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Abstract

Currently, the designations for the low-frequency vibrational spectrum of liquid water are still diversified. In this Letter, using the
instantaneous normal mode (INM) formalism for subensembles, we have examined the effects of local structure on the low-frequency
INM spectrum of liquid water. The classified subensembles of water molecules are characterized by either the geometry of Voronoi poly-
hedron or the H-bond configuration. With these subensembles, the translational contribution to the INM spectrum is investigated. Pro-
viding insights into the local structural dependence of the vibrations between H-bonded water molecules, our results are consistent with
the conventional designations for the Raman spectrum of liquid water.
� 2005 Elsevier B.V. All rights reserved.
1. Introduction

The low-frequency vibrational spectrum of liquid water
was observed a long time ago by several experimental tech-
niques, including far infrared, Raman spectroscopies and
incoherent neutron scattering [1]. Generally, two broad
bands around 60 and 180 cm�1 are confirmed by these
experiments [2,3]. However, the designations for the two
bands from a microscopic point of view are still a subject
in dispute, especially for the band around 60 cm�1. Walra-
fen et al. [4] attributed the 60 cm�1 band to the bending
mode of a triplet cluster, which is composed of a central
water molecule and its two H-bonded neighbors, and the
180 cm�1 band to the stretching mode between two water
molecules connected by a H-bond; the bending and stretch-
ing modes are actually associated with the molecular
motions perpendicular and parallel to a H-bond, respec-
tively. From another point of view, the two bands are also
considered as arising from the restricted translations, with
each water molecule hindered by the local structure formed
by its neighbors [5,6]. Recently, by comparing the power
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spectra of velocity autocorrelation functions of molecules
in liquids with and without H-bonds, Padro and Marti
[7] gave a different interpretation for the 60 cm�1 band,
although they agreed the Walrafen�s designation for the
180 cm�1 band. In their interpretation, the 60 cm�1 band
is not necessarily associated with the H-bonds, but mainly
resulted from frustrated translations hindered by the local
structure around each molecule, and should be a general
result due to the cage effect occurring in all kinds of dense
liquids. Later, De Santis et al. [8] commented that, due to
the hindrance of a cage formed by the four H-bonded
neighbors of a water molecule, the 60 and 180 cm�1 bands,
with their intensities crucially determined by the H-bonds,
are contributed by the transverse and longitudinal dynam-
ics of nearest neighboring oxygen pairs, respectively; how-
ever, the transverse dynamics is not necessarily described
by the O. . .O. . .O bending motion. Supposing that the
structural cage in a Lennard–Jones (LJ) liquid plays a sim-
ilar role as the H-bonded cage in liquid water, they also
concluded that both of the two bands observed for liquid
water are expected to occur in the melting and supercooled
liquids of argon but with different intensity ratio.

Developed in the past decade, the instantaneous-
normal-mode (INM) formalism has been an established
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theory to describe microscopically the collective dynamics
in condensed systems by the normal modes of the Hessian
matrices evaluated for the system configurations [9,10]. In
terms of the INM formalism, the intermolecular spectra
of many liquids, including liquid water, have been analyzed
and interpreted [11–19]. One advantage of the formalism is
to assess the molecular contributions to the INM density of
states (DOS) by using different projection operators, which
are defined by the INM eigenvector components selected
for specific molecules or molecular degrees of freedom
[20,21]. One recent example is given by Vallauri and co-
workers [18], who used the projection operators defined
for the H-bonded triplet clusters to show that for liquid
water the INMs with real frequencies less than 130 cm�1

are dominated by the bending motions of the triplet clus-
ters, with a maximum at 70 cm�1, whereas the INMs with
real frequencies in the range from 185 to 240 cm�1 are by
the stretching motions of the triplets.

In order to examine the local structural effects on the
molecular motions in liquid water, we classify all molecules
in the simulated liquid water into different subensembles,
according to either the asphericity of the Voronoi polyhe-
dron (VP) constructed for oxygens [22] or the H-bonded
configuration of a water molecule, which is defined as the
numbers of the H-bonds donated and accepted by the mol-
ecule [23]. By using the INM approach with the projection
operators defined for the subensembles of water molecules
and comparing the averaged contribution of different
subensembles to the rotational INM spectrum, the local
structural effects on the orientational motions in liquid
water have been investigated recently [24]. In this Letter,
we will do the similar analyses for the molecular contribu-
tions to the translational INM spectrum, with attention to
the local structural effects on the INMs of real frequencies
around 60 and 180 cm�1.

