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Abstract. We propose an inverse iterative method for computing the Perron pair of an irre-
ducible nonnegative third order tensor. The method involves the selection of a parameter 05 in the
kth iteration. For every positive starting vector, the method converges quadratically and is positivity
preserving in the sense that the vectors approximating the Perron vector are strictly positive in each
iteration. It is also shown that 6; = 1 near convergence. The computational work for each iteration
of the proposed method is less than four times (three times if the tensor is symmetric in modes two
and three, and twice if we also take the parameter to be 1 directly) that for each iteration of the
Ng—Qi—Zhou algorithm, which is linearly convergent for essentially positive tensors.
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1. Introduction. A real-valued mth order n-dimensional tensor A consists of
n™ entries in R, and takes the form

A=Ay i), Aigigim €ER, 1 <dy,d9,... iy < n.

A tensor A is called nonnegative (positive) if A; i, i, > 0 (Aijiy..4,, > 0) for all
i1,...,4m. For various applications of tensors, nonnegative tensors in particular,
see [13].

For an n-dimensional column vector X = [x1,%2,...,2,]T € R", we define an
n-dimensional column vector

n
(11) .AXm_l = Z Aiig...imxig Ty,

12, tm =1 1<i<n

DEFINITION 1.1 (see [3, 16]). Let A be an mth order n-dimensional tensor and C
be the set of all complex numbers. Assume that AX™ ™' is not identically zero. We
say that (A, x) € C x (C™"\{0}) is an eigenpair (eigenvalue-eigenvector) of A if

(1.2) Ax™1 = \xIm=1]
where x!M=1 = [z~ gt gme 1T
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For an irreducible nonnegative tensor A, the Perron—Frobenuis theorem [3, The-
orem 1.4] states that there are scalar A, > 0 and unit vector x, > 0 satisfying (1.2),
and that |A] < A, for every eigenvalue A of A. The number A, is then called the
spectral radius of A, denoted by p(A), and is also called the Perron root of A. The
corresponding positive unit vector x, is unique [3] and is called the Perron vector of
A. The Perron pair (p(A),x,) is needed in several applications. In particular, it is
related to measuring higher order connectivity in hypergraphs [7, 8], and determines
the probability distribution of higher order Markov chains [16]. By computing p(.A)
for a suitable irreducible nonnegative tensor 4, we can also determine whether an
irreducible Z-tensor is an M-tensor [21]. The problem of computing the Perron pair
has attracted much attention in recent years.

In 2009, Ng, Qi, and Zhou [16] presented a power method for computing p(.A) for a
nonnegative tensor. Later on, Chang, Pearson, and Zhang [2] proved its convergence
for primitive tensors. Linear convergence of the algorithm was then proved in [20]
for essentially positive tensors with a particular starting vector. Without giving the
detailed definitions, we simply mention that essentially positive tensors are primitive
tensors, and primitive tensors are irreducible nonnegative tensors. Liu, Zhou, and
Ibrahim [14] noted that for any irreducible nonnegative tensor .4, one can apply the
Ng-Qi-Zhou (NQZ) algorithm to B = A + sZ, where s is a positive scalar and Z
is the unit tensor. Convergence of the algorithm is then guaranteed by [2] since
B is primitive. For a primitive tensor, starting with any positive vector, the NQZ
algorithm also produces approximations to the Perron vector that are positive vectors.
So the algorithm is positivity preserving. But it is noted in [20] that the rate of
convergence could be worse than linear if the tensor is primitive, but not essentially
positive.

The Perron pair can also be found by Newton’s method [15], which has local
quadratic convergence, but is not positivity preserving. Global convergence may be
achieved through a line search [15], but this requires additional assumptions and the
resulting algorithm is more complicated and is still not positivity preserving. The
positivity of approximations is important in applications; if the approximations lose
positivity then they may be meaningless and could not be interpreted.

For irreducible nonnegative second order tensors (i.e., matrices), there are fast-
converging and positivity preserving methods [17, 5, 9] for computing the Perron
pair. Our goal in this paper is to propose a fast-converging and positivity preserving
algorithm for computing the Perron pair of an irreducible nonnegative third order
tensor A, with a detailed convergence analysis. Third order tensors, as the immediate
generalization of matrices, have received special attention [11, 12, 18].

In 1971, Noda [17] introduced a positivity preserving method for the nonnegative
matrix eigenvalue problem, which has quadratic convergence [5] and is now called
the Noda iteration. In this paper, we propose a positivity preserving iteration for
nonnegative third order tensors by combining the idea of Newton’s method with the
idea of the Noda iteration. We, therefore, call the iteration a Newton—Noda iteration
(NNT). NNI is an inverse iterative method with variable shifts, and naturally preserves
the strict positivity of the Perron vector in its approximations at all iterations for a
positive starting vector. The major advantage of NNI is that, for any positive initial
vector, it converges quadratically and computes the desired eigenpair correctly. Fur-
thermore, NNI always generates a monotonically decreasing sequence of approximate
eigenvalues, converging quadratically to p(.A), and the computational work (in terms
of flop counts) each iteration is less than four times (and sometimes just twice) that
for each iteration of the NQZ algorithm.
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The paper is organized as follows. In section 2, we introduce some preliminaries
and motivation. In section 3, we present an NNI, and prove some basic properties
for it. In section 4, we establish its convergence theory, and derive the asymptotic
convergence rate precisely. Finally, in section 5 we present some numerical examples
illustrating the convergence theory and the effectiveness of NNI, and we make some
concluding remarks in section 6.

2. Preliminaries, notation, and motivation. A real matrix A = [A;;] €
R™** is called nonnegative (positive) if 4;; > 0 (4;; > 0) for all i and j. For real
matrices A and B of the same size, if A— B is nonnegative (positive), we write A > B
(A > B). A real square matrix A is called a Z-matrix if all its off-diagonal elements
are nonpositive. Any Z-matrix A can be written as sI — B with B > 0; it is called a
nonsingular M-matrix if s > p(B), and a singular M-matrix if s = p(B), where p(-)
is the spectral radius.

