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Optimal Static Output Feedback Simultaneous
Regional Pole Placement

Jeng-Lang Wu and Tsu-Tian Lee, Fellow, IEEE

Abstract—The problem of optimal simultaneous regional pole
placement for a collection of linear time-invariant systems via a
single static output feedback controller is considered. The cost
function to be minimized is a weighted sum of quadratic perfor-
mance indices of the systems. The constrained region for each
system can be the intersection of several open half-planes and/or
open disks. This problem cannot be solved by the linear matrix
inequality (LMI) approach since it is a nonconvex optimization
problem. Based on the barrier method, we instead solve an auxil-
iary minimization problem to obtain an approximate solution to
the original constrained optimization problem. Moreover, solution
algorithms are provided for finding the optimal solution. Fur-
thermore, a necessary and sufficient condition for the existence of
admissible solutions to the simultaneous regional pole placement
problem is derived. Finally, two examples are given for illustration.

Index Terms—Barrier method, constrained optimization, re-
gional pole placement, simultaneous stabilization.

1. INTRODUCTION

HE problem of simultaneous stabilization for a collection

of linear systems via a single controller is an important
issue in robust control theory (see [1], [2], [4], [13], and [25]).
This problem concerned with the determination of a single con-
troller which will simultaneously stabilize a finite collection
of systems. The simultaneous stabilization problem arises fre-
quently in practice, due to plant uncertainty, plant variation,
failure modes, plants with several modes of operation, or non-
linear plants linearized at several different equilibria. In [24], a
nonlinear state feedback controller which simultaneously stabi-
lizes a collection of single input systems is presented. In [10], a
necessary and sufficient condition, embedded in the solvability
of a constrained optimization problem, for the existence of con-
trollers to simultaneously stabilize a collection of single input
systems is obtained. In [11], [18], and [23], the optimal simul-
taneous stabilizing state feedback controllers are found via nu-
merically solving a minimization problem. The cost function
to be minimized is a weighted sum of the quadratic perfor-
mance indices of the systems. In [6] and [7], necessary and suffi-
cient conditions for simultaneous stabilizability of a collection
of multi-input multi-output (MIMO) systems via static output
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feedback and state feedback are obtained in the form of coupled
algebraic Riccati inequalities. Moreover, in [20] and [21], linear
periodically time-varying controllers are used for simultaneous
stabilization and performance or disturbance rejection.

Although many researches have focused on the simultaneous
stabilization problem in recent years, the optimal simultaneous
regional pole placement problem has not been considered yet.
The minimization of quadratic cost functions can indeed im-
prove the systems’ static responses (see [5] and [17]). How-
ever, it cannot guarantee that the closed-loop systems have good
transient responses. The systems’ transient responses are deter-
mined mainly by the locations of the systems’ poles. If we can
assign the systems’ poles to some specified regions, then good
transient responses can be guaranteed. For the single system
case, in [8], [14]-[16], and [26], the authors determined a feed-
back controller for a system such that the closed-loop poles lie
within a specified region. Moreover, a quadratic cost function
being minimized by the resultant controller is found. Never-
theless, for a given cost function, how to find the optimal con-
troller subject to the regional pole’s constraint has not been dis-
cussed. In [9], the authors solved a modified Lyapunov equa-
tion to obtain a controller which minimizes an auxiliary cost
and guarantees that the resultant closed-loop poles lie in a de-
sired region. This auxiliary cost provides a guaranteed upper
bound on the original quadratic cost function. However, how to
find the optimal controller to minimize the actual cost subject
to the regional pole’s constraint is still unsolved. Up until now,
the existing results about the (optimal) regional pole placement
problem are focused on single system case. The optimal simul-
taneous regional pole placement problem for a collection of sys-
tems has yet to be addressed.

In this paper, we provide a new method to solve output feed-
back optimal simultaneous regional pole placement problem
for a collection of systems. The considered cost function is a
weighted sum of quadratic performance indices of the systems;
and the constrained region for each system can be the intersec-
tion of several open half-planes and/or open disks. This is a con-
strained optimization problem and its minimum point may not
exist. It often happens that its infimum point lies on the boundary
of the admissible solution set, and it is not a stationary point.
Therefore, the Lagrange multiplier method cannot be employed
to derive the necessary conditions for optimum for this problem.
To solve this problem analytically is quite difficult. Moreover,
this problem cannot be solved via the linear matrix inequality
(LMI) approach since the admissible solution set may be non-
convex. In general, static output feedback control problems are
very difficult to solve [28]. It has been shown in [3] that simul-
taneous stabilization by static output feedback is NP-hard. In
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this paper, based on the barrier method (see [22]), we instead
solve an auxiliary minimization problem to obtain an approxi-
mate solution of the original problem. The new cost function is
the sum of the actual cost function of the original problem and a
weighted “barrier function.” Necessary and sufficient conditions
for the existence of admissible solutions are given. We prove
that the minimal solution of the auxiliary minimization problem
exists if the admissible solution set is nonempty. Moreover, it
is a stationary point. Then the Lagrange multiplier method can
be used to derive the necessary conditions for optimum of the
auxiliary minimization problem. In fact, the minimal solution
of the auxiliary minimization problem converges to the infimal
solution of the original problem if the weighting factor of the
barrier function approaches zero. Unlike the approaches pre-
sented in [8], [14]-[16], and [26] for the single-system case, in
our approach, we can get a solution very close to a local in-
fimal solution of the considered problem. When the poles’ con-
straint is relaxed, a necessary and sufficient condition for the
existence of the simultaneous stabilizing static output feedback
controller is found in form of coupled matrix equalities. Finally,
two numerical examples are provided for illustration. Based on
the gradient method, numerical algorithms are provided in Ex-
ample 1 to demonstrate how to solve the auxiliary minimization
problem.

A. Notations

E() expected value;

o(M) spectrum of the matrix M;

Tr(M) trace of the matrix M

MT(M~) (conjugate) transpose of the matrix M ;

|| M| [|M||s = v/ Amax(M* M), the spectral norm
of the matrix M ;

M >0(>0) matrix M is positive (semi)definite;

2% complex conjugate of & € C}

a—b a approaches b;

o(+) order of.

II. PROBLEM FORMULATION AND PRELIMINARIES

Consider a collection of p linear time-invariant systems

tx(t) = Agzr(t) + Bruk(t), k =1,2,...,p
yr(t) = Crar(t) ey

where z, € R™ is the state of the kth system, u;, € R™ is the
control input of the kth system, and y;, € R" is the output of the
kthsystem; Ay, By, and C}, are constant matrices of appropriate
dimensions. Suppose that (A, By) is controllable, (A, Cf) is
observable and C}, has full row rank forall k. Leta € C, 3 € C,
f € R, and v > 0. Define

H(a,0) ={s € C|Re[e (s — )] < 0}
D7) ={seClls =Bl <7}
Note that H («, §) denotes an open half-plane and D(3,v) is an

open disk with radius v and centered at (3. The region H (0, 0)
is the open left half-plane.