With the details given in [24], the normalized transla-
tional INM DOS of a subensemble L in a system is defined
as

DL
T ðxÞ ¼

1

3NL

X6N
a¼1

dðx� xaÞPL
aT

* +
; ð1Þ

where NL is the average number of molecules in the suben-
semble and N is the total number in the system. PL

aT is the
translational projection operator of INM a due to the mol-
ecules of the subensemble L, and can be explicitly given as

PL
aT ¼

XN
j¼1

X3

l¼1

U 2
a;jlHjðLÞ; ð2Þ

where Ua, jl is the three-dimensional eigenvector of INM a
for molecule j, with l labeling the Cartesian coordinates of
the center of mass. Hj(L) = 1 if molecule j belongs to the
subensemble L and zero otherwise. Defined in this way,
DL

T ðxÞ is the averaged contribution of a molecule in the
subensemble L to the normalized translational INM spec-
trum DT(x) of the system. In terms of the averaged number
fraction of molecule for each subensemble, given by
vL = NL/N, we have the sum rule DT ðxÞ ¼
P

LvLD
L
T ðxÞ,

where all classified subensembles are summed.
The Letter is organized as the following: The effects due

to the geometry of local structure are given in Section 2 and
the effects due to the H-bonds are in Section 3. We give our
conclusions in Section 4.

2. Geometric effects of local structure

We have simulated 256 SPC/E water molecules at den-
sity q = 1.0 g cm�3 and temperature T = 300 K [25]; the
details of the simulation are given in [24]. After equilib-
rium, 1500 configurations were generated. With these con-
figurations, we have performed the VP analysis for oxygens
[22,26,27]. The geometry of each VP is characterized by
two parameters: the volume V and the asphericity
g = A3/36pV2 of the polyhedron, where A is its total sur-
face area. For a sphere, g = 1. As g increases, the geometry
of the polyhedron becomes more aspherical. We classified
the molecules of each configuration into four subensem-
bles, named as asphericity group (AG) I–IV, with increas-
ing g value. For the four AGs, the averaged number
fractions of molecule, the oxygen–oxygen radial distribu-
tion functions goo(r) and the length distributions of the
H-bonds attaching to each molecule have been presented
in [24]. For AG IV, the goo(r) distribution has a sharp first
peak and nearly 70% molecules have four H-bonds; this
suggests that the local structures of the molecules in AG
IV are mostly in the H-bonded tetrahedral arrangement.
For AG I, the goo(r) distribution, unlike those of the other
three AGs, has a plateau region, rather than a sharp max-
imum, in the first shell, and most molecules (about 30%)
have only two H-bonds, with one donated and one
accepted, which indicates that the molecules in AG I are
weakly connected in H-bonds with their neighbors. Gener-
ally, the H-bond lengths of a molecule tend to be shorter as
the asphericity of its Voronoi polyhedron increases.

Similarly, according to the Voronoi volume, we also
divided the molecules of each configuration into four differ-
ent subensembles, named as volume group (VG) I–IV, with
increasing the value of V. For the four VGs, the averaged
number fractions are given in Table 1 and their goo(r) dis-
tributions are shown in Fig. 1a. Due to a strong compres-
sion from the neighbors, the goo(r) of VG I has a sharp first
maximum, indicating a compact structure in the first shell.
However, unlike those of the four AGs, the distinctions
among the four goo(r) distributions shown in Fig. 1a dimin-
ish fast at distances right beyond the first minimum. This
manifests that the structures beyond the first shell of a mol-
ecule have a stronger correlation with the shape, rather
than the volume, of the VP of the molecule. Shown in
Fig. 1b, the H-bond lengths of a molecule tend to be longer
as the Voronoi volume increases; the trend is reverse to the
case by increasing the asphericity.

