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Abstract: Broad-area vertical-cavity surface-emitting lasers (VCSELs) with 
different cavity sizes are experimentally exploited to manifest the influence 
of the finite confinement strength on the path-length distribution of 
quantum billiards. The subthreshold emission spectra of VCSELs are 
measured to obtain the path-length distributions by using the Fourier 
transform. It is verified that the number of the resonant peaks in the path-
length distribution decreases with decreasing the confinement strength. 
Theoretical analyses for finite-potential quantum billiards are numerically 
performed to confirm that the mesoscopic phenomena of quantum billiards 
with finite confinement strength can be analogously revealed by using 
broad-area VCSELs. 
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1. Introduction 

Optical resonators have been extensively used in numerous applications including lasers, 
optoelectronic circuits, optical communications, and biological sensors [1–6]. Based on the 
similarities between the Schrödinger and Helmholtz equations, laser resonators have 
remarkably exploited to serve as analogous experiments for exploring the mesoscopic physics 
of quantum systems [6–13]. One of the intriguing analogous experiments is that the lasing 
transverse modes of broad-area oxide-confined vertical-cavity surface-emitting lasers 
(VCSELs) can be used to manifest the high-lying eigenmodes of two-dimensional (2D) 
quantum billiards [10, 14–16]. The lateral confinement of VCSELs is similar to that of the 
dielectric waveguide, stemming from the difference of the refractive index between the 
semiconductor medium (n1) and the surrounding oxide layer (n2). 

In addition to high-order lasing modes, the subthreshold emission spectra of VCSELs are 
further employed to reveal the path-length distribution of quantum billiards [12, 13]. The 
path-length distribution is the Fourier transform of the density of state ( ) ( )nn

k k kρ δ= − , 

where kn are the eigenvalues of quantum billiards. Since the peak positions of the path-length 
distribution correspond to the lengths of classical periodic orbits (POs), the quantum-classical 
connection of the system can be directly manifested with the path-length distribution [17–19]. 
The confinement strength of quantum billiards is usually assumed to be infinite in studying 
the eigenvalues as well as the path-length distribution. However, the confinement strength is 
not infinite not only in real quantum systems but also in optical resonators [20–24]. 
Nevertheless, the influence of the finite confinement strength on the path-length distribution 
has not been theoretically and experimentally explored as yet. 

The effective strength of the confinement can be directly characterized with the number of 
the allowed eigenmodes. In a one-dimensional (1D) quantum box the number of allowed 

eigemmodes can be approximately given by 2 BN a Vμ π=  , where a is the box width, VB 

is the boundary potential, and μ is the mass of the particle. In other words, the confinement 
strength can be varied either by the size a or by the potential barrier VB. Similarly, the number 
of allowed eigemmodes in 1D dielectric waveguide can be expressed as 

( )2 2
1 2N dk n n π= − , where d is the cavity size, k is the wave number, and n1 and n2 are the 
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refractive indices of the core and cladding regimes, respectively. It is clear that the 
confinement strength in the dielectric waveguide can be adjusted either by the size d or by the 
amplitude of 2 2

1 2n n−  that plays an analogous role as the potential barrier VB in the quantum 

system. Practically, it is more straightforward to control the confinement strength by varying 
the cavity size d instead of varying 2 2

1 2n n−  in using VCSELs to explore the influence of the 

confinement strength on the path-length distribution. Although the confinement strength 
would intuitively be a significant parameter in the path-length distribution of VCSELs, the 
investigation about its role has not been performed in our previous works [12, 13]. 

In this work we experimentally and theoretically verify that the broad-area VCSELs can 
be exploited to manifest the influence of the finite confinement strength on the path-length 
distribution of quantum billiards. We first design several broad-area VCSELs with different 
cavity sizes to experimentally measure the subthreshold emission spectra. By using the 
Fourier transform, the path-length distributions are numerically calculated from the measured 
subthreshold emission spectra. Numerical results reveal that the number of the resonant POs 
becomes less and less when smaller and smaller cavity size is used. Theoretical analyses for 
finite-potential quantum billiards are systematically performed to make a thorough 
comparison with experimental observations. The good agreement between the experimental 
results and theoretical calculations confirms that the mesoscopic phenomena of finite-
potential quantum billiards can be analogously manifested by using broad-area VCSELs. 

