

replacing Kp with KK and �p with �K. The two-body decay
contribution to the atmospheric ml flux is given by the sum
of d2Np

ml
ðE; n;X Þ=dEdX and d2NK

ml
ðE; n;X Þ=dEdX .

We recall that Eq. (1) and its corresponding form in the
kaon decay case only calculate the flux of muon neutrinos
arising from two-body pion and kaon decays. To calculate
the contribution from three-body muon decays, it is useful
to first obtain the muon flux [11]:
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where E 0 and E are muon energies at slant depths X00 and
X, respectively, while Pl(E, X, X

00) is the muon survival
probability given by [13]

P lðE;X ;X 00Þ ¼ exp �mlc
sl

Z X

X 00
dT

1

EðT � X 00;E0ÞqðT Þ

� 	
;

ð7Þ
where sl is the muon lifetime at its rest frame and

E(T � X00,E 0) is the muon energy at the slant depth T with
E 0 the muon energy at its production point X00. For the
zenith angle n 6 60�, the above survival probability can
be written as [11]
P lðE;X ;X 00Þ ¼ X 00

X
E

E þ aðX � X 00Þ

� ��l=ðE cos nþaX cos nÞ

; ð8Þ

with �l ¼ mlc2h0=csl the muon decay constant and
a � 2 MeV/g/cm2 characterizing the muon ionization loss
in the medium [17]. Since the muons are polarized, it is con-
venient to keep track of the right-handed and left-handed
muon fluxes separately. The probability for a produced
l� to be right-handed or left-handed is determined by the
muon polarization [18,19]:

P lðxÞ ¼
1þ rp
1� rp

� 2rp
ð1� rpÞx

; ð9Þ

with x = El/Ep and rp ¼ m2
l=m

2
p. Hence PR;LðxÞ ¼

1
2
ð1� P lðxÞÞ are the probabilities for the produced muon
to be right-handed or left-handed respectively. The polari-
zation for l+ has an opposite sign to that of l�. The prob-
abilities PR,L(x) should be inserted into Eq. (6) for
obtaining four different components of the muon flux:

dNp
lþR
=dE, dN p

l�R
=dE, dN p

lþL
=dE, and dNp

l�L
=dE. There are

additional four components of the muon flux arising from
the kaon decays. The calculation of these components pro-
ceeds in the same way as the pion decay case. The ml flux
resulting from the muon flux is then given by [13]

d2Nl�

ml
ðE; n;X Þ

dEdX
¼

X
s¼L;R

Z 1

E
dEl

F l�s !mlðE=ElÞ
dlðEl;X ÞEl

�
dN l�s

ðEl; n;X Þ
dEl

; ð10Þ

where dl(El, X) is the muon decay length in units of g/cm2

at the slant depth X and F l�s !mlðE=ElÞ is the decay distribu-
tion of l�

s ! ml. Precisely, in the ultra-relativistic limit, one
has [13]

F l�!mlðyÞ ¼ g0ðyÞ þ P lg1ðyÞ; ð11Þ

with g0(y) = 5/3 � 3y2 + 4y3/3, g1(y) = 1/3 � 3y2 + 8y3/3.
We do not include the charm-hadron decay contribution
to the muon neutrino flux. It is shown in Ref. [10] that
charm-hadron decays contribute less than 5% to the overall
muon neutrino flux for Em < 105 GeV.

2.2. Intrinsic atmospheric tau neutrino flux

To completely determine the atmospheric tau neutrino
flux, we also need to calculate its intrinsic component.
Since the flux of intrinsic atmospheric ms arises from Ds

decays, one calculates this flux by solving the following cas-
cade equations [12]:

d/pðE;X Þ
dX

¼ �
/p
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þ Zpp

/p
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;
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ðE;X Þ
dX

¼ �
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/p
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/Ds

kDs

;

d/msðE;X Þ
dX

¼ ZDsms

/Ds

dDs

;

ð12Þ
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where the particle flux d/i(E, X)/dX denotes d2Ni(E, X)/
dEdX, di and ki denote particle’s decay and interaction
length in g/cm2 respectively, and the Z moments Zij are
defined by