To examine whether the subensembles of the AGs and
the VGs are correlated or not, we have calculated the con-
ditional probability vML to find a molecule in the suben-
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Fig. 1. The oxygen–oxygen radial distribution function (a) and the H-
bond length distribution (b) of molecules in a volume group. Each
distribution in (b) is normalized. The density of liquid water is 1.0 g cm�3

and the temperature 300 K. The unit of distance r is in Å.
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semble of AG M for the molecules which belong to the
subensemble of VG L. The results of vML for the simulated
liquid water are given in Table 1. The data show that the
order of magnitude of vML is roughly independent of the
VG which the molecules belong to, except that for finding
the molecules in AG IV vML for VG IV is one order larger
than that for VG I. Thus, the two kinds of local structural
subensembles are weakly correlated. This is consistent with
the conclusion given in [26]: For liquid water at room tem-
perature, the shape of a VP is almost independent of its
volume. Therefore, the asphericity and the volume of a
VP can be considered as two independent parameters to
Table 1
Averaged number fraction vL of each volume group and the conditional
probability vML = NML/NL to find a molecule in asphericity group M for
those in volume group L, where both L and M can be I, II, III, and IV

VG I VG II VG III VG IVeV ¼ V =V ave �0.84 0.84–1.0 1.0–1.24 1.24�
vL 0.039 0.510 0.419 0.032

~vML

AG I 0.010 0.011 0.021 0.043
AG II 0.765 0.685 0.652 0.602
AG III 0.223 0.296 0.306 0.287
AG IV 0.002 0.008 0.021 0.067

NL is the averaged number of molecules in volume group L and NML is
that of the molecules which belong to both volume group L and asphe-
ricity group M. eV is the Voronoi volume V scaled by the averaged
molecular volume of liquid water. The ranges of the four asphericity
groups are given in [24].
characterize the local structure of a molecule in liquid
water.

The INM DOS of SPC/E liquid water and the contribu-
tions due to the translational and rotational molecular
motions have been presented in [24]. The shape of the
real-frequency INM spectrum looks similar as the Raman
spectrum [28,29]. The frequency range of the translational
contribution covers from 650 cm�1 in the real branch to
250 cm�1 in the imaginary branch. Roughly above
300 cm�1 in the real branch, the translational and rota-
tional contributions are strongly overlapped, indicating
that the translational and rotational motions at these fre-
quencies are significantly coupled together. Using Eq. (1),
we have calculated DL

T ðxÞ for the subensembles of AGs
and VGs, and the results are shown in Fig. 2. For the
AG I and the VG IV, the overall shape of DL

T ðxÞ is similar
as the INM spectrum of a LJ atomic liquid, which has a tri-
angular shape in each branch and a monotonically decay-
ing long tail in the real branch [9]. A common feature for
the local structures of the AG I and the VG IV is that
the H-bonds attaching to the molecules in these subensem-
bles are generally weak in strength due to their longer bond
lengths, so that the translational motions of these mole-
cules in liquid water behave more like the atomic motions
in a LJ liquid. As the asphericity increases or the Voronoi
volume decreases, the real-frequency spectrum shape of
DL

T ðxÞ deviates from the triangular shape with a hump
growing in the frequency region above 150 cm�1. Accord-
ing to the spectrum variation of DL

T ðxÞ with V or g, one
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Fig. 2. Geometric effects of local structure on the translational INM DOS
of a subensemble. The subensembles are either the asphericity groups (a)
or volume groups (b).
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can divide the real-frequency branch into two regions: At
frequencies less than 150 cm�1, DL

T ðxÞ generally increases
with either increasing V or decreasing g; at frequencies
above 150 cm�1, the variation of DL

T ðxÞ with V or g is
reversed. The low- and high-frequency regions generally
correspond to the INMs dominated by the O. . .O. . .O
bending modes and the O. . .O stretching modes of the H-
bonded triplet clusters in liquid water, respectively [18].