2. Device design and experiments 

We fabricated square-shaped VCSELs with three different cavity sizes, 20 × 20 μm2, 30 × 30 
μm2, and 40 × 40 μm2, to measure the subthreshold emission spectra. The VCSEL devices 
were grown with metal organic chemical vapor deposition. Each laser device consists of a 
vertical cavity formed by distributed Bragg reflector (DBR) mirrors and a multiple quantum-
well active region. The active region was composed of three 70 Å Al0.07Ga0.93As quantum 
wells alternated with 100 Å Al0.36Ga0.64As barrier layers. The longitudinal wave number is 
given 2z ok π λ= , where the values of λο is designed to be approximately 780 nm. The top 

and bottom DBR mirrors respectively comprise 23 and 29 double layers. The double layers 
were formed by an Al0.3Ga0.7As and an Al0.97Ga0.03As layer. The high-Al composition 
Al0.97Ga0.03As layer at the first p-type DBR mirror was oxidized to define an aperture for 
current confinement. This oxide aperture forms a planar waveguide and can simultaneously 
induce an optical confinement. With the parameters of the device structure, the effective index 
in the medium and the surrounding oxide are obtained to be approximately n1 = 3.40 and n2 = 
3.37 [25]. 

The VCSEL devices were driven by a current source with a precision of 0.01 mA. The 
operating temperature of the VCSELs was controlled by a temperature-controlled system with 
a stability of 0.1 °C near room temperature. The subthreshold emission spectra of the 
radiation output were measured by a high-resolution optical spectrum analyzer (Advantest 

Q8347) with a resolution up to 0.002 nm. With the identity ( )2 22t zk kπ λ= − , the 

measured subthreshold emission spectra ( )ρ λ  can be changed from a function of the 

emission wavelength λ to a function of the transverse wave number kt. 
First of all, we present a brief synopsis for the characteristics of spontaneous emission 

spectra emitted from oxide-confined VCSELs. The spontaneous emission spectra of VCSELs 
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Fig. 1. The subthreshold emission spectra for a square VCSELs with the cavity size of 30 × 30 
μm2 and the corresponding path-length distributions at the operating temperature of 290 K, 275 
K, and 260 K. 

are mainly affected by both injection currents and operating temperature. As proposed in [12], 
the level of the injection current is to determine the coupling effects between the optical 
modes and the spontaneous emission. The emission spectra presented deeper scale of the 
modulation depth at higher injection current. The path-length distributions then exhibit more 
and more resonant peaks corresponding to photon POs as the injection current increases. At 
subthreshold current, the largest number of the discernible photon POs can be displayed in the 
path-length distribution. On the other hand, the main effect of changing the operating 
temperature is to determine the frequency detuning Δω = ω−ωc, where ω is the central 
frequency of the gain profile and ωc is the frequency of the fundamental cavity mode. To see 
the influence of the operating temperature, we measured the subthreshold emission spectra for 
a square VCSELs with the cavity size of 30 × 30 μm2 and calculated the corresponding path-
length distributions at the operating temperature of 290 K, 275 K, and 260 K, as shown in Fig. 
1. It was found that when the operating temperature was decreased, the profile of the emission 
spectrum apparently shifted to the regime with large transverse wave number and the width of 
the spectrum became much narrower. This makes the resonant peaks with small transverse 
wave number to have insignificant intensity. As a result, the path-length distribution can 
present only a few number of discernible photon POs at low operating temperature. To sum 
up, the effects of injection currents and operating temperature are to change the coupling 
condition between the optical transverse modes and the spontaneous emission, but not to 
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affect the effective strength of the confinement which is the intrinsic character of the device. 
Accordingly, in this investigation, we operated the VCSELs just below the lasing threshold at 
the temperature about 290 K such that the measured subthreshold emission spectra can 
present sharp resonant peaks extended over a wide range of transverse wave numbers. For 
most devices, the levels of the subthreshold current should be greater than 95% of the 
threshold current but would have exceptions. The impact of the level of the subthreshold 
current is worthy to deeply investigate and must be left for future work. 

 

Fig. 2. The optical microscope photographs and the experimental subthreshold emission 

spectra ( )tkρ  for the VCSELs with aperture size of (a) 40 × 40 μm2, (b) 30 × 30 μm2, and 

(c) 20 × 20 μm2. 

Figure 2 depicts the optical microscope photographs and the experimental subthreshold 
emission spectra ( )tkρ  for the VCSELs with the cavity size of 40 × 40 μm2[Fig. 2(a)], 30 × 

30 μm2[Fig. 2(b)] and 20 × 20 μm2 [Fig. 2(c)]. The threshold current for these VCSELs are 
about 15.20 mA [ 40a = μm], 11.80 mA [ 30a = μm], and 7.30 mA [ 20a = μm], 
respectively. The current levels of the measured subthreshold emission spectra were been 
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displayed in Fig. 2. Since the average mode spacing is inversely proportional to the effective 
area of the confinement, the overall mode number in the subthreshold emission spectrum can 
be seen to be less for a smaller-aperture VCSEL. 