ZijðEjÞ �
Z 1

Ej

dEi
/iðEiÞ
/iðEjÞ

kiðEjÞ
kiðEiÞ

dniA!jY ðEi;EjÞ
dEj

; ð13Þ

with dniA!jY ðEi;EjÞ � driA!jY ðEi;EjÞ=riAðEiÞ. In the decay
process, the scattering length ki is replaced by the decay
length di while dniA!jY ðEi;EjÞ=dEj is replaced by the
decay distribution Fi!j(Ej/Ei). In our concerned energy
range, the chain of equations in (12) can be easily solved
by simplifying the second equation, namely by neglecting
terms /Ds

=kDs and ZDsDs/Ds
=kDs . One obtains

d2N msðE;X Þ
dEdX

¼ ZpDs
ðEÞZDsmsðEÞ

1� ZppðEÞ
�
expð�X=KpÞ/pðEÞ

Kp
. ð14Þ

We use two different values for Zpp � 1 � kp/Kp as shown
in Fig. 1. To determine ZpDs

, it is necessary to calculate
drpA!DsY ðEp;EDsÞ=dEDs . Since Ds meson is heavy enough,
the above differential cross section is calculable using per-
turbative QCD [20]. In this work, the next-to-leading order
(NLO) perturbative QCD [21,22] with CTEQ6 parton dis-
tribution functions [23] are employed to calculate the differ-
ential cross section of pA ! c�c. To obtain drpA!DsY

ðEp;EDsÞ=dEDs , we multiply the charm quark differential
cross section by the probability factor 13% to account for
the fragmentation process c ! Ds [20]. In Fig. 2, we com-
pare our ZpDs

to a previous result obtained by the CTEQ3
parton distribution functions [24]. In the latter work, the
NLO pertubative QCD effects are taken into account by
the K factor defined by

KðE; xEÞ ¼
drNLOðE; xEÞ=dxE
drLOðE; xEÞ=dxE

; ð15Þ

where drLOðE; xEÞ=dxE and drNLOðE; xEÞ=dxE are leading
order and next-to-leading order differential cross sections
for pA ! c�c, respectively, with xE = Ec/Ep. For QCD ren-
Fig. 2. The Z moment ZpDs
obtained by perturbative QCD with CTEQ3

and CTEQ6 parton distribution functions, respectively.
ormalization scale l = mc and the factorization scale
M = 2mc, the K factor is fitted to be [24]

KðE;xEÞ¼ 1:36þ0:42lnðlnðE=GeVÞÞ

þ 3:40þ18:7ðE=GeVÞ�0:43�0:079lnðE=GeVÞ
� �

x1:5E .

ð16Þ

We apply this K factor to our calculation with CTEQ6 par-
ton distribution functions. Comparing this result with that
obtained by applying CTEQ3 parton distribution func-
tions, one acquires an idea on the uncertainty of perturba-
tive QCD approach to the charm hadron production cross
section. It is seen from Fig. 2 that both Z moments agree
well for energies below TeV. For E = 10 TeV, they differ
by about 30%.

Besides perturbative QCD approach, there are non-per-
turbative approach for computing the charm hadron pro-
duction cross section. In fact, such non-perturbative
approaches [25,26] are motivated to accommodate acceler-
ator data on strange particle productions, which are under-
estimated by the perturbative QCD approach. It is desirable
to apply these approaches to charm hadron productions.
The quark-gluon-string-model (QGSM) [25] is a non-
perturbative approach based upon the string fragmen-
tation, where the model parameters are tuned to the
production cross section of strange particles. The recombi-
nation-quark-parton-model (RQPM) [26] is also a phenom-
enological approach which takes into account the
contribution of the intrinsic charm in the nucleon to the
charm hadron production cross section. Detailed compari-
sons of these two models with perturbative QCD approach
on the charm hadron productions are given in [27]. It is
shown that perturbative QCD approach gives the smallest
charm production Z moments. It is clear that the model
dependencies on the charm hadron productions affect both
the prompt atmospheric muon neutrino flux and the intrin-
sic atmospheric tau neutrino flux. A detailed study on the
model dependencies of the intrinsic atmospheric tau neutrino
flux is given in [28]. We shall further discuss these model
dependencies after commenting on the Z moment ZDsms .

We note that ZDsms is related to the energy distributions
of the Ds decays into tau neutrinos. One arises from the
decay Ds ! mss, and the other follows from the subsequent
tau-lepton decay, s ! ms + X. The latter contribution is cal-
culated using the decay distributions of the decay modes
s ! msq, s ! msp, s ! msa1 [29,20], and s ! mslml [12,13].