In addition, we denote |A| = [|A;;|], and the superscript T' denotes the transpose
of a vector or matrix. From now on we use v() (instead of v;) to represent the ith
element of a vector v, since the notation v; may be confused with a vector sequence
v;. Throughout the paper, we use the 2-norm for vectors and matrices. All vectors
are real n-vectors and all matrices are real n X n matrices, unless specified otherwise.

The following result is well known (see [1, Theorems 6.2.3 and 6.2.7] for example).

THEOREM 2.1. For a Z-matriz A, the following are equivalent:
(i) A is a nonsingular M -matriz.
(i) A=1>0.
(ili) Av > 0 for some vector v > 0.
An irreducible Z-matriz is a nonsingular M -matriz if and only if for some v > 0 the
vector Av is nonnegative and nonzero.

The irreducibility of a tensor is a natural generalization of the irreducibility of a
matrix.

DEFINITION 2.2 (see [3, 16]). An mth order n-dimensional tensor A is called
reducible if there exists a nonempty proper index subset S C {1,2,...,n} such that

Ai1i2...im =0 V11 ES, Vig,...,im§és.
If A is not reducible, then we call A irreducible.

For vectors v = [v(D) v®  vOIT and w = [w),w® .. w T_, with
v(® £ 0 for all i, we define < to be the n-vector whose ith element is :,"f;), and

then define
w w® w (w®
max (;) = m?.X (‘/(’L)) ,  min (;) = miln (‘1(1)> .

THEOREM 2.3 (see [3, Theorems 1.4 and 4.2]). Let A be an irreducible nonneg-
ative tensor of order m and dimension n. Then there exist A, > 0 and a unit vector
Xy > 0 such that

Axm 1 = )\*mefl].

If X is an eigenvalue of A, then |\| < .. Denote A, by p(A). If \ is an eigenvalue with
a nonnegative unit eigenvector x, then A = p(A) and x = x,. Moreover, for anyv > 0

. [ AV Avm—1
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For a third order n-dimensional tensor, (1.1) can be written as
xT Aix
(2.1) Ax? = ,
xT A, x
where the n x n matrices A; are given by A(%, 3, :), using the Matlab multidimensional

array notation. From (2.1), the nonnegative tensor eigenvalue problem (1.2) can be
written as a nonlinear eigenvalue problem, i.e.,

A(x)x = Ax,
where

xT Ay x

(2.2) A(x) = D(x)™* : , D(x)=

We will also need
xT (A1 + A{)
(2.3) B(x) = D(x)~! :
X7 (A, + AT)

Note that for each x > 0, A(x) and B(x) are nonnegative and
Ax? A(x)x

(2.4) S x

B(x)x = 2A(x)x.

LEMMA 2.4. Let v be a positive vector and A be an irreducible nonnegative third
order n-dimensional tensor. Then A(v) and B(v) are irreducible nonnegative
matrices.

Proof. If A(v) is a reducible matrix, then there exists a nonempty proper index
subset S C {1,2,...,n} such that

(2.5) (A(v));; =0 VieS Vj¢s.

Because v is a positive vector, from (2.2) and (2.5), it follows that
VTAl

(2.6) (D(V)A(v)),; = : =0 VvVieS Vj¢s.
vT A, i

On the other hand,
(2.7) (DV)AM)); = D Auyv®.
k=1

Since A > 0 and v > 0, by combining (2.6) and (2.7), it follows that
Aij =0 Vies Vj¢éSk=1,...,n,

which contradicts the fact that A is irreducible. Hence, A(v) is an irreducible matrix.
Since B(v) > A(v), B(v) is also an irreducible matrix. d
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THEOREM 2.5. For any positive unit vector v, let X = max(é[‘;]z). If v # x,
(where X, is the Perron vector of A) , then NI — A(v) and 2)\I — B(v) are nonsingular
M -matrices. If v = X., then X — A(v) and 2\I — B(v) are singular M -matrices,
i.e., p(A(x4)) = p(A) and p(B(x.)) = 2p (A). Moreover, if (2p(A)] — B(x.))q >0

for a unit vector q, then q = +x,.
Proof. We have by (2.4)

X = max (““V;) = max (AMV> > p(A(v)).

\% \%

Moreover, \ = max(@) = p(A(v)) if and only if A(v)v = p(A(v))v (see [1,
Exercise 2.2.12]), i.e., Av? = p(A(v))vi?| which holds if and only if v = x, by
Theorem 2.3. This proves the statements about A(v).

Similarly, we have by (2.4)

2 — max (2;‘?]) ~ max (B<j’v) > p(B(v)),

B(v)v

and 2)\ = max( ) = p(B(v)) if and only if v = x,.

For the irreducible singular M-matrix M = 2p(.A)I — B(x.), we have v > 0 such
that Mv = 0. Given Mq > 0 for a unit vector q. Suppose Mq # 0. Then for s > 0
large enough, w = sv 4+ q > 0 is such that Mw > 0 and Mw # 0. Thus M is a
nonsingular M-matrix by Theorem 2.1, a contradiction. Therefore, M q = 0 and thus
B(x.)q = 2p(A)q. Since B(x4)x. = 2p(A)x,, it follows from the Perron-Frobenius
theorem that q = +x,. 0

2.1. Motivation. We define two vector-valued functions r : Ri+1—> R"™ and
f: R’}rﬂ—) R™ as follows:

(2.8) r(x) = Axl? — Ax?, E(x,A) = { é(_lrfx)’})x) } .

Then the Jacobian of f(xz, A) is given by

Jer(x,\)  x
X 0 |

(2.9) Jf(x,\) = — { T

Here Jxr(x,\) is the matrix of partial derivatives of r(x, \) with respect to x, i.e.,
(2.10) Jer(x,\) = 2AD(x) — G(x),
where D(x) is defined by (2.2) and

xT (4y + AT)
(2.11) G(x) = :
xT (4, + A7)

with A; = A(4,:, ).
Note that Ax? = 1G(x)x. It follows from (2.10) that

(2.12) r(x,\) = Axx? — Ax? = %Jxr(x, M)X.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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We now counsider using Newton’s method to solve f(x,A) = 0. Given an approx1—

mation (Xg, /\k) Newton’s method produces the next approximation (X1, )\k+1) as
follows:

A x[2] Ax3
2.1 k k

o [3]- (35 )
(2.14) X1 = Xp, +dy,

(2.15) :\\k-i-l = :\\k + 0.

