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What is believed to be a novel phase-sensitive optical heterodyne interferometric ellipsometer is set up
to characterize a twisted-nematic liquid crystal (TN-LC) by the elliptical parameters of the output
polarization state. This ellipsometer presents the advantages of both polarized optical heterodyne inter-
ferometry and optical photometry, which introduce a polarization modulation that is capable of perform-
ing with high-sensitivity on phase detection in real time. The twist angle � and the untwisted phase
retardation � of TN-LC are measured precisely. The experimental results verify that a TN-LC can be
treated as identical to an elliptical retarder. © 2005 Optical Society of America
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1. Introduction

The optical properties of an anisotropic material can
generally be divided into linear birefringence (LB) and
circular birefringence (CB).1,2 LB results from different
phase velocities of two orthogonal linear-polarization
eigenstates in material.3 In contrast, CB is caused by
different phase velocities of two orthogonal circular
polarization eigenstates in the medium.4 However, an
anisotropic material, such as a twisted-nematic liquid
crystal (TN-LC), shows its optical properties of LB and
CB at the same time.5,6 Then a pair of orthogonal
elliptical polarizations becomes the eigenpolarizations
of the TN-LC. In other words, a TN-LC5,7–13 can be
treated as an elliptical phase retarder theoretically.
Therefore the optical properties of a TN-LC can be
characterized in view of the elliptical birefringence by
means of the phase retardation � of the elliptical eigen-
polarizations and the elliptical angle ε produced by two
linearly polarized P and S waves of each elliptical po-
larization eigenstate emerging from the TN-LC. In the

meantime, the untwisted phase retardation (which is
related to cell thickness), twist angle, and the entrance
orientation of molecular direction (the director angle)
of a twisted-nematic cell are of great importance for LC
display applications because those parameters are
closely related to the optical quality of LC display de-
vices.14 The poor uniformity of cell thickness results in
a decrease in picture quality. These parameters are
usually determined from measuring the intensity
transmittance of the TN-LC device sandwiched be-
tween two polarizers and from curve fitting of the the-
oretical prediction based on a Jones matrix to
experimental data. However, a twist angle with 180°
ambiguity and a director angle with 90° ambiguity
resulted from this approach.15 Kim and Lee16 pro-
posed a method of curve fitting by the Jones matrix to
measure the TN-LC parameters with no ambiguity
by measuring the intensity transmittance with and
without a quarter-wave plate. In this paper, we pro-
pose what we believe to be a novel method in which
only the phase retardation between orthogonal lin-
early polarized P and S waves emerging from the
TN-LC in the polarized optical heterodyne inter-
ferometer is detected by a lock-in amplifier. This
method is different from conventional methods that
rely on intensity detection by a photometric tech-
nique to determine TN-LC parameters.6,9,14 In con-
trast, phase detection by this optical heterodyne
interferometry has the advantage of avoiding the am-
biguities of twist angle and entrance director angle of
a TN-LC. In addition, the detection sensitivity of
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phase retardation or birefringence of the TN-LC with
this method is better than that of conventional pho-
tometric methods because of a higher signal-to-noise
ratio (SNR) of optical heterodyne detection. However,
photometric methods provide real-time measurement
ability. Consequently, this proposed method of com-
bining optical heterodyne interferometry with optical
photometry by continuously rotating a TN-LC to gen-
erate the polarization modulation not only increases
the SNR of the heterodyne signal but also provides
the phase detection in real time. To characterize a
TN-LC in terms of elliptical birefringence quan-
titatively, a polarized common-path optical hetero-
dyne interferometer is set up, in which the phase
lock-in technique is incorporated.1,4,7 Thus the optical
parameters of a TN-LC, such as twist angle � and
untwisted phase retardation �, can be determined by
this method when the pretilt angle of the TN-LC is at
0°, where no electric field is applied.8 Both � and �
are measured by analysis of the state of output ellip-
tical polarization from the TN-LC when a linearly
polarized laser beam is incident upon the TN-LC per-
pendicularly. The elliptical parameters, the ampli-
tude ratio, and the phase retardation of P- and
S-polarized optical heterodyne signals are measured
with a lock-in amplifier.4 A TN-LC can also be char-
acterized in view of the elliptical polarization state
directly by continuous rotation of the TN-LC. Thus
we can treat the TN-LC as identical to an elliptical
phase retarder for which the parameters � and � of
the TN-LC can be measured properly in terms of
phase retardation of elliptical eigenpolarizations. Fi-
nally the identity between the TN-LC and the ellip-
tical phase retarder is verified experimentally, in
which the equivalent optical axis of the TN-LC is
proved to align along the central line between the
directions of rubbing in and rubbing out by this novel
polarized interferometric ellipsometer.