The uncertainty of intrinsic atmospheric ms flux due to
different approaches for Zpp is negligible. The main uncer-
tainty of this flux is due to the model dependence of the Z-
moment ZpDs

. Within the perturbative QCD approach, the
dependence of this flux on the parton distribution functions
is shown in Fig. 3. It is easily seen that the intrinsic
atmospheric ms flux is not sensitive to parton distribution
functions for E < 103 GeV. However, at E = 104 GeV,
both fluxes differ by almost 50%. Incorporating the non-
perturbative approaches for charm hadron productions



Fig. 3. The comparison of intrinsic atmospheric ms fluxes calculated by
perturbative QCD with CTEQ3 and CTEQ6 parton distribution func-
tions, respectively.
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[25,26], the uncertainties of intrinsic atmospheric ms flux is
depicted in Fig. 4. It is seen that the minimal ms flux in
Ref. [28] is consistent with our ms flux calculated by pertur-
bative QCD with CTEQ6 parton distribution functions.
On the other hand, the maximal flux shown in Fig. 4 is
almost one order of magnitude larger than the minimal
one. This maximal flux is given by the RQPM model below
300 GeV while it is given by the QGSM model beyond this
energy [30]. We remark that the original minimal and max-
imal ms fluxes in Ref. [28] correspond to different sets of pri-
mary cosmic ray flux, which is considered as one of the
uncertainties for the ms flux. However, we have re-scaled
these fluxes to a common cosmic ray flux, Eq. (2), used in
this paper. We also note that the uncertainty of intrinsic
atmospheric ms flux provided by Ref. [28] starts at E =
100 GeV, while our calculation of this flux starts at
E = 10 GeV.

It is interesting to see how much the uncertainty of the
intrinsic ms flux could affect the determination of the ms flux
taking into account the oscillation effect. In the next sec-
tion, we shall study this issue with respect to the upward
Fig. 4. The model dependencies of intrinsic atmospheric ms flux. The
minimal flux from Ref. [28] is given by perturbative QCD. The maximal
flux from the same reference is given by RQPM model for E 6 300 GeV,
and by QGSM model for E > 300 GeV.
atmospheric ms flux where the oscillation effect is the
largest.

3. The atmospheric tau neutrino flux with oscillations

3.1. The downward and horizontal atmospheric tau neutrino
fluxes

The atmospheric tau neutrino flux can be calculated
using

d�N msðE;nÞ
dE

¼
Z XmaxðnÞ

0

dX
d2N mlðE;n;X Þ

dEdX
� P ml!ms E;LðX ;nÞð Þ

"

þd2N msðE;n;X Þ
dEdX

� 1� P ml!msðE;LðX ;nÞÞ
� �#

;

ð17Þ

where P ml!msðE; LðX ; nÞÞ � sin2 2h23 sin
2ð1:27Dm2

31L=EÞ is
the ml ! ms oscillation probability, assuming a vanishing
h13. We have used the notation dN msðE; nÞ=dE to denote
the atmospheric ms flux taking into account the oscillation
effect. The unit of Dm2

31 is eV2 while L and E are in units
of km and GeV, respectively. A recent SK analysis of the
atmospheric neutrino data implies [1]

Dm2
31 ¼ ð1:9� 3:0Þ � 10�3 eV2; sin2 2h23 > 0:9. ð18Þ

This is a 90% C.L. range with the best fit values given by
Dm2

31 ¼ 2:4� 10�3 eV2 and sin22h23 = 1, respectively.

3.1.1. Meson decay contributions

Using the best fit values of neutrino oscillation parame-
ters, we obtain atmospheric tau neutrino fluxes for
cosn = 0.2, 0.4, . . . , 1 as depicted in Fig. 5. This set of
result is obtained by using an energy independent Z

moment, Zpp � 1 � kp/Kp = 0.263 mentioned earlier. For
the ml flux on the R.H.S. of Eq. (17), we only include the
two-body pion and kaon decay contributions. The muon
decay contribution to this flux will be presented later.
Fig. 5. The atmospheric ms flux for cosn = 0, 0.2, 0.4, 0.6, 0.8 and 1 (from
top to bottom) with sin22h23 = 1, Dm2

31 ¼ 2:4� 10�3 eV2, and Zpp =
0.263.