By using the experimental spectra ( )tkρ , the path-length spectra ( )LFTρ  were 

numerically calculated with the Fourier transform. Figure 3 illustrates the path-length spectra 

 

Fig. 3. The path-length spectra of the experimental spectra for the square-shaped VCSELs with 
aperture size of (a) 40 × 40 μm2, (b) 30 × 30 μm2, and (c) 20 × 20 μm2. The mirror image in 
each figure displays the path-length distribution of an infinite potential quantum billiard. 

( )LFTρ  for the VCSELs with the cavity size of 40 × 40 μm2[Fig. 3(a)], 30 × 30 μm2 [Fig. 

3(b)], and 20 × 20 μm2[Fig. 3(c)]. As discussed in previous reports [12, 13, 17–19], the peak 
positions in the path-length spectrum correspond to the geometric lengths of classical POs. 
For square quantum billiards [19], the geometric lengths of classical POs are given by 
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( ) 2 2, 2L p q d p q= + , where p and q are two positive integers describing the number of 

collisions on the two orthogonal walls and d is the length of the square boundary. To make a 
comparison with the infinite potential quantum-billiard spectrum, we calculated the path-
length distribution for a square quantum billiard, as plotted in the mirror images of Fig. 3. The 

peak positions in the experimental spectrum ( )LFTρ  can be seen to slightly deviate from the 

actually geometric lengths ( ),L p q . To quantitatively describe this deviation, we recorded 

some geometric lengths ( ),L p q  from the path-length distributions for the experimental 

results and the theoretical analysis, as listed in Table 1. The deviation is found to be more 
prominent for the VCSELs with smaller cavity size than larger cavity size. More importantly, 

it is clear that the overall number of the resonant peaks in the spectrum ( )LFTρ  decreases 

with decreasing the cavity size. This result indicates that the effective confinement strength 
can be straightforwardly revealed in the experimental path-length spectrum. It should be 
mentioned that even though this observation is quite similar to the change of the path-length 
distribution with injection current in [12], the two cases have different physical origins. The 
result of this work arises from the varying of the effective confinement strength, whereas the 
latter case results from the different coupling strengths between the optical modes and the 
spontaneous emission. In the following, we perform theoretical analyses for quantum billiards 
with equivalent confinement strengths to make a detailed comparison with experimental 
observations. 

Table 1. Some geometric lengths L(p,q)a 

 L(1,0) L(1,1) L(2,1) L(3,1) L(3,2) L(4,1) 

Infinite potential quantum 
billiard 2.00d 2.83d 4.48d 6.32d 7.21d 8.25d 

VCSEL with 40a = μm 2.04d 2.88d 4.53d 6.42d 7.35d 8.37d 

VCSEL with 30a = μm 2.09d 2.91d 4.57d 6.54d 7.42d 8.42d 

VCSEL with 20a = μm 2.16d 2.98d 4.65d 6.61d 7.53d 8.61d 

aFrom Fig. 2(a)-2(c) 

3. Theoretical analyses 

Since the finite-potential square quantum billiards cannot be analytically solved, the method 
proposed by Marcatili [26] was used here to calculate the eigenvalues. The Schrödinger 
equation for finite-potential quantum billiards is given by 

 ( )( ) ( )
2

2 0,
2

E V ψ
μ

 
− ∇ + − = 
 

r r
 

 (1) 

where μ is the mass of the particle and the 2D potential well given by 

 ( ) 0 if
.

ifB

V
V

∈
=  ∉

r I
r

r I





    

     

  

 
 (2) 

For a square shape billiard, the domain I is set to be enclosed by the vertices at ( )2, 2a a± ±  

and ( )2, 2a a±  , where a is the side length. The eigenfunctions are approximately 
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expressed as the product of x- and y-dependent functions, i.e., ( ) ( ) ( ),m n m nX x Y yψ =r


. The 

boundary condition requests that the wave functions ( )mX x  and ( )nY y  are continuous at the 

boundaries of well interfaces 2x a= ±  and 2y a= ± . Another boundary condition is that 

the derivatives of the wave functions, ( )md X x dx  and ( )nd Y y dy , should also be 

continuous at the boundaries. As a result, the eigenvalue equations for determining the 
quantized wavenumbers kx,m and ky,n in the x- and y-directions are given by 

 