The design goal is to find a static output feedback gain F' such
that the controllers

uk(t) =F. yk(t),

achieve the infimum of the cost function

k=1,2,....p 2)

J(F) =" wiJi(F) 3)
k=1

subject to the constraints that
O'(Ak +BkFCk> e, kE=1,2,....p

where w, > 0, k = 1,2,...
Ji(F) is defined as

,p, are weighting factors and

58 = B [ @ OQurno) + R ) ar}.

Suppose R, = R} > 0, Qr = D{ Dy > 0 with (A, Dy)
being observable, and the constrained region €2, is represented
by

Q. = { s € C|Re[e_i9k’(s —ar)] <0, i=1,2,....1
and |s — Bu;| < yij, J = 1,2,...,ck} c H(0,0).

Each €2, can be the intersection of several open half-planes and
open disks. Note that the region {2, must be symmetric with
respect to the real axis in order to obtain a real feedback gain.
The selection of weighting factors wy, k = 1,2, ..., p, depends
on requirements of practical applications. If we want the i-th
system has better LQ performance, then we can choose larger
w;. In contrast, if the LQ performance of the j-th system is less
important comparing to the other systems, then we can choose
smaller w;.
Let Ay, = A + B FC}, and let

'y ={F € R™*" | 0(Ar + BiFCy) C H(0,0)}

rF=rinlyn-.-nT,

I, ={F € R™*" | 0(Ar + BLFC}) C Q}
and " =T7NT5N---NTY.

The set I'}, is the collection of all matrices F' € R™*" such that
the kth closed-loop system is stable; the set I'* is the collection
of all matrices F' € R™*" such that all the closed-loop systems
are stable; the set I'}, is the collection of all matrices F' € RMXT
such that all the closed-loop poles of the kth system lie in the
region ); and the set I'" is the collection of all matrices F' €
R™>" such that all the closed-loop poles of the systems are
located in the desired regions.

It is shown in [17] that the objective function Ji (F') is equiv-
alent to

Tr(Pkag), if F EFZ
0, otherwise

Ju(F) = {

where X9 = E{z;(0)z7 (0)} and P, = Pl > 0is the unique
solution of

A} Py + PoApe + CFFTRYFCL +Qr =0, (4)
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Therefore, the cost function J(F') becomes

p
Z wkTI‘(Pkao), if Fel”
=1 5)

0, otherwise.

J(F) =

Suppose that Xxg, & = 1,2,...,p, are positive definite. Two
useful lemmas are introduced in the following.

Lemma 1 [12]: All the eigenvalues of the matrix M lie in the
region H (v, #) if, and only if, for any given matrix Q = Q7 >
0, the equation

M —al)*P+e™P(M —al) +Q =0

has a unique solution P = P* > 0. AA
Lemma 2 [8]: All the eigenvalues of the matrix M lie in the
region D(f3,+) if, and only if, for any given matrix Q = QT >
0, the equation
1
?(M—ﬂl)*P(M—[H) -P+Q=0

has a unique solution P = P* > 0. AA

III. AUXILIARY MINIMIZATION PROBLEM

The considered problem is a constrained optimization
problem. To solve this problem analytically is difficult since
its minimal solution may not exist. In fact, its infimal solution
may lie on the boundary of the set I'"; and furthermore, it
may not be a stationary point. In this paper, motivated by the
barrier method (Luenberger [22]), we instead solve an auxiliary
minimization problem to obtain an approximate solution of
the original problem. The auxiliary cost function J,,x(F) is
the sum of the actual cost function J(F') and an additional
weighted barrier function Jyo1e(F). The auxiliary minimization
problem is formulated as: Find F', over I'", to minimize the
auxiliary cost function

JaUX(F) = J(F) + p- Jpole(F)
where the term J(F’) is defined in (3), p is the weighting factor

[

Jpote(F) = Zp: (i Tr(Pei) + 3 Tr(f’kj)>, ifFel”

k=1 \i=1 7j=1
0, otherwise
and matrices ﬁkl > 0 and I:’k ; > 0 are the solutions of

% (Age — i) Pri + 7% Py (Age — agiI)
+CIFT R FCL + Qi =0 (7)

and
1 X

—5 (Ake = Bri )" Prj(Age — Brjl)
iej

—Pyj + CEF R FCL + Qi =0 (8)

respectively, with @kl = Qvfl > 0 and ij = QAfj > 0.

Let ® denote the Kronecker product, vec(-) denote the op-
erator of stacking the column vectors of a n X m matrix to a
1 xnm column vector, and vec™! be the inverse operator of vec
(see [9]). As shown in [22], a barrier function must satisfy: 1)
it is continuous, 2) it is non-negative over the set I'", and 3) it
will approach infinity as F' approaches the boundary of the set
I'". Now we will show that the function J,,01c(F') satisfies these
three conditions.

Lemma 3: The function J;,.16(F') defined in (6) satisfies the
following.

1) Jpole(F) is continuous in the set I'".
2) Jpote(F) > 0 over the set I'".
3)  Joole(F') approaches infinity as I approaches the
boundary of the set ['".
Proof:
1) We first show that Tr(Py;) is continuous in the set I';
for fixed k and 4. Using vec(.) operator in (7) yields

\IJ(F) . Vec(ﬁki) = — VecC (CZFTEkZFCk + kaz)
where U(F) = (e_ia*" (Age — a;ﬂ-I))T QI
+ I & (e_ieki (Akc - akzI))*

If F € T}, then ¥(F) is nonsingular and

Tr(Pp;) = —Tr (vec_1 (\II(F)_1 - vec (C’,{FTIN%MFC;“—I—@M))) )
©)
The right-hand side of (9) is smooth in I'}..
Note that the solution of discrete Lyapunov equation
(8) can be expressed as (10), shown at the bottom of
the page, which is a rational function of the matrix F'.
So, Tr(ﬁkj) is smooth in the setI'}, (see [19]). From the
definitions of I'" and Jj,o1e (F'), it follows that Jpo1e (F)
is continuous in the set I'".

2) As stated in Lemmas 1 and 2, P;; and [:’kj are positive
definite in the set I'},. Therefore, Jyo1e(F) > 0 in the
set I'".

3) Let {F(q)} be an infinite sequence of gain ap-
proaching the boundary of I';, from the interior. Then
there exists an eigenvalue A(q) € o(Ay + BrF(q)Ch)
approaching the boundary of Q; as ¢ — oo. Sup-
pose Pri(q) and Pyj(q) are the solutions of (7)
and (8), respectively, with F' being replaced by
F(q). We first show that if the sequence F'(q) is
such that Re{e %i(A(¢q) —ax;)} — 07, then

oo

~ 1 ~ ~
Pij =Y = ((Ak + BLFCy = B 1)*) (CF FT Ry FCy + Quj) (A + BeFC — By 1)*

q=0 kj

(10)
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Tr(Pri(q)) — oo. Suppose v(q) is the normalized
eigenvector corresponding to A(¢). Premultiplying and
postmultiplying (7) by v*(¢q) and v(q), respectively,
and after some manipulations, we have

v¥(q)-(CF FT(q)Rii F(q)Cr+ Q) 'U(Q)'

v(q) Pri(q)v(q) =— 2Re{e=10n (\(q) — arg)}

Since
v*(q) - (CTFT(q) R F(0)Ci + Qi) - v(a) > 0

we have v*(q)Priv(q) — oo as Re{e™%i(A(q) —
ar;)} — 0. Note that since Py;(q) is positive
definite, T'r (ﬁh(q)) — 00 as Re{e 1% (\(q) —
ak;)} — 07. Similarly, we can prove if the se-
quence F'(q) is such that |\(q) — Bkjl — v —
07, then Tr([:’kj(q)) — 00. These show that
S Tr(Pri(g) + 25, Tr(Piy(q) — oo if the
sequence F'(q) approaches the boundary of I'},.