2. Working Principles

The optical setup of the polarized optical heterodyne
interferometric ellipsometer is shown in Fig. 1, in
which a frequency-stabilized linearly polarized laser
source is introduced. There are two acousto-optic
modulators (AOMs) adopted in this interferometer:
AOM1, driven at frequency �1, is in the reference
channel, and AOM2, driven at frequency �2, is in the
signal channel simultaneously. A P-polarized hetero-
dyne signal (P1 � P2) in which the P1 wave from the
reference channel and the P2 wave from the signal
channel are heterodyned with a beat frequency ��
� �1 � �2 generated by photodetector DP. At the same
time, the S-polarized heterodyne signal (S1 � S2) is

produced at photodetector DS independently. They
are

Ip(��t) ��Ep1
� Ep2�2

� Ip1
� Ip2

� 2�Ip1
Ip2

cos���t � �p), (1)

Is(��t) ��Es1
� Es2�2

� Is1
� Is2

� 2�Is1
Is2

cos���t � �s), (2)

where �p and �s are defined as �p1
� �p2 and �s1

� �s2,
respectively. Ip1

, Ip2
, Is1

, and Is2 are the intensities of
P1, P2, S1, and S2, respectively, whereas �p1

,
�p2

, �s1
, and �s2

are the phases of P1, P2, S1, and
S2, respectively. By definition,4 a Jones vector of a
polarization state is defined by �Ep exp�i�p�,
Es exp�i�s��T. To characterize the polarization state of
a light wave by the elliptical parameters, the ratio of
the amplitude |X| � Es�Ep � �Is2

�Ip2
�1�2 and the

phase difference � � �s � �p � �s2
� �p2

of P2 and S2
polarization states from X can be given as

X �
Es

Ep
exp�i��s � �p�� � �X�exp�i�� (3)

according to the proper definition of ellipsometry.2
Thus the input X�i� and the output X�o� of the TN-LC
are expressed2 by
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, (4)

where the transfer matrix is
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(5)

Fig. 1. Experimental setup: HWP, half-wave plate; BS, beam
splitter; AOM, acousto-optic modulator; M, mirror; A, analyzer;
PBS, polarization beam splitter; D, detector; BPF, bandpass filter;
LIA, lock-in amplifier; PC, personal computer.
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where ε is the elliptical angle and � is the azimuth
angle of the elliptical phase retarder; 	 � 2��nf

� ns�d�� is the phase retardation between the fast
and the slow elliptical eigenpolarizations; nf and ns

are the refractive indices of these eigenpolarizations,
respectively; d is the thickness of the TN-LC; and � is
the wavelength of laser beam. The refractive indices
for which ne 
 no is always true for a TN-LC implies

that the optical axis of a TN-LC is along the direction
of the slow axis.2,6 To calibrate this ellipsometer, the
tested TN-LC is not inserted into the interferometer.
Two analyzers, A1 and A2, are introduced in the ref-
erence and signal channels, respectively. Both azi-
muth angles of A1 and A2 are adjusted near 45° to the
x axis to satisfy the condition of |X�i�| � 1 at this
stage. Therefore a calibration process is necessary for
ensuring a zero phase difference ���i� � 0� at the same
time for the measurement. A dc phase bias can be
obtained by averaging of the measured phase differ-
ence versus the rotated angle � of the TN-LC within
the range of 0° � � � 360° as shown in Fig. 2. Then
X�i� � 1 of the initial condition of this polarized inter-
ferometric ellipsometer is satisfied. Thus the polar-
ization state of output X�o� emerging from the TN-LC
becomes

X�o� �
T22 � T21

T12 � T11
. (6)

According to Eq. (5) and the relation of

X�o� ��X�o�� exp�i��o��, (7)

��
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�
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2 sin2 2� �
1
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2 cos2 2�

� cos 4�
 �
�

2�	�. (8)

We can then precisely calculate ε and � in terms of �
and ��

�o� by constantly rotating the azimuth angle � of
the TN-LC and fitting the parameters of ε and � with
the measured data ��, ��o�����. Generally the rotation
of the TN-LC in this experiment produces polariza-
tion modulation in this ellipsometer. It shows the
same feature as that of the optical photometric
method that makes possible phase detection in real
time. According to the theory of TN-LC,6 the transfer
matrix TLC of the TN-LC is expressed by