Using elimination in (2.13), we find
~ -1 /<
LR - 1) - R (TG hn) (R - Ax2)
o7 NV L '
X} (Jxr(xk,)\k)) Xy

By (2.12) we can simplify (2.16) to

(2.16) o =

-1
~ -1 '

(2.17) Sk =

From the first equation of (2.13) we have, using (2.8), (2.9), (2.14), and (2.12),
0 = Joer(Ri, M) (Rk1 — Rie) + £(Rney A) + 66X
~ N~ 1 ~ S a ~
= Jxr(Xk, )\k)xk—H — §JXI‘(X)€, /\k)xk + 5kXL2]
~ o~ 1. ~
= Jxr(Xk7Ak) (Xk+1 — 2Xk> + 6k [2]

Hence, we have the following linear system

(2.18) Ty (R, M) Wi = R
where

N -1 /. 1. . N 1. ~
(2.19) W) = o Xet1 = 5%k |, 1€, Xpp1 = 5%k = O Wp.

This means that Xj,1 is a linear combination of X; and wy. Suppose we already
have X, > 0. We would like to guarantee X1 > 0. What is needed here is that
Jxr(ﬁk,xk) is a nonsingular M-matrix. In this case, wj > 0 by (2.18) and d§; < 0 by
(2.17), and thus Xg41 > 0.

When X > 0, the matrix Jyr(Xg, Xk;) is an irreducible Z—matrix by Lemma 2.4.
By (2.12) and Theorem 2.1, it is a nonsingular M-matrix if )\kx —AX? is nonnegative

and nonzero. This suggests taking /\k = maX(A =), which is precisely the idea of the

Noda iteration [17]. Newton’s method does not determine \j in this way, and it
is unlikely that Jxr()?k,xk) will be a nonsingular M-matrix when (§k7Xk) is close
to (Xu, p(A)) since Jx (x4, p(A)) is a singular M-matrix. Indeed, we have examples
showing that the sequence {Xj} produced by Newton’s method can fail to be positive.

We are thus motivated to present a new algorithm that combines the idea of
Newton’s method with the idea of the Noda iteration.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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3. The NNI and some basic properties. In this section, we will propose
an NNI for computing the spectral radius p(A) and the associated eigenvector of
an irreducible nonnegative third order tensor .4, and then we prove a number of
basic properties of the NNI, which will be used to establish its convergence theory in
section 4.

3.1. NNI. Based on (2.18)—(2.19) and the Noda iteration, we propose an NNI
which is an inverse iteration, and each iteration consists of four steps:

(31) Jxr(X]“Xk)Wk = Xf]v Ye = Wk/ Hwk” ’
(3.2) Xp+1 = Xk + Oy,
(3.3) X1 = X1/ [ Xes1ll
_ Ax?
(3.4) Ak+41 = max <X2k+1> ;
NE
kt1

where 6, > 0 is to be defined later by (3.11).
The following lemma shows that the parameter 8, > 0 in (3.2) naturally preserves
the strict positivity of x; at all iterations.

LEMMA 3.1. Let A be an irreducible nonnegative third order tensor. Given a unit
vector x> 0, if X # X, and 0 > 0, then yi,Xg11 > 0 and

(3.5) A4l = A — min <hf[g?k)> ,

Xkt1

where

(3.6) hy(0) =

+6%r (i) + 1 (X1, k) -

Proof. By (2.10), Jxr(xx,Ap) = 2XeD(x1) — G(xx) = D(xx) (2\xI — B(xx)). So
the vector wy, in (3.1) satisfies
(37) (QXkI - B(Xk)) Wi = Xi.
Since A\ = max(i[—’j) and xj # X,, we know by Theorem 2.5 that 2,1 — B(xy) is a
nonsingular M —malfcrix. Thus
Wi = (QX]CI - B(Xk))_l x> 0.

Then yi > 0 and xg41 > 0 since 05 > 0.

By (3.1),
_ _ %2
(38) Jxr(xk,/\k)}’k = (2)\]€D(Xk) — G(Xk)) Y = ||“ka .
Therefore,
_ %12
2/\kD(Xk)Yk -k
Wl
xi (A1 + AT) yi x} Avyy yEAixy
(3.9) =G(xk)yr = : = : + :
xp (An + AT) & X AnYr Vi AnXp,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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From (3.2) and (3.9), we have

§£+1A1)~(k+1 XgAl}’k ygAlxk
AR, - : = Ax2 + 0, : + 0, ; + 05 Ay}
§{+1An§k+l XgAnyk ygA"Xk
— kam
= AX? + 200 D (xi )y — HwkII +0r Ay
ka[g]
()\kX[ 4 220k D (X1 )y s + )\kak}’k ) - ||wk||
k

+07 Ayt — )\kekyk + Ax; — ka[z]

~[2 Qkx[ ] 9 _ 9
= X Ev—]&-l [w k” + 67 (Ayk )\ky[ ]) + Ax; — )\kXEC]~

Therefore,
(310) A§i+1 = inf—]‘rl - hk (ek)7
where
ox. _ _
hk(t?) HW;CH + 6°r (yk,)\k) +r (Xk,/\k) .

From (3.10), it follows that

— AX2 )\kX[2] — hk<9k) — . h 9
Ak4+1 = max < [2’?1) = max < kz[?] = A\ —min k[(Q] k) .0

Xk+1 k+1 X1

We next show that {\} is strictly decreasing for suitable 0, unless x; = x, for
some k, in which case NNI terminates with A\ = p(A).