From the definitions of I'" and J,01.(F"), we can conclude that

Jpole(F) — oo if F" approaches the boundary of I'". AA

As stated in [22], although the auxiliary minimization
problem is, from a formal viewpoint, a minimization problem
with inequality constraints; for a computational viewpoint it
is unconstrained. The advantage of the auxiliary minimization
problem is that it can be solved by unconstrained search tech-
niques.

Remark 1: 1t is shown in [22] that the optimal solution of
the auxiliary minimization problem converges to the solution
of the original problem as the weighting factor p — 07T. This
suggests a way to approximate the infimal solution of the orig-
inal problem in our approach. It should be noted that even for
the single system case, the optimal solutions obtained by the
approaches presented in [9], [27], and [29] might be far away
from the infimal solutions of the original constrained optimiza-
tion problems.

Next, we will prove that if the set I'" is nonempty, then the
auxiliary cost function .J,,x(F') has a minimum point in the set
.

Lemma 4: If the admissible set I'" is nonempty, then the aux-
iliary cost function J,,x(F') has a minimum point in the interior
of the set I'".

Proof: From (4), we have

ZTI‘(—P]CA]W) = TF(CEFTRkFCk + Qk)

For matrices M and N > 0, Te(MN) < ||M]|s - Tr(NV) (see
[29]). Therefore

Tr(C’kTFTRkFCk + Qk)
2||Ak6||s

TI‘(Pk> Z (11)
Since CY, has full rank, Ry > 0, and Q. > 0, then the right hand
side of (11)is o (|| F||) as || F'|| — oo. This means Tr(Py) — oo
as ||F|| — oo. Moreover, since Xy is by assumption positive
definite, then Tr(P,Xyo) — oo as ||F|| — oo. This implies
that Joux(F) — oo as ||F|| — oo. As a result, the level set
To(Fy) = {F € T"Jaux(F) < Jaux(Fo)} is bounded for

any Fy € T'". Moreover, since J,ux(F') is continuous in the set
I'" and J,.x(F) — oo as F approaches the boundary of the
set I'" from the interior, the set I',(Fp) is closed and then is
compact. From the Weiestrass theorem (see [19]), there exists a
Fopt € T'o(Fp) such that

Jaux(Fopt) < Jaux(F), for all F' € T (Fp).
This implies that
Jaux(Fopt) < Jaux(F), for all F € I'"

and completes the proof. AA

Since the minimum point of the auxiliary cost function
Jaux(F') lies in the interior of the admissible solution set, it
must be a stationary point. The Lagrange multiplier method
can be employed to derive the necessary conditions for local
optimum of cost function J,x (F).

Theorem 1: Let F' € I'" minimize .J, . (F). Then there exist
P, >0,PFP,; >0, ij >0,Lr >0, Ly > 0,and ﬁk]’ >
0 = 1,2,...,p.i = 1,2, lp,and j = 1,2,....¢cp)
satisfying

~T —~
Ap Py + PyApe+CF (vee ' (@71 x vec(@)))T
Ry (vec ' (@7" x vec(0))) Cr + Q1 =0 (12)

~ T
ApeLr, + L Ay + wie Xo =0 (13)

€i9“(2kc - Olkil)*ﬁki + e_iahﬁki(zkc — ay 1)
+C¥ (vec™H (@™ x vec(0)))"

Rpi(vee (@1 x vec(0)))Cr 4 Qi =0 (14)
e 10 (ch — il ) Lii

+ei9’”zki(2kc —api)" + pl =0 (15)

1 ~ L~ .
—5(Ake = Bij )" Prj(Age — BriI) — Prj
Viej

+Cf (vec (@7 x vec(@)))T

'Rk]' (VCC_l((I)_l X VCC(@))) Ci + ij =0 (16)

and

1 ~ R —~ “
V—Q(Akc = BiiI)Lij(Age — BijI)* — Li; + pI =0 (17)
kj

where we have the first equation at the bottom of the next page,
and

ch = A, — By, - vec ! (@71 X VGC(@)) -Cy,

such that the optimal feedback gain F' is given by
F=—vec™" (7" x vec(®)). (18)
Proof: The Lagragian H,,, is defined as the second
equation at the bottom of the next page. The necessary condi-

tions for local optimum are OHy, /OF = 0, 0H yy, /OL = 0,
OHym /0P = 0, 0Hyp,/0Ly; = 0, OHuypm /0Py = 0,
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8Ham/ai1kj = 0, and 8Ham/815kj = 0. After some ma-
nipulations, we have (19)—(25), shown at the bottom of the
page. From (19), we can derive (18). By substituting (18) into
(19)—(25), (12)—(17) can be obtained. AA

The above theorem provides not only a necessary conditions
for optimum but a method to calculate the gradient direction of
Jaux (F') ata given point F’ as well. The gradient of J,,x (F') ata
fixed point F' is shown in the equation at the bottom of the next
page, where Py, Pkl, Pk], Ly, L, and LkJ (k =1,2,.

i = 1,2,...,lg,and 7 = 1,2,...,¢) are the solutlon of

885

(20)—(25). In the solution algorithms, this gradient direction is
used as the searching direction.

Note that if @ > 0, then the solution P}, of (4) is positive
definite. Based on the Theorem 1, a necessary and sufficient con-
dition for the existence of admissible solutions to the simulta-
neous static output feedback regional pole placement problem
is given in the following.

Corollary 1: The set I'" is nonempty if, and only if, for
any given positive definite Hermitian matrices Ry, Qk, Rk,
Qki, Rkj, and Qk]' k = 1,2,...,p, 1 = 1,27...,lk, and

(ChLiCF) ® Ry + Z CrLiiCL) @ Rii + Z <

i=1 7j=1

v

1
Peli+ = Z(“’“Pk Lia+ T PELE) + 5

—_

CkijCk ) ® B]TPk]Bk + (CkLk]Ck ) ® Rk]>

?r‘l\?

