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Abstract: The characteristics of a convex-concave linear resonator under the thermal lensing 
effect are theoretically analyzed to find an analytical model for designing end-pumped solid-
state lasers with flexible cavity lengths. By exploiting the design model, the power scaling for 
continuous-wave operation under strong thermal lensing can be easily achieved in the 
proposed resonator with different cavity lengths. Furthermore, the proposed resonator is 
applied to explore the exclusive influence of cavity length on the self-mode-locked (SML) 
operation. It is discovered that the lasing longitudinal modes will split into multiple groups in 
optical spectrum to lead to a multi-pulse mode-locked temporal state when the cavity length 
increases. Finally, a theoretical model is derived to reconstruct the experimental results of 
SML operation to deduce a simple relationship between the group number of lasing modes 
and the cavity length. 
© 2016 Optical Society of America 
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1. Introduction 

Diode-end-pumped solid-state lasers have been widely adopted because of its high efficiency, 
compactness, reliability, and good beam quality [1]. However, the small volume of the end-
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pumping profile usually causes a serious thermal lensing effect which significantly influences 
the laser stability, oscillation mode size, output beam quality, and the maximum achievable 
average power [2–6]. In order to achieve power scaling for end-pumped lasers, several 
approaches such as using the composite crystal as the gain medium [7–9], controlling the 
pump distribution [10,11], and employing the self-adaptive compensation [12,13] have been 
proposed to treat the thermal lensing effect. Although these methods can improve the laser 
performance under the thermal lensing to a certain extent, the cavity length for most 
configurations is inevitably limited by the thermally induced instability under a high pump 
power [14]. For a stable operation under thermal lensing with a long cavity length, the 
resonator is frequently designed to have V-shaped or even more complicated configuration 
[15–17] which makes cavity alignment very difficult. Consequently, a compact and reliable 
design of linear resonators with a great compensation ability for thermal lensing in flexible 
cavity lengths is highly desirable for mode-locked or Q-switched operations with widely 
tunable pulse repetition rates and pulse widths [18]. 

It has been known that using a convex mirror as the cavity front mirror can effectively 
compensate the thermal lensing effect [19, 20]. Nevertheless, most applications of the 
convex-concave resonator focus on the unstable operation to enlarge the fundamental mode 
volume [21, 22]. So far there are few discussions about the performance of a convex-concave 
stable resonator under strong thermal lensing effect. In this work, the convex-concave 
resonator is thoroughly studied to design a linear cavity with excellent compensation ability 
to thermal lensing in stable operation. It is intriguingly found that the critical thermal power 
of the proposed resonator is solely determined by the radius of curvature of the convex front 
mirror but not restricted by the cavity length. More importantly, the cavity analysis shows that 
the oscillation mode size under stable operation remains nearly unchanged with not only the 
increasing thermal power but also the variation of cavity length. These superior advantages of 
the convex-concave resonator enable us to easily achieve power scaling for continuous-wave 
lasers with flexible cavity lengths. On the other hand, since the mode-matching condition 
between the pump and cavity modes can be easily controlled to be almost the same, we 
further apply the proposed cavity to explore the influence of cavity length on self-mode-
locked (SML) operation [23, 24]. As proposed by Krausz et al [25] that the cavity length 
plays an important role for the self-starting mode locking in free-running lasers, the multi-
pulse mode-locked state corresponding to optical spectrum with multiple groups of lasing 
modes is observed when the cavity length increases. Finally, we develop a theoretical model 
to reconstruct the experimental results of the SML operation to deduce a simple relationship 
between the group number of lasing modes and the cavity length. The current study of the 
convex-concave resonator sheds light on its applicability to achieve mode-locked or Q-
switched lasers with flexibly tunable pulse repetition rates and pulse widths for various 
applications [26]. 