THEOREM 3.2. Let A be an irreducible nonnegative third order tensor and n > 0
be a fized constant. Given a unit vector xi > 0, suppose Xy, # X, and Oy in (3.2)
satisfies

. x12!
(3.11) 0, =4 1 ()2 oy
N otherwise,
L2
where for each k with hy(1) < G ¥

N = L —— min ﬁ
(L +n) Iwell (s = Ax) v

Ay ) Then 0 < 1, < 1 whenever it is defined, x+1 > 0 in (3.3), and

with p, = max(=y
Yi

k:

(3.12) M > Arg1 > p(A).
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Proof. By Lemma 3.1, we have

We need to prove hg () > 0.
From (3.6), we have

2
h(6) = m + 6°r (yk,Xk) +r (xk,xk)
HXE] 2 Y 2 (v 2]
(3.13) = wil + 0°r (yg,ux) + 1 (Xk,)\k) +6 ()\k — ,uk) Yi
_ fo} anf]
S (L) well (L n) [wll
(3.14) + 60°r (yropn) + 1 (% A%) + 0% (A — i) v

k

2 J—
where p;, = max (“ﬁ’;f) . When pp < Mg,
y

2
h(1) > ”)ji' + 1 (yg,pr) + 1 (x1,06)  (by (3.13))
S S
T (@) wel T
Whenever hy(1) > %, we have \j11 < A\p with 0, = 1. If hy(1) < %,

then py > A\, and 7, > 0 is defined. Suppose 1, > 1, then

(2]
i (P ) s (%
A+ ) [wel min (yE]> > (1 k)

and, thus,
WXLZ] (X (2]
P (= )y >0,
T+ ) o )V
(2]
It follows from (3.14) that hy(1) > m, a contradiction. So 7 < 1. We now
have

n

(2]
X
(3.15) O =1k = ——min [ =& |,
(L 4n) 1wl (2 — Ar) y2

which ensures the inequality
2
GanL]

7202 -\ y[z].
T ey = O (s = 2 v

(3.16)
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Substituting (3.16) into (3.14), we obtain

0rx —
k) = | (g o 0 Ormme) £ (x'““)]
anxm B
+| @ ey O (e
0 X[Q] .
(T ) o]+ 8 o) ()
Therefore,
ekx[Q]
3.17 hy (0x) > k >0
(317 )= Ty fwl
and then
_ _ h.(0 _
Ak+1 = Ay —min ( f[g]k)> < Ak.
Xp+1
By Theorem 2.3 we have A\;y1 > p(A). O

Based on (3.1)—(3.4) and (3.11), we can present the NNI as Algorithm 3.1. The
main computational work in each iteration is in lines 3,5, and 8. The computational
work in line 8 is the same as that for one iteration of the NQZ algorithm, which is
2n3 flops, since the main computational work for one iteration of the NQZ algorithm
is just one evaluation of Av? for a positive vector v. If 6 needs to be determined in
step 5, then an additional 2n3 flops are needed. But we will see later in this section
that we always have 6 = 1 near convergence. Forming the linear system in step 3
requires 2n3 flops in general. But if the tensor A is symmetric in modes two and three
[13], i.e., A; = AT for all i = 1,...,n, then forming the linear system only requires
O(n?) flops. Solving the linear system in step 3 by the Grassmann—Taksar-Heyman
(GTH) algorithm [6] will require 2n® flops. Therefore, the computational work (in
terms of flop counts) in each iteration of NNI is less than four times (and sometimes
just twice) that for each iteration of the NQZ algorithm.

The vector wy can be computed by the GTH algorithm accurately even near
convergence, and is guaranteed to be positive. Therefore, Algorithm 3.1 generates

Algorithm 3.1 NNI

1. Given xo > 0 with ||xo]| =1, Ap = max(“‘%}?’), 1 > 0, and tol > 0.
2. fork=0,1,2,... ’

3. Solve the linear system J,r(xp, \p)Wg = xf].
4. Normalize the vector wi: yr = wi/||wg]|.

5. Compute the scalar 6 satisfying (3.11).

6. Compute the vector X1 = X + OrYrk-

7. Normalize the vector Xgy1: X1 = Xpt1/||Xk41]|-
8
9

v Ax . AX
Compute Apq1 = max(—) and Ay, = min(—p).
Xp 41 Xet1

. until convergence: [Aji1 — Apyq|/Art1 < tol.
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a positive vector sequence {xj}, so it is a positivity preserving algorithm. In what
follows we will prove some properties of 0, X, and y. These properties will help us
to establish the global and quadratic convergence of NNI.

3.2. Some basic properties. Lemma 2.4 shows that B(x,) is an irreducible
nonnegative matrix. Recall that B(x.)x. = p(B(x.))x,. Then for any orthogonal
matrix [ X, V ] direct computation gives

E LIRS s

Similarly, for an irreducible nonnegative matrix B(xy), let ug be the unit length
positive eigenvector corresponding to p(B(xy)). Then for any orthogonal matrix
[ u, Vi ] it holds that

(3.18) [ “}g ]B(xk) [we W] = [ P(B(()Xk)) z{ }

When B(xy) — B(x4), we have up, — X, and choose Vj, such that Vi, — V, and then
we have ¢, — c and L, — L.
Now define

(319) Ek = >\k — p(.A), Bk = 2X}CI — B(Xk), T = QX]C — p(B(Xk))

Then from (3.18) we have
U.T Tk —CT
[V:T}Bk[“’“ V’“]:{o I |

where Ly = 2A\x — Ly,. For 2\, # p(B(xy)), it is easy to verify that

UZ 1 < bg T Tt
_ _ Th . _c
(3.20) |: VkT :|Bk [ u, Vi ] = 0 1121 with by = %

LEMMA 3.3. Assume that the sequence {Xk,xk, yk} is generated by Algorithm 3.1.
For any subsequence {Xk].} C {xx}, we have the following results:

(i) If xg; — v as j — oo, then v > 0.

(ii) If Xk, = X« as j — 0o, then yy, — X, as j — 0o.

Proof. (i) If lim; ;o X, = v, then v > 0. Let S be the set of all indices ¢ such

(®)
k

that lim;_,o0 x ;= v(®) = 0. Since ||xkj H =1, S is a proper subset of {1,2,...,n}.