J

Cr

1 A ~ N _ o
(Pus(Ak = B D) Las + PE(AT = B DEE,) | CF
j=1 kj

P Ui

Hom = 30T (PXi) 493 [ Y010 (Ba) + 300 ()

k=1 k=1 @

=1

+ ZTr (Li (AF. Py + PyAge + CFFTRLFCy + Q1))

k=1

(Zki (ewh(Akc — agil)* Py + €7 Py (Ape — anil) + CL FT Ry FOy, + @m))

<i/kj (7 (Ake = BiiD)* Prj(Age — Bril) — Prj + CFFT Ry FCy + ij))-
.7

QZ RkFCkLka +ZRk1FCkLkvck +Z

1 ~ ~ ~ ~
(ry_gBI{ijBkFckijCI{ + Rk]'FCkijC]?)
kj

i=1 7=1
Ix Ck
1 1 /- A . _ ~
+2 ZB’(PkLH Z( 0 P L+~ PELY )+ 2 (Prs( Ak =BT )ij+PEj(A£—ﬂij)LZj)>CE =0 (19)
k=1 i=1 j=1 "kj
Ap Py + PpApe + CLFTRyFC, + Qr =0 (20)
ApeLi + L AL, + wp Xgo =0 (21)
A (Ape — agil)* Pri 4+ ¢ 7% Pri(Age — i) + CLFT Ry FCy + Qpi =0 (22)
e 0% (Ape — aid) Lii + %% Ly (Ape — arD)* +p-I=0 (23)
1 v ; . .
—(Ake = Bij1)* Prj(Age — Brjl) — Prj + CL FT Ry FCl + Qrj =0 (24)
kj
1 o «
—5(Ake = Brjl) Lrj(Are — Brjl)* — Lij + pI=0. (25)

ki
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J = 1,2,...,¢), there exist positive definite Hermitian
solutions Pk, Ly, P, Lkl, Pk], and Lk] k = 1,2,...,p,
1=1,2,...,lg,and j = 1,2, ..., ¢cp) to the cross-coupled (12)
to (17).
Proof: The “Sufficiency” part is obvious and, therefore, is
omitted.
Necessity: Suppose the set I'" is nonempty. From Lemma

4, J(F) has a minimum in I'". It has been shown in the Theorem
1 that there must ex1st some positive definite matrices Py, L,
P]”, Lkz, ij, and ij (]{J = ]. 2 .., D = 1/2,...,lk, and
7 =1,2,...,c) satisfying the cross-coupled (12) to (17). This
completes the proof. AA

When the poles’ constraints are relaxed, the considered
problem is reduced to the optimal simultaneous static output
feedback stabilization problem. It is obvious that .J(F) is finite
if F € T'*, and J(F') will approach infinity if F' approaches the
boundary of I'*. Following the same procedure provided above,
we can show that the cost function .J(F’) is continuous in the
set I'* and the level set I';(Fy) = {F € I'*|J(F) < J(Fp)} for
any Fy € I'® is compact. Therefore, J(F) has a minimum in
I'. Hence, the following results can be obtained.

Corollary 2: Let F € T'* minimize J(F'). Then there exist
P.=Pl'>0and Ly, =L} >0,k =1,2,...,p, satisfy

AL Py + PoAg — OF (vee™ (TI7! x vee(2))) "
- B{ Py — Py By, (vec™" (IT7" x vec(2))) Cy,
+CF (vec (T ! x vec(E)))T
Ry (vec™ (II7" x vec(2))) Cr + Qe =0 (26)

and

ALy + LkAg — By, (VCC_1 (H_l
—L,CF (vec_1 (H_l

X vec(E))) CkLk
x vee(2)))" BE + wiXpo =0 (27)

where

p
I =) (ChLiC{) ® Ry,
k=1

p
E=Y B{PLiC}
k=1

such that the optimal feedback gain F' is given by

F = —vec™" (II"" x vec(2)) . (28)

Proof: The proof is similar to that of the Theorem 1 and,
therefore, is omitted. AA
Consequently, a necessary and sufficient condition for the ex-
istence of admissible solutions to the simultaneous output feed-
back stabilization problem can be obtained.

Corollary 3: The set I' is nonempty if, and only if, for any
given positive definite symmetry matrices Ry and Qp, k =
1,2, ..., p, there exist positive definite symmetry solutions Py
and Lg, k = 1,2,...,p, to the cross-coupled (26) and (27). In
this case, the output feedback gain F' given in (28) will simul-
taneously stabilize the collection of systems (1).

Proof: The “Sufficiency” part is obvious and, therefore, is
omitted.

Necessity: Suppose the set I'* is nonempty. We have
shown that J(F') has a minimum in I'*. It has been shown
in Corollary 2 that there exists positive definite matrices P
and Ly, k = 1,2,...,p, satisfying the cross-coupled (26) and
(27). In this case, it is obvious that the feedback matrix F'
given in (28) is a solution to the simultaneous output feedback
stabilization problem. AA

Remark 2: For state feedback case, we only need to let Cj, =
Iforall k =1,2,...,pin the above results.

IV. ILLUSTRATIVE EXAMPLES

Example 1: Consider the following collection of systems

:Ck(t) :Akxk(t) + Bkuk(t), k =1 and 2.
yr(t) = Crar(t)
[ —4 5 —4 1 1
where A; = 4 —21 —-18|,By=|-5 3
| 32 -4 345 0 -4
[0 1 1
G1= -2 0 3]
[—43 24 —4 0 1
and Ao = | =98 33 20 |,Bo=|1 2
| 49 49 -94 -3 1
[—4 -8 12
2= |8 8 4 } '
Suppose E {z1(0)z7(0)} = X190 = I3x3 and

E {25(0)27(0)} = X290 = I3x3.

gTad

p
Z Ry FCyLiyCT + ZRk7FCkLk7Ck +Z( By PijBiF Cr L CY +RkjFCkLk]Ck>

p L
1 v s o S
+2 Z BY <PkLk +3 Z (elek“PkiLki + e“e“PﬂLﬂ)
k=1

=1

%z

(ij Ay — Br;I )Lk] + Pk](AT Bkjl)ifj) Cy
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The design goal is to find a static output feedback gain F' €
R?*2 such that the controllers

up(t) = F - yr(t), k =1and 2

achieve the infimum of the cost function

2 0o
oo o {[ st
1 JO

subject to the constraints that 0 (A;+B1 FC1) € 3 and o(A2+
By FCs) € Qo, where

3 0 0 1 0 O
Q=10 5 0[.@:=|0 1 0 ,Rlz[é g}lbzzﬁ ﬂ
0 0 1 0 0 5

and the constrained regions €2; and {2 are represented by
={seC|ls+15 < 10,|s +5| < 17}
0 ={sec ‘Re(s) < =5, Re(c%0"s) < —20}
={s € C|Re(s) < —5,Re(s) > —20}.
Let
I"={F e R*?|0(A1+B1FC1)€Q1,0(As+BoFCy) €Qy}.