2. Cavity configuration and analysis 

The configuration of the convex-concave resonator is schematically depicted in Fig. 1. The 
input front mirror (FM) is a plano-convex mirror with the radius of curvature R1 and the 
output coupler (OC) is a concave-plano mirror with the radius of curvature R2. Note that R1 is 
negative and R2 is positive under the sign convention for general ABCD law in optics. It is 
worth to mention that the convex FM cannot only be used to compensate the thermal lens of 
the gain crystal but also simultaneously serve as a reimaging lens to make the whole system 
more compact. According to the thin lens formula [27], the effective focal length of the 
plano-convex mirror with the refractive index to be 1.5 can be estimated to be fr≈2|R1|. 
Therefore, the distance from the convex FM to the principle plane of the gain medium is set 
to be d1 = 2|R1| for effective pumping. By using the condition of 0≤g1g2≤1 in cavity theory, 
where gi = 1-(d1 + d2)/Ri [28], the stable region for the cavity length Lcav of convex-concave 
resonator under the cold-cavity assumption can be determined to range from Lcav = R2-|R1| to 
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Lcav = R2 provided |R2|>|R1|. Here d2 is the distance from the principal plane of gain medium to 
the concave OC. 

 

Fig. 1. Experimental configuration for the end-pumped laser with the convex-concave 
resonator. 

To analyze the stable criterion for convex-concave resonator influenced by the internal 
thermal lens, the equivalent g*-parameter given by [28] 
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is employed, where D is the refractive power of the thermal lens that is proportional to the 
pump power [3]. Substituting Eq. (1) into the condition of g1*g2* = 0, a quadratic equation 
given by 

 
2 2

21 2 1 2 1 2
1 2 1 1 2 2 1 2

1 2 2 1

0
d d d d d d

d d D g d g d D g g
R R R R

       
− − − − + − + =       

        
 (2) 

can be derived to determine the critical refractive power Dcrit for stable operation. Note that 
here we only consider g1*g2* = 0 because it is the more critical condition to determine the 
stability of convex-concave resonator under the thermal lensing effect. After simple algebra, 
the roots of Eq. (2) can be solved as 
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Considering the thermal lens to be a thin lens which gives d1 + d2 = Lcav and setting the cavity 
length Lcav = R2-|R1|, the smaller solution given by Eq. (3) can lead to 

 
1

1
.

6critD
R

=  (4) 

This intriguing result indicates that a wide stable range of refractive power can be easily 
achieved by adequately decreasing |R1| of the convex FM. 

Next we analyze the dependence of the oscillation mode size upon the refractive power D 
to examine the compensation ability against the thermal lensing for the convex-concave 
resonator. Using the g*-parameters and the effective cavity length given by L* = d1 + d2-
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Dd1d2, the effective mode size ωc at the principal plane of gain medium for an optical 
resonator with an inner thermal lens can be expressed as 

 
2 2* * * **

2 1 1 1 1 2
* * * * *

11 1 2 2

(1 )
1 ,

(1 )c

g d d g g gL

Rg g g L g

λω
π

   −  = − +   −     
 (5) 

where λ is the emission wavelength of the laser. Figure 2 shows the numerical calculations of 
ωc as a function of D with different R1 and R2 for the convex-concave resonator. Note that the 
stability zone of operation for the proposed cavity belongs to the zone-I type that does not 
exhibit a critical divergence of alignment sensitivity. Once the convex-concave resonator has 
been aligned, a good TEM00 mode operation with an excellent beam quality can be achieved 
even at a high pump level as seen in later discussions. From Fig. 2 it can be seen that the 
cavity mode size ωc is positively correlated to the value of |R1| but nearly independent of R2 
for all these cases. In other words, ωc of the convex-concave resonator can be controlled 
almost the same with flexible cavity lengths once |R1| is fixed. More importantly, it can be 
also found that ωc remains almost unchanged with the refractive power in the stable region D 
= 0.2Dcrit~0.85Dcrit. These numerical results reveal that the proposed resonator has excellent 
stability even under strong thermal lensing effect. To obtain a more transparent expression for 
ωc in terms of R1 and R2 in stable operation, we set D = 1/(12|R1|) in Eq. (1) and use Eq. (5) 
for further simplification. After some algebra, the dependence of ωc on R1 and R2 can be 
evaluated as 

 1 2 1 2 1

2 1 2 1

6 5 3 3 3
.