Then the phase retardation becomes �LC
�o�, as ex-

pressed by

�LC
�o� � tan�1��2���2

� �sin ��cos � cos 2� � ��

� �
� sin � sin 2�	���cos 2��cos2 � � ��

� �2

� sin2 �	� ��

� �sin 2� sin 2� � ���2
� �2

� sin2 � cos�4� � 2����, (10)

where � is the angle of orientation of the LC mole-
cules of the first layer (direction of rubbing in or
director angle) relative to the x axis, � is the twist
angle, and � � 2��ne � no�d�� indicates the phase
retardation of the TN-LC at � � 0. The refractive
indices ne and no are the extraordinary and ordinary
linear eigenpolarizations of the TN-LC, respectively.
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(9)

Fig. 2. Experimental data of phase retardation versus rotation
angle of TN-LC by this setup: (a) without phase-bias correction, (b)
with phase-bias correction.
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Therefore,

� � ��2 � ��

2�2

, (11)

which is a parameter for characterizing the TN-LC
instead of using the original transfer matrix TLC. Lin5

has shown that the equivalent optical axis (or slow
axis) of the TN-LC is aligned in the direction of the
central line between the directions of rubbing in and
rubbing out as shown in Fig. 3 theoretically. Thus the
phase retardation ��

�o� as the elliptical phase retarder
of Eq. (8) related to the phase retardation as the
TN-LC of Eq. (10) can be equivalent to

��
(o)�	, �, 
� � �LC

(o)��, �, �� (12)

� � 
 �
�

2 . (13)

Therefore, if ε and � of the TN-LC are given, then �
and � can be determined by use of the best-fitting
algorithm of two curves of ��

�o� and �LC
�o� under the

condition of Eq. (13).

3. Experimental Setup and Results

Figure 1 is the optical setup of this phase-sensitive
polarized interferometric ellipsometer, in which a
1-mW frequency-stablized linearly polarized
He–Ne laser was used. The wavelength was 632.8
nm. The driving frequency of AOM1 and AOM2 were
�1 � 80.0000 MHz and �2 � 80.0329, respectively,
which resulted in a beat frequency of �� �
32.9 kHz in this arrangement. During the measure-
ment, the TN-LC was rotated constantly (each rota-
tion angle was �� � 0.2°) by a digitally controlled
rotation stage. The phase retardations ��o� of P- and
S-polarized optical heterodyne signals were mea-
sured simultaneously. Figure 2 shows the experimen-
tal results of phase retardation ��o���� versus rotation
angle � to the x coordinate, of which a full range of
0° � � � 360° was scanned. Figure 2(a) shows the
measured data for which the phase bias is not cor-

rected. In contrast, Fig. 2(b) calibrates the data of the
phase retardation in which phase bias is corrected
numerically. In this experiment, the phase bias can
be obtained by proper averaging of the measured data
from Fig. 2(a), and the result is shown in Fig. 4. To fit
��o���� with the theory of ��

�o��
�, based on a TN-LC
treated as an elliptical phase retarder (see Fig. 5),
with �
 � 0.2° per step, ��o���� � ��

�o���, 	, 
� is
matched numerically by the MATLAB software for
this measurement. A bias between � and � was found
numerically according to the following constraints:
�max � �min � 
max � 
min � 51.30°, ��o����max � ��

�o���,
	, 
�max � 59.238°, and ��o����min � ��

�o���, 	, 
�min �
0° in the fitting process. As a result, � � �31.741° and
	 � 142.810° of the elliptical phase retarder were
found numerically. Similarly, the measured phase
retardation ��o���� matches �LC

�o���, �, �� in view of
the LC and then follows the same procedures as de-
scribed in the elliptical phase retarder previously.
Then � � 89.804°, � � 235.337°, and � �
240.533° were found. Thus the theoretical response of
��

�o���, 	, 
� versus 
 based on obtained ��, 	� is
shown in Fig. 5. Likewise the theoretical response of
�LC

�o���, �, �� versus � is shown in Fig. 6 accordingly
when ��, �� is given. Therefore, to match the curves
in Figs. 4–6 simultaneously such that ��o� � ��

�o�

� �LC
�o� is satisfied, the angles of the coordinates of

Fig. 3. Schematic diagram of azimuth angle � and rubbing angle
� of the TN-LC: c indicates the optical axis, i is the direction of
rubbing in of the TN-LC, and o is the direction of rubbing out of the
TN-LC.