Suppose the weighting factors w; = 1 and wy = 1. As shown
in Section II, we have

J(F) = TI'(PleO) + TI'(PQXQ()) = TI'(Pl) + TI'(PQ)
where P; and P, are the positive definite solutions of

(Ay + B1FC,)TP, + P (A, + B{FC))

+CTFTQiFCy + Ry =0 (29)
(Ag 4+ BoFCo)T' Py 4 Py(Ag + BoF(Cy)
+CITFTQyFCy + Ry =0. (30)

Let the infimal solution of this problem be denoted by F' =
Fopt. Choose Q11 = Q2= Qo = Qu = Tand Ry; =

ng = R21 = R22 = J. From the discussions in Section III,
we solve the following auxiliary minimization problem: Find
F = F°,over I'", to minimize the auxiliary cost function
Jaux(F) = J(F) + p - Jpole(F)
=Tr(Pr+ Py)+p-Tr (Pn + Py + Py + ﬁ22)

where p is a weighting factor to be chosen, and matrices 1511,
Pio, Pgl, and P»5 are the positive definite solutions of

102 (A1 4+ BiFCy +151)T P11 (Ay + B1FCy + 151)
P +CTFTFCi+1=0 (1)

—(Ay + BiFCy + 51)T Pyy(A, + BiFCy + 51)

—Pu+ CTFTFC, +I=0 (32
(A2 + BoFCy + 5I)T1321 + 1321(A2 + By FCy + 51)
+CTFTFCy,+T=0 (33)
—(Ag + ByFCy + 201)T Pyy — Pyy(Ay + By FCy + 201)
+CIFTFCy+1=0. (34)

172

Suppose matrices L1, Lo, ﬁll, ﬁlg, E21, and Zzz are the solu-
tions of

(A + B1FCy)Ly + Li(A; + BiFC)T +1=0 (35)

(A2 + BaFCy) Ly + La(As + B2 FCy)' + 1 =0 (36)

102 (Al + BlFC’l + loI)Lll(Al + Bchl + 10[)
—Ln+p-I=0 (37)

172 (A1 + B1FCq + 5I)L12(A1 + B1FCq + 5])

—fa4p-T=0 (38)
(Ag + BoFCo + 51) Loy + Loy (Ay + BoFCy 4 5I)T

+p-1=0 (39)
—(AQ + By FCy + 20])i22—f22(A2 +BQF02+2OI)T
+p -1 =0.(40)

From the Theorem 1, we know that the gradient of J,,x(F") at
a fixed point F' is

FgTad(F) = 2R1F01L101T + ZRQFCQLQCg

+2F (01(1i11 + L15)CT + Co(Lyy + z22)02T)

+ 2(102 BY Py B\ FCy L1, CT

+ WB?P1231FC1£1201T>

1
+ 2B <P1L1+ < (Pn(A1+AT+3OI)L11)

102

+ — 172 (Plz(Al + AT + 10])[/12) ))ClT

+2B3 (P2L2 + Py Loy — ﬁzzzzz) cr.

Based on the gradient method, an algorithm is presented in
the following to solve the auxiliary minimization problem.

Main-Algorithm: Find the optimal solution F'° of the auxil-
iary minimization problem.

1) Choose a F(0) eI". set ¢=0.

2) Solving (29)-(40), where F 1is s:ubsti—
tuted by F(q), vields Pi(q), Px(q). Pu(q),
Pio(g). Pulq). Paa(q), Li(q), L2(q), Lui(g).
L12( ). L21(q), and Laa(q).

3) Let F9(q) = Fyraa(F(q))-

4) If ||[F9(q)]] < e, where ¢ > 0 is a small
positive number, then F°= F(q), end;

else find A(g) > 0, via line search, such
that F(qg+1) = F(q) — A(q)F9(q) shall minimize
Jaux(F(g+1)). Let ¢g=¢g+1, go to step 2).

In fact, the step 1) of the Main-Algorithm is not an easy task.
In the following, we will provide a Pre-Algorithm to find a F' €
I'". Let

={s€C||s +15|< 10 +p11, |s+5| <17 +p12 }
:{s€C|Re(s)<—5 +,L(,217R6(3)> —20—//,22}

Q{ll(lin, le)
Qg (/621, M22)
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for non-negative 11, pt12, f21, and poo. It is clear that
04(0,0) = Q4 and Q%(0,0) = Q5. Define
T%(pa1, g, po1, pioz) = {F € R¥?|o(Ay + B1FCh)

€ Qf (pa1, p12) and 0(Az + BaF'Cy) € Q5 (a1, pr22)}-

Note that I C T (pi11, pa2, pi21, p22) and '*(0,0,0,0) =T

Let Pll(ﬂll) P12(ﬂ12)~ Po1(pi21), P22(N22), Ly1(p1),
L12(p12), Lo1(p21), and Lo (pa2) are the solutions of

(A1 + B1FCy +150)T Py (A + B FCy

(104+p11)?
+151) = Py1 + CTFTFC, + T =0 (41)
1 R
m(Al+Bchl+5I)T1312(Al+BlFC1

+51) — Pio+CTFTFC +1=0 (42)
(Ag+ByFCy 4 51 — pioy I)T Pyy+ Pay (A + By FCy
+5I — pon 1)+ CTFTFCy, + 1 =0 (43)
~(Ag+BaFCy+201+ 122 1) " Pay — Pay(Ap+BoFCs
+201 4 o2 I)+CT FTFCy + 1 =0 (44)

1 .
(A1+B1FCy+151)E11 (A1 + By FCy+151)F

(104+p11)?
Ly, +I=0 (45

1 ~
(A1 +B1FCy+51)L1(A1+ B FCy +51)T

(174 p12)?
—Liy+1=0

(Aa+BoFCy+51 — u211)z21 + Lo
(Ay+ByFCy + 51 — poy NT +1=0

~(Ap+ By FCy 4201+ pigsT) Loz — Loy
(Ay + BoF'Cy + 201 + oo I) + 1 =0.

(46)
(47)

(48)
Let
Tpote(F' 111, pa2, po1, p22)

=Tr (1511(H11) + Pro(pa) + ﬁ21(u21) + ﬁzQ(/qu)) .

From the discussions in Section III, we know that
Tooie(Fs 1, pa2, pio1, pi22)  — oo if F approaches the
boundary of T'®(u11, f412, pi21, p22) from the interior. The

gradient of J5 ;. (F\ 111, pt12, pi21, pi22) at a fixed point F is
Fga'r'ad(Fa 111, 12, P21, H22)

=2F . <Cl(ﬁ11(u11) + ﬁ12(ﬂ12))01T
+ Cz(zzl(uzl) + zzz(ﬂzz))02T>

) A A
+2<m B Puy (j112) BuF Oy L () OF

1
+ N
(17 + p12)?

1 . .
Bl ———(P Ay +AT +30I)L
+ bj <(10+I~L11)2( 11 (p11) (A1 + A7 +301) 11(#11))

B?Plz(ulg)BlF01E12(/J'12)C’1T>

1 I «
+ m <P12(M12) (A1 +AT + 1OI)L12(/t12))>01T

+ 2B;‘F (ﬁ21(ﬂ21)z21(1121) - ﬁ22(ﬂ22)z22(uz2)) 02T~

Now we are ready to provide the Pre-Algorithm for finding a
Felm
Pre-Algorithm: Finda F € I'".