Fig. 6. The downward atmospheric ms flux (solid line) as the sum of its
oscillated (dotted line) and intrinsic (dashed line) components.

Fig. 7. The comparison of atmospheric ms flux obtained by using coseffn
and that obtained by the full calculation for n = 90�.
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The intrinsic ms flux in the same equation is taken to be that
calculated by perturbative QCD with CTEQ6 parton distri-
bution functions [23]. It is instructive to separately present
the oscillated and intrinsic atmospheric ms fluxes corre-
sponding to the two terms on the R.H.S. of Eq. (17). This
is done for n = 0� in Fig. 6. We see that the oscillated and
intrinsic atmospheric ms fluxes cross at E ’ 20 GeV, indi-
cating that the ml ! ms oscillation effect becomes important
for E < 20 GeV for such a zenith angle.

We note that the atmospheric ms flux increases as n
increases from 0� to 90�. There are two crucial factors dictat-
ing the angular dependence of such a flux. First, the atmo-
sphere depth traversed by the cosmic ray particles
increases as the zenith angle n increases. Second, the atmo-
spheric muon neutrinos are on-average produced more far
away from the ground detector for a larger zenith angle,
implying a larger ml ! ms oscillation probability. In fact,
the neutrino path-length dependencies on the zenith angle
n and the neutrino energy E have been studied carefully by
the Monte-Carlo simulation [31]. Our semi-analytic
approach reproduces these dependencies very well. It is
found that, for E = 10 GeV and cosn = 1 (n = 0�), the aver-
age neutrino path-length from the ml production point to the
ground detector is 14 km. The average neutrino path-length
increases to 45 km and 650 km for n = 66� (cosn = 0.4) and
n = 90�, respectively. The huge path-length of horizontal
neutrinos makes the ms flux in this direction two orders of
magnitude larger than the downward ms flux. It is also inter-
esting to note that the horizontal ms flux for E approaching
1 GeV begins to show oscillatory behavior. This is because,
for E = 1 GeV and Dm2

31 ¼ 2:4� 10�3 eV2, Losc � 4E=
Dm2

31 � 330 km which is already shorter than the average
neutrino path-length at this zenith angle.

We stress that our calculation procedures for cosn > 0.5
and cosn < 0.5 are different. In the former case, the curva-
ture of the Earth can be neglected and the pion or kaon
survival probability in the atmosphere is approximated
by Eq. (5). This is the approach we adopted in Ref. [10].
For cosn < 0.5, i.e., n > 60�, we use Eq. (4) for the meson
survival probability. In this case the calculation is much
more involved as the meson survival probability in Eq.
(4) contains an additional integration. It has been pointed
out in Ref. [31] that one may apply Eq. (5) for calculating
the path-length distribution of neutrinos for n > 60� so
long as one replaces cosn by coseffn, where the latter is a
fitted function of the former. Precisely speaking, by fitting
the analytic calculation based upon Eq. (5) [13] to the
Monte-Carlo calculation, the relations between cosn and
coseffn can be found, which are tabulated in [31]. Extrapo-
lating such a relation, we find that coseffn = 0.05 for
cosn = 0. Using this coseffn with Eq. (5), we also calculate
the atmospheric ms flux. The result is compared with that
obtained by the full calculation (applying Eq. (4)) as shown
in Fig. 7. Both results agree very well. Such an agreement
makes our calculation compelling and also validates the
above extrapolation on coseffn.

We have so far computed the atmospheric neutrino flux
with an energy independent Z moment, Zpp � 1 � kp/
Kp = 0.263. It is important to check the sensitivity of atmo-
spheric ms flux on the values of Zpp. We recall that different
results for Zpp are shown in Fig. 1. At energies between
102 GeV and 103 GeV, the values of Zpp generated by
PYTHIA [14] slightly depend on the energy and roughly
twice larger than the value we have so far used for calcula-
tions. We check the effect of Zpp by calculating the atmo-
spheric ms flux with the PYTHIA-generated Zpp. The
comparison of this result with the earlier one obtained by
setting Zpp = 0.263 is shown in Fig. 8 for n = 0� and
Fig. 9 for n = 90�. For n = 0�, two set of results do not exhi-
bit noticeable difference until E P 10 GeV. At
E = 100 GeV, they differ by 45%. For n = 90�, two results
differ by 46% at E = 1 GeV while they differ by 29% at
E = 100 GeV. Obviously, the behavior of Zpp is one of the
major uncertainties for determining the atmospheric ms flux.