3 3 5 3c

R R R R R
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ω

π

 − +
 = ⋅ +
 + − 
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Equation (6) clearly reveals that 
c

ω ∝ (|R1|)
1/2 as long as |R2| is fairly larger than |R1|. As a 

consequence, the good matching between the pump and cavity modes can be easily achieved 
in the proposed resonator with a very wide range of cavity length. 

 

Fig. 2. Numerical calculations of effective mode size ωc as a function of the refractive power D 
with different R1 and R2 for the convex-concave resonator. 

3. Experimental confirmation 

For experimentally verifying the particular characteristics predicted by the cavity analysis, the 
convex-concave resonator is utilized to demonstrate a continuous-wave (CW) laser. To 
highlight the features of the proposed resonator and to estimate the typical level of refractive 
power for common solid-state lasers, we studied the CW performance of a conventional 
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concave-plano cavity first as the experimental counterpart. The pump source was a 29-W 
808-nm fiber-coupled laser diode with a 600-μm core diameter and a 0.2 numerical aperture. 
The gain medium was a 0.2 at. % a-cut Nd:YVO4 crystal with dimensions of 3 × 3 × 10 mm3. 
The laser crystal was wrapped with indium foil and mounted in a water-cooled copper heat 
sink at 16°C. The pump beam was reimaged into the gain medium by a coupling lens set with 
a 38-mm effective focal length and a unity magnification. The pump spot size ωp on the gain 
medium is about 300 μm. The FM was a 900-mm radius-of-curvature concave mirror coated 
with antireflection (AR) at 808 nm on the entrance face and high-reflection (HR) at 1064 nm 
on the second surface. A plane mirror with 5% transmission at 1064 nm was used as the OC. 
Considering the typical case of an end-pumping concave-plano cavity, the gain medium was 
placed fairly close to the FM, i.e. d1→0. Figure 3(a) shows the performance of average output 
power versus input pump power for the concave-plano CW laser measured at Lcav = 80, 180, 
280, and 480 mm. It can be found that the average output power displays an obvious descent 
with the increasing pump power for the cases with longer cavity lengths. Due to the fact that 
the critical refractive power Dcrit≈1/Lcav for the concave-plano cavity with d1→0 [14], the 
longer the cavity length of concave-plano cavity is the smaller the stable range it has. From 
the experimental results, the dependence of refractive power for the thermal lens upon the 
pump power is further estimated as shown by the upper abscissa of Fig. 3. 

 

Fig. 3. CW performances of average output power versus input pump power for the cases of 
(a) concave-plano and (b) convex-concave resonators with Lcav = 80, 180, 280, and 480 mm. 
(c) The beam quality factor and laser transverse patterns versus input pump power for the 
convex-concave resonator with Lcav = 80 mm. 

To compare the CW performance of the proposed convex-concave cavity with that of the 
conventional concave-plano cavity, we changed the FM to be a convex mirror with a radius-
of-curvature R1 and replaced the plane OC by a concave OC with a radius-of-curvature R2 as 
shown in Fig. 1. It has been experimentally confirmed that all the performances for the 
configurations with different R1 and R2 discussed in Sec. 2 are consistent with the theoretical 
analyses. But for a concise presentation here, we only choose the case of R1 = −20 mm as a 
paradigm. To be consistent with previous analysis, we set Lcav = R2-|R1| in the experiment. 
Therefore, the cavity length can be adjusted the same as the cases for concave-plano cavity by 
choosing R2 to be 100, 200, 300, and 500 mm. The focal length of the collimating lens was set 
to be fc = 38 mm for remaining similar pumping condition. Figure 3(b) displays the average 
output power versus the input pump power for the cases of convex-concave resonator with 
different Lcav. It can be clearly seen that the output power can be scaled up beyond 12 W 
without any trend of thermally induced saturation even for the case with Lcav = 480 mm. 
Besides, the slope efficiency can be easily maintained higher than 50% for all these cases. 
Furthermore, it is confirmed that the laser beam quality can remains quite good for all these 
cases with different Lcav even at a high pump level. Figure 3(c) shows the beam quality M2 
factor versus the pump power for the convex-concave resonator with Lcav = 80 mm as a 
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reference. The corresponding laser patterns are shown as the insets of Fig. 3(c). It can be 
observed that the overall values of M2 can be maintained to be below 1.3 for all the cases even 
when the pump power has exceeded 20 W. The remarkable output performance validates that 
the proposed convex-concave resonator definitely has quite excellent stability with flexible 
cavity lengths even under strong thermal lensing effect. This superior advantage of the 
proposed resonator paves the way for achieving mode-locked or Q-switched lasers with 
widely tunable pulse repetition rates and pulse widths for various applications [26]. 