1) Choose arbitrary F(0). Find sufficient
large p11(0) > 0, p2(0) > 0, p21(0) > 0, and

‘[,(,22(0) Z 0 such that F(O) S Fa(ﬂ11(0)7N12(0)7
p21(0), p22(0)) . Set ¢ =0.
2) Solving (41)-(48), where F is substi-

tuted by F(g), yields Apu(un(q»: }512(/112((])):
P21(M21( ). Paa(pz2(q)), Lii(pai(q)), Liz(pi2(q)).
L21(p21(q)), and Laa(p22(q))-

3) Let
Fq) = Fg.q(F(q ) p11(q);s p12(q), p21(q), p22(q)) -
4) Find 6(q) >0, via line search, such that

F(g+1)=F(q) - d(q)F
Jpote(F'(q + 1), 1111(q), p112(q), 1121 (), p22(q))-

5) Let g =q+ 1. Suppose Au(q), ¢t =1,2,...,n,
are the eigenvalues of matrix A; + B1F(q)C:
and M(q), i = 1,2,...,n, are the eigenvalues
of matrix As+ ByF(q)Cy. Choose 0<n(q) <1.
If

( ) shall minimize

pd(q)
:max{mgx{\/(Re(Au(q)+15)2+Im(Azi(q))
let pi(q) =0,

else pi1(q) = p1i(g—1) -
If

2110, 0} —0

n(q) - (p1(g—1)—

uii(q) -

niz(q)
= max{m?x{ V(Re(Mii(q)+5)2+ Im()\gi(q))z} —17, 0} =

let p2(q) =0,
else piz(g) = piz(g—1) = n(g) - (m2(g—1) — nfs(q)) -
1f ud(q) = max{m?x{Re(/\zi(q)+5},0} =0, let
p21(q) =0,
else p21(q) = p21(g—1) = n(q)- (n21(a—1) — 1 () -
1f pdy(q) = maxi—miin{Re()\gi(q)—1—20},0} = 0,
let pa2(q) =0,

else po2(q) = po2(q—1) —n(q) - (p22(g—1
Repeat 2)-5) until pni(q) = 0,
p21(q) =0, and pug2(q) =0. Then, F(gq)eI™.

From the Pre-Algorithm we know that 1111(q) < p11(g — 1)
if p11(g — 1) # 0, p2(q) < p2(g — 1) if paa(g — 1) #
0, p21(q) < p2r(g — 1) if p21(g — 1) # 0, and pa2(q) <
p22(q — 1) if pia2(q — 1) # 0. The values of p11(q), p12(q)s
p21(q), and po2(q) are monotonically decreasing if they are
nonzero. Thus we can expect that if the admissible solution set
I'" is nonempty and the set I' (p111(q), p12(q), 121(q), p22(q))
is connected in the iteration, there is some finite v such that
pi1(v) = 0, p12(v) = 0, p21(v) = 0, pa2(v) = 0, and
F(v) e T".

For the considered problem, we choose the weighting
factor p = 0.00001. The Pre-Algorithm is started with an



WU AND LEE: OPTIMAL STATIC OUTPUT FEEDBACK SIMULTANEOUS REGIONAL POLE PLACEMENT

initial guess F'(0) = (1] (1) . After some iteration, a ma-
. —1.0745 1.3649 . .
trix F' = 39846  2.3229 € I'" is obtained. Then, let
—1.0745 1.3649 . .
F(0) = 39846 23299 | and start the Main-Algorithm

with stop condition ||Fyrqq(F)|| < e = 0.00001. After
some iteration, we get the following results (the solutions of
(29)-(40)):

[10.4872  13.0665 —3.3851
Py = | 13.0665 25.0656  3.2529
| —3.3851 3.2529  8.0431
[ 154.7090 —82.7574 —93.1120
Py = | —82.7574  74.5960  43.7303
| —93.1120  43.7303  175.1064
[ 0.0711  —0.0238  0.0469
Ly = |-0.0238 0.1403 —0.1598
| 0.0469 —0.1598  0.2503
[0.0820  0.0215  0.0450
Ly = |0.0215 0.1370 —0.0027
| 0.0450 —0.0027  0.0440
) [1966.72  3797.92  1005.24
Py = |3797.92 10889.76 5008.07
| 1005.24  5008.07  3177.10
) [107.4386 160.8044  6.7192
Py = | 160.8044 568.9773 330.6886
| 6.7192  330.6886 318.9183
N [ 348.1315  —166.1753 —147.0505
Py = | —166.1753  109.5204  61.7494
| —147.0505  61.7494  188.8397
N [15584.91  —5976.24 —29054.91
Py = | =5976.24  9074.14  11332.01
| —29054.9 11332.01  54400.83
R [ 0.1246  —0.0321  0.0416 |
Ly = | —0.0321 0.0220 —0.0473 | x 1072
| 0.0416  —0.0473  0.1272 |
A [ 0.4540  —0.0546 —0.0581
Lip = | —0.0546 0.1248 —0.0654 | x 107*
| —0.0581  —0.0654  0.4647 |
N [0.2300  0.0382  0.1240
Ly = | 0.0382  0.1891 —0.0041 | x 107°
| 0.1240  —0.0041  0.0939
N [0.0954 0.2140 0.0177
Ly = | 0.2140 0.4945 0.0109 | x 107
| 0.0177 0.0109 0.0751

Since all the above matrices are positive definite, this verifies the
results of the Corollary 1 that the admissible solution set I'” is
nonempty. The resultant optimal feedback gain for the auxiliary
minimization problem is

—0.7183 1.4953

F=1 18755 24765 |

We have
(A1 + B1F°Cp)={-8.2386, —10.6034 4+ i x 8.6201} €

889

and

0(As + BoF°Cy)={—-8.1571, —19.9413 £+ i x 54.5002} € Q2
as desired. The resultant optimal value of cost function is
J(F°) = 448.0074.

From the discussions in Remark 1, we can expect that it is very
close to the (local) infimal value J(Foyp) since p = 0.00001 is
very small.

Note that the Pre-Algorithm is not sensitive with respect

to the initial guess F'(0). Even for the extreme case F'(0) =
100000 0 which is far away from the admissible
0 100000 |’
—0.9816 1.3516 € I is ob-
3.4358  2.2895

tained after some iteration. Note also that since the considered
constrained optimization problem is not a convex optimization
problem, it may have several local infimal (minimal) solutions.
Thus the result obtained via the Main-Algorithm may be a
local optimal solution of the auxiliary minimization problem.
However, for this example, we have started the algorithms with

several different initial guesses; they all finally converge to the
—0.7183 1.4953

4.8755  2.4765 |
For comparison, we consider the same optimization problem

with the following new constrained regions:

solution set I'", a matrix F' =

solution F° =

Q) ={s€C||s+ 15| <10,|s+ 5| < 7}
Qs ={s € C|Re(s) < —15,Re(s) > —20}.