Suppose S is nonempty. Then by the definition of Ay,

_ _ Ax% xf. Agxy;
Ao > Ag; = max 23 > 5 forallt=1,2,...,n.
x (x“))
j k;

Since lim;_, x,(c? = 0 for t € S, it holds that lim;_, xfjAtxkj = vTAwv = 0 for
t € S. Thus, Ay = 0 for all ¢ € S and for all p,q ¢ S, which contradicts the
irreducibility of A. Therefore, S is empty and thus v > 0.
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(ii) Since xx; — X«, we have B(xy;) — B(x«). Then we have ug;, — x., ¢, — 0,
and 7; — 0, where we have used p(B(x.)) = 2p(A). From (3.7) and (3.20), we get

_ -1 _ T T 71T F-loT
Th; Wh; = Tijk]- Xp; = (ukjukj + uijkJ_ij ij + Tijkijj ij> X, -

Since f,:jl — [p(B(x,))I — L] and Tk; — 0, we have 7y, ijf,jjlv,g — 0. Note that
Vk:';ukj =0and VTx, = limj_,00 Vk:';ukj = 0. We then get

Tim el I Vi, = x.e” (p(B(x)) = L) VTx. =0,

A combination of the above relations shows that

: 1 T T 71,7 71T _
jli{lolo T, Whk; = jli>nolo (ukjukj + ukjckj ij ij + Tk, ij ij ij> Xk = Xx.

Hence,

Tk; Wk,

lim Vk; = lim X 0

AR |

LEMMA 3.4. Assume that the sequence {Xk, Xk, yk} is generated by Algorithm 3.1.
Then the sequence {||w|| [|[yx — x|} is bounded, that is, there exists a constant My >
0 such that

Wil lye — xk|| < My for all k.
Proof. From (2.12),
Tt (X1, M) Ve — Tl (%1, (Y — X5) = T (X5, M )Xk = 2r(Xg, A ) > 0.
This means
(3.21) T (X0, A0)YE > T (X0, 1) (Y — X2)
We may assume xj # yi. From (3.8) and (3.21), we have
(3.22) x¢) > [wi | ye = xcl| Joer (1. A5

where pr = (yr —xx) / |lyx — xi|| with ||pr|| = 1. Because xi,yr > 0 and ||x| =
llyxll = 1, we have py £ 0 and py # 0 for all k.

Suppose {||wg]| ||lyx — xx||} is not bounded. Since {x;} and {px} are bounded,
we have for some subsequence {k;}

(3:23)  lim [Jw || flyr, = [ =0, lm xp, =v. lim py, =i p.
Since Hwk]. H Hij — Xp; || <2 Hij ||, we also have lim;_, o Hij || = 00. By Lemma 3.3

we have v > 0. We now prove v = x,.

Since the sequence {Xk} is monotonically decreasing and bounded below by p(.A),
lim; o0 2ij = 2« exists. By Theorem 2.5, the QX;CJI — B(xy,) are nonsingular M-
matrices. Thus 2af — B(v) is an M-matrix, so 2a > p(B(v)). If 2a > p(B(v)),
then
lim wy, = liﬂm (2ijI — B(xkj))71 Xy, = (200 — B(v))f1 v=w>0,

J o0

J—0o0

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/28/16 to 131.172.36.29. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

A POSITIVITY PRESERVING INVERSE ITERATION 923

in contradiction to lim;_,« ||[Wg, || = co. Thus 2a = p(B(v)). Now

- Ax2 2
p(B(v)) = lim 2%, = lim 2max [ =2 | = 2max <AV) i

j—o0 j—oo X[Q] V[Z]
kj

B(v)v
(55%)
It follows that B(v)v = p(B(v))v and then Av? = 1p(B(v))vl. Thus v = x, by
Theorem 2.3.

Now lim;j o X; = X, and lim;_, ij =a= %p(B(X*)) = p(A) by Theorem 2.5.
It follows from (3.22) and (3.23) that

2]
X,
ks 0.

Jur(x.,p(A))p = lim Jyr(xp, A )pr, < lim =
gmee TR e [lwi | lyey = |

Thus (2p(A)I — B(x.))p < 0. Then we have p = +x, by Theorem 2.5. But by the

definition of pg, p is neither positive nor negative. The contradiction shows that the
sequence {||wi|| lyx — xx||} is bounded. 0

LEMMA 3.5. Assume that the sequence {Xk, Xk, yk} is generated by Algorithm 3.1.
Then hy, () can be expressed in the form

29kXE] -~
(3.24) hy (0x) = + R(Okyr, Xk, A),

W

where | R(x, xp,A\p) || < Mz [|x — xi||? for some constant M.

Proof. To prove this, we use Taylor’s theorem for the function r(x,)\;) around the
point xg:

(3.25) r(x, k) = r(xk,Ak) + Tl (Xp, k) (X — %) + R(X, Xk, A1),

where ||R(x, x4, A\)|| < Mo ||x — xx|? for some constant Mo, noting that Xy < Ao for
all k.
Therefore, from (3.25), we have

r(akYkan) = I‘(Xk,xk) + Jx(Xk7Xk)(9kyk —Xp) + R(9kYk7Xk»Xk)~
Since r(xx,\x) = %Jxr(xk,xk)xk by (2.12), we get

r(0kyi,Ae) = — (X, Ak) + It Xk Ak) (OkYE) + R(OkYk, X, Ak)

_ 0, x2 _
= —r(Xp k) + ot R(Ogyn Xp k)

[[well

Hence, noting that r(0xyx,\;) = 07r (yk ,Xk)7

gkXE]

hi(0) = T2 + 07r (yi, M) + 1 (Xk,A%)
[l
20, x1 —
= STk R(Okyk, X k)5
[[w |
which completes the proof. 0
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LEMMA 3.6. For the NNI, we have the following.

. 02]

(1) O =1 if |lyr — x|l < mjl»?l(kaQ)’ where My and My are as in Lemmas 3.4 and
3.5.