3.1.2. Muon decay contributions

We have stated that the muon decay contributions to ml
is non-negligible for neutrino energies less than 10 GeV.
Such ml’s can oscillate into ms’s during their propagations



Fig. 9. The comparison of atmospheric ms fluxes calculated from a
constant Zpp [12,13] and an energy dependent Zpp [15] for n = 90�.

Fig. 8. The comparison of atmospheric ms fluxes calculated from a
constant Zpp [12,13] and an energy dependent Zpp [15] for n = 0�.

Fig. 10. The comparisons of atmospheric ms fluxes resulting from the
oscillations of ml’s generated by two-body and three-body decays with
those resulting from the oscillations of ml’s generated only by two-body
decays. The comparisons are made for three zenith angles, cosn = 0, 0.4,
and 1 (from top to bottom).
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in the atmosphere. The calculation of such a flux according
to Eqs. (6) and (10) is rather involved. However, a simple
approximation as presented below gives a rather accurate
result for this flux.

The calculation of ml spectrum due to muon decays
requires the knowledge of muon polarizations. The muon
polarization however depends on the ratio of muon
momentum to the momentum of parent pion or kaon as
indicated by Eq. (9). It is straightforward to calculate the
average muon polarization at any slant depth X provided
the energy spectrum of the parent pion or kaon is known
at that point. For the downward case (n = 0�), it is known
from the previous section that the muons are most likely
produced at around 14 km from the ground detector. At
that point, the pion and kaon fluxes can be approximately
parameterized as /pðEpÞ ¼ 10�3:15 � E�2:02

p and /KðEKÞ ¼
10�5:11 � E�1:74

K in units of cm�2s�1sr�1GeV�1 for meson
energies between 1 and few tens of GeV. We do not distin-
guish p�(K�) from p+(K+) in the above fittings. Although
the spectra are charge dependent, the resulting absolute
values of l+ polarization and l� polarization differ by only
10% for El up to few tens of GeV [13]. From Eq. (9), and
the above pion and kaon spectra, we obtain hP p
l�i ¼ 0:35,

hPK
l�i ¼ 0:95. Therefore l� coming from the p� decays

are 67% right-handed polarized and 33% left-handed polar-
ized. On the other hand, l� coming from K� decays are
98% right-handed polarized and only 2% left-handed
polarized. The muons produced by meson decays lose ener-
gies before they decay into neutrinos. The decay distribu-
tion for l� ! ml is given by Eq. (11). The average
momentum fraction hyi of muon neutrinos are 0.3 and
0.4 from decays of right-handed l� and left-handed l�

respectively. Following a similar procedure, one can deter-
mine the polarization and decay distributions of l+.
Finally, to calculate the spectrum of muon neutrinos aris-
ing from muon decays, we use the approximation of replac-
ing F l�s !mlðE=ElÞ with d(E/El � hyi) in Eq. (10).

To check the validity of the above approximation, we
compare our result on the fraction of muon decay contri-
bution to the overall ml flux with that given by Ref. [13]
for cosn = 0.4, i.e., n = 66�. At this zenith angle, most of
the muons are produced roughly 45 km from the detector.
The pion and kaon fluxes at this point are fitted to be
/pðEpÞ ¼ 10�3:65 � E�1:88

p and /KðEKÞ ¼ 10�5:57 � E�1:69
K in

units of cm�2 s�1 sr�1 GeV�1. This gives rise to hP p
l�i ¼

0:34, hPK
l�i ¼ 0:94. Following the procedure in the down-

ward case, we obtain the muon neutrino flux from the
muon decays. At E = 1 GeV, the fraction of muon decay
contributions to the overall ml flux is 44% while the fraction
decreases to 17% at E = 10 GeV. In Ref. [13], the corre-
sponding fractions are 47% and 18%, respectively. Both
set of fractions agree rather well.