4. Application: exploring influence of cavity length on the SML operation 

The self-mode-locked (SML) phenomenon is an intriguing mean to achieve the mode-locking 
operation in laser systems without any use of the saturable absorber [23, 24]. The 
fundamental mechanism of SML is closely related to the Kerr-lens mode locking which 
exploits the Kerr nonlinearity of the gain medium itself and the soft aperture formed by the 
end-pumping profile [29–31]. In the early stage of diode-pumped solid-state lasers, Krausz et 
al [25] have derived a simple criterion to analyze the self-starting threshold of the passive 
mode locking from mode beating fluctuations in a free-running laser. This criterion indicates 
that a decrease in the cavity round-trip time (so as the cavity length) can significantly reduce 
the intensity needed for self-starting mode locking at a fixed nonlinearity. Even though the 
importance of controlling the cavity length to achieve SML operation has been extensively 
confirmed in the diode-end-pumped solid-state lasers [32–39], a thorough investigation about 
the influence of increasing cavity length on the temporal behavior of SML phenomenon is 
seldom reported so far. Since the proposed convex-concave resonator has been proven to not 
only display fairly well stability under thermal lensing effect but also preserve a good spatial 
matching between the pump and lasing modes in a wide range of cavity length, it is suitably 
to be applied to explore the exclusive influence of cavity length on the SML phenomenon. 
Note that under the assumption that both the pump and laser beams are Gaussian, the overlap 
efficiency given by S = (ωc

2(ωc
2 + 2ωp

2))/(ωc
2 + ωp

2)2 [5] can be evaluated to be in the range 
from about 75% to 85% in the operation region of pump power for the convex-concave 
resonator. 

At first we measured the optical spectra of the convex-concave resonator in SML 
operations with different cavity lengths by a Michelson-interferometer-type optical spectrum 
analyzer (Advantest Q8347) with the resolution of 0.003 nm. The experimental conditions 
were set to be the same as the cases in Sec. III except for the cavity length was slightly 
adjusted for good SML operation. Figures 4(a)-4(c) show the optical spectra of SML 
operation in the convex-concave resonator under the input pump power Pin = 12 W with Lcav 
= 90, 190, and 290 mm, respectively. It can be clearly found that the spectrum for the case of 
Lcav = 90 mm displays a single-group behavior of lasing longitudinal modes, whereas the 
lasing modes split into two and three main groups for the cases of Lcav = 190 and 290 mm, 
respectively. Note that even though the mode spacing Δλ = (λc

2/2Lopt) is too small to resolve 
all lasing longitudinal modes in these cases, the envelopes of the spectra can still be measured 
to unambiguously reflect the grouping phenomena for the increasing cavity length. Here λc is 
the central wavelength of the laser and Lopt is the effective optical length given by Lopt = Lcav + 
(nr-1) Lg, where nr is the refractive index and Lg is the length of the gain crystal. 
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Fig. 4. The measured (blue solid lines) and reconstructed (red dashed lines) optical spectra of 
SML operation in the convex-concave resonator under an input pump power Pin = 12 W with 
Lcav to be (a) 90, (b) 190, and (c) 290 mm. 