(ii) {6k} is bounded below by some constant & > 0, assuming that X # X. for
each k.

Proof. (i) From Lemma 3.4 and assumption, we have

XE] N min (xf])
> e
Mo [well lye = xell = Mo [[well lye — x|l
(2]

min(x;")

My M,

(3.26) e> [lyx —xxk| e,

where e = [1,...,1]T. Then, from (3.26) and Lemma 3.5,
N
l[wil

Substituting (3.27) into (3.24), we obtain

(3.27) >Ms|lyx — xicl*e > [R(yk, x,00) |

9512 %2 %
k +R(ykaxka)‘k) k k
[wel

hy(1) =

which means 6, = 1.
(ii) From (3.11), we recall that

. x[?]
g, = ¢ 1 iThe(l) > ey
N, otherwise,

2]
where 1, = ) min (= [2]) < 1 with py, = max(A[Q] ) > Ag. Suppose 0y, is

(1+m) lwk H (e =2k
not bounded below by & > 0. Smce Xy, is bounded, we can ﬁnd a subsequence {k;}
such that

(3.28) lim 0, =0, lim x;, =:v.
j—o0 j—oo
Note that v > 0 by Lemma 3.3.
As in the proof of Lemma 3.4, we have lim;_,o 2\, = 200 > p(B(v)).
If 2ac > p(B(v)), then lim; .o Wi, =: w > 0, as in the proof of Lemma 3.4. In
this case,

If n, is defined only on a finite subset of {k;}, then 6, = 1 except for a finite number
of j values, contradicting lim; o 0, = 0. If 73 is defined on an infinite subset {k;, }
of {k;}, then

2
Ui (Vv
lim 7y min <) >0,
oo 1 (L) [wl[ (= ) y
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where lim;_, o pg; = p > a since 7y, < 1. This is contradictory to lim;_, O, = 0.
Thus 2a = p(B(v)), and v = x, as in the proof of Lemma 3.4. Hence, lim;_, Xy, =
x, and by Lemma 3.3 lim; ;o yr; = X«, which means xj, and yy, are close enough
for j sufficiently large. Therefore, from (i), fx; = 1 for j large enough, a contradiction
to lim; o0 O, = 0. 0

This Lemma shows that if x; and yj are close enough, then the parameter 6 in
(3.2) can easily be determined, i.e., 6 = 1.

COROLLARY 3.7. If X, = yi for any k > 0 in Algorithm 3.1, then x; = x,.
Proof. If x; = yk, then 6 = 1 by Lemma 3.6, and it is easily seen from Algo-
rithm 3.1 that Ag11 = Ax. By Theorem 3.2, we have xj = X,. 0

4. Convergence analysis. In this section, we prove that the convergence of the
NNI is global and quadratic, assuming that x; # x, for each k.

_ 4.1. Global convergence of the NNI. Theorem 3.2 shows that the sequence
{)\k} is strictly decreasing and bounded below by p(.A), and hence converges. We
now show that the limit of A is precisely p(A).

THEOREM 4.1. Let A be an irreducible nonnegative third order tensor and the
sequence {Xk} s generated by Algorithm 3.1. Then the monotonically decreasing se-
quence { A} converges to p(A), and {xi} from Algorithm 3.1 converges to the positive
eigenvector X, corresponding to p(A).

Proof. From (3.5), (3.17), and Lemma 3.6, we have

2]
Ak — Ak+1 = min (hf[(z?k)> > min < O X B )
Xt (I +n) [[wel %514

2]
(4.1) > min ( £ — ) :
(1 +n) [[lwill x4
Since 6;, < 1 by construction, we have ||Xxr1|| = [|xr + 0ryr| < 2. It follows from

(4.1) that limj_, o0 |[wi |~ min(x?) = 0.

Suppose min(xf]) is not bounded below by a positive constant. Then there exists
a subsequence {k;} such that lim;_, min(xfj) = 0. Since [|xx, || = 1, we may assume
that lim; , xx; = v exists. Then lim; min(xfj) = min(vm) = 0. This is a
contradiction since v > 0 by Lemma 3.3. Therefore, min(xf]) is bounded below by a
positive constant, and thus limy_, o [|[w[ ™" = 0. ~

Let v be any limit point of {xz}, with lim; ,ooxp, = v. If limj o 2Mg;, >
p(B(v)), then (as in the proof of Lemma 3.4) {wy,} is bounded, a contradiction. So
lim; o0 2X;€j = p(B(v)), which implies v = x,, again as in the proof of Lemma 3.4.
Therefore, x, is the only limit point of the bounded sequence {xj}. Thus limy_,cc X; =

— 2

x, and it follows that limj_,o, A\ = max (%) = p(A). O

4.2. Quadratic convergence of the NNI. The proof of quadratic convergence
uses a number of technical results in section 3 about the NNI. It also exploits a
connection between the NNI and Newton’s method. So we start with the following
result about Newton’s method.
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THEOREM 4.2. Let f(x,\) be defined by (2.8) such that f(x.,p(A)) = 0. Then
(i) Jf(x4, p(A)) is nonsingular;
(ii) Jf(x,\) satisfies a Lipschitz condition at (X, p(A)).
Let {xk,Xk}be generated by the NNI. Then there is a constant B such that for all
(xk, Ai) sufficiently close to (x., p(A))

§k+1 X Xk X

4.2 ~ — < = _
SR |l oty | B B R o)
where {§k+1,/):k;+1} is generated by the Newton step (2.13)~(2.15) from {x, Ai},
instead of {)Ack,:\\k}.

Proof. (i) Recall that Jf(x,\) is given by (2.9). Let (ZT,C)T € R"™! be such
that

_ 2| _ [ ~Jur(xip(A) —xP ][ 2
0=3txep) | 2 | = By <7

We need to show (ZT, C) = 0. Since Jxr(x.,p(A)) is defined by (2.10), premultiplying
both sides by diag( (x,)” ,1)™" yields

o e[ me ()

Since B(x,) is an irreducible nonnegative matrix by Lemma 2.4, we assume that x,
is the left Perron vector of B(x.). Premultiplying the first equation in (4.3) by x7,
we obtain

2

bl

*

x; [B(x.)—2p(A) ]z — x} x.( = 0.