Since our approximation works well for calculating the
muon-decay contributions to the atmospheric ml flux, we
proceed to calculate the resulting atmospheric ms flux with
Eq. (17). Specifically we only need to include the first term
on the R.H.S. of Eq. (17) because the second term has
already been included in the two-body decay contribution.
In Fig. 10, those atmospheric ms fluxes resulting from



Fig. 12. The atmospheric ms flux averaged for �1 6 cosn 6 �0.4. The
uncertainty of this flux due to the uncertainty of intrinsic atmospheric ms
flux is shown. The corresponding ml flux is also plotted, which is equal to
the ms flux for 1 6 E/GeV 6 10.
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oscillations of ml’s generated by both two- and three-body
decays (muon decays) are compared with those resulting
from the oscillations of ml’s generated only by two-body
decays. As expected, the three-body decay contribution is
non-negligible for E 6 10 GeV. Quantitatively, for n = 0�
and E = 1 GeV, 24% of the total atmospheric ms flux is
from the oscillations of ml’s originated from the muon
decays. At E = 10 GeV, only 2.9% of the total atmospheric
ms flux comes from the same source. For n = 66�, the three-
body decay contribution gives rise to 36% and 8.9% of the
total atmospheric ms flux at E = 1 GeV and E = 10 GeV,
respectively. Finally, for n = 90�, the three-body decay con-
tribution to the total atmospheric ms flux is most significant.
It contributes to 53%, 46%, and 39% of the total atmo-
spheric ms flux at E = 1 GeV, 10 GeV and 20 GeV, respec-
tively. To calculate the three-body decay contribution to
ml flux at n = 90�, we have used Eq. (5) for the meson sur-
vival probability with coseffn = 0.05 and a overall factor
C � 1.40 to fix the normalization of the flux [31].

3.2. The upward atmospheric tau neutrino flux

The upward atmospheric ms fluxes are enhanced com-
pared to those of other directions since the average neu-
trino path lengths in such case are larger. Therefore the
observations of astrophysical tau neutrinos in upward
directions are subject to more serious background prob-
lems. However, observing the atmospheric tau neutrinos
is interesting in its own right. The atmospheric tau neutrino
flux for cosn = �0.2 is shown in Fig. 11. The effect of
ml ! ms oscillation is evident for below TeV energies. This
is seen from the crossing point of intrinsic and oscillated
atmospheric ms fluxes at E ’ 700 GeV. The atmospheric
ms flux shows oscillatory behavior for E 6 10 GeV. For
cosn < �0.2, such an oscillatory behavior is even more sig-
nificant. In such a case, it is more practical to study the
averaged flux. We average the atmospheric ms flux for the
zenith angle range �1 6 cos n 6 �0:4, as shown in
Fig. 12. Due to uncertainties of the intrinsic atmospheric
Fig. 11. The atmospheric ms flux (solid line) as a sum of its oscillated
(dotted line) and intrinsic (dashed line) components for cosn = �0.2 with
sin22h23 = 1, Dm2

31 ¼ 2:4� 10�3 eV2, and Zpp = 0.263.
ms flux as discussed in Ref. [28], the atmospheric ms flux tak-
ing into account the oscillation effect also contains uncer-
tainties beginning at a few hundred GeV’s. In the same
figure, we also plot the corresponding atmospheric ml flux.
The ml and ms fluxes are comparable for E < 40 GeV. In
such a case, the footprint of ms might be identified by study-
ing the energy spectra of shower events induced by neu-
trino interactions [5]. At E = 104 GeV, the ml flux is
approximately 30 times larger than the maximal ms flux.
We note that the maximal and minimal ms fluxes begin to
differ at E = 500 GeV. At E = 1 TeV, the maximal flux is
3 times larger than the minimal one. The ratio of maximal
flux to the minimal one increases to 14 at E = 10 TeV. We
remark that the upward atmospheric ms flux is also calcu-
lated in Ref. [5] with sin2 2h23 = 1 and Dm2

31 ¼ 10�2;
10�2:5; 10�3 eV2, respectively. Here we have done the
calculation with the best fit value of sin22h23 and Dm2

31

taken from [1]. Furthermore we include the contribution
of intrinsic atmospheric ms flux and its associated
uncertainties.