Fig. 4. Measured phase retardation versus mechanical rotation
angle � of the TN-LC.

Fig. 5. Theoretical calculation of phase retardation versus azi-
muth angle � of the TN-LC.
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s � 44.6° in Fig. 5 and �s � 89.5° in
Fig. 6 are shifted necessarily, which makes �
� 2�
s � �s� � �89.8° in Fig. 3. This is a good agree-
ment with the result of � � �89.804° when these
three curves are matched simultaneously in Fig. 7.

To correlate the experimental result (Fig. 4) with
the theoretical predictions based on an elliptical
phase retarder (Fig. 5) and a TN-LC (Fig. 6), the
respective correlation coefficients between Figs. 4
and 5 is 0.999918 and between Figs. 4 and 6 is
0.999925. As a result, � � �89.804° and the param-
eter �nd � 413.67 nm are obtained by this experi-
ment. These results agree with the given data
(estimated) of the tested TN-LC of � � �90° and
�nd � 408 nm in this measurement. From the re-
sults, this polarized interferometric ellipsometer en-
ables us to characterize TN-LC very precisely both
from the consideration of the TN-LC as an elliptical
phase retarder and the LC experimentally. To our
knowledge, this method provides the highest accu-
racy of characterizing a TN-LC device compared
with the conventional method.14–19 In addition, this
method also shows the potential capability of moni-

toring the parameters ��, �� of a TN-LC in real time.
It is essential to the performance of TN-LC in the
temporal domain.

4. Discussion and Conclusions

This research proposes a phase-sensitive polarized
optical heterodyne interferometric ellipsometer in
which the tested TN-LC cell is rotated continuously
to introduce polarization modulation during the
measurement. The ellipsometer combines the fea-
tures of optical heterodyne interferometry with op-
tical photometry, which makes it possible to present
a higher sensitivity of phase detection based on
synchronized detection. In the meantime, a capa-
bility of real-time measurement is conducted by
means of continuous-phase detection. It is similar
to the polarization modulation technique in an op-
tical photometric method by use of a phase lock-in
technique. Therefore, when the optical heterodyne
interferometry and optical photometry are incorpo-
rated in this novel method, it is possible to improve
not only the detection sensitivity but also the dy-
namic range of the phase measurement compared
with the conventional photometric method. In ad-
dition, this polarized interferometric ellipsometer
also shows a feature of common-path configuration
of P- and S-polarized optical heterodyne signals: A
common-phase rejection mode is able to reduce the
background-induced phase noise and the laser fre-
quency noise significantly. Then an enhancement of
the SNR of the detected signal is apparently pro-
duced. As a result, for identifying a TN-LC as an
elliptical phase retarder, a high accuracy of deter-
mining the TN-LC parameters is applicable by this
method. This method is also independent of the
absorption of the TN-LC device because of phase-
sensitive detection in this setup.

Therefore the proposed polarized optical hetero-
dyne interferometric ellipsometry enables us to char-
acterize a TN-LC very precisely in terms of the phase
retardation of P- and S-polarized light waves when
the TN-LC is treated identically as an elliptical phase
retarder and a LC. The advantages of this polarized
interferometric ellipsometry can be summarized by
(1) a common-path configuration of the polarized
optical heterodyne signals of the interferometer, (2) a
synchronized detection of the interferometer result-
ing in a high SNR and high sensitivity, (3) a common-
phase noise-rejection mode that reduces the back-
ground phase noise and laser frequency noise, (4) the
feature of optical photometry with polarization mod-
ulation that provides a real-time measurement of
phase retardation, and (5) a phase-sensitive detection
that is independent of the absorption of the TN-LC
device.

In conclusion, the parameters of a TN-LC can be
precisely determined by this polarized optical inter-
ferometric ellipsometer based on the fact that a
TN-LC is identical to an elliptical phase retarder. In
addition, the equivalent optical axis is verified exper-
imentally along the direction of the central line be-

Fig. 6. Theoretical calculation of phase retardation versus rub-
bing angle � of the TN-LC.

Fig. 7. Phase retardation versus rotation angle of the TN-LC
under the conditions of (a) the mechanical rotation of the TN-LC as
marker �●�, (b) the theoretical calculation based on the elliptical
phase retarder as marker (--), (c) the theoretical calculation based
on a linear TN-LC coincided with (b).
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tween the directions of rubbing in and rubbing out of
the TN-LC.
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