Since x! B(x.) = x} 2p(A) and x;, > 0, we get ¢ = 0. The first equation of (4.3) then
becomes

[B(xx)—2p(A)I]z = 0.

Then by the Perron—Frobenius theorem for a nonnegative irreducible matrix, z = sw
with w > 0. From the second equation of (4.3) we have xI'z = 0. So s = 0 and then
z = (0. Hence (ZT,() =0.

(ii) Let N be a neighborhood of (x., p(A)). From the definition of Jf(x, \), for
any (x,A\) € NV, we have

A)) = Ixr(x,)) xZ — x02
T _xT 0

*

(4.4) JE(x,\) — JE(x,, p(A)) = Jxr(x.,0(

Direct computation yields
Jur(x:,0(A)) = Ixr(x,A) = [2p(A)D(x.) — G(x.)] — [2AD(x) — G(x)]
= [G(x) = G(x.)] = [2AD(x) — 2p(A) D(x.)]
(4.5) — Jar(x. — x,0(A)) — 2 (p(A) — A) D(x),

Substituting (4.5) into (4.4) and using basic properties of matrix and vector norms,
we obtain the conclusion (ii): There is a constant x such that

1J£(x, \) — T (%, p(A))| < & { ’; } - [ pz(;l) ]H for all (x,\) € N.
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The inequality (4.2) is a basic result of Newton’s method after (i) and (ii) have been
verified; see [10, Theorem 5.1.2], for example. d

However, the inequality (4.2) itself does not imply
~ - 2
(4.6) Resr = p(A)] < e[Xe = ()]

for some constant ¢ > 0. We need to establish first a relationship between ||x; — x,||
and [\ — p(A)|.
THEOREM 4.3. Let {xk,Xk} be generated by the NNI. Then there are constants
c1,co > 0 such that c1]|x; — x| < |Xk — p(A)| < callxi — x| for all k > 0.
Proof. From (2.8) we have
Ax? r(x,\)

<7 =T @

r(x,p(A4)

x[2]

= p(Ale —

Thus the Fréchet derivative of A—’;T is given by

xl
—D(x) " 2Txx(x,0(A)) + 2D(x) *D(x(x,p(A)).

Then by Taylor’s theorem

AxZ Ax? _
TR = T = D) (ke (A)) (k — %) + O([xk — .12,
X, Xy
Now
_ Ax? Ax? Ax? Ax?
Ak — p(A)]| max( Eae i I e v
Xk X Xk Xk

< (ID () 2T r(xep ()] + 1) I3 — .

for k large enough, and the existence of ¢ follows readily.
On the other hand,

2 2
|Ak = p(A)| = max Axj  Ax
NOR.C

k *

> max (—D (%) "2 Ixr (%, p(A)) (31 — x.)) — esllxi — x|

for some ¢3 > 0. Let qx = (X — X4) / ||xx — x| with ||gx|| = 1. Since x, %, > 0 and
Ixx]| = ||x«]| = 1, we know that q; £ 0 and qi # 0 for all k. To show the existence
of ¢y in the theorem, we need to show that max (—D(x,) "2Jxr(x.,p(A))qr) > ¢4 for
some ¢4 > 0. Suppose that such a constant ¢4 does not exist. Then there is subse-
quence {k;} such that lim qx, = q with q neither positive nor negative, ||q|| = 1, and
max (—D(x,) " 2Jxr(x.,p(A))q) = 0. Now Jxr(x.,p(A))q = (2p(A)I — B(x.))q > 0.
By Theorem 2.5 we have q = £x,, a contradiction. 0

We are now ready to prove the quadratic convergence of the NNI.

THEOREM 4.4. Assume {xk,xk}is generated by the NNI. Then )\ converges to
p(A) quadratically and xj, converges to x, quadratically.
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Proof. Since the NNI has global convergence, we assume that (xg,\g) is suffi-
ciently close to (X, p(A)). Let {Xk+1, Ax+1} be generated by the Newton step (2.13)—
(2.15) from {xj, A}, instead of {Xx, A}, and assume that (4.2) holds.

From (2.15), (2.17), and (3.1), we now have

1 - 1

Xk 1 =M+ 0 =M —s— =M — o
i 2x] Wi, 2w <Ly

and then )

Nea1 — plA) =g — plA) — ———
e = P = M=o A) = e Ty

By (4.2) and Theorem 4.3, the inequality (4.6) holds with ¢ = (1 +1/c}). It follows
that for e = Ay — p(A)

1 2
ex — ——— = O(e
2wl v O
and then )
wi| = .
vl 2x; yrer(l — O(er))
In particular, limy o €k ||Wk|| = %
From (3.5), we have
hy (6
(4.7) €kt1 = € — Min ( fé] k)> .
Xk+1

By Theorem 4.1 and Lemmas 3.3 and 3.6, we have 6; = 1 for k large enough, and
from (3.24) we have

hy(1) 2x ) R(yk, Xk, A\i)
=[2] W] 2] 2]
Xk+1 Wl X1 Xkt+1

Now for some j dependent on k

. h(1 9(x\)y2 R(yr. x5, )
(4.8) €x41 = Ep — Min ~"[f2(] ) e — ( k~(3’) - - (Yk~(jl)c 2k) '
Xpt+1 (Wl (x511) (xk_H)

From Lemmas 3.5 and 3.4, it follows that
| R(yr, %k, An)|| < Mo [lyr — xp.||* < MaMZ |[w|| 2.

We then have

(ij+1)2 (XkJH)Z 3(minz.)
for k large enough. We also have
()2 (3)y2
2 2
(4.10) e — % =y — f’(‘f) )22x{yksk(1 —0(=1)).
[will (X311) (Xg41)
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Note that [lyr —xx|| < M |we|™" < 3Mey for k large enough. Thus x7y, =
1+xF(ykr —xx) =1+ O(eg) and

472 (2x;)? ( .