We find that for several different initial guesses F'(0), the Sub-
Algorithm never converges. Therefore, we expect that the set

I"={F € R®*?|6(A1+ B, FC) € and 0 (As+ By FCo) € Qo)

is empty and the considered problem is unsolvable. AA

Example 2: For comparison, we now consider a static state
feedback simultaneous regional pole placement problem. Con-
sider the systems described in Howitt and Luus [11], Paskota et
al. [23], and Petersen [24]

&(t) = Apz(t) + Bru(t), k=1,2,3,and 4
where

[—0.98960 17.4100 96.15 ] [—97.78

A =| 026480 —0.8512 —11.89 |, B; = 0
i 0 0 -30 | 30 |
[—0.66070 18.1100 84.34 ] [—272.2]

Ay =| 0.08201 —0.6587 —10.81|, By = 0
i 0 0 =30 | 30
[—1.70200 50.7200 263.50 ] [—85.09

As=| 022010 —1.4180 —31.99 |, B3 = 0
| 0 0 -30 | 30|

—0.51620 26.9600 178.90 175.6
Ay = | —0.68960 —1.2250 —30.38 |, By = 0
0 0 -30 30

Suppose E {z;(0)2} (0)} = Xio = Isxs, k =1,2,3,and 4.
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The design goal is to find a static state feedback gain F' such
that the controllers

uk(t) =F- :Uk(t), k= 1,2,3,and4

achieve the infimum of the cost function

4 oo
F) = ZE {/ (zhor + ufu;c)dt}
k=1 0
subject to the constraints that
o0(Ag + BLFCy) € Qi, k=1,2,3,and 4

where the constrained regions 2, k = 1, 2, 3, and 4, are repre-
sented by

={s € C|Re(s) < —3}
Qy={seC | Re(s) <—1.5,Re(e™ %) <0
andRe(e!*%’s) < 0}
Q3 ={s € C | Re(s) < —10,|s + 30| < 90}
Qu={seC | Re(e™"%) <0,Re(e's)< 0
and|s+30| < 100}.

Let
I"={F € R"?|o(Ay, + BrF) € Q;,k=1,2,3, and 4 } .

As shown in Section II
4

= Z TI’(Pka())
k=1

4
= " Tr(Py)
k=1

where Py, P>, P3, and Py are the positive definite solutions of

(A1 + B1F)'Pi+ Pi(Ay + BiF)+ FTF+1=0 (49)
(As + BoF)" Py + Py(Ay + BoF) + FTF +1=0 (50)
(A3 + BsF)' Py + P3(A3 + BsF) + FTF+1=0 (51)
(Ay+ B4F)T Py + Py(Ay 4+ ByF) + FTF + 1 =0. (52)

Let the infimal solution of this problem be denoted by F' =
Fops.

Note that for this problem, C; = Cy = C3 = Cy = 1,
wy = wy = wg =wy =1,0Q1 = Q2 =Q3 = Q4 =1, and
Ry = R, = R3 = R4 = 1. Moreover, choose

@11:@21: @22: @23:@3126231:@41: @42: Q41: 1

and

ﬁ11:ﬁ21: ]Nz22: ﬁ23: ﬁ31:R31: ﬁ41: ﬁ42:R41:1~

From the discussions in Section III, we solve the following aux-
iliary minimization problem: Find F' = F°, over I'", to mini-
mize the auxiliary cost function

Juu(F) = J(F) + p- Jpoto( F)

4
= Z Tr(Py) +p - Tr (Pu + Po1 + Pas + Pa3
k=1

+ﬁ31 + 1531 + ﬁ41 + ﬁ42 + 1541)

where p is a weighting factor to be chosen, and matrices P11,
P21, P22, P23, P31, P31, P41, P42, and P41 are the pOSlthC def—
inite solutions of

(Ay + By F +30) Py + Pyy(Ay + By F +31)

+FTF+1=0 (53)

(Ag + BoF + 1.51)T Pyy + Po1(Ay + BoF + 1.51)
+FTF+1=0 (54)

4 (As + B2F)Tﬁ22 + ﬁ22(x42 + B2F)67i450
+FTF4+1=0 (55)

e (Ay + BoF)! Py + Pag(Az + By F)el®
+FTF+1=0 (56)

(As + BsF + 101)T Psy + Psy(As + BsF + 101)
+FTF+1I=0 (57)

902 — (A3 + BsF + 30I)T P3; (A3 + BsF + 301)
—P31 +FTF+1=0 (58)

6’ (As + B4F)T1341 + 1341(144 + B4F)6_i600
+FTF+T=0 (59)

e 1" (A4 + ByF)T Py + Pyo(Ay + B4F)e'®”’
+FTF+1=0 (60)

Tooz (A + BaF + 301)T Py (A4 + B4F + 301)

Py +FT'F+I=0. (61)

Suppose matrices L1, Lo, L3, La, L11, Loy, Las, Los, Ls1, Lai,
Ly1, Lys, and L4 are the positive definite solutions of

(A1 + B1F)L1 + L1(Ay + By F )
(Ag + BoF)Ly + Ly(As + BoF)T
(As + B3F)Ls + L3(As + B3 F ) +1=0
(Ag+ B4F)Ly + Ly(As + B4F)T +1=0
(Ay 4 BiF 4+ 31)Lyy + L1y (A + BiF 4+ 31)T
+pI=0
(A2 4 BoF + 1.51) Lot + Lot (As + BoF 4+ 1.51)7T
+pI=0
=145 (A2+ By F )L22+E22(A2+32F)T€i450 +pI=0
145° (A2+BQF)LZS+Z23(A2+BQF)Te_i450 +pI=0
(As+ B3 F+101) L3y + L3y (As+ B3 F+101)T
4pI=0

(A3+BgF+3OI)L31(A3+BgF+3OI)

(62)
(63)
(64)
(65)

(66)

(67)
(68)
(69)

(70)

902
~L31+pI=0

e 10 (A4 ByF)Ly1 + Lyt (As+ ByF) el 4 pI=0
(1607 (A4+B4F)E42+Z42(A4+B4F)67i600 +pI=0

— (Ay+ By F+30I) Ly1 (Ay+ By F +301)7T

(71)
(72)
(73)

1002
—Lai+pI=0. (74)
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From the Theorem 1, we know that the gradient of Jo.y(F') at

a fixed point F' is
Fgmd(F)
=2F (L1+L2+L3+L4+zll+z2l + Loy + Los

+Z31 + E41 + z42)

1 . . 1 . .
+2 <WB:,,T P31 BsF L3, + WBZP41B4FL41)

+ 28T (P1L1 + 1311511)
+ 287 <P2L2 +1 (2P21L21 + el Py Loy

+e MW PLLL, + 67 PygLos + 6145Oﬁ2:gzg3>)
+2BT (P3L3 + %(2ﬁ31z31 + # ([331(143
AT - 601)£31)))
+ 2B} <P4L4 + % (6i60°ﬁ41z41
eI PR T | o=i60° B T | (i60° BT FT
10102 (P41 (Ag+ AT — 60])L41)>>

The solution algorithms are similar to those presented in the
Example 1 and, thus, are omitted here to save space.

The following four cases are considered.

Case 1: The poles’ constraints are relaxed (p = 0). This
is the optimal simultaneous stabilization problem considered in
[23].