The temporal traces of the SML operation were detected by a high-speed InGaAs 
photodetector (Electro-Optics Technology Inc. ET-3500 with rising time 35 ps) and the 
output signals were connected to a digital oscilloscope (Agilent DSO 80000) with 12 GHz 
electrical bandwidth and a sampling interval of 25 ps. The upper row of Figs. 5(a)-5(c) 
display the temporal traces of mode-locked pulse trains with the time span of 10 ns 
corresponded to the optical spectra shown in Figs. 4(a)-4(c), respectively. For the case of Lcav 
= 90 mm, the pulse train exhibit a clear single-pulse mode-locking behavior that is consistent 
with the single-group longitudinal modes. On the other hand, due to the fact that the lasing 
longitudinal modes have split into multiple groups in the spectra, the temporal traces for the 
cases of Lcav = 190 and 290 mm present multi-pulse mode-locked pulse trains with some 
background noise. Figures 6(a)-6(c) show the long-term temporal behavior for the single-
pulse and multi-pulse mode locking in the time span of 5 μs with Lcav = 90, 190, and 290 mm, 
respectively. It can be clearly seen that the oscilloscope traces exhibit quite good amplitude 
stability no matter for the case of single-pulse mode locking or for the case of multi-pulse 
mode locking. These experimental results confirm that the matching condition between pump 
and lasing modes for the fundamental mode operation can be easily maintained in a wide 
range of cavity length for the proposed convex-concave resonator. 

 

Fig. 5. The measured (upper row) and reconstructed (lower row) mode-locked pulse trains 
corresponding to optical spectra shown in Figs. 4(a)-4(c) with a time span of 10 ns. 

 

Fig. 6. The long-term behavior of mode-locked pulse trains in the time span of 5 μs for the 
cases of Lcav to be (a) 90, (b) 190, and (c) 290 mm, respectively. 

                                                                                                  Vol. 24, No. 23 | 14 Nov 2016 | OPTICS EXPRESS 26031 



To further demonstrate that the multi-pulse mode locking can be perfectly explained by 
the grouping of lasing longitudinal modes, we develop a theoretical model for reconstruction 
of the experimental spectra and the corresponding temporal states. The spectral domain in the 
wavelength representation for the mth group consisting of 2M0 + 1 longitudinal modes with a 
constant relative phase φm can be expressed as [40] 
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where λm is the central wavelength of mth group and Δλ is the longitudinal mode spacing. Note 
that the weighting coefficient for each mode is assumed to follow a binomial distribution to 
obtain a concise expression for the temporal state later and to agree with the experimental 
spectra. By using Eq. (7) the overall profile of the spectral domain in λ-representation for the 
case with totally M1 groups of longitudinal modes can be written as 
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where Am is the relative amplitude of the mth group. The optical spectrum can therefore be 
given by |Φ(λ)| ideally. To manifest the experimental spectrum in a realistic way, the 
Lorentzian function is used to express the δ-function in Eq. (7). The resultant optical 
spectrum is then given by 
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where Γ is the effective linewidth of the cavity mode. Note that the central wavelength of the 
mth group can be written as λm = λ1 + N(m-1)·Δλ provided that there are N spacing between the 
central longitudinal modes of each group. 

The wave function in temporal domain corresponding to the spectrum of lasing 
longitudinal modes can be directly given by the Fourier transform of Φ(λ) as 
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where ωm = 2πc/λm is the angular frequency of the central mode for the mth group, Δω = 

πc/Lopt, and c is the light speed in vacuum. Here we have used the equivalence of 2 2

0
( )

M M

kk

k
C x

=
/22M = (1 + x)2M/22M for obtaining a concise expression. The factor of 1/22M0 is included for 
normalizing the superposition of single-group longitudinal modes. The term {cos[(Δω·t + 
φm)/2]}2M0 in Eq. (10) indicates that the single-group mode-locked state exhibits a pulse train 
with the peaks at t = Mtr−(φm·tr)/2π, where M = 0, ± 1, ± 2, … and tr = 2Lopt/c is the cavity 
round-trip time. Hence the initial position of the pulse train can be straightforwardly shifted 
by varying φm. On the other hand, the number of longitudinal modes M0 in each group directly 
determines the width of the mode-locked pulse based on the property of the cosine function. 
As a result, the overall structures of the oscilloscope traces can be reconstructed by suitably 
controlling the parameters of M0 and φm. 