(;(;cj-&)-l)Z (2X1(cj) + y](g) . X](j))Q 2X(])

—2
(Yr — Xk)(j)> =1+ O(ep).
b

It follows from (4.10) that

(42
2
Iwll (51)
It then follows from (4.8) and (4.9) that )41 < de for some constant d. Thus A
converges to p(A) quadratically. It follows from Theorem 4.3 that x; converges to x,
quadratically. 0

Since we use A\, — ), in the stopping criterion in Algorithm 3.1, the following
result is also relevant.

THEOREM 4.5. Assume {\, Ay, Xi, }is generated by the NNI. Then \j, — A, con-
verges to 0 quadratically.

Proof. From (3.10), we have

=2
where )\, = min (féf) . Then
Xk

— — — h; (6
Akl — Apyr = Akl — A + max ( f[g] k)>
Xk11

B hy,(0r)
= E€k+1 — | €k — Max 2] .
Xp+1

As in the proof of Theorem 4.4, we now have g, — max <h"(9")) = O(e?). Thus for

=[]
Xk+1

some constant ¢ > 0, A1 — Ay q < ez = c(Ap — p(A))? < c(A — Ap)2 |

5. Numerical experiments. In this section, we present some numerical results
to support our theory for the NNI, and to illustrate its effectiveness. We compare the
NNI with the NQZ method [16]. All numerical tests were performed on an Intel (R)
Core (TM) i7 CPU 4770@Q 3.4 GHz with 16 GB memory using Matlab R2013a with
machine precision ¢ = 2.22 x 1076 under Microsoft Windows 7 64-bit. Throughout
the experiments, the initial vector is x¢ = ﬁ[l, ...,1JT € R", which is precisely the
one used in [20] to prove the linear convergence of the NQZ algorithm. We also take
n = 0.1 for the NNI. But we found that the choice of 1 has no significant effect on
the performance of the NNI. For both methods, we terminate the iteration when one
of the following conditions is satisfied:

1. £ > 10000. ,
2. (A = Ap) /Ak 10713, where ), = min(%).

k
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Fic. 1. The relative error versus the number of iterations for Example 1.

Note that (Xk - Ak) /A is an upper bound for (X;C —p (A)) /. For simplicity,
we call (A — Ay ) /Ax the relative error in step k.

We first apply the NNI and NQZ to compute the Perron pair of a transition prob-
ability tensor arising from a higher order Markov chain. A probability distribution of
the higher order Markov chain is then obtained by normalizing the Perron vector to
a positive vector with unit 1-norm [16].

EXAMPLE 1. Consider the transition probability tensor P of order 3 and dimen-
ston 3 given by:

[ 0.9000 0.6700 0.6604
P(1,:,:)= | 0.3340 0.1040 0.0945 |,
| 0.3106 0.0805 0.0710

[ 0.0690 0.2892 0.0716
P(2,:,:) = | 06108 0.8310 0.6133 |,
0.0754 0.2956 0.0780

[ 0.0310 0.0408 0.2680
P(3,,:) = | 0.0552 0.0650 0.2922
0.6140 0.6239 0.8510

The data here are obtained from the occupational mobility of physicists data in [19].

For Example 1, Figure 1 depicts how the relative error evolves versus the number
of iterations for the NQZ and NNI, respectively. It indicates that the NQZ converges
linearly and the NNI converges quadratically. Note that the NQZ and NNI use 33
and 5 iterations, respectively, to achieve the desired accuracy.

We then apply the NNI and NQZ to compute the Perron pair of a perturbation
of the third order n-dimensional signless Laplacian tensor [7, 8].

ExXaMPLE 2. Consider the third order n-dimensional signless Laplacian tensor
B = D+ C of a connected hypergraph [7, 8], where D is the diagonal tensor with
diagonal element d; ; ; equal to the degree of vertex i for each i, and C is the adjacency
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TABLE 1
Numerical results for Ezample 2(a).

Tensor A NNI NQZ
n Iter Err Iter Err
20 5 3.17e-15 37  9.64e-14
50 5 6.34e-15 38 8.79%-14
100 4 2.73e-14 38 6.53e-14
200 4 4.87e-14 37 3.22e-14
TABLE 2

Numerical results for Example 2(b).

Tensor A NNI NQZ
n Iter Err Iter Err
20 8  2.56e-15 131  9.86e-14
50 9  6.63e-15 513  9.50e-14
100 10 2.8le-14 1313  9.82e-14
200 11 4.23e-14 3033  9.54e-14

tensor defined in [4,7,8]. Let By = {(i,4,7 + 1)} fori=1,2,3 and j =i+1,...,n—1.
We consider two hypergraphs:
(a) The edge set of the hypergraph is given by E \ E1, where E is the edge set of
the complete 3-uniform hypergraph [7, 8].
(b) The edge set of the hypergraph is Ey itself.

Since the tensor B is reducible, we follow the common approach (see [21], for
example) of obtaining a nearby irreducible tensor by letting A = B + 1078, where
& is the tensor with all entries equal to 1, and then apply the NNI and NQZ to the
irreducible nonnegative tensor A.

Tables 1 and 2 report the results obtained by the NQZ and NNI, for Examples 2(a)
and 2(b), respectively. In the tables, n specifies the dimension, “Iter”denotes the
number of iterations to achieve convergence, “Err”’denotes the relative error when
the iterative methods are terminated. From the tables, we see that the number of
iterations for the NNIT is at most 11, clearly indicating its quadratic convergence.

6. Conclusion. We have presented an efficient method for computing the Per-
ron pair of an irreducible nonnegative third order tensor, by combining the idea of
Newton’s method with the idea of the Noda iteration, and we have called it an NNI.
The iterative method has several very nice features: It is positivity preserving in its
computation of the positive Perron vector, and its convergence is global and quadratic.
The structure of the new algorithm is still very simple, although its convergence analy-
sis is rather involved for the third order tensor. We are currently working on the more
challenging problem of designing a proper NNI for higher-order tensors and providing
a rigorous convergence analysis.
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