We start the algorithms with the initial guess F'(0) =
[0 0 O0]. For saving space, we only give the final positive
definite solutions P, Ps, P3, and Py:

[0.1619 0.0696 0.4985
0.0696 0.6688 0.0838
| 0.4985 0.0838 1.6745

[ 0.0314 —0.4403 0.2532
—0.4403 7.2536 —4.0848
| 0.2532  —4.0848 2.3371

[0.2798  1.6245 0.7637
1.6245 11.5476 4.2024
| 0.7637  4.2024  2.2388

[0.1359 0.0517 0.7651
0.0517 0.6329 0.1598
| 0.7651  0.1598 4.5248

The resultant optimal feedback gain for the auxiliary minimiza-
tion problem is

_|_

P =

P,

Ps

Py

F° =11.09654 8.31510 —4.29674].
We have
o(Ay + B1F°) = {—3.4369, —10.6577, —253.8434} € Q4
0(Ags + BoF°) = {—1.8523, —19.7222, —437.1257} €

o(As + B3F°)={—5.5091 + ix 12.8011, —244.3088} ¢ Qs
o(Ay + ByF°®) = {—8.3368, —12.3912, —332.4681} ¢ Q.
Moreover, J(F°) = 31.4870.

Case 2: The weighting factor p = 0.000 01.

We start the algorithms with the initial guess F'(0) =
[0 O O0]. For saving space, we only give the final positive
definite solutions Py, Ps, P3, and Py:

[0.1620 0.0229 0.4968
0.0229 0.7759 0.0013
| 0.4968 0.0013 1.6136

[ 0.0333 —0.5048  0.2646
—0.5048 9.1464 —4.5380
0.2646 —4.5380  2.3992

[0.2606 1.5358  0.7045
1.5358 10.6698 3.7939
1 0.7045  3.7939  2.1147

[0.1500 0.0347 0.8431
0.0347 0.7437 0.1274
| 0.8431 0.1274 4.9231

P =

Py =

The resultant optimal feedback gain for the auxiliary minimiza-
tion problem is

F°=10.50263 4.29837 —0.40365].

The final solutions of P117 le, fgg, P23, Pgl Pgl, P41, P42,
Py, Ly, Ly, L3, Ly, L1, Lo1, Loo, Los, Ly, L1, Ly, Las,
and L4, can be easily obtained by solving (53) — (74) with
F = [0.50263 4.29837 —0.40365] and thus are omitted
here for the consideration of space.

We can see that

o(Ay + B1F°) = {—3.0107, —22.3397, —67.7474} € O,
o(Ay + BoF®) = {—1.8572,—27.3911, —150.9974} € Q,
0(As + ByF®)={—10.1107 + i x 15.0304, —67.7772} € Q4
0(Ay + ByF) = {—5.3777,—29.4697, —97.2657} € Q.

All the closed-loop poles of the four systems are located in
the desired regions. Moreover, we can expect that J(F°) =
32.9924 will be very close to the (local) infimal value J(F,p)
since p = 0.00001 is very small.

Case 3: The weighting factor p = 0.01.

For saving space, we only give the final positive definite so-
lutions Py, P>, P, and Pjy:

[0.1541 0.0123  0.4700
P, = |0.0123 1.0012 —0.0256

0.4700 —0.0256  1.5393

[ 0.0316 —0.4799 0.2481
P,= | —0.4799 9.3959 —4.3015

| 0.2481 —4.3015  2.2788

[0.2809 1.6853 0.7613
Py = | 16853 11.7084 4.1367

| 0.7613  4.1367  2.3943

[0.1503 0.0301 0.8438
P, = |0.0301 0.8707 0.1070

| 0.8438  0.1070 4.9461

The resultant optimal feedback gain for the auxiliary minimiza-
tion problem is

F° =[047818 4.01217 0.42214].
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We have

(A1 + B1F°) = {-3.0636, —31.4349 £+ ix 21.1090} € Q4
o(As + B2 F°) = {—1.8668, —35.0226, —111.9374} € Q5
o(As + B3F°)={-12.0661 &+ 1x 20.7483, —37.0123} € Q3
o0(As+ ByF°) = {-5.1120, —48.9671 £ ix 19.4258} € Q4

as desired. Moreover, J(F°) = 34.7516.

Case 4: The weighting factor p = 1.

For saving space, we only give the final positive definite so-
lutions Py, P», Ps3, and Pjy:

[0.1522  0.0174  0.4641
P, = |0.0174 1.1956 —0.0109

| 0.4641  —0.0109  1.5329

[ 0.0312 —0.4704 0.2454
P, = | —0.4704 9.5874 —4.2226

| 02454  —4.2226  2.2692

[0.2936 1.7849 0.7981
Py = | 1.7849 12.4458 4.4047

| 0.7981  4.4047  2.5636

[0.1516 0.0313 0.8521
P, = |0.0313 0.9662 0.1127

| 0.8521 0.1127 5.0100

The optimal feedback gain for the auxiliary minimization

problem is
F°=10.49699 4.15635 0.74835].
We have
o(A; + B1F°) = {-3.0720, —25.4570 £ i x 27.2654} € Q4

( )
(T(AQ + BZFO)
U(Ag + B3Fo)
0'(A4 + B4F0)

12.2893 + 1x 25.1564, —28.3798} € 23
4.9801, —45.7911 + ix 28.6696} € Q4

{-
{~1.8569, —39.7396, —102.5534} € Q,
{-
{-

as desired. Moreover, J(F°) = 36.1994.

Note that our results in case 1 are almost the same as the
results presented in [23]. The resultant cost J(F°) = 31.4870
is the minimal cost for optimal simultaneous stabilization
problem (without regional pole constraints). However, since
the constraints on closed-loop poles are not considered, the
resultant o(Ag.) ¢ Qi for k = 3 and 4.

The other cases show that the closed-loop poles of each
system are assigned to the prespecified region as desired
since the constraints on closed-loop poles are considered. The
minimal value J(F°) of the auxiliary minimization problem
will be closer to its infimal value J(F,,:) of the original
constraint optimization problem if the weighting factor p
becomes smaller. No matter how small the weighting factor p
is, the resultant closed-loop poles of each system will still lie
inside the desired regions. Note that the weighting factor in
case 2 is very small, we can expect that the infimal solution
(may be a local one) of the original problem is very close to
Fope =[0.550263 4.29837 —0.40365]. AA

V. CONCLUSIONS

In this paper, a new method for approximate solving the
optimal output feedback simultaneous regional pole placement
problem is provided. The constraint region for each system
can be the intersection of several open half-planes and/or open
disks. Good transient responses of the closed-loop systems
can be guaranteed since the closed loop poles are restricted
to lie in some desired regions, and good static state responses
of the systems are also guaranteed since a quadratic type cost
function is minimized. This problem cannot be solved via LMI
approach since its admissible solution set may be nonconvex.
Based on the barrier method, we instead solve an auxiliary
minimization problem to obtain an approximate solution to
the original constrained optimization problem. We have shown
that the minimum point of the auxiliary cost function does
exist if the admissible solution set is nonempty. Moreover,
the necessary conditions for which the optimal solution of the
auxiliary minimization problem must be satisfied have been
derived. Based on gradient method, numerical algorithms have
been provided to find the optimal solution.
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