The lower rows of Figs. 5(a)-5(c) illustrate the numerical results of |Ψ(t)|2 with the 
parameters shown as follows: (a) M0 = 3, M1 = 1, φ1 = 0, A1 = 1; (b) M0 = 7, M1 = 2, N = 8, φ1 
= 0, φ2 = 0.25π, A1 = 1, A2 = 0.3; (c) M0 = 10, M1 = 3, N = 10, φ1 = −0.55π, φ2 = 0, φ3 = 0.55π, 
A1 = 0.83, A2 = 1, A3 = 0.7. Note that M0, M1, N, and Am are directly determined by the 
characteristics of experimental spectra while φm is chosen to fit the detailed structures of 
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mode-locked pulses of the oscilloscope traces. The wavelength of the central mode for the 
first group was set to be λ1≈1064.4 nm in these cases. To give thorough comparisons to the 
experimental results, the reconstructed spectra I(λ) calculated by Eq. (9) corresponding to the 
temporal traces in Figs. 5(a)-5(c) are also shown by the red dashed lines in Figs. 4(a)-(c). It 
can be clearly seen that the temporal traces given by the reconstructed spectra can perfectly 
describe all the experimental data. The good agreement between the experimental observation 
and the theoretical reconstruction verifies that the grouping behavior of lasing modes can 
explain the origin of multi-pulse mode locking very well. 

Finally, we deduce a simple relationship between the group number of lasing modes and 
the cavity length from the experimental results of SML operation in the convex-concave 
resonator as shown in Fig. 7. It can be obviously seen that the group number M1 is 
approximately proportional to the cavity length Lcav as Lcav >100 mm. For the case with fairly 
long cavity length, the large number of groups of lasing modes will lead the temporal 
behavior to present very complicated multi-pulse mode locking in the SML operation as seen 
in Fig. 7. It is believed that the grouping phenomenon of lasing longitudinal modes under a 
long cavity length is related to the spatial hole burning effect for efficiently depleting the 
residual gain in the gain medium [41]. Unlike typical Kerr-lens mode-locked Ti:Sapphire 
lasers with broader and smoother gain bandwidth which can sustain a consecutive 
longitudinal-mode lasing in a single-group spectrum [17], lasers with narrower and sharper 
gain such as the Nd-doped crystal lasers may prefer generating longitudinal modes in 
different groups to consume the spatial gain more effectively when the mode spacing is fairly 
small under a similar spatial hole burning condition [41]. Nevertheless, the complete theory to 
analyze the dependence of group number upon the cavity length and the special gain dig 
phenomenon is beyond the scope of this work and must be left for future investigations. 

 

Fig. 7. The relationship between the group number of lasing modes and the cavity length for 
the SML operations in the convex-concave resonator. 

5. Summary 

In conclusion, we have thoroughly studied the performances of convex-concave resonator 
under the influence of thermal lensing effect. The theoretical analysis reveals that the 
proposed resonator has an excellent compensation ability against the thermal lensing to make 
the cavity mode size remain nearly unchanged with the refractive power in a wide range of 
cavity length. Consequently, by exploiting the advantage of the proposed resonator we have 
achieved the power scaling of CW lasers with flexible cavity lengths. Moreover, since the 
good matching condition between the pump and cavity modes can be easily sustained in the 
convex-concave resonator, it has been further applied to explore the influence of cavity length 
on SML operation. It has been found that the lasing longitudinal modes will split into multiple 
groups to lead the temporal states to present the multi-pulse mode-locking behavior when the 
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cavity length increases. With the perfect reconstruction for the optical spectra and the mode-
locked pulse trains by a theoretical model, we have deduced a simple relationship between the 
group number of longitudinal modes and the cavity length. The current findings shed light on 
using the convex-concave resonator to design mode-locked or Q-switched lasers with flexible 
pulse repetition rates and pulse widths for various applications. 
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