In the low-frequency region, the translational INM
DOS has a peak located around 65 cm�1. As shown in
Fig. 2, the peak position is insensitive to the geometry of
the VP, by changing either its asphericity or its volume,
but the peak value is indeed affected by the geometry,
gently by its asphericity and strongly by its volume. That
is, the larger the Voronoi volume of a molecule, the more
significant the contribution due to the translational motion
of the molecule to the 65 cm�1 peak. These results disagree
with the picture of the cage effect, in which the oscillation
frequency of a molecule inside a cage formed by its neigh-
bors is expected to vary with the local volume of the mol-
ecule (the smaller the local volume is, the larger the
oscillation frequency). Thus, based upon the results
obtained by the INM analysis so far, a possible explanation
for the local-volume effect on the 65 cm�1 peak is that a lar-
ger local volume occupied by the central molecule of a trip-
let would favor the O. . .O. . .O bending motion; on the
contrary, a smaller local volume would restrict, or even
�freeze�, the bending motion.

In the high-frequency region, the increase of DL
T ðxÞ with

either increasing g or decreasing V can be interpreted by
the stretch of a H-bond. For a molecule with smaller local
volume or larger asphericity, the H-bonds attaching to the
molecule is generally short in bond length and strong in
bond strength, so the stretching motions of these H-bonds
are active and, therefore, contribute more to DL

T ðxÞ.

3. The H-bond effects

In an elementary picture, the formation of a H-bond in
liquid water is resulted from the Coulomb interaction
between the partially positive charge qH of a H atom, cova-
lently bound to the O atom of a molecule, and the partially
negative charge qO of a neighboring O atom of another
molecule. As the H atom lies between the two O atoms,
the electrostatic interactions cause the two water molecules
bound together with a lower energy. So, a H-bond is highly
directional. As before, we consider two water molecules to
be connected with a H-bond as the energy between them is
less than �12 kJ mol�1 [24].

In this section, we examine the effects of H-bonds on
the INMs in the two frequency regions given in the last
section. We first investigate whether the low-frequency
INMs contributed to the translational spectrum DT(x)
are related to the H-bonds in liquid water. In the SPC/
E model [25], the potential between two water molecules
is made up of two parts: the pairwise additive site–site
Coulomb potentials between the point charges at the H
and O coordinates with qH = 0.4238q and qO = �0.8476q,
where q is the charge of a proton, and a LJ potential
between the two O atoms. To investigate the electrostatic
effect, we calculated DT(x) for a fictitious system with its
structure the same as that of the simulated SPC/E liquid
water but having reduced partial charges q0H ¼ cqH and
q0O ¼ cqO on the H and O atoms, respectively. Here, c is
a parameter between one and zero. As c = 1, the system
is exactly the SPC/E model; as c = 0, there are no electro-
static interactions but the LJ interactions between water
molecules. With the same criterion for a H-bond, we find
that the number of H-bonds in this fictitious system
decreases dramatically by reducing the value of c from
one. The fraction of molecules having four H-bonds is
over 40% at c = 1 but only about 5% at c = 0.75, and
almost vanishes at c = 0.5. Meanwhile, the fraction of
molecules without H-bonds is almost vanished at c = 1
but increases to 50% at c = 0.75, and almost hundred per-
cent at c = 0.5. The DT(x) calculated for this system are
shown in Fig. 3 for several c values. It is found that as
c is reduced from one to half, the peak value at
65 cm�1 in the real branch drops dramatically but the
spectrum has only a small change at real frequencies
above 200 cm�1. For the situation of the fictitious system
without H-bonds, DT(x) does not change much as c is
reduced from half to zero. This investigation gives a
strong support that the 65 cm�1 peak in DT(x) is partially
associated with the H-bonds.

In the following, the molecular nature of the INMs con-
tributed to the translational motions in liquid water is
examined. Shown in Fig. 4 is the dependence of DL

T ðxÞ
on n, the number of H-bonds attaching to a molecule.
Clearly, there are two main effects on DL

T ðxÞ as n is varied
from 1 to 4. First, the position of the low-frequency peak in
the real branch increases about 10 cm�1, but the peak value
is not significantly changed. Based on the interpretation
that the translational INMs in the low-frequency region
are dominated by the bending modes of triplet clusters,
the shift of the peak position implies that the force constant
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of the bending mode increases with the number of the H-
bonds attaching to the central molecule of a triplet. The
shifting amount of this peak position with n is roughly in
the same order of the decrease in the peak position of the
60 cm�1 band in the Raman spectrum observed experimen-
tally by increasing temperature [3]. Here, we should make a
-200 0 200 400 600
0