,1
,

,

,1
,

,

tan ,
2 2

tan
2 2

x m
x m

x m

y n
y n

y n

a m
k

k

a n
k

k

απ

απ

−

−

 
= +   

 
 

= +   
 

 (3) 

where 2 2
, , 2x m B x mV kα μ= −   and 2 2

, , 2y n B y nV kα μ= −  . In the limit of BV → ∞ , the 

quantized wavenumbers kx,m and ky,n can be easily found to be m aπ  and n aπ , respectively, 

as the consequence of infinite-potential square quantum billiards. The number of allowed 
eigenmodes is directly related to the confinement strength of a billiard. From Eq. (3), the 
restrictions of , 0x mα ≥  and , 0y nα ≥  limit the allowed wavenumbers to be given by 

, 2x m Bk Vμ≤   and , 2y n Bk Vμ≤  . Using the approximation of ,x mk m aπ=  and 

,y nk n aπ= , the maximum allowed mode indices M and N in the x-direction and y-directions 

can be obtained as 2 BM N a Vμ π= =  . As a consequence, the total number of the allowed 

eigenmodes can be estimated as ( )2
2 BM N V Aμ π× =  , where A is the area of the billiard. 

In other words, the total number of the confined eigenmodes is proportional to the product of 
the area A and the potential height VB. In a precise way, the total number of the confined 
eigenmodes can be numerically calculated. Figure 4 shows the calculated results for the 
number of the allowed eigenmodes as a function of side length a for a given VB = 0.1eV and 
as function of potential height VB for a given 0150 a a= , where 2 2

0 04 ea e mπε=   is the 

Bohr radius. Calculated results reveal that the number of the allowed modes is approximately 
proportional to the square of the size a for a given VB and is nearly proportional to the 
potential barrier VB for a given a. Note that the phenomenon of the staircase in Fig. 3 clearly 
comes from the level spacing induced by the confinement. 

 

Fig. 4. The number of allowed eigenmodes with respect to the size a  and the potential barrier 

VB. Note that the size is normalized by the Bohr radius with 
2 2

0 04 ea e mπε=   
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By using the calculated eigenvalues ( ) ( )22

, , ,m n x m y nk k k= + , the path-length distribution 

can be evaluated with the expression of ,

,
( ) m ni k L

FT m n
L eρ = . To make a systematic 

comparison with experimental results shown in Fig. 2, the equivalent side length a needed to 
be found for a given VB. The equivalent size length a can be obtained from the analogy that 
the numbers of the allowed for 1D quantum box and 1D dielectric waveguide are given by 

2 BN a Vμ π=   and ( )2 2
1 2N dk n n π= − , respectively. Consequently, for a given VB = 

0.1eV the equivalent size lengths of square quantum billiards are found to be 01620 a , 

01080 a , and 0540 a  to correspond to the VCSELs with the aperture size of 40 × 40 μm2, 30 × 

30 μm2, and 20 × 20 μm2, respectively. Figure 5 shows the calculated path-length spectra for 
square quantum billiards with VB = 0.1eV and the size lengths of 01620 a , 01080 a , and 

0540 a . Experimental results shown in Fig. 3 are depicted in the Fig. 5 with mirror images for 

comparison. It can be seen that the theoretical path-length distributions for finite-potential 
quantum billiards positions are in good agreement with experimental observations for all 
cases over a wide range. The good agreement validates that the broad-area VCSELs can be 
employed as an experimental manifestation of quantum billiards with finite confinement 
strength. Meaningfully, it is worthy to mention that this work clearly demonstrates the role of 
finite confinement strength in VCSELs and quantum billiards, which can provide a deep 
insight into laser physics and quantum chaos in real world. 
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Fig. 5. Calculated path-length spectra for square quantum billiards with VB = 0.1eV and the 

size lengths of (a) 01620 a , (b) 01080 a , and (c) 0540 a . Experimental results are 

depicted with mirror images for comparison. 

4. Conclusion 

In conclusion, we have designed broad-area square-shaped VCSELs with different cavity 
sizes to explore the subthreshold emission spectra and the Fourier transformed path-length 
spectra. The confinement strengths controlled by the cavity size have been found to 
significantly affect the number of the resonant peaks in the path-length spectra. The 
experimental results have been confirmed to agree well with the theoretical predictions of 
square quantum billiards with equivalent confinement strengths. The good agreement between 
the experimental results and theoretical calculations reveals that the broad-area VCSELs can 
be utilized to analogously explore the influence of the finite confinement on the mesoscopic 
phenomena of finite-potential quantum billiards. 
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