4. Discussion and conclusion

The understanding of atmospheric ms flux is important
for exploring the tau neutrino astronomy [2,10]. As men-
tioned earlier, an estimation of the atmospheric ms flux
has been given in Ref. [2] while a detailed calculation of this
flux for zenith angles 0 6 n 6 60� is given in Ref. [10]. In
these works, comparisons of the galactic-plane ms flux with
the atmospheric ms flux are also made for illustrating the
possibility of the tau neutrino astronomy. Now that we
have obtained a complete result of the atmospheric ms flux
for the entire zenith angle range, we compare this flux with
two astrophysical fluxes: the galactic-plane tau neutrino
flux just mentioned and the cosmological ms flux due to neu-
tralino dark matter annihilations [32]. The comparison is
depicted in Fig. 13 where the flux of galactic-plane tau neu-
trinos is taken from the calculation of Ref. [10]. One can



Fig. 13. The comparison of atmospheric ms fluxes with the galactic-plane
tau neutrino flux [10] and the tau neutrino flux due to the neutralino dark
matter annihilations [32]. We have included downward (cosn = 1),
horizontal (cosn = 0) and upward (�1 6 cosn 6 �0.4) atmospheric ms
fluxes for the comparison. At E = 1 GeV, the horizontal flux is the largest
whereas the downward flux is the smallest.
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see that the galactic-plane ms flux dominates over the down-
ward (n = 0�) atmospheric ms flux for E greater than a few
GeV. Hence, in this direction, it is possible to observe the
flux of galactic-plane tau neutrinos in the GeV energy
range. For near horizontal directions, the atmospheric ms
flux grows rapidly with zenith angles. Therefore, for
n = 90�, the energy threshold for galactic-plane tau neu-
trino flux to dominate over its atmospheric counterpart is
pushed up to E ’ 100 GeV. We further see that the galac-
tic-plane ms flux does not dominate the upward atmospheric
ms background ð�1 6 cos n 6 �0:4Þ until E = 500 GeV.
However, it is noteworthy that, in the muon neutrino case,
galactic-plane neutrino flux is overwhelmed by the atmo-
spheric background until Em > 106 GeV [33]. Such a differ-
ence between ml and ms shows the promise of the tau
neutrino astronomy in the GeV energy range as pointed
out in [2,10]. From Fig. 13, it is also clear that the atmo-
spheric ms flux is a non-negligible background to the cosmo-
logical tau neutrino flux due to neutralino dark matter
annihilations [32]. In fact, two fluxes are comparable in
the downward direction while the atmospheric ms flux dom-
inates in horizontal and upward directions.

In summary, we have presented a semi-analytical calcu-
lation on the atmospheric ms flux in the GeV to TeV energy
range for downward, upward, and horizontal directions.
The atmospheric ms flux at n = 90� is two orders of magni-
tude larger than the corresponding flux at n = 0� for 1 6 E/
GeV 6 10. On the other hand, the fluxes with zenith angles
between 0� and 90� merge for E P 700 GeV, provided that
the intrinsic atmospheric ms flux is calculated with perturba-
tive QCD. Should one adopt a non-perturbative model for
the intrinsic ms flux, the resulting ms fluxes on Earth at
different zenith angles would merge at an energy lower than
700 GeV. We have observed that the upward atmospheric
ms fluxes show oscillatory behaviors. For the averaged flux
with �1 6 cos n 6 �0:4, the atmospheric ms flux is found to
be comparable to the atmospheric ml flux for E < 40 GeV.
The comparison of this flux with the horizontal atmo-
spheric ms flux is also interesting. Two fluxes are in fact
comparable for E < 10 GeV. This shows that the ml ! ms
oscillation is already quite significant in the horizontal
direction for such an energy range. Nevertheless, the
upward atmospheric ms flux takes over from E P 10 GeV
until E ’ 3 TeV where two fluxes merge again. Concerning
the uncertainties in our calculations, we have studied the
dependencies of atmospheric ms flux on the Z moment
Zpp for representative zenith angles n = 0� and n = 90�.
We have also discussed in detail the uncertainty of intrinsic
atmospheric ms flux due to different models for charm
hadron productions. The consequence of such a uncer-
tainty on the determination of oscillated ms flux is studied
as well. Concerning the technique for calculating the atmo-
spheric ms flux from large zenith angles, we have verified the
validity of using coseffn in Eq. (5) to calculate the
atmospheric ms flux for n > 60�. In particular, we have
extrapolated the results in Ref. [31] to n = 90� and demon-
strate that the choice coseff(n = 90�) = 0.05 reproduces well
the atmospheric ms flux obtained by a full calculation using
Eq. (4).
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