0.001

0.002

0.003

0.004

0.005

D
T

L (ω
)

L = D2A1
L = D1A2

-200 0 200 400
0

0.001

0.002

0.003

0.004

0.005

D
T

L (ω
)

L = D2A0
L = D1A1
L = D0A2

-200 0 200 400 600

ω [cm
-1

]

0

0.001

0.002

0.003

0.004

0.005

D
T

L (ω
) L = D1A0

L = D0A1

Three H-bonds

Two H-bonds

One H-bond

a

b

c

Fig. 5. The same as Fig. 4, but for subensembles classified by the H-bond
configurations. The three panels from top to bottom are for molecules
having totally three, two and one H-bonds.
notice that the variation of the peak in DL
T ðxÞ with n is

obtained by averaging different subensembles of water mol-
ecules at one temperature, but the temperature variation
observed in the Raman experiment is the average of all
molecules in liquid water at different temperatures. Since
the averaged number of H-bonds per molecule in liquid
water generally decreases with increasing temperature
[30], we think that the pictures of the two different
approaches are consistent due to the same physical origin
and, therefore, the results of the two variations are qualita-
tively agree with each other. Secondly, as n increases from
one to four, a hump grows in DL

T ðxÞ in the frequency region
above 150 cm�1, with a maximum rate at 220 cm�1. The
strong dependence of the growing hump on n is consistent
with attributing the predominant INMs in this frequency
region to the stretch of the H-bonds between a molecule
and its neighbors.

To distinguish the roles of the donated and accepted H-
bonds of a molecule on its translational motion, we have
calculated DL

T ðxÞ for the subensembles of different H-bond
configurations, denoted as DlAm for molecules having l

donated and m accepted H-bonds with l and m being 0, 1
and 2. From the results given in Fig. 5, we find that the
donated and accepted H-bonds have an almost indistin-
guishable effect on DL

T ðxÞ and, therefore, play an equiva-
lent role on the translational motions in liquid water.
This is different from the fact that the donated H-bonds
play a dominated role on the short-time orientational
motions [24]. Thus, we conclude that the bending and
stretching motions between a molecule and its neighbors
only depend on the total number of the H-bonds attaching
to the molecule, but it does not matter whether the H-
bonds are donated or accepted.

4. Conclusion

Using the INM projection approach, we have investi-
gated the effects of local structure on the real-INM spec-
trum of liquid water; the shape of the spectrum is similar
as its Raman spectrum. In this Letter, we pay attention
to the INMs with real frequencies below 300 cm�1, where
the translational motions are dominated. By reducing the
charges of the O and H atoms in the examined model, we
find that the INMs in this frequency range are indeed par-
tially associated with the H-bonds in liquid water.

To investigate the molecular nature of the INMs, we
have classified the simulated water molecules into suben-
sembles by either the geometry of local structure or the
H-bond configurations. Due to the opposite variation of
the spectrum with the local structures examined, we natu-
rally divide the INM spectrum of liquid water into two
regions; the division is roughly at 150 cm�1. The two
regions generally correspond to the two bands observed
in the Raman experiment. The translational contribution
has a peak around 60 cm�1; the position of the peak is
influenced by n, the number of H-bonds attaching to a mol-
ecule and its intensity by the geometry of local structures,
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especially the local volume. On the other hand, as n

increases from one to four, a hump grows above
150 cm�1. Physically, our results are consistent with the
interpretation of the observed Raman spectrum as the
bending motions of water triplets for the 60 cm�1 band
and the H-bond stretching for the 180 cm�1 band. Accord-
ing to our results, the force constant of the bending motion
of a triplet increases with the number of the H-bonds
attaching to the central molecule of the triplet. We also
suggest that a smaller local volume of the central molecule
of a triplet would restrict or freeze the bending motion of
the triplet and, therefore, cause the intensity of the
60 cm�1 band reduced. This conclusion is consistent with
the temperature variation of the 60 cm�1 band observed
in the Raman spectrum.
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