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Abstract. We construct a nonlinear differential equation of matrix pairs (M(t), L£(t)) that
are invariant (structure-preserving property) in the class of symplectic matrix pairs {(M,ﬁ) =
([§;§ %52,[{) §; ]Sl)‘ X=[Xijl1<i,j<2 18 Hermitian}7 where S1 and S are two fixed symplectic
matrices. Furthermore, its solution also preserves deflating subspaces on the whole orbit (Eigenvector-
preserving property). Such a flow is called a structure-preserving flow and is governed by a Riccati
differential equation (RDE) of the form W(t) = [-W (t), [ls¢[I, W) T]T, W(0) = Wp, for some
suitable Hamiltonian matrix .. We then utilize the Grassmann manifolds to extend the domain of
the structure-preserving flow to the whole R except some isolated points. On the other hand, the
structure-preserving doubling algorithm (SDA) is an efficient numerical method for solving algebraic
Riccati equations and nonlinear matrix equations. In conjunction with the structure-preserving flow,
we consider two special classes of symplectic pairs: S = Sg = Iz, and §1 = J, S2 = —1Ia, as
well as the associated algorithms SDA-1 and SDA-2. It is shown that at t = 25~ ! k € Z this flow
passes through the iterates generated by SDA-1 and SDA-2, respectively. Therefore, the SDA and its
corresponding structure-preserving flow have identical asymptotic behaviors. Taking advantage of
the special structure and properties of the Hamiltonian matrix, we apply a symplectically similarity
transformation to reduce .7 to a Hamiltonian Jordan canonical form J. The asymptotic analysis of
the structure-preserving flows and RDEs is studied by using eJ. Some asymptotic dynamics of the
SDA are investigated, including the linear and quadratic convergence.

Key words. structure-preserving flow, Riccati differential equations, structure-preserving dou-
bling algorithm, symplectic pairs
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1. Introduction. The following three important types of algebraic Riccati equa-
tions appear in many different fields of applied mathematics, sciences and engineering.
¢ Continuous-time algebraic Riccati equation (CARE) [24, 28]:

(1.1) ~XGX +A"X + XA+ H = 0;

e Discrete-time algebraic Riccati equation (DARE) [24, 28]:
(1.2) X=A"X(I+GX) 'A+ H;

e Nonlinear matrix equation (NME) [11]:
(1.3) X+ARXTA=0Q,

where A, H,G,Q € C™*" with G = G, H = HY and Q = Q¥. The CARE (1.1)
and DARE (1.2) with G and H being positive semidefinite arise in linear quadratic
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(LQ) optimal control problems in continuous and discrete time, respectively (see [24,
28]). In Heo-control problems, G and H in (1.1) or (1.2) can possibly be indefinite
[13, 28]. In addition, solutions of a CARE are the equilibria of Riccati differential
equations (RDEs) that arise frequently from optimal controls [23, 25] or two-point
boundary value problems [9, 10]. The NME (1.3) occurs in applications such as
analysis of ladder networks, dynamic programming, and stochastic filtering (see [2,
11, 12] and the references therein). Nonclassical Riccati-type equations for which the
conjugate transpose in (1.3) is replaced by the complex transpose also have various
applications; for example, in the vibration analysis of fast trains [16] and the Green’s
function calculation in nano research [15].

The structure-preserving doubling algorithms (SDAs) [3, 20, 27] are employed for
solving the stabilizing solutions of the three Riccati-type equations (1.1)—(1.3). We
now describe these SDAs for solving DARE/CARE and NME.

e For solving DAREs (1.2), the pairs (Mg, L) = ([_A}’;k HE [é i}}]) are
generated by
Algorithm SDA-1 [20, 27]. Let A; = A, G; =G, and H, = H.
For k =1,2,..., compute

Apy1 = Ar(I + GpHy) Ay,
Gri1 = Gy + ApGr(I + HyGy) 1A
Hyy1 = Hi + Ag([ﬁ- Hka)_lHkAk.

e For solving CAREs (1.1), one can transform it into a DARE (1.2) by using
the Cayley transform and a left equivalence transform [4]. Then Algorithm
SDA-1 can be employed to find the desired solutions of CAREs.

e Tor solving NMEs, the pairs (My, L) = ([S’; _OIL [;1? (I)]) are generated
by

Algorithm SDA-2 [3, 27]. Let A; = A, Q1 = @, and P, = 0.
For k =1,2,..., compute

Ajy1 = Ap(Qr — Py) "1 Ag,
Q1 = Q. — AF(Qr — Pr) ™' Ay,
Pii1 = Py + Ap(Qr — Pr) LA

Assume that the sequences {(My, Li)}72, generated by the SDAs are well de-
fined. The sequences {(Hy, Gr, Ax)}7>, by SDA-1 and {(Qx, Pk, Ax)}3>, by SDA-2
converge quadratically to (H*, G*,0) and (Q*, P*,0), respectively, if (M1, £1) has no
unimodular eigenvalues [3, 27]. The sequences by SDA-1 and SDA-2 converge linearly
of the rate 1/2 if the partial multiplicities of the unimodular eigenvalues of (M, Ly)
are all even [3, 20]. Here H* and G* are the stabilizing solutions of (1.2) and its
dual equation, Y = AY (I + HY ) 'A" + G, respectively, with the spectral radius
p((I + GH*)71A) < 1. Q* and P* are the maximal and the minimal solutions of
(1.3), respectively, with Q* — X and X — P* being positive semidefinite, where X is
any solution of (1.3).

Furthermore, the SDA has two preserving properties [22, 27]:

Eigenvector-preserving property: For each case above, if M U = L US or
MLVT = £V, where U,V € C?"*" are of full column rank and S, T € C™*",
then My U = Ek_HUSQ or ./\/lkJerT2 = L1V, i.e., the SDA preserves
the deflating subspaces for each k and squares the eigenvalue matrix.
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Structure-preserving property: The sequences of pairs {(My, Li)}72, generated
by SDA-1 and SDA-2 are symplectic (see Definition 2.1) and are, respectively,
contained in the sets

o s-{([3 3[4 5)

and

wws={([5 4] [ 0))

To study the symplectic pairs, we first quote the following useful theorem.

A H=H" g=cg" G(C”X"}

A,Q=Q" p=pH e@“xn}.

THEOREM 1.1 (see [29]). Let (M, L) be a regular symplectic pair with M, L €
C?"X2n . Then there exist symplectic matrices Si, Sy and a Hermitian matriz X =
[ﬁ; §;§] such that (M, L) WG ([§;§ HEAE %H S1). Here we say (A1, By) o~
(A2, Ba), if Ay = C Ay, By = CBy for some invertible matriz C.

Theorem 1.1 provides us a classification for symplectic pairs. Specifically, let
81,82 be symplectic and H(2n) be the set of all 2n x 2n Hermitian matrices. We
denote the class of symplectic pairs generated by S;,So as

_ X120 I X X1 Xi2
(1.5a)  Ss,5, = {({ Xog 1 ]82’ { 0 Xo ]Sl> ‘ [ Xo1 X2 ] < H(2n)}.

It is easily seen that each pair (M, L) € Sg, s, is symplectic. We define a bijective
transformation Ts, s, : H(2n) — Ss, s, by

_ (] Xi2 0 I Xu
(1.5b) Ts,s,(X) = ([ Xoo T ]82’ [ 0 X ]Sl)'

Therefore, the invariant sets S; and S, for SDA-1 and SDA-2, respectively, can be
rewritten as Sy = Sy, 1,, and So =Sz _1,,. Note that S; € Sy, Sz € S;.

The purpose of this paper is to focus on the flows (M(t), L£(t)) on a specified
Ss,.s, (i-e., the structure-preserving property) that have the Eigenvector-preserving
property. Such a flow is called a structure-preserving flow. For two special classes S;
and So of symplectic pairs, the structure-preserving flow passes through a sequence
of iterates generated by SDAs. Finding a smooth curve with a specific structure
that passes through a sequence of iterates generated by some numerical algorithm
is a popular topic studied by many researchers, especially in the study of the so-
called Toda flow that links matrices/matrix pairs generated by QR/QZ algorithm
[5, 6, 7, 32]. In [22], a parameterized curve is constructed in Sy passing through the
iterates generated by the fixed-point iteration, the SDA, and Newton’s method with
some additional conditions.

Our first main contribution in this paper is to construct a nonlinear differen-
tial equation associated with the structure-preserving flow satisfying (M(1), £(1)) =
(M1,L4) € Ss,,5,- Before the description of this main result, we first quote the
preliminary result in Theorem 2.7. Suppose that ind.(M;i,L;) < 1. There exist
an invertible matrix U = [U1|Up,Us] € C2*2% x C2x6 x C2*¢ and a Hamil-
tonian H € C*" such that MUy = 0, LiUs = 0, and MUy = L1UreM.
Here, the spaces spanned by Uy, Uy, and U; represent the eigenspaces corresponding
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to zero eigenvalues, infinite eigenvalues, and finite nonzero eigenvalues of the pair,
respectively.

Main Result I (Theorem 3.3). Let (My,L1) € Ss,,s, be a regular symplectic
pair with indeo (M1, L£1) < 1 and X; = Tgll,s2 (M1, L1). There exists a Hamiltonian
H € C**2n guch that the solution of the initial value problem (IVP)

(1.6) X(t) = MOHIMDT, X(1) = Xy,

for t € (to,t1), satisfies M(t)Uy = 0, L(t)Us = 0 and M(t)U; = L(t)Ure™t, where
(M(t), L(t)) = Ts, s, (X(t)). This implies that the pair (M(t), L(t)) preserves its de-
flating subspaces as t varies, i.e., the flow satisfies the so-called Eigenvector-preserving
property.

We further show that the IVP (1.6) is governed by an RDE. We then adopt the
Grassmann manifold and Radon’s lemma ([31] or see Theorem 3.14) to extend the
domain of the structure-preserving flow to the whole R except some isolated points.
For the So case, the phase portrait of the extended flow is the parameterized curve
constructed in [22].

Our second main contribution shows that the extended flow passes through the
kth iterate generated by the SDA with initial pair (M, £1) at t = 2F1,

Main Result II (Theorem 3.19). Let (M1, L1) € S1 or Se defined in (1.4) be
regular with indoo (M1, £1) < 1. Suppose {(My, Li)}72, is the sequence generated by
the SDAs. Then (My, Ly) = (M(2F=1), £(2871)), where (M(t), L(t)) = Ts, s5,(X (1))
and X (t) is the extended solution of the IVP (1.6).

Therefore, the SDA and its associated structure-preserving flow have identical
asymptotic behaviors, including the stability, instability, and periodicity of the dy-
namics. By applying the asymptotic analysis of the flow to Main Result II, our third
main contribution concerns the convergence of the SDAs.

Main Result III (Theorems 4.2, 4.4 and 4.7). Let (M1,L1) € S; or Sy be
reqular with indeo (M1, L) < 1 and H € C?>"*2" be given in Main Result I. Let
{(Mg, Li)}32 | be generated by the SDAs and [XZ]lgiJgQ = T$_11752 (My, Lx). Then

(i) each Xikj converges quadratically if H has no pure imaginary eigenvalues;

(ii) each Xf] converges linearly if each pure imaginary eigenvalue of H has only
even partial multiplicities;

(iii) suppose that H € C?"*2" has only one eigenvalue i with two odd par-
tial multiplicities. Then XF,, X%, converge linearly and X¥,, X%, approach
closed curves in C"*"™. In the latter case, the closed curves consist of rank-1
matrices.

Similar convergence analysis of Main Result III assertions (i) and (ii) has been
carried out in [3, 16] and [20], respectively. In both cases, the proof of convergence
for the matrix H is only applicable when the Jordan blocks, with pure imaginary
eigenvalues, are of even sizes. We hereby present an asymptotic behavior of SDA in
Main Result IIT (iii) for these Jordan blocks are of odd sizes.

This paper is organized as follows. In section 2, we introduce some preliminary
results of the eigenstructures of regular symplectic pairs. In section 3.1, we prove
Main Result I (Theorem 3.3). The connection between the structure-preserving flow
and RDE is studied in section 3.2. In section 3.3, we then apply the Grassmann
manifold to extend the flow to the whole R. In section 3.4, we prove Main Result
IT (Theorem 3.19). In section 4, we give a brief description for the proof of Main
Result IIT (Theorems 4.2, 4.4 and 4.7). Some numerical experiments are presented in
section 5.
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2. Eigenstructures of regular symplectic pairs. We first introduce some
notation, definitions, and the algebraic structures that we consider in this paper. Let
TIn = [_(}n I(’; ], where I,, is the n x n identity matrix. For convenience, we use J
for J, by dropping the subscript “n” if the order of 7, is clear in the context. Two
subspaces U and V of C?" are called [J-orthogonal if uf Jv = 0 for each v € U and
v € V. A subspace U of C?" is called isotropic if 7 7y = 0 for any z,y € U. An
n-dimensional isotropic subspace is called a Lagrangian subspace. The jth column of
an identity matrix I is denoted by e; and || - || denotes the Forbenious norm.

DEFINITION 2.1.
1. A matriz H € C*"*2" js Hamiltonian if HT = (HJT)H.
2. A matriz S € C*"*?" js symplectic if STSH = 7.
3. A matriz pair (M, L) € C2X2n x C2X27 s symplectic if MJMHT = LTLH.

Denote by Sp(n) the multiplicative group of all 2n x 2n symplectic matrices and
by H(2n) the set of all 2n x 2n Hermitian matrices. A matrix pair (A4, B) with
A, B € C™*" is said to be regular if det(A — AB) # 0 for some A € C. Note that the
matrix pair (A, B) is said to have eigenvalues at infinity if B is singular. To see this,
write the eigenvalue problem Az = ABz in the reciprocal form Bx = A~'Az. In the
case where B is singular, we have Bx = 0Ax whenever x is a null vector of B. This
means that z is an eigenvector of the eigenvalue problem corresponding to eigenvalue
A1 =0,ie., A = co. The matrix pairs (A;, By) and (Az, By) € C"*" x C"*™ are said
to be left equivalent, denoted by (A4;, By) e (A, By), if Ay = CAs, By = CB; for
some invertible matrix C. It is well known that for a regular matrix pair (A, B) there
are invertible matrices P and @ which transform (A, B) to the Kronecker canonical
form [14] as

(21) PAQ:H H PBQ:H ]‘H

where J is a Jordan matrix corresponding to the finite eigenvalues of (4, B) and N
is a nilpotent Jordan matrix corresponding to the infinity eigenvalues. The index of
a matrix pair (A, B) is the index of nilpotency of N i.e., the matrix pair (A, B) is of
index v, denoted by v = indy (A, B), if N*~! # 0 and N = 0.

Remark 2.1. Let (A, B) be a regular pair. Then ind. (A, B) = 0 if B is invertible
and ind (A4, B) = 1 if the infinity eigenvalues of (A, B) are semisimple.

2.1. Eigenvector-Preserving Property. Motivated by the Eigenvector-
preserving property of iterations of SDAs, we extend this property to a flow. Let
(M1, L) € Sg,.,s, be regular and inde (M1, £L1) < 1. A flow {(M(t),L(t)) |t €
R} C Ss,,s, with (M(1),£(1)) = (M1, £1) having the Eigenvector-preserving prop-
erty can be stated as follows:

Assume that MUy = 0, L1Us = 0, and MUy = L1U1S, where U =
(U1, Uy, Uso] € C2*2" and S are invertible. Then

(2.2) MUy =0, L(HUsx =0, M(t)U; = L(t)U, S

hold.
We shall note that the flow (M(¢), L(t)) in (2.2) preserves eigenvectors whenever S
in (2.2) is diagonalizable; otherwise, it preserves the deflating subspaces only. Here
n (2.2), St for t € R, is defined in the sense of a matrix function. Because S is
invertible, it follows from [17, Definition 1.11 and Theorem 1.17] that the matrix
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function S? is well defined. We shall show in Theorem 2.2 that the invertibility
of the matrix S can result from the condition ind.,(Mj,£1) < 1. In this case,
(2.2) can have an alternative form as (2.1) in which PM(t)Q = J* & I and PL(t)Q
=1&0.

2.2. Regular symplectic pairs with inde, (M, L) < 1. The proof of the
following theorem can be found in [21, 26]

THEOREM 2.2. Suppose (M, L) is a reqular symplectic pair with M, L € C*n*2n
and indoo (M, L) < 1. Then there is i < n such that rank(M) = rank(£) =n+n. In
addition, there exist an invertible matriz U = [Uy |Up, U] € C2X20 x CInxt i C2nx¢

with £ =n —n and a symplectic matrix S € C2%2 gych that

(2.3) U7 7,U =79 T
and
(2.4) MUy =0, LUy =0, MU =LUS.

Remark 2.3. Theorem 2.2 shows that the assumption of the Eigenvector preserv-
ing property holds if inde (M1, £1) < 1.

Note that the matrix S in Theorem 2.2 is symplectic. There is a Hamiltonian
matrix H satisfying e” = S (see e.g., [19, 21, 30]). Using H, we shall construct a
Hamiltonian matrix H which has invariant subspaces spanned by Uy, Uy, and Uj.

THEOREM 2.4. Suppose (M, L) is a regular symplectic pair with M, L € C?n>2n
and indeo (M, L) < 1. Let the matrices U and S be given as in Theorem 2.2, and
H € C*X2% pe the Hamiltonian matriz such that €’ = S. Then the matrix
H 0

(2.5) H:U{O 0

} (Tn® J)"U" T

18 Hamiltonian.
Proof. Since H is Hamiltonian, we have HJ = —U(ﬁjf @ 0)Uf = gEFHU
(TaH? @ 0)UH = 7HHH . Hence, H is Hamiltonian. O

Remark 2.5. Suppose that (M, L) is a real regular symplectic pair. Then U and
S can be chosen real. In [8], under the assumptions
(1) S has an even number of Jordan blocks of each size relative to every negative
eigenvalue,
(ii) the size of two identical Jordan blocks corresponding to eigenvalue —1 is odd,

it is shown that there is a real Hamiltonian matrix H such that e = S. Hence, under
these assumptions, the Hamiltonian H defined in (2.5) can be chosen real.

Suppose that £ is invertible. It follows from Theorem 2.2 that M is also invertible.
Therefore, Uy and Uy, in (2.4) are absent. On the other hand, the matrix L7t M is
symplectic, hence there exists a Hamiltonian matrix H such that e’ = L7 M, i.e.,
M = Le™. For the case that £ is singular and (M, £) is a regular symplectic pair
with inde (M, £) = 1, it is natural to ask whether there is a Hamiltonian matrix H
such that M = Le’*. However, this is not true (see Lemma 2.6 for the necessary
condition). The pair (M, £) satisfies the equality MIIy = LII,.e* for some suitable
matrices Iy and II,,. To see this, we need the following lemma.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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LEMMA 2.6. Suppose that (M, L) is a reqular symplectic pair. If M = LW for
some nonsingular W, then both M and L are invertible.

Proof. From Theorem 1.1, there are matrices S1,S2 € Sp(n) and X = [X;]1<i j<2
€ H(2n) such that M = C [§;§ 282, L=C [é %ﬂ S1, where C' is nonsingular.
Suppose that M = LW. Then we have [§;§ ?] Sy = [é §;ﬂ S W. Since 81, Sa,
and W are nonsingular, it is easily seen that X5 and X5, are nonsingular. Thus, M
and L are invertible. ]

THEOREM 2.7. Suppose (M, L) is a regular symplectic pair with M, L € C?>2n
and indoo (M, L) < 1. Let the matrices U and H be given as in Theorems 2.2 and
2.4, respectively. Let

(2.6) My =U(lpa @, @0)U"  and Ty =U(lx®0aI)U

where U™ = (T, @ Jp)HUH . Then we have MIly = LI1,.e™.

Remark 2.8. Note that both Iy and Il are idempotent, i.e., I3 = Ty and
12, = Il. Here Iy (I, respectively) is a projection onto the space spanned by the
eigenspace corresponding to the finite eigenvalues (nonzero eigenvalues, respectively)
along the space spanned by Us (by Up, respectively). In addition, if ind. (M, £) = 0,
ie., M and £ are invertible and # = n, then IIy = IIo, = I. Therefore, M = Le™
with some appropriate Hamiltonian matrix H. This coincides with Lemma 2.6.

Proof of Theorem 2.7. From (2.4) and (2.6), we have
MIly = [LU8]0,0]U~L = LU Uy, Use)(S & 0@ ) UL = LI U(S & L) UL
It follows from (2.5) and the fact e” = S that e? = U(e#@e?)U~! = U(S@ 1)UL
The assertion follows. O

To make the correspondence between the constructed matrices in the previous
lemmas/theorems and the symplectic pairs (M, L), we use the following notations
throughout this paper.

DEFINITION 2.2. For a given regular symplectic pair (M, L) with inde (M, L) <
1. Let a := rank(M) —n and £ = n —n. We define UM, L) := [U1|Uy, U] €
C2nx20 5 C20xE 5 C20%0 gnd S(M, L) € C2*2 that satisfy (2.3) and (2.4). Let
H(M, L) be the matriz that satisfies eHML) S(M, L), and let H(M,L) and
Io(M, L), (M, L) be the matrices defined in (2.5) and (2.6), respectively.

2.3. A perturbation result for symplectic pairs. We now provide a per-
turbation theory for a regular symplectic pair (M, L) with indeo(M, L) = 1. In
this case, the infinity eigenvalues of the pair (M, £) exist and are semisimple, and
hence so are the zero eigenvalues, by Theorem 2.2. After a small perturbation of
order O(¢e) in a specific direction, the perturbed pair (M€, L¢) preserves the deflating
subspaces spanned by Uy, Uy, and U;. Moreover, finite and nonzero eigenvalues of
(M?, L) remain the same as those of (M, L). Zero and infinite eigenvalues of (M, L)
are perturbed to finite eigenvalues of (M€, L%) of order O(e) and of order O(1/¢),
respectively.

THEOREM 2.9. Suppose (M, L) is a regular symplectic pair with M, L € C?>2n
and indeo (M, L) = 1. Let U = UM, L) and S = S(M, L) be given as in Defini-
tion 2.2 and let ®° € C*** be a family of nonsingular matrices with | ®¢|| < & for each
e>0. If

(2.7) ME = M+ AME, L5F=L+ AL,
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where AME® = —£U0<I>5HU£J, AL = MUL®UE T, then (MF,L?) is a regular
symplectic pair with LF being invertible. Moreover, M*® and L® satisfy
(2.8) MUy = LU, MULD = LUy, MUy = LTS,
and (M&, L) — (M, L) ase — 0.
Proof. From (2.3), it holds that
(2.9) vlgu, =1, UBgu,=-1, UEgU,, =UFJU, =0.
For each € > 0, from (2.7) and (2.9) it holds that

METMEE = (M + AME T (M + AMEH
= MIME + MTAMHE L AMETMHE + AMETAMEH
= LTLH — MU U LT + LU HUE pmH
=LTLY + ALTLY + LTALH 4+ ALETLT + ALETALY
= (L4 ALHT(L+ ALHT = Lo gLt
That is, (M°*, L) forms a symplectic pair. Now, we show that £ is invertible. Since

(M, L) is a regular symplectic pair, there exists a nonzero constant Ag such that
M = XoL is invertible. Using the fact that U is nonsingular, it follows from (2.4) that

(M = ML)U = [MU; — \gLUy, ~ o LUy, MUs] = [wl (S = Aol), Mo LU, MUOO}

is nonsingular, and hence S — Aol is also invertible. Since ®° is nonsingular, from
(2.7) and (2.9) together with the fact that U JU; = 0, we have

LU = (LU}, LUy, MU ®°] = (M — M\ L)U ((§— Mol)he (=ro) @ @5)

is invertible and then L£° is invertible. Hence, (M®, L?) is a regular symplectic pair.
From (2.4) and (2.9), we have
MUY = (M 4+ AM®Uy = —LU U 70U, = LU = LU0,
LUy = (L + ALS)Usy = MULPUHT TU,, = MUL P = MU, D7,
MUy = (M + AMOU; = MUy = LULS = (£ + ALY)LS = L°U;S.

Thus, equations of (2.8) hold. Since [|®¢|| < e, (M*, L) = (M, L) ase — 0. O

COROLLARY 2.10. Suppose (M, L) € Ss,.s, is a reqular symplectic pair with
indoo (M, £) < 1. Let ®° be nonsingular with [|®°|| < € for each € > 0 sufficiently
small, and M*, L® be given as in Theorem 2. 9 Then there ezists (/\/lE L5) e Ss, s,
for e > 0 sufficiently small, such that (M°, EE) (ME LF). Moreover, Jor each e >0
sufficiently small, M® and L¢ are invertible satisfying (2.8) and (M, L%) — (M, L)
as € — 0.

Proof. Since (M,L) € Ss,s,, it holds that M = [{2 (]S,
=} i((;i] Si1, where [X;;]i<i j<2 is Hermitian. Since ||®¢]| < e for € > 0 suffi-
ciently small, from (2.7) we have

X12+0(e)  Ofe) I+0(e) Xi1+0(e)

M= X+ 0() T+0() ]32’ L= { 0()  Xor40(e)

Si1.
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Applying row operations to (M*, L¢) we have
I Xu(e) = =
Ss, - S| = (ML),
2 l 0 Xgl(&') !
where )?ij(e) = X,;; + O(e) for 1 < 4,j < 2. Hence, (/\76,25) — (M, L) ase — 0.
Using the fact that (M€, £F) & (MF, £¢), it follows from Theorem 2.9 that M¢ and

L¢ are invertible and satisfy the equalities of (2.8). Since (Mvs, £7) is symplectic and
[X;j(e)]1<ij<2 is Hermitian, we have (M®, L%) € Sg, s, for € > 0 sufficiently small. O

(Ms,ﬁs) 1;3‘ ( X12(6) 0

3. Structure-preserving flows.

3.1. Construction of structure-preserving flows. Suppose that (M1, £y) is
a regular symplectic pair with inde (M, £1) < 1. From Theorem 1.1, there exist two
symplectic matrices S; and Sp such that (M, L) € Sg,.s,. In this subsection we
shall construct a differential equation with (M7, £;) as an initial matrix pair whose
solution is the structure-preserving flow.

We first prove the case for which £; is invertible.

THEOREM 3.1. LetSi, Ss € Sp(n), H € C>"*2" be Hamiltonian and X; € H(2n).
Suppose X (t), fort € (to,t1) and to < 1 < ty, is the solution of the IVP

(3.1) X(t) = MEHIMHT, X(1) = X4,

where (M(t),L(t)) = Ts, s,(X(t)). If the pair (My,L1) = (M(1),L(1)) satisfies
My = Lie™ for some Hamiltonian Hy € C*"*2" then

(3.2) M(t) = L(t)eMr =D

for all t € (to,t1).

Proof. Partition X; = [Xilj]lgi,jSQ and X (t) = [Xij (t)]lgiﬂ'gg. From the assump-
tion M; = L€ and Lemma 2.6, we see that both M(1) and £(1) are invertible.
On the other hand, the solution X (¢) of the IVP (3.1) is continuous. Therefore, we
denote (fo,t1) the connected component of the open set {t € (to,t1)|det(M(t)) #
0, det(L(t)) # 0} that contains t = 1. We first show that assertion (3.2) holds for
t € (to,t1). By the fact that

Xia(t) 0 I X
M= 20 G s o= o 30 |
we have
0 I,
3.3 X = . s _ ML
( ) |: Xoo 0 0 Xop :| _le{ _X2h{ [ ] _jl:H

I, 0

Plugging (3.3) into the first equation of (3.1) and multiplying M~# 7H from the
right to the resulting equation, we have

(3.4) M, L] [ jLH/{/rHJ } = MH, te (i)
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Since MM = L£LTLH and both M and £ are invertible, (3.4) becomes M —
L(L7'M) = MH. Multiplying £~ from the left of the last equation, we thus obtain
LM — (L7YLL M = L7 MH. This coincides with 4 (LT M) = (L' M)H.
Therefore, using the initial condition in (3.1) and the fact M; = Lie*1, it follows
that £(t)"'*M(t) = e et for t € (fy,1;). Hence, assertion (3.2) holds.

Now we claim that £y = to and #; = t;. We only prove the case ; = t;. Suppose
that £; < t;. Then M(t;) and L(f;) exist. Since (fo,%;) is a connected component of
{t € (to,t1)|det(M(t)) # 0, det(L(t)) # 0}, M(t1) and L(#;) are singular. Using (3.2)
and taking the limit ¢ — &, we have M(f1) = L(i1)e* e 11 Since eM1eHEi—1)
is invertible, M(t;) and L(#;) are invertible by Lemma 2.6. This is a contradiction.
Hence, ty = to and t; = t;. O

Remark 3.2. (i) In Theorem 3.1, since X; and HJ are Hermitian, it is easily seen
that X (¢) is also Hermitian for ¢ € (t9,¢1). From the definition that (M(t), L(t)) =
Ts,.s,(X(t)), we have that the curve {(M(t), L(¢))|t € (to,t1)} C Ss,.s,- (i) Suppose
(M1, L) is a real symplectic pair. Under the conditions in Remark 2.5, H; can be
chosen real. If H is also real, then the curve {(M(t), L(¢))[t € (to,t1)} C Ss,,s, is
real.

The following theorem is the detailed version of Main Result I.

THEOREM 3.3. Let 81, So € Sp(n), and X1 € H(2n) be given such that the
symplectic pair (M, L1) = Ts, s,(X1) is reqular with indeo (M1, L1) < 1. Let the
idempotent matrices Ily = Ilo(M1,L1), oo = oo(M1,L1) and the Hamiltonian
matric H = H(Mq, L) be defined in Definition 2.2 such that (from Theorem 2.7)

(3.5) MiTly = LT1e™.

If X(t) fort € (to,t1), to < 1 <ty is the solution of the IVP (3.1), then
(3.6) M)y = L(H) e

or equivalently

(3.7) MUy =0, LMH)Us =0, MOU; = L(t)T ™,

where (M(t), L(t)) = Ts, s,(X(t)) for all t € (to,t1).

Remark 3.4. Note that (i) if My and £; are invertible, this implies IIy = o, = I,
and hence the result of Theorem 3.3 is consistent with Theorem 3.1 in which H; is
replaced by H; and (ii) from Definition 2.2 of H, IIy, and Il it is easily seen
that the invariant properties (3.6) and (3.7) are equivalent. This shows that the
flow (M(t), L(t)) satisfies the Eigenvector-preserving property. Actually, this flow
(M(t), L(t)) is the structure-preserving flow with the initial (M, £1).

Proof of Theorem 3.3. Applying Theorem 2.9 and Corollary 2.10 with ®° = &1,
we see that (My + AME, L1 + AL®) is left equivalent to the symplectic pair

e pe IVERL.E X5 0 I Xif
wii.en =02 = (| 3 7 ]s g Fi]s) esss

for € sufficiently small. In addition, M§ and £5 are invertible for € > 0 and (M5, L) —

(M1,L£1) ase — 0. Let X¢(¢t) = [ﬁ; 8 2%8} be the solution of the IVP

Xe(t) = ME(YHIME(HH, X°(1) = X{,
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where X¢ :[f{g 2122] and (Me(t), L5(t)) = Ts,.s,(X°(t)). By the continuous de-
pendence of the solution on the initial condition of the IVP (see, e.g., section 8.4 in
[18]), we have (ME=(t), L2(t)) — (M(t), L(t)) as € — 0. On the other hand, it follows
from Theorem 3.1 that M= (t) = L£5(¢)(L£;*M$)eP =1, Consequently,

(3.8) ME(t)e M = L£5(8)(L5 M3).

Let U = U(Mjy, L1) = [U1|Uy, Uso] satisty (2.3) and (2.4) in which (M, £) is replaced

by (Mi,L1). From (2.8), we have

(3.9) MU, Uo, Uso)(Inn @ Lo ® ely) = L5[U, Uo, Us)(S @ e ® L)

Plugging (3.9) into (3.8) and using the fact that e® = U(S & I, ® I,)U~L, we have
ME)e MU (L, @ I ® eI,) UL = LE()U Iy, @ el @ I,) UL

When e approaches 0, it follows from (2.6) that M (t)e="!Ily = L(#)I. Since e~ *!

commutes with Iy, we obtain assertion (3.6) and then (3.7). ad

COROLLARY 3.5. Theorem 3.3 holds true if Eq. (3.1) is replaced by
X(t)=LOHTLHY, X(1) =X

Proof. Tt suffices to show that M(H)HIM () = LOHTL(#)H. Using defi-
nitions of Iy = Ip(M1, L) and T = o(M1, L1), we have M(t) = M(t)y,
L(t) = L(t)[I. Tt follows from (3.6) and the symplecticity of 7! that

MOHIMOH = MOTeHITEM ) = LMoo HT (P HETH £(1)H
= LT HITE () = L()HTL(t)H. 0
Now, we study the invariance property (3.6). To this end, for given Sy, So €
Sp(n), we let (M1, L1) € Ss, s, be regular with inde (M7, L£1) < 1. Let the idempo-

tent matrices Iy = IIp(Mq, L1), oo = oo (M1, £1) and H = H(M1, L1) be defined
as in Definition 2.2. Consider the linear system with unknowns (M, £):

Iy = LI M
(3.10) {M 0 = Llleoe™,

(M, l:) (S S51,82 s

where t € R plays the role as a parameter. It is clear from Theorem 3.3 that the
solution (M(t), L(t)) of the IVP (3.1) is contained in the manifold described by (3.10).
In the following, we shall show that the consistency of Eq. (3.10) at specified ¢ implies
the uniqueness of the solution (M, £), for which the pair (M, L) is regular. From the
definition of Sg, s, in (1.5), the second equation of (3.10) implies (M, £) = Ts, s,(X)
for some X = [X;;] € H(2n). The linear system (3.10) can be rewritten as

X2 0
Xoo 1

I Xun

(3.11) 0 Xo

}SQU(I%@IZ@O) = { ]SlU(eﬁt ®0® Ip).

The following lemma can be obtained by direct calculations.

LEMMA 3.6. Let

(312&) E11 = (Iz (o) 0), E22 = (0 b 12)7
1 2
(3.12D) V, = [ Xi } — 85U, V,= [ X% ] ~ S,U,
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where Vf € C"*2" for each 1 < i,j < 2. Then the linear system (3.11) is equivalent
to the alternative form

(3.13) Xi X | [ VU ©Es) | _ [ VI @ Ey)
. Xo1 Xoo V%(Igﬁ @Ell) _V%(IQﬁ@Ell)

LEMMA 3.7. Let (A, B) be a regular pair with A, B € C"*". Suppose that CA +
DB =0 and [C, D] € C"*2" s of full row rank. Then (D, C) is a reqular pair.

Proof. Since (A, B) is regular, there exists A\g € C such that A — A\ B is invertible
and [AT, BT]" is of full column rank. Therefore,

(3.14)
o=ie.ol| g [a-smi=cnt| g NG ]| 5 e
— [C, D+ MC] { B(A_IAOB>_1 } .

It is easily seen that rank[C, D 4+ \C| = rank[C, D] = n. Since the row vectors of
[~B(A — \oB)™1,I] form a basis of left null space of [B(AiioB)_l], it follows from
(3.14) that there is a nonsingular matrix W such that [C,D + \C] = W[-B(A —
XoB)~1,I]. Then D + A\oC is invertible and hence (D, C) is regular. 0

THEOREM 3.8. Let (M1, L1) € Ss,.s, be a regular pair with indeg (M1, L1) < 1
and U = [U1,Up, Us] = UMy, L1). Suppose (M, L) is a solution of (3.10) at some
teR. Then

(i) (M, L) is regular;

(il) (M, L) is the unique solution of (3.10);

(iii) 4t holds that

(3.15) MUy =0, LUsx =0, MU = LU M.
Conversely, if (M, L) € Ss,.s, satisfies (3.15), then (M, L) is a solution of
(3.10).
. U(eﬁt@E )] . . _
Proof. From (3.11), we have | E,M][U(IM@Eff)} 0. Since rank([—L, M])

2n and ((eﬁt @ Ea9), (Iop @ E11)) is regular, it follows from Lemma 3.7 that (M, £)

is regular. Hence, assertion (i) holds.
Next, we show that the linear system (3.10) has a unique solution. From Lemma

3.6, it suffices to show that the matrix {_Vz%(em@E”)} in (3.13) is invertible. Suppose
_ Vi(I2a®FE11)

2n : : -vi (GHt@Ezz) i| _ _ Ht _
that y € C*" satisfying [ sz(Izﬁ,EBEu) y =0. Let 21 = ("' @ Fa)y and 2y =

(Iz4 ® E11)y. Then we have Viz; = 0 and V22, = 0. Since the linear system
(3.13) is consistent, we obtain that Viz; = 0 and V325 = 0. Hence, Viz; = 0
and Vazo = 0. From (3.12b), we have that V; and Vs are invertible, and hence
z1 = z9 = 0. Therefore, y = 0. Assertion (ii) follows.

Since (3.11) is an alternative form of (3.10), and (3.11) is equivalent to (3.15)
whenever (M, L) € Sg, s,, assertion (iii) follows directly. |

Remark 3.9. Given two symplectic matrices S; and Sg, the linear system (3.10)
may have no solution in Sg, s,. We consider a simple example. Let §; = Sy = I,
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H = [77?/2 ”62} and t = 1. Then e = [ % §]. It is easily seen that (3.10) has no

solution in Sg, s,

From Theorem 3.8 (ii), the unique solution of (3.10) can be written as an implicit
function (M(t), L(t)) for t on the set

(3.16) Tx = {t € R | (3.10) has a solution at ¢}.

Remark 3.10. Let X(t) = T‘;{SQ(M(t),E(t)), where (M(t), L(t)) is the solu-
tion of (3.10) at t € Tx. We see that for each t € Tx, X(t) satisfies (3.13) and
|:7Vé(eﬂt@E22)

V?(lzﬁ@Eu)
Tx is open.

is invertible, hence X (¢) is continuously differentiable. Consequently,

THEOREM 3.11. Suppose that (M(t), L(
C Tx, where g < 1 < t;. Then X(t) =
solution of the IVP (3.1).

t)) is the solution of (3.10) fort € (to,t;)
Ts's, (M(t),L(t) for t € (fo,11) is the

Proof. Let Y (t) = Ts_ll,sz (M(t), L(t)) for t € (ty,1). From Remark 3.10, Y (¢) is
continuously differentiable. Suppose that X (t) for ¢ € (to,¢1) is the solution of the
IVP (3.1), where (to,?1) is the maximal interval. It follows from Theorem 3.3 that
Ts,.s,(X(t)) is the solution of (3.10) at t € (to,t1). If (fo0,f1) C (to,t1), then the
uniqueness of the solution of (3.10) implies that Y (t) = X(t) for t € (fo,11), and
hence X (t) = Tgll,sz (M(t), L(t)) for t € (y,11) is the solution of the IVP (3.1). Now
we claim that (fo,%1) C (to,t1). We prove the case £; < t;. On the contrary, suppose
that £; > t;. Then t; € (f9,t1) C Tx, and hence (M(t;), L(t1)) is the solution of
(3.10) at t = ¢1. By the uniqueness of solution of (3.10), we have X (t) = Y (¢) for
t € (to,t1). We also note that Y (¢) is continuous at t; € (fo,1;). Therefore,

Y (t) — M(t)HIM(t)T = lim Y (t) = MEOYHIM)T = 0.

t—t1—

Hence, the solution X (¢) of the IVP (3.1) can be extended to ¢;. This is a contradiction
because (tg,t1) is the maximal interval of the IVP (3.1). O

Remark 3.12. Theorem 3.11 shows that the connected component of Tx contain-
ing t = 1 coincides with the maximal interval of the IVP (3.1). Moreover, the phase
portrait of the IVP (3.1) is the curve {(M(t), £(t)) defined by (3.10) | t € (to,t1) C
Tx}. The solution of the IVP (3.1) can be extended to whole Tx by using the so-called
Grassmann manifold which will be studied in section 3.3 for details.

3.2. Structure-preserving flow vs. Riccati differential equation. In this
subsection, we shall show that the IVP (3.1) is governed by a Riccati differential
equation (RDE). In addition, by adopting Radon’s Lemma (see Theorem 3.14), the
structure-preserving flow can be represented as an explicit form. Throughout this
subsection, we suppose that the assumptions in Theorem 3.3 are satisfied. First,
since Sy is symplectic and H is Hamiltonian, So’HS, ! is also Hamiltonian, say

(3.17) SyMS; = [ A8 ]

D —AH
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where A, S, D € C"*" with S =S and D = D. Suppose that X (t) = [X;;(t)]1<i j<2,
for t € (to,t1) and to < 1 < ¢1, is the solution of (3.1). We then have

(3.18)
X1 X | X2 0 3 XE xB
|: X21 X22 :| - |: X22 I :| S2H$2 j O I
= _X12SX11-5 _X]_QSXg + X12A
T —XoeSXT 4+ ATXY) —X09SXJh + Xop A+ AMX +D |0

Xi;(1) =X}, for 1 <i,j <2

That is, X;;(t) for 1 < ¢,j < 2 satisfy the coupled differential equations

(3.19a) X131 = —X129X13,

(3.19b) Xio = —X128X + X104,

(3.19¢) Xo1 = —X02SX {5 + A" X[E,

(3.19d) Xy = —X02SX35 + Xop A+ A" X3} + D,

with X;;(1) = X5, where A, D, and S are given in (3.17). Note that S, D, and the
initial matrix X3, are Hermitian. From (3.19d), X22(t) is Hermitian for ¢ € (¢, t1).
Therefore, by taking a time shift, W(t) = Xoa(t+1), t € (tg—1,¢; —1), is the solution

of the RDE
(3.20) W(t)=-W@E)SW(t)+W(t)A+ ATW () + D, W(0) =W,

with Wy = X1,.

Remark 3.13. Suppose that W (t), for t € (to — 1,1 — 1) and tp — 1 < 0 < ¢; — 1,
is a solution of the RDE (3.20). Using the fact Xoo(t) = W(t — 1), t € (to,t1),
we can get X1a(t) for t € (tg,t1) by solving the linear differential equation (3.19b)
with Xi2(1) = X{,. Since X3, = X4, it follows from (3.19b) and (3.19¢) that
Xo1(t) = X12(t)H for t € (to,t1). Finally, X11(t) for t € (to,t1) can be obtained
directly from (3.19a). So, solving the IVP (3.1) is governed by solving the RDE
(3.20).

THEOREM 3.14 (Radon’s Lemma in [1]). Let A, S, D € C*™*" with S# = S and
DM = D, then the following statements hold.

(i) Let W(t) be a solution of the RDE (3.20) in the interval (to — 1,61 — 1)
containing zero. If Q(t) is a solution of the IVP Q(t) = (SW(t) — A)Q(t),
with initial Q(0) = I, and P(t) := W()Q(t), then Y(t) = [Q(t) T, P(t) "] is
the solution of the linear IVP

(3.21a) Y(t)=HY(t), Y(0)=[I,W,]",
where
(3.21D) H= { _DA ASH } .

(ii) Let Y(t) = [Q(t) T, P(#t)T]T be the solution of (3.21). If Q(t) is invertible for
te (to—1,t1 —1) CR, then W(t) = P(t)Q(t)~! is a solution of RDE (3.20).
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Remark 3.15. Using the definition of A in (3.21b), it follows from (3.17) that
(3.22) H=—I&(—D)SHS; ' (I & (—1)).

Therefore, if SQHS;l [g;] = [g;] A, then H [_U(}J = [_U(}2] (=A).

COROLLARY 3.16. Let Y (t) = [Q(t) T, P(t)"]T and W (t) be the solutions of (3.21)
and (3.20), respectively, with Wy = X3,. If Q(t) is invertible, for t € (to — 1,¢; — 1)
and to — 1 < 0 < t; — 1, then the solutions of (3.19d) and (3.19b) are

(823) Xoo(t) =W(t—1)=P(t—1DQ(t—1)"" and Xis(t) = XHQ( 1),

respectively, for t € (to,t1). In addition, Xo1(t) = X12() = Q(t — 1)"HX},.

Proof. The detail of the proof can be found in [21]. 0
Let SiHS; ! = [g* _SA*H |. From Corollary 3.5 and a calculation similar to (3.18),

we obtain that X1 (t) and Xo; (¢) satisty

X1 =XuD, XH 4+ X, A7 + A XH — 5,

3.24 .
(3:24) Xo1 = Xo1 D, XH + X5y A

with X11(1) = X{; and Xo;(1) = X3,. Similarly, by using the fact that the solution
X11(¢) is Hermitian and taking the time shift t — ¢+ 1, we see that W, (¢) = X11(¢t+1)
is the solution of the RDE

(3.25) W, (t) = W, (t)D, W, (t) + W, () AT + A, W, (t) — S,, W,(0)=X],.

Let Y, (t) = [Q.(t)T, P.(t)T]T be the solution of the linear differential equation

(3.262) YVi(t) = HYa(t), Yi(0)=[I, X417,
where

. _AH
(3.26b) H, = { —gi Alz* } = J SIS T

Suppose that Q.(t) is invertible for t € (t§f — 1,¢7 — 1) and ¢t§ — 1 < 0 < 7 — 1.
By Radon’s Lemma and Corollary 3.16, the solution Xi1(t), X21(t) of (3.24) can be
formulated by

(327)  Xu(t)=Wi(t—1)=P(t—1)Q.(t —1)7", Xo(t) = X5,Qu(t —1)7",

respectively, for ¢ € (£,1%). Comparing (3.22) and (3.26b) yields that H, and —#
are similar.

The nonsingularity of Q(t) and Q.(t) plays an important role to determine whether
Xoo(t) and X11(t) exist, respectively. The following theorem claims that both Q(t)
and Q. (t) are invertible simultaneously.

THEOREM 3.17. Let Q(t), P(t), Q«(t) and Py(t) be the matriz functions given in
(3.21) and (3.26), respectively. Then we have

(3.28) {t € R| det(Q(t)) £ 0} = {t € R det(Q,(t)) # 0}.

In addition, if t € R such that det(Q(f)) = 0, then |P()Q®)™Y|, IXLQ®) ™,
[P.(H)Q+ () I, and [ X3, Q+ ()| = 00 as t — ¢.
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Proof. Let Iy, 1o, U = [U1|Up, Us|, and H be given in Definition 2.2 that
satisfy (3.5). Using the facts that Sy, Sz, and e*! are symplectic and applying (3.21),
(3.22), and (3.26), we have

- 8] -woserst [} ][4

_ —Ht o—1 X212 _ Ht\H ¢H X212
(3.29) = [L0Se 851 | 2 | = [LST (st | 22 ]

(3.30) Q.(t) = [I,0] [ ?D((f)) } = —[0, ]S, ™t 7 SH { th } .

Suppose that ¢ € R such that det(Q(f)) = 0. We first claim that lim, ,;
IP@QE) | = lim, ; | XLQ@) | = oo. Since [Q()T, PH)T]T = {1, X4,]T is of
full column rank and Q(%) is singular, it is easily seen that lim, ,; ||P(t)Q(t) || = occ.
Now, we show that lim, ,; || X{,Q(t)~!|| = oco. Since Q(t) is continuous and Q(%) is
singular, it suffices to show that X{,x # 0, where Q(f)zo = 0 with 2y # 0. We prove
it by contradiction. Suppose that X{,2zo = 0. Since (M1, L) € Ss,.s,, Eq. (3.5) can
be written in the form

Xip 0 [T Xn n
(331) |: X212 7 :|52H0 = |: 0 X211 Sll_[ooe .

Using the facts that X}, = X}," and X},2o = 0, it follows from the second row
of (3.31) that zf [X1,, IlSaIly = 0. Since Ho[Uy, Uy] = [Uy, U], we have xf [X1,, 1]
S3[U1,Uy] = 0. Using the definition of H in (2.5) yields

eﬁt 0
0 | Iz
= (0,0, 24" [X35, 1]82Uso | [U1|Uo, Uso] ™,

28 (X b 118267 = w1 (X, 1)S[U Vs, U [ ] UL |Uo, Une] !

which is independent of the parameter ¢. Therefore, we may denote 2} = xf [X1,, 1]
Spet. Post-multiplying z to (3.29), it holds that
1
Q(t)w0 = [1,018:T <thH32H { oz
which is independent of the parameter ¢t. Because Q(0) = I and zy # 0, we have
Q(t)xo = Q(0)xg # 0. This contradicts that Q(f)zy = 0.

Now, we show that lim, ,;||P:(t)Q+() 7| = lim, ;|| X3;Qx(t)7Y| = oo. Us-
ing the fact that X3;Q.(t)™! = Xo1(t +1) = Xpo(t + D7 = (XL,Q1#) "), we
have lim, ;|| X3, Q. ()7} = oc. Consequently, Q,(f) is singular. Then lim, ,;
| P(t)Q4(t) || = oo can be proven by the similar argument for lim, ,; || P(£)Q(¢) Y| =
oo. This proves the inclusion {t € R| det(Q(t)) = 0} C {t € R| det(Q«(t)) = 0}. The

} x()) = [I1,0]S2J #o

conclusion can be shown accordingly by (3.30). Hence, (3.28) holds true. ad
Now, let

(3.32) Tw = {t € R| Q(¢) is invertible}.

Theorem 3.17 enables us to write the set Ty in an alternative form Ty = {t €

R| Q«(¢) is invertible}. From (3.29), det(Q(t)) is a nonzero analytic function, and
hence the zeros of det(Q(t)) are isolated. It follows Ty is the set that R subtracts
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some isolated points, and hence Ty is a union of open intervals, say

(3.33) Tw = |J (s firn).

keZ

Here det(Q(f1)) = 0 for each k and --- < i1 < {p < #; < ---. Since Q(0) = I,
it implies that 0 € Ty. For convenience, say 0 € (fg,%;). Therefore, from Radon’s
Lemma it follows that (fo,#;) is the maximal interval of the RDEs (3.20) and (3.25).
In section 3.3, we shall extend the domain of W (t) and W,(¢) to whole Tyy.

3.3. The extension of structure-preserving flow: The phase portrait
on Grassmann manifolds. Let G"(C?") be the Grassmann manifold that consists
of n-dimensional subspaces of a 2n-dimensional space, equipped with an appropriate
topology (see, e.g., [1]). Intrinsically, G"(C?") can be written as

G (e = {Im({ ) ‘ apec mdrn([ 4 ]) :n}.

Here Im([AT, BT]") denotes the column space spanned by [AT, BT]T. It is easily seen
that C"*"™ can be embedded into G™(C?*") by (W) =Im ([I, W']T). Let G§(C*") =
{Im ([AT,B"]") € G"(C?")| A € C"*" is invertible}. Then Gjj(C?*") = ¢(C™*") is
the image of 1. Note that the Grassmann manifold G™"(C?") is a compact analytic
manifold of dimension n? and that G§(C?") is an open dense subset of G™(C?").

Radon’s Lemma leads us to consider a natural extension of the solution of the RDE
(3.20) in C™*" to a function on the Grassmann manifold G"(C?"), via the process
by the embedding ¥(W(t)) = Im([I, W(t)"]T) = Im([Q(¢) ", P(t)"]"). Hence, the
solution of the RDE (3.20) on G™(C?") is just the solution of (3.21). Note that the
maximal interval of the solution of (3.21) is R. In addition, the representation of
Theorem 3.14 (ii) holds not only for all ¢t € ({y,#;) but also for ¢t € Ty defined in
(3.32). Hence, the extended solution of the RDE (3.20) is

W(t) = Pt)Q(t)~' for t € Ty,

where [Q(t)T, P(t)"T]T is the solution of (3.21). Here, ¥(W(t)) € GB(C?") for t €
Tw. In the case t & Ty, ie., t = t; for some k € Z, W(t) does not exist but
I ([Q(O)T, P(H)T]T) € GM(C2M) \ GR(C™). Since [Q(1)T, PW)T]T = F[L, W],
both Q(t) and P(t) are analytic functions of ¢, and hence W (t) is meromorphic. We
note that the unboundedness of Ty implies that the limit, lim; o, W (t), is mean-
ingful. The asymptotic phenomena of the phase portrait of the RDE (3.20) can be
investigated by using the extended solution of the RDE.

Theorem 3.17 shows that Q(¢) and Q.(t) are simultaneously invertible, where
Y(t)=[Q®#)",P(t)"]" and Y, (t) = [Q+(t) ", P.(t) "] are the solutions of (3.21) and
(3.26), respectively. From Corollary 3.16 and (3.27), the extended solution, X (t) =
(X (t)]1<i,j<2, of the IVP (3.1) can be defined as

X1u(t) =P (t—1)Q.(t—1)7", Xio(t) = XLQ(t—1)71,
Xo1(t) = X3, Qu(t — 1)1, Xoo(t) = P(t —1)Q(t —1)7",

for t € Ty + 1, where Ty + 1 denotes the set

(3.34)

(3.35) Tw+1={t+1lt € Tw} ={t € R| Q(¢t — 1) is invertible}.

In Remark 3.12, we demonstrate that the maximal interval of the IVP (3.1), i.e., the
maximal interval of Ty + 1 containing 1, coincides with the connected component
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of Tx containing 1. In the following theorem we will show that Ty + 1 = Tx and
(M(t), L(t)) = Ts, s, (X (t)) satisfies (3.10) for t € Ty +1, where X (¢) is the extended
solution of the IVP (3.1), and vice versa.
THEOREM 3.18. Suppose the assumptions of Theorem 3.3 hold.
(1) If X(t) for t € Tw + 1 is the extended solution of the IVP (3.1), then
(M(t), L(t)) = Ts, s, (X (t)) satisfies (3.10) fort € Tw +1;
(ii) Tw + 1 = Tx, where Tx is defined in (3.16);
(iii) of (M(t), L(t)) is the solution of (3.10) fort € Tx, then X (t) = Ts_ll,sz (M(t),
L(t)) is the extended solution of the IVP (3.1).
Proof. We first prove assertion (i). Suppose that X (t) = [X;;(t)]1<i,j<2 for t €
Tw + 1, defined in (3.34), is the extended solution of the IVP (3.1). Since X9s(t) is
Hermitian and Xo;(t) = X12(t)¥, it holds that

(3.36) [Xa1 (1), Xoa(t)] = Q(t = 1)~ [X{5 , P(t — 1)),

where [Q(t)T, P(t)T]T is the solution of the IVP (3.21). Using the definitions of H
and H in (2.5) and (3.22), respectively, we have

(3.37) { Qt—1) ] - { é N }SgU(@ﬁ(tl) @ L) ULS; ! { _)1(52 } .

Since Sy and e~ H(E-1) = U(e_ﬁ(t_l) @ I5)U! are symplectic, we have
TSU(e MY ¢ L) U8, = Sy HUH (MY g L, ) HUHSH 7.

Applying the last equation to (3.37) it follows that

orst [ 3471 eraporsta] L |

~ 1
(3.38) = ("D @ 1)Ut sH [ XI?2 ] .

Using the fact that (My, £1) € Ss, s, satisfies (3.5), we have

(3.39)

X3, I

} SoU (Lo ® E11) = { } S1U(e™ @ Eay),

where Fy; and Eyy are defined in (3.12a) and 7 = n — £. Since X}y = X}, and
1H

X3 = X{,, it follows from (3.38) and (3.39) that

H oty | QE=1) | _ Pt —1)
(I ® E11)[V5, Vi [ P(t—1) ] = (L ® En ) UM S { Q(t—1) ]
o~ Xl
= (MY & L) (s & By UT S [ IS ]

0

1 (+— 1 1 H
= (V@ L) (" & Bx) UM ST [ pen ] = (" @ Ez) "'V, X,
21

where V; and V5 are defined in (3.12b). We then have

~ 1
(R @ B VI (1 0 BV | ity | =~ 0 BV Q- )

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/05/16 to 139.80.123.48. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

994 YUEH-CHENG KUO, WEN-WEI LIN, AND SHIH-FENG SHIEH

Combining the last equation and (3.36), we obtain [Xa1(t), Xo22(t)] 7\)221’((1‘3%;96952;)
1427 11

= —VZ(I34 ® E11). Therefore, the equality of the second row of (3.13) holds. The
equality of the first row can be accordingly obtained by using the formulas for X1 (¢)
and Xi2(t) = Xo1(t)" in (3.34) and the solution Y, () = [Q.(t)T, P.(t)T]" of the
linear differential equation (3.26). Since (3.13) is equivalent to (3.10) by Lemma 3.6,
this shows assertion (i).

Now we prove assertion (ii). From (i), we have Ty + 1 C Tx. From (3.33) and
(3.35), we obtain that Ty + 1 = Uyey(fe + 1,tk41 + 1) € Tx. For each k € Z, we
have that (fk +1,t51 + 1) € Tx. Choosing a point tj41/9 € (tr, + 1,tpqr + 1), it
follows from (i) that (M(tgpi1/2), L(tkt1/2)) = Ts,,5,(X(tgs1/2)) is the solution of
(3.10) at t = ty41/2. An argument similar to Theorem 3.11 and Remark 3.12 shows
that (f, + 1,441 + 1) is the connected component of Ty containing tp4+1/2- Hence,
Tw +1="Tx.

Now we prove assertion (iii). From Theorem 3.8 it follows that the solution
(M(t), L(t)) of (3.10) is unique for each ¢t € Tx. Therefore, assertions (i) and (ii) lead
to the fact that X (t) = TS_11782 (M(t), L(t)) is the extended solution. This completes
the proof. ]

3.4. Structure-preserving flow vs. SDA. The structure-preserving flow
(M(t), L(t)) = Ts, s,(X(t)) € Ss, s, with the initial (M(1),L(1)) = (M1, L) has
been constructed in Theorem 3.3, where X (t) for ¢ € Tx is the extended solution of
the IVP (3.1). In addition, Theorem 3.18 shows that the phase portrait of this flow is
actually the curve Cpq, 2, = {(M(2), L(t)) | (M(t), L(t)) is a solution of (3.10) at ¢ €
Tx}. On the other hand, Cay, 2, is actually the so-called structure-preserving curve
constructed in the work [22] for considering the case Sy, in which Caq, 2, passes
through the iterations of the SDA-2. We now show Main Result II, which is a gener-
alization of the work [22].

THEOREM 3.19 (Main Result II). Let {(My, Lx)}52, be the sequence generated
by SDA-1 or SDA-2 with (M1,L1) € S1 or Ss, respectively, and indoo (M1, L1) < 1.
Then (My, Ly) = (M(2871), £(2F71)), where (M(t), L(t)) = Ts, s, (X (t)) and X ()
is the extended solution of the IVP (3.1).

Proof. By the Eigenvector-preserving property for SDAs, we have

(3.40) MU =0, LypUs =0, and MU, = L U2

~ —~

for each k € N, where the initial pair (M, £;) satisfies (2.4) with & = ¢*. By
applying Theorem 3.18 (iii) to (3.40), we have (My, L) = (M(2F~1), £(2¥~1)), and
hence the assertion follows. 0

4. Application to the convergence analysis of SDA. The structure-preserving
flows are governed by the RDEs of the compact form

(4.1) W(t) = [-W(0), 1I2[LW (1], W(0) =W,

where 5 is a Hamiltonian matrix. By Theorem 3.14, the extended solution W (¢; 52,
Wo) = P(t; 8, Wo)Q(t; 7, Wo) ™, where Q(t; #,Wy) and P(t; 5, W) are of the
form
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| 1
]

Specifically, RDEs (3.20) and (3.25) are of the compact form as in (4.1) with 2 =
H=—(I, ®—I1,)SHS; (I, ® —1I,) and # = H, = T *S;HS; T given in (3.22)
and (3.26b), respectively. Applying the relation between H and SoHS, ! together
with (4.2), Eqgs. (3.23) and (3.27) have the alternative form

(4.2) YA W0 = | B

Xoo(t) = W(t — 1;H, X&) = —W(t — 1; —SoHS; L, —X1,)
= Pt —1;-SyHS; ', —X1)Q(t — 1; —SaHS; b, —X3,) !
(4.3a) = —P(—t+ 1;8HS; , —X)Q(—t + 1; SaHS,  —X35) 7t
= -W(—t+1;8HS; ', —X1),
Xi2(t) = XHhQ(—t + 1;SoaHS; 1, —X3,) 71,

Xu1(t) = W(t = 1, X1)) = P(t = L H, X1)Q(E — 1 H,, X)) 7Y,

4.3b
80) X(t) = XLQU - 17, X))

for t € Ty + 1. We conclude that
(i) the large time behaviors of Xao(t), Xi2(t) as t — oo are determined by
W (t; SoHS, b, —X3o) and Q(t; SoHS, b, —X3,) "1 as t — —oo;
(ii) the large time behaviors of Xi1(t), X21(t) as ¢ — oo are determined by
W (t; Hy, X3) and Q(¢; Hy, X1,) 7! as ¢ — oo,
Note that Hamiltonian matrices SoHS, U and H, are symplectically similar. By as-
sertions (i) and (ii) above, we see that the asymptotic behaviors of Xos(t), X12(t) and
X11(t), X21(t) as t — oo are governed by

(4.4a) Y (t;SoHSy , —X3y) = Sae™ S5t [ _)1(212 ] (as t — —o0)

and

(4.4b) Y(tH X1) = T 18 eMST T [ XII } (as t — 00),
11

respectively. For both cases in (4.4a) and (4.4b), " is involved. Therefore, for a given
Hamiltonian matrix 5, we are interested in the study of the asymptotic behavior of
the solution, W (t) = P(t)Q(t)~!, of the RDE (4.1) and Q(¢)~! as t — Foc.

Due to the special structure of the Hamiltonian matrix 7, rather than applying
a Jordan canonical form to 77, we shall adopt the Hamiltonian Jordan canonical form
for studying the asymptotic behavior of RDEs. A canonical form of a Hamiltonian
matrix under symplectic similarity transformations has been investigated in [26]. Let
Ni be the k x k nilpotent matrix, and let Ni(A) = Al + Ni be the Jordan block of
the eigenvalue \ with size k.

In the following, we shall apply the asymptotic analysis of (4.3). Throughout this
section, we fix (S81,82) = (I,1) (the Sy class) or (J,—1I) (the Sy class) and let the
pair (My,L1) €Sy or Sy be regular with inde (Mi, L£1) < 1.

4.1. Proof of Main Result III (i). To simplify the proof, we suppose that
‘H has no other eigenvalues than A and —A and there is only one Jordan block for
each of the two eigenvalues. Denote r = Re(A) > 0. Then from [26], there is a
symplectic matrix S such that J := ST'HS = N,(\) @ (=N, (\)H). Let S_ = 8,8,
+ +
Sy = J718S. Partition Sy = [ gLV }, where U, U, ViE, Vit € CY 7. Let

Uy | Vst
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W, _ 1 Wit _ 1
4.5 1}:5_1[ } { ! }:51[ }ecmn.
| xy | [y [T [ x
Then we have following results.

LemMma 4.1. If U1+, Vi, Wf' and Wy are invertible, then

(4.6a) Xoa(t) = =Vy (Vf)_l + O(e—QrttZ(n—l)), Xio(t) = O(e—rttn—l)7
(4.6b) X1 (t) = U (UD) L+ 022 =1) )Xo (t) = O(e™ "1™,
as t — oo.

Proof. We only prove (4.6a). Equation (4.6b) can be obtained similarly. Since
J=N,(\) @ (=N, (\)H), we have et = (eM®,,) ® (e Md, ), where ®,, = ®,(t) =
eNnt. From (4.4a), we have

QW) | _ vy 1 _yiy_ | U |V N, W
an | 80 | svesmsstxiy = |- | e |

It is well known that ®,1(t) = e V»! is a polynomial of order n — 1 and hence
@7 = O™ ). Since Q(—t + 1) = AED(V @ HW, + e 2=DU @, W), if
V;~ and W, are invertible, then we have X12(t) = X{,Q(—t +1)71 = O(e """ 1)
as t — oo. From (4.3a), the second assertion in (4.6a) follows. Using the facts that
®,,, Vi and W5 are invertible, we obtain from (4.3a) and (4.7) that

Xoo(t) = —P(—t+1)Q(—t+1)7!
= —(Vy +e 200y 0, Wi (Wy) ') (V™ + e DU @, Wi (Wy) 't )~
_ _‘/'2*(‘/1*)—1 4 0(6—27'tt2(n—1))7

as t — oo. We complete the proof. ]

Applying the results of Lemma 4.1 to Theorem 3.19 directly, the following theorem
follows.

THEOREM 4.2. Let {(My, Li)}R, be the sequence generated by the SDA-1 or
SDA-2. Suppose that H has only eigenvalues X\ and —\ with r = Re(\) > 0. If U;,
Vi, Wi, and W5 are invertible, then

Xb ==V (Vi) 0@ ' 2F), Xy = 0(e ),
Xty = U (U T+ 0(er222h), Xf = 0™ 2mh),
as k — oo, where [ij]léiJSQ = Ts_ll,sg (Mp, Li).
This theorem shows that the SDA exhibits a quadratic convergence whenever none
of the nonzero eigenvalues of H are pure imaginary. A similar convergence analysis
has been carried out in [3, 16].

4.2. Proof of Main Result III (ii). We only consider that H € C2"*2" has

only one pure imaginary eigenvalue ia having one Jordan block of size 2n. From

N, (i) ‘ ,Benef :|

0 [ —Watap® I’

where 8 € {—1,1}. Note that Ny, (ia) = ©FO~ !, where © = I,, ® (—3P,) € R?"*2n
and P,(j,n+1—j)=(=1), j=1,...,n. We denote

[26], there is a symplectic matrix S such that J := STIHS = [
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o H(n+1) g2n—1
nl (D! 77 (@2n-1)!
fn—1) o . ((2n—2)
(48) r, = I"n(t) — (n—1)! n! T (2n-2)! ,
£ i
1! n!

T, =T,(t) =T,P,,

B, (1) | AT (1) }

Then €3t = i@~ 1eN2nt@ has the structured form edt = eiot [ - ‘ o

where t € R, ®,,(t) = N+t and T',,(¢) is defined in (4.8).
+ +
Let S- = 58, S = JISIS. Partition Si = |- %
2 2

Crxm 4§ =1,2. Let I/Vli and W2i be defined as (4.5). Then we have following results.
LEMMA 4.3. If UL, Wi are invertible, then

}, where Uij,VjjE €

(4.9a) Xoo(t) = Uy, (UD) P +0(1™Y), Xia(t) =01,
(4.9b) X11(t) UQJF(Uf’)*1 +0(t™h, Xo(t) =0,

as t — oo.

Proof. We only prove (4.9a). Equation (4.9b) can be obtained similarly. From
the structure form of 9! above and (4.4a) we have

QW | —yip sos-t —xLy — giat | UL [V | [ Wy — AL 1,

|: = Y(t,SgHS2 ; X22) =€ U{ Véﬁ (I);HWQ_ .

Since W, is invertible, we let Q(t) = (@, W; (W )~ — ST27~1)~1. Using the fact
that @, 7Q(t)"1 = O(t~!) as t = —oo (the detail can be found [21]), we have

|5 Jovnraw e |G [ oy | = [0 T0u) |

ast — —oo. Then Q(—t4+1)~! = e =D(W, )~ 1Q(—t+1)(U; +O(t~ 1)~ =0t~ 1)
because Q(—t+ 1) = O(t™!) as t — oo. Since U; is invertible, from (4.3a) we have
Xoo(t) = —P(=t+1)Q(=t+1)7" = =U; (U;) 7 +0(t™") and X12(1) = X1,Q(~t +
)"t =0(t1), as t — oco. We complete the proof. |
Applying the results of Lemma 4.3 to Theorem 3.19, Theorem 4.4 follows.

THEOREM 4.4. Let {(My, Ly)}72, be the sequence generated by the SDA-1 or
SDA-2. Suppose that H has only one pure imaginary eigenvalue i with partial mul-
tiplicity 2n. If Uli, ng are invertible, then

Xb = Uy (U7) 4 0279), X}, = 0@,
Xh=Uy(U) +0@ "), Xji=0@2),
as k — oo, where [Xikj]lgi’jgg = ng& (M, Ly).

This theorem shows that the SDA exhibits a linear convergence whenever the
partial multiplicities corresponding to nonzero pure imaginary eigenvalues of H are
even. A similar convergence analysis has been proven in [20].
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4.3. Proof of Main Result IIT (iii). Suppose that H has only one pure
imaginary eigenvalue ia with two odd partial multiplicities 2n; + 1 and 2no + 1.
Note that ny + ny + 1 = n. By [26], there is a symplectic matrix S such that

J=S'HS = [%‘%}, where

(4.10)
Ny (ia) 0 —Le, V3 0 0 e

R= 0 Ny, (i) —%Le,, |, D= - #| 0 0 —en, |,
0 0 Xe' —enHl eﬁIZ 0

vt | v vf}
)

RS {—1 1}. Let S_ = 858, S+ = j_lsls- Partition S4 = [ Ui + ‘ Vi +

where Ui Vi € C™*(m=1) and uj ) U; £ eCmfor j=1,2. Let Wit and Wi be defined
as (4.5). " The following lemma is useful for the reduction of Y (¢). Details of the proof

can be found in [21].
Wi, sz

E + }’
War | W22
where Wi, € Clmitna)x(mitna) g, (wil)H € Cm*m2 gnd wi, € C. Let

UL | _ [ UF | fEur + S

U3 Us | f5uf +fiv2i ’

where (fF, f+) = (—1)"1(W2jf27 1) if n is odd; otherwise (f, f¥) = (—1)”1iﬂ(—17w;2),
Then there exist nonsingular matrices Q4 (t) of the form

LEMMA 4.5. Let Wi be invertible and W* := WE(WE)~1 = {

(4.11) U, = [

(4.12) 0L (t) = [ O(f)—?) 2@;) ] as t — oo

satisfying

(4.13) Y (4 SoHSy H, — X)Wy )1 (t) =U_+0(t™Y)  ast— —o0
' Y (¢ ”H*,Xll)(W*) I, =Us+0@tY) ast— oo

Then we have following results.
LEMMA 4.6. If UT, Wi are invertible, then

Xoo(t) = U, (U)" L+ 0@,

(4.14a) X1a(t) = em(t DXL (W ) teneH (UT)L + 0t 1),
Xll( ) :U+(U+) +O(t71)
(4.14b) Xo1(t) = e~ =D X1 (W) Tenel (U1 + Ot ),

as t — oo, where Uj for j =1,2 are defined in (4.11).

Proof. We only prove (4.14a). Equation (4.14b) can be obtained similarly. Denote
QQHT, PO =Y (t;SaMS; ', —X3,). From Lemma 4.5 and (4.3a), (4.4a) we have
Xoo(t) = —=P(—t+1)Q(—-t +1)~t = U5 (U7)" L + 0@t 1) as t — oo. Using the
structure of Q_(t) in (4.12), we see Q_ (=t + 1) = e’ Ve, el + O(t~1) as t — oo.
From (4.13) it follows that

Q(=t+1)7 = (W;) 7' (~t+ 1)(Uy + 0™ ) ™"
=D el (UD) ™+ 071,
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0.8

X0l

0.6

IX22(2)+ V2 (Vi) I

0.4

0.2

Fic. 1. [ Xo2(t) + Vo (Vi)"Y and || X12(t)|| are plotted for 1 < t < 1.5 x 10* with r = 0.1
(blue line), 0.01 (red line), and 0.001 (green line).

as t — oo. Hence, X15(t) = X[,Q(—t + 1)1 = =D XL (W) te, el (UT) ! +
O(t™1) as t — oo. 0

Applying Lemma 4.6 to Theorem 3.19, Theorem 4.7 follows.

THEOREM 4.7. Let {(My, Li)}32, be the sequence generated by the SDA-1 or
SDA-2. Suppose that H has only one eigenvalue ia with two odd partial multiplicities
2n1 + 1 and 2ny + 1. If Uli, I/VQi are invertible, then

Xb=—U; (Uy) 1 40(27%), X, = @ DXL (W, ) eqefl (U) 7 +0(27F),

n

, k—1
Xt =U3 (U)1+0(27%), Xk = e G =D X5 (W) el (UT) 1 +0(27F),

as k — oo, where [XZ-]lgiJSQ = T‘g_l1752 (M, Ly).

5. Numerical experiments. In this section, we show some numerical exper-
iments to demonstrate the eigenvalue effects in Theorems 4.2 and 4.7. Here we fix
(81,82) = (I, I) (the Sy class).

Ezample 5.1. Consider the Hamiltonian Jordan canonical form J = Na(\) @
(—=Na(\)), where A = r + i and 7 > 0. We construct the Hamiltonian matrix
H = SIS~ € R¥4, where S is a randomly generated symplectic matrix. Using the
symplectic matrix e’, we can construct initial matrices X{;, Xiy, X4;, X3, € R2x2
with X1, = (X3;)" and X{;, X3, being symmetric such that M; = Lie’, where
(M1, L1) = Ts, s,([X};]). Because the S; class is considered, S— = S. Then Xi5(t)
and Xz2(t) can be computed by the formulas in (4.3a). Here, we let oo = 0.801 be
fixed, and vary r = 0.1, 0.01, and 0.001. We then plot || Xaa(t) + V5 (V;7)7!|| and
| X12(t)|| for 1 < ¢t < 1.5 x 10* in Figure 1. The blue, red, and green lines in Figure
1 represents for the residuals with respect to r = 0.1, 0.01, and 0.001, respectively.
The circles on the lines represent for the residuals || X5, + V5 (V;7) 7Y and || X5 || for
the SDA at & = 3, 6, 9, 12, and 15. In each case, we can see that the convergence
occurs, but the time for the residual bounded by the tolerance is postponed when r
is smaller.

Ezxample 5.2. Consider the Hamiltonian Jordan canonical form J = [ il b },

_RH
where R and D have form in (4.10) with a = 1.771, ny =2, no = 1, n = ny1+ng+1 =4,
and 8 = 1. We construct the Hamiltonian matrix H = SJS~! € R®*8, where S is

a randomly generated symplectic matrix. Using the symplectic matrix e’, we can
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FIG. 2. Set a =1.771, n1 =2, na =1, and B = 1. (a) || X22(t) + Uy (U)71|| and || X12(t) —
e =D abH || with a = X]o(W5 ) Yen and b= (U7 ) He, are plotted for 1 <t < 103. (b) Phase
portrait of the (1,1) entry of X12(t) is plotted for 1 <t < 103.

construct initial matrices X1;, Xi,, Xa;, X4y € RY* with X{, = (X3,)" and X{,, X3,
being symmetric such that My = £1e*, where (M, £1) = Ts, s,([X};]). Therefore,
S_ = 8. Then Xi5(t) and Xa2(t) can be computed by the formulas in (4.3a). We
then plot || Xaa(£) + Uy (Up) 1 and [[X1a(t) — 62D X}, (Wy ) el (U7) 1| for
1 <t < 10% in Figure 2(a). We can see that both of them approach 0 as t — oco. It is
shown in Lemma 4.6 that X;2(¢) approaches a rank-1 periodic function with period
27 /a. In Figure 2(b), we plot the phase portrait of the (1,1) entry of Xi5(t) that

illustrates how it approaches a limit